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1 } � x!�g6�o� X If1��5 	Mv� m = (m1, · · · , m2r) ∈ Z2r, �> 0 <

mi 6 h, 1Æ
f1(X) =

r∏

i=1

(X + mi), f2(X) =

2r∏

i=r+1

(X + mi).5|9 f1(X) ≡ f2(X) (mod pµ) ,_�=�}OA=�Rl�!O��,I!Rl�b+W)\ S(N, H) =
N+H∑
n=N

χ(n) =���6��;8�,���� S(r) = {m : 0 < mi 6 h, i = 1, · · · , 2r, f1(X) ≡ f2(X) (mod pµ)}, Burgess ! [1],1� 8 6�Kpb��5 #S(3) ,=�Rl��℄Y(	{��*(
S(N, H) =

N+H∑

n=N

χ(n) ≪ H1− 1
r q

r+1

4r2 +ε. (1.1)! “r = 3, q = pα (p > 3, p ISO )” C��,{� (,6 χ(n) I% q ,W)), �!�g�=��	�/!g [2] 6�*( S(N, H) ≪ H1− 1
r q

r+1

4r2 +ε % “r = 3” C=��,{��9 S(N, H) ≪ H1− 1
r q

r+1

4r2 +ε ! “r > 4” CIB���5�?��. (Burgess 4I!g [3] 6�*(&xWM,{�). e-" r = 4 C�R� (1.1) ,{��Ae,6	M�9� Dodd ! [4] 6�℄Y5i_�~A�,=<�b��5 #S(4) ,=�Rl�
#S(4) ≪ µ6

( h8

p3µ+[ µ

2 ]−[ µ

4 ]
+

h6

pµ+[ µ

2 ]−[ µ

4 ]
+

h5

pµ−[ µ

2 ]
+ h4

)
. (1.2)�g',!��℄Y�; p-adic 2OC0,=<����_�=� r∏

i=1

(X + mi) ≡

2r∏
i=r+1

(X + mi) (mod pµ) ,}O��*(
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858 P � * � 30 	 A hJ` 1.1 � p e!� 5 ,SO� µ e6
,,+O�"
#S(4) ≪

h8

p4µ−[ µ

2 ]− 3
2 [ µ

4 ]
+

h7

p3µ−[ µ

2 ]− 3
2 [ µ

4 ]
+

h5

pµ−[ µ

2 ]
+ h4.Ae-" r = 4 C�E (1.1) ��,	M�9��g [1] 0 11 y6-"∑

m
#A38 ,Y��R����C� h, µ �> “h 6 p

α
8 , [12 ζ] + 1 6 µ 6 ζ (,6 ζ = α − [34α])”, T�% µ�> “α

8 < 2µ− 11
4 [µ

2 ] + [µ
4 ] + 6logpµ” f “α

8 > 2µ− 11
4 [µ

2 ] + [µ
4 ] + 6logpµ, µ > [α−[3α/4]

2 ] + 11 h < µ6p2µ− 11
4 [ µ

2 ]+[ µ

4 ]” (�M\s6,6^	MC�1� 1.1 ,{�Æ Dodd ! [4] 6*(,{� (1.2) Q[�_��5� r = 5 C,2|��(*(J` 1.2 � p e!� 5 ,SO� µ e6
,,+O�"
#S(5) ≪

h10

p
11
2 µ−2[ 34µ]−[ 38µ]

+
h9

p
9
2µ−2[ 34µ]−[ 38µ]

+
h8

p
7
2µ−2[ 34µ]−[ µ

8 ]
+

h6

pµ−[ µ

2 ]
+ h5._C�j!
�tF1���Rl_�=�? xw

1 + · · ·+xw
d ≡ yw

1 + · · ·+yw
d (mod pϑ),}O (,6 1 6 w 6 w0, d, w0, ϑ 41&xV1,0��1�> d > w0 > 4, ϑ > w2

0). !0 4 y6�j!t4 d = w0 = 5, ϑ = 25, ��e��~Q"�
2 U B f o�y6�j!tO�	x!og6�8�E��.8�A�,g�$Y\sW-"�(x{��A3��4�,
Æ�Kp�5_�=� f1(X) ≡ f2(X) (mod pµ), A[d Mi = mi − m1 (2 6 i 6 10),

Y = X + m1, " f1(X) ≡ f2(X) (mod pµ) ��%1�%�o_�=�?���
M2 + M3 + M4 + M5 ≡ M6 + M7 + M8 + M9 + M10 (mod pµ), (2.1)

M2M3 + M2M4 + M2M5 + M3M4 + M3M5 + M4M5

≡ M6M7 + M6M8 + M6M9 + M6M10 + M7M8 + M7M9

+ M7M10 + M8M9 + M8M10 + M9M10 (mod pµ), (2.2)

M2M3M4 + M2M3M5 + M2M4M5 + M3M4M5

≡ M6M7M8 + M6M7M9 + M6M7M10 + M6M8M9 + M6M8M10

+ M6M9M10 + M7M8M9 + M7M8M10 + M7M9M10

+ M8M9M10 (mod pµ), (2.3)

M2M3M4M5 ≡ M6M7M8M9 + M6M7M8M10 + M6M7M9M10

+ M6M8M9M10 + M7M8M9M10 (mod pµ), (2.4)

0 ≡ M6M7M8M9M10 (mod pµ). (2.5)5F_�=�?�#;w�`�*�
M2

3 + (M4 + M5 − τ1)M3 + (M2
4 + M4M5 + M2

5 ) − τ1(M4 + M5) + τ2

≡ 0 (mod pµ), (2.6)
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M3
4 + (M5 − τ1)M

2
4 + (M2

5 − τ1M5 + τ2)M4 + (M3
5 − τ1M

2
5 + τ2M5 − τ3)

≡ 0 (mod pµ), (2.7)

M4
5 − τ1M

3
5 + τ2M

2
5 − τ3M5 + τ4 ≡ 0 (mod pµ), (2.8),6 τ1 = M6 + M7 + M8 + M9 + M10, τ2 = M6M7 + M6M8 + M6M9 + M6M10 + M7M8 +

M7M9 + M7M10 + M8M9 + M8M10 + M9M10, τ3 = M6M7M8 + M6M7M9 + M6M7M10 +

M6M8M9 + M6M8M10 + M6M9M10 + M7M8M9 + M7M8M10 + M7M9M10 + M8M9M10,

τ4 = M6M7M8M9 + M6M7M8M10 + M6M7M9M10 + M6M8M9M10 + M7M8M9M10.5 γ2, · · · , γ10 �A9o1Æ� Mi = kip
γi , ,6 (ki, p) = 1, � (2.5) �(;r

γ6 + γ7 + γ8 + γ9 + γ10 > µ.(C�?�e γ2 > γ3 > γ4 > γ5 > 0, γ6 > γ7 > γ8 > γ9 > γ10 > 0, ��v� M =

(M2, M3, M4, M5, M6, M7, M8, M9, M10). n A1 = {m = (m1, m2, m3, m4, m5, m6, m7, m8,

m9, m10) : 0 < m1 6 h, 0 6 |Mi| < h (2 6 i 6 10), (2.1)–(2.5)}, A′

1 = {m : 0 < m1 6 h, 0 6

|Mi| < h (2 6 i 6 10), (2.1), (2.5)–(2.8)}, " A1 = A′

1, #S(5) = #A1 = #A′

1.���=w�3}Y�W� Mi (i = 2, 3, 4, 5) 5���I�(*�Æ (2.6)–(2.8) Q	
,_�=�?�
M2

i1 + (Mi2 + Mi3 − τ1)Mi1 + (M2
i2 + Mi2Mi3 + M2

i3) − τ1(Mi2 + Mi3) + τ2

≡ 0 (mod pµ), (2.9)

M3
i2 + (Mi3 − τ1)M

2
i2 + (M2

i3 − τ1Mi3 + τ2)Mi2 + (M3
i3 − τ1M

2
i3 + τ2Mi3 − τ3)

≡ 0 (mod pµ), (2.10)

M4
i3 − τ1M

3
i3 + τ2M

2
i3 − τ3Mi3 + τ4 ≡ 0 (mod pµ), (2.11),6 i1, i2, i3 �4 {2, 3, 4, 5}6,6
 3 MO����j*em 2.1 � A′′

1 = {m : 0 < m1 6 h, 0 6 |Mi| < h (2 6 i 6 10), (2.1), (2.5),

(2.9)–(2.11)}, " A1 = A′

1 = A′′

1 , #S(5) = #A′′

1 .em 2.2 (r [5, $Y 1]) � f(x) I�OO1,+lO8uF� p I-SO� d I,+O�" #{x (mod pν) : pα|f(x), p ∤ f (d)(x)} ≪ deg f(x) (,6 ν = α − [d−1
d α]).

3 � z Y b I � d��1� 1.1 � 1.2 ,-"Y�g�sR��11� 1.2 ,-"w1� 1.1 Q�	
�����g�1� 1.2 e��Atn,$
-"	95�1� 1.1, 8E_�,=<�*s�{��� peSO�� ordp(·)�G p-adic2OC0 (j< a = pka′, (p, a′) = 1," ordpa = k).�%℄YÆw ordp(Mi) (Mi = mi − m1, 2 6 i 6 10) ,=<�*(1� 1.2._C�!-"1� 1.2,Y�6��(;r�!6^2Æo�%41Mi = mi−m1 (10 >

i > 2) C� m1 ,}O=I ≪ h; 95 M2, � (2.1), % M3, M4, M5, M6, M7, M8, M9,

M10 O1C�=� M2 }O ≪ h
pµ + 1. �a��� T = h10

p
11
2

µ−2[ 3
4

µ]− 3
4
[
µ
2

]
+ h9

p
9
2

µ−2[ 3
4

µ]− 3
4
[
µ
2

]
+

h8

p
7
2

µ−2[ 3
4

µ]− 1
2
[
µ
4

]
+ h7

3
2µ−[ µ

5 ]
+ h6

pµ−[
µ
2

]
+ h5.
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3.1 γ8 + γ9 + γ10 > µ hw!�y6�j!℄YA�Rl #{m ∈ A1 : γ10 > µ}, #{m ∈ A1 : γ10 < µ 1
γ10 + γ9 > µ}, #{m ∈ A1 : γ10 + γ9 < µ 1 γ10 + γ9 + γ8 > µ} ,=���b�5
#{m ∈ A1 : γ10 + γ9 + γ8 > µ} ,=�Rl�|` 3.1 � A2 = {m ∈ A1 : γ10 < µ, γ10+γ9 < µ1 γ10+γ9+γ8 > µ}," #A2 ≪ T .� � T (x) = x2 + (M4 + M5 − τ1)x + (M2

4 + M4M5 + M2
5 ) − τ1(M4 + M5) + τ2, �

(2.6), �(*� pµ | T (M3) 1 p ∤ T ′′(M3). P�$Y 2.2, O1 M4, M5, M6, M7, M8, M9,

M10 `� M3 }O ≪ h

pµ−[
µ
2

]
+ 1; 5� M4, M5, � (2.7), (2.8), _��*�O1 M5, M6,

M7, M8, M9, M10 `�M4 }O ≪ h

pµ−[ 2
3

µ]
+ 1; O1 M6, M7, M8, M9, M10 `�M5 }O

≪ h

pµ−[ 3
4

µ]
+ 1.9�� γ6 > γ7 > γ8 >

µ
3 , M6, M7 ,}O ≪ h

p
µ
3

+ 1. �a�M8 }O ≪ h
pγ8

+ 1, M9}O ≪ h
pγ9

+ 1, M10 }O ≪ h
pγ10

+ 1. �� γ8 + γ9 + γ10 > µ, �*
#A2 ≪ h

( h

pµ
+ 1

)( h

pµ−[ µ

2 ]
+ 1

)( h

pµ−[ 23µ]
+ 1

)( h

pµ−[ 34µ]
+ 1

)( h

p
µ

3

+ 1
)( h

p
µ

3

+ 1
)

·
( h

pγ8
+ 1

)( h

pγ9
+ 1

)( h

pγ10
+ 1

)
≪ T.|` 3.2 � A3 = {m ∈ A1 : γ10 < µ 1 γ10 + γ9 > µ}, " #A3 ≪ T .� ��� 3.1 ,-"Y��R�d	�_!���C γ6 > γ7 > γ8 > γ9 >

µ
2 , T�

M6, M7, M8 ,}O ≪ h

p
µ
2

+ 1; �� γ9 + γ10 > µ, �(*(
#A3 ≪ h

( h

pµ
+ 1

)( h

pµ−[ µ

2 ]
+ 1

)( h

pµ−[ 23µ]
+ 1

)( h

pµ−[ 34µ]
+ 1

)( h

p
µ

2

+ 1
)( h

p
µ

2

+ 1
)

·
( h

p
µ

2

+ 1
)( h

pγ9
+ 1

)( h

pγ10
+ 1

)
≪ T.|` 3.3 � A4 = {m ∈ A1 : γ10 > µ}, " #A4 ≪ T .� ��� 3.1 ,-<�R��(*(

#A4 ≪ h
( h

pµ
+ 1

)( h

pµ−[ µ

2 ]
+ 1

)( h

pµ−[ 23µ]
+ 1

)( h

pµ−[ 34µ]
+ 1

)( h

pµ
+ 1

)( h

pµ
+ 1

)

·
( h

pµ
+ 1

)( h

pµ
+ 1

)( h

pµ
+ 1

)
≪ T.

3.2 γ10 + γ9 + γ8 < µ g γ10 + γ9 + γ8 + γ7 > µ hw� A5 = {m ∈ A1 : γ10 + γ9 + γ8 < µ 1 γ10 + γ9 + γ8 + γ7 > µ}, A6 = {m ∈ A5 : γ10 =

γ5}, �C=� γ6 > γ7 > µ − [34µ]. 95� Mi (i = 6, 7, 8, 9, 10), Mi }O ≪ h
pγi

+ 1.�y6�j!pti_ A5 A}e {m ∈ A5 : γ5 < γ10} ∪ {m ∈ A5 : γ5 > γ10} ∪ A6,�℄YA�RlNi_,H,=���b�5 #A5 ,=�Rl�|` 3.4 � A7 = {m ∈ A6 : γ2 > γ3 > γ4 = γ5}, " #A7 ≪ T .� 5i_ A7 6,�S��A�o��V��
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(1) < M4 6≡ M5 (mod pγ10+1), P�$Y 2.1, �4 i1 = 5, i2 = 4, i3 = 3. 5� (2.9),�_�=�
M ′

5
2

+ (M ′

3 + M ′

4 − τ ′

1)M
′

5 + (M ′

3
2
+ M ′

3M
′

4 + M ′

4
2
) − τ ′

1(M
′

3 + M ′

4) + τ ′

2

≡ 0 (mod pµ−2γ10),,6 M ′

i = Mi

pγ10
, τ ′

1 = τ1

pγ10
, τ ′

2 = τ2

p2γ10
. � f(M ′

5) = M ′

5
2

+ (M ′

3 + M ′

4 − τ ′

1)M
′

5 + (M ′

3
2

+

M ′

3M
′

4 + M ′

4
2
)− τ ′

1(M
′

3 + M ′

4) + τ ′

2, � (2.1), �(;r f ′(M ′

5) ≡ 2M ′

5 + M ′

4 − τ ′

1 ≡ M ′

5 6≡ 0

(mod p), ���_�=� f(M ′

5) ≡ 0 (mod pµ−2γ10) \ f(M ′

5) ≡ 0 (mod p) ,}O	�8��I�O1 M3, M4, M6, M7, M8, M9, M10 `� M5 ,}O ≪ h
pµ−γ10

+ 1._��5� M4, �� h(M ′

4) = M ′

4
3
+ (M ′

3 − τ ′

1)M
′

4
2
+(M ′

3
2
− τ ′

1M
′

3 + τ ′

2)M
′

4 + (M ′

3
3
−

τ ′

1M
′

3
2

+ τ ′

2M
′

3 − τ ′

3), �=g�R�� (2.10), _� h(M ′

4) ≡ 0 (mod p) \ h(M ′

4) ≡ 0

(mod pµ−3γ10) ,}O_�8�T��O1 M3, M6, M7, M8, M9, M10, " M4 ,}Oe
≪ h

pµ−2γ10
+ 1.95� M3, � (2.11), pµ | ℓ(M3) = M4

3 − τ1M
3
3 + τ2M

2
3 − τ3M3 + τ4, P�$Y 2.2, O1, M6, M7, M8, M9, M10, " M3 ,}O ≪ h

pµ−[ 3
4

µ]
+ 1. �I

#A7 ≪ h
( h

pµ
+ 1

)( h

pµ−γ10
+ 1

)( h

pµ−2γ10
+ 1

)( h

pµ−[ 34µ]
+ 1

)( h

pγ6
+ 1

)( h

pγ7
+ 1

)

·
( h

pγ8
+ 1

)( h

pγ9
+ 1

)( h

pγ10
+ 1

)

=
h10

p6µ−3[ 34µ]
+

h9

p5µ−3[ 34 µ]
+

h8

p4µ−[ µ

2 ]−2[ 34µ]
+

h7

p3µ−2[ 34µ]
+

h6

p2µ−[ 34µ]
+

h5

pµ−[ 34 µ]
≪ T.

(2) < M4 ≡ M5 (mod pγ10+1), " M3, M5 }O,RlY�� (1) 6�R�d	�_!� M4 ,Rl����C M4 ≡ M5 (mod pγ10+1), �� h′′(M ′

4) 6≡ 0 (mod p), ��$Y
2.2, O1 M3, M6, M7, M8, M9, M10 `� M4 ,}O ≪ h

pµ−γ10−[
µ−γ10

2
]
+ 1. �C

#A7 ≪ h
( h

pµ
+ 1

)( h

pµ−γ10
+ 1

)( h

pµ−γ10−[
µ−γ10

2 ]
+ 1

)( h

pµ−[ 34 µ]
+ 1

)( h

pγ6
+ 1

)

·
( h

pγ7
+ 1

)( h

pγ8
+ 1

)( h

pγ9
+ 1

)( h

pγ10
+ 1

)
≪ T.<_ (1), (2), �* #A7 ≪ T .|` 3.5 � A8 = {m ∈ A6 : γ2 > γ3 = γ4 = γ5}, " #A8 ≪ T .� 5i_ A8 6,�S��A�o��V��

(1) < ∃i, j ∈ {3, 4, 5},E Mi 6≡ Mj (mod pγ5+1), �?� i = 4, j = 5, "��� 3.4 2| (1) 6,Y��R��C4 i1 = 5, i2 = 4, i3 = 3, _��*
#A8 ≪ h

( h

pµ
+ 1

)( h

pµ−[ 34µ]
+ 1

)( h

pµ−2γ10
+ 1

)( h

pµ−γ10
+ 1

)( h

pγ6
+ 1

)

·
( h

pγ7
+ 1

)( h

pγ8
+ 1

)( h

pγ9
+ 1

)( h

pγ10
+ 1

)
≪ T.

(2) < M3 ≡ M4 ≡ M5 (mod pγ5+1), "�e(0 2 y6�5_�=� f1(X) ≡ f2(X)

(mod pµ), 8z�4 Y = X + m5, " f1(X) ≡ f2(X) (mod pµ) .p� Y (Y + M̃2)(Y +

M̃3)(Y + M̃4)(Y + M̃5) ≡ (Y + M̃6)(Y + M̃7)(Y + M̃8)(Y + M̃9)(Y + M̃10) (mod pµ), ,



862 P � * � 30 	 A h6 M̃2, · · · , M̃10 A�4e m3 − m5, m4 − m5, m1 − m5, m2 − m5, m10 − m5, m9 − m5,

m8−m5, m7−m5, m6−m5 (�?o� ordp(M3−M5) > ordp(M4−M5), ordp(M10−M5) >

ordp(M9 − M5) > ordp(M8 − M5) > ordp(M7 − M5) > ordp(M6 − M5)), �Cq5�
Mi − Mj = mi − mj (i, j > 2) 1 m1 − m5 = −M5 = M̃4, 9 ordp(M̃2) > ordp(M̃3) >

ordp(M̃4) = ordp(M̃5) = ordp(M̃10) 1 ordp(M̃10) + ordp(M̃9) + ordp(M̃8) + ordp(M̃7) > µ.� γ′

i = ordp(M̃i), A′

8 = {m ∈ A1 : γ′

2 > γ′

3 > γ′

4 = γ′

5 = γ′

10, γ
′

10 +γ′

9 +γ′

8 +γ′

7 > µ}, "�C=� {m ∈ A8 : M3 ≡ M4 ≡ M5 (mod pγ5+1)} ⊂ A′

8. 95�i_ A′

8, ��� 3.1, 3.2,

3.3,�* #{m ∈ A′

8 : γ′

10 +γ′

9 +γ′

8 > µ} ≪ T ;��� 3.4,�* #{m ∈ A′

8 : γ′

10 +γ′

9 +γ′

8 <

µ} ≪ T . T� #{m ∈ A8 : M3 ≡ M4 ≡ M5 (mod pγ5+1)} 6 #A′

8 ≪ T .T� #A8 ≪ T .|` 3.6 � A9 = {m ∈ A6 : γ2 > γ3 > γ4 > γ5 f γ2 > γ3 = γ4 > γ5}, " #A9 ≪ T .� 5i_ A9 6,�S�� “γ2 > γ3 > γ4 > γ5” e� (,U2Æ_��*), �A�oV��
(1) < γ4 6 γ9, 5 M5, ��� 3.4 2| (1) 6,Y��R��C4 i1 = 5, i2 = 4,

i3 = 3, _��*
#A9 ≪ h

( h

pµ
+ 1

)( h

pµ−[ 34µ]
+ 1

)( h

pµ−γ10−γ9
+ 1

)( h

pµ−γ10
+ 1

)( h

pγ6
+ 1

)

·
( h

pγ7
+ 1

)( h

pγ8
+ 1

)( h

pγ9
+ 1

)( h

pγ10
+ 1

)
≪ T.

(2) < γ4 > γ9, "% γ4 >
µ−γ10

2 (µ−γ10

2 > γ9 q5��) C� M4 ,}Oq5I
≪ h

p
µ−γ10

2

+ 1; % γ4 < µ−γ10

2 C�"�2| (1) 6Rl M4 }O,Y��R (,6�O1
M3, M6, M7, M8, M9, M10, " M4 ,}O ≪ h

pµ−γ10−γ4
+ 1 6

h

pµ−γ10−[
µ−γ10

2
]
+ 1). ��

#A9 ≪ h
( h

pµ
+ 1

)( h

pµ−[ 34 µ]
+ 1

)( h

pµ−γ10−[
µ−γ10

2 ]
+ 1

)( h

pµ−γ10
+ 1

)( h

pγ6
+ 1

)

·
( h

pγ7
+ 1

)( h

pγ8
+ 1

)( h

pγ9
+ 1

)( h

pγ10
+ 1

)
≪ T.95� “γ2 > γ3 > γ4 > γ5” \ “γ2 > γ3 = γ4 > γ5” ,2|�_��*����=�

#A9 ≪ T .|` 3.7 � A10 = {m ∈ A6 : γ2 = γ3 = γ4 > γ5}, " #A10 ≪ T .� 5i_ A10 6,�S��A�o��V��
(1) < ∃i, j ∈ {2, 3, 4}, E Mi 6≡ Mj (mod pγ4+1) (�?� i = 2, j = 4), "��� 3.66,-"Y��R��*

#A10 ≪ h
( h

pµ
+ 1

)( h

pµ−[ 34µ]
+ 1

)( h

pµ−γ10−γ9
+ 1

)( h

pµ−γ10
+ 1

)( h

pγ6
+ 1

)

·
( h

pγ7
+ 1

)( h

pγ8
+ 1

)( h

pγ9
+ 1

)( h

pγ10
+ 1

)
≪ T.

(2) < M2 ≡ M3 ≡ M4 (mod pγ4+1), "��� 3.5 2| (2) 6Y��R�5_�=�
f1(X) ≡ f2(X) (mod pµ), 8z�4 Y = X + m4, �Cq5�9 ordp(M̃2) > ordp(M̃3) >

ordp(M̃4) > ordp(M̃5) = ordp(M̃10) 1 ordp(M̃10) + ordp(M̃9) + ordp(M̃8) + ordp(M̃7) > µ.
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10 = {m ∈ A1 : γ′

2 > γ′

3 > γ′

4 > γ′

5 = γ′

10, γ
′

10 + γ′

9 + γ′

8 + γ′

7 > µ} (,6
γ′

i = ordp(M̃i)), �I��� 3.1–3.3, �� 3.6, �(*( #{m ∈ A10 : M2 ≡ M3 ≡ M4

(mod pγ4+1)} 6 #A′

10 6 #{m ∈ A′

10 : γ′

10 + γ′

9 + γ′

8 > µ} + #{m ∈ A′

10 : γ′

10 + γ′

9 + γ′

8 <

µ, γ′

10 + γ′

9 + γ′

8 + γ′

7 > µ} ≪ T .T�75� #A10 ≪ T .|` 3.8 � A11 = {m ∈ A6 : γ2 = γ3 = γ4 = γ5}, " #A11 ≪ T .� ���C γ10 + γ9 + γ8 + γ7 > µ, T��� γ5 >
µ
4 , �I��5 A11 6�SA�o��V��

(1) < ∀i, j ∈ {2, 3, 4, 5},�� Mi 6≡ Mj (mod pγ5+1), "��� 3.4 2| (1) 6,RlY�s_��C75�
#A11 ≪ T.

(2)< ∃i, j ∈ {2, 3, 4, 5},EMi ≡ Mj (mod pγ5+1),�?� i = 5,"��� 3.52| (2)6,-"Y��R�5_�=� f1 (X) ≡ f2(X) (mod pµ),�8z�4 Y = X+m5,_����� 3.1 ∼ 3.7 �(;r�#{m ∈ A11 : ∃i, j ∈ {2, 3, 4, 5},E Mi ≡ Mj (mod pγ5+1)} ≪

T . T� #A11 ≪ T .|` 3.9 � A12 = {m ∈ A5 : γ5 < γ10}, " #A12 ≪ T .� 5 A12 �A�ok72ÆV��
(1) < γ5 < γ10 1 ∃i, j ∈ {2, 3, 4, 5}, E* γi 6= γj , "� (2.1)–(2.3) �;r�� γi ,1Æ�7��2| γ4 > γ5 < γ10 e�����C γ10 + γ9 + γ8 < µ, T� γ5 < γ10 < µ

3 ,� (2.1), M5 ≡ 0 (mod pγ5+1), � γ5 ,1Æ�7�U��)�
(2) < γ2 = γ3 = γ4 = γ5 < γ10, � (2.4), �C�� γ5 >

µ
4 , "��� 3.5 2| (2)6,3}Y��R�5_�=� f1(X) ≡ f2(X) (mod pµ), �8z�4 Y = X + m5, "

ordp(m5 − m10) = γ5 = ordp(m1 − m5), T� γ′

i �> γ′

5 = γ′

10 (,6 γ′

i 1Æ�/gs_).��� 3.1–3.8, �(*( #{m ∈ A12 : γ2 = γ3 = γ4 = γ5 < γ10} ≪ T .|` 3.10 � A13 = {m ∈ A5 : γ5 > γ10}, " #A13 ≪ T .� ��� 3.9 ,-"Y��R�
(1) < γ5 > γ10 1 ∃i, j ∈ {7, 8, 9, 10},E* γi 6= γj , "� (2.1)–(2.3) �;r�7�
(2) < γ5 > γ10 = γ9 = γ8 = γ7 6 γ6, � (2.4), �C�� γ5 >

µ
4 , "��� 3.5 2|

(2) 6,-"Y��R�5_�=� f1(X) ≡ f2(X) (mod pµ), �8z�4 Y = X + m10,_� γ′

i �> γ′

5 = γ′

10. ��� 3.1–3.8, �(*( #{m ∈ A13 : γ5 > γ10 = γ9 = γ8 = γ7 6

γ6} ≪ T .|` 3.11 #A5 ≪ T .� ��� 3.4–3.10 �(-*�
3.3 γ10 + γ9 + γ8 + γ7 < µ g γ10 + γ9 + γ8 + γ7 + γ6 > µ hw(C�� “γ10 +γ9 +γ8 +γ7 > µ1 γ10 +γ9 +γ8 < µ”2|CT�,-"=<�R ($�A	xH2), � A14 = {m ∈ A1 : γ10 + γ9 + γ8 + γ7 + γ6 > µ 1 γ10 + γ9 + γ8 + γ7 < µ},
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A15 = {m ∈ A14 : γ10 = γ5}, A16 = {m ∈ A15 : γ4 > γ5}, A17 = {m ∈ A16 : γ4 6 γ9}.j!pti_ A14 A}e {m ∈ A14 : γ5 < γ10} ∪ {m ∈ A14 : γ5 > γ10} ∪ {m ∈ A15 :

γ4 = γ5} ∪ A16, �℄YA�RlNi_H,=���b�5 #A14 ,=�Rl�|` 3.12 � A18 = {m ∈ A17 : γ2 > γ3 > γ4 > γ5}, " #A18 ≪ T .� ���C γ5 = γ10 < γ4 6 γ9, ��� 3.6 2| (2) Y��R��C
#A18 ≪ h

( h

pµ
+ 1

)( h

p
µ−γ10−γ9

2

+ 1
)( h

pµ−γ10−γ9
+ 1

)( h

pµ−γ10
+ 1

)( h

pγ6
+ 1

)

·
( h

pγ7
+ 1

)( h

pγ8
+ 1

)( h

pγ9
+ 1

)( h

pγ10
+ 1

)
≪ T.T� #A18 ≪ T .|` 3.13 � A19 = {m ∈ A17 : γ2 > γ3 = γ4 > γ5}, " #A19 ≪ T .� (C�5i_ A19 6,�S���� 3.4 ,Y��R (A M3 6≡ M4 (mod pγ4+1),

M3 ≡ M4 (mod pγ4+1) ��2ÆV�), "_��
#A19 ≪ h

( h

pµ
+ 1

)( h

pµ−γ10
+ 1

)( h

pµ−γ10−γ9
+ 1

)( h

p
µ−γ10−γ9

2

+ 1
)( h

pγ6
+ 1

)

·
( h

pγ7
+ 1

)( h

pγ8
+ 1

)( h

pγ9
+ 1

)( h

pγ10
+ 1

)
≪ T.|` 3.14 � A20 = {m ∈ A17 : γ2 = γ3 > γ4 > γ5}, " #A20 ≪ T .� (C�5i_ A206,�S���� 3.5,-"Y��R�AM2 6≡ M3 (mod pγ3+1),

M2 ≡ M3 (mod pγ3+1) ��2ÆV��5`&��8z�4 Y = X + m3, _��*
#A20 ≪ T .|` 3.15 � A21 = {m ∈ A17 : γ2 = γ3 = γ4 > γ5}, " #A21 ≪ T .� ��� 3.5,-"Y��R�A ∃i, j ∈ {2, 3, 4},EMi 6≡ Mj (mod pγ4+1) (i 6= j),� ∃i, j ∈ {2, 3, 4}, E Mi ≡ Mj (mod pγ4+1) (i 6= j) ��2ÆV��5`& (�C�?�
i = 3, j = 4), �8z�4 Y = X + m4, _��* #A21 ≪ T .|` 3.16 #A17 ≪ T .� ��� 3.12–3.15 �j�*�� A22 = {m ∈ A16 : γ4 > γ9}, "xo�4�Rl A16 6�>\s γ4 > γ9 ,�SMO�|` 3.17 < A23 = {m ∈ A22 : γ2 > γ3 > γ4 > γ5 = γ10 6 γ9 = γ8 = γ7 = γ6}, "
A22 ⊂ A23.� 5� A22 6,�S�� “γ2 > γ3 > γ4 > γ5 = γ10” e���C�< γ10 6 γ9 =

γ8 = γ7 = γ6 ����"� (2.2)–(2.4), �'��7 (�2| γ4 > γ5 = γ10 = γ9 < γ8 e��� (2.2), M9M10 ≡ 0 (mod p2γ10+1), � γ10 ,1Æs�7�U��)).���4B� γ4 > γ5 = γ10 6 γ9 = γ8 = γ7 = γ6 �72|�95 A22 6,�2Æ
(j γ2 > γ3 = γ4 > γ5 = γ10 f γ2 > γ3 = γ4 > γ5 = γ10), 8E�=V��_��*�T���Cj� A22 ⊂ A23.
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�`�>�~P->�Sm 865|` 3.18 � A24 = {m ∈ A14 : γ10 < γ9 = γ8 = γ7 = γ6}, " #A24 ≪ T .� 5i_ A24 6,�S�A�o�72ÆV��
(1) < ∀u1, u2 ∈ {6, 7, 8, 9}, Mu1 6≡ Mu2 (mod pγ9+1) f�1��	5 u1, u2 ∈ {6, 7,

8, 9} !�E* Mu1 ≡ Mu2 (mod pγ9+1) �� ((C�?� u1 = 6, u2 = 7), "��� 3.52| (2) 6,Y��R�8z�4 Y = X + m6, ��� 3.1–3.3, 3.11, 3.13, 3.15 �*��C #A24 ≪ T .

(2) B"�!,�2|o���� 3.17 ,Y��R�� (2.2)–(2.4) �*��C� γi,1Æ�7��� #A24 ≪ T .|` 3.19 � A25 = {m ∈ A23 : γ10 = γ9 = γ8 = γ7 = γ6}, " #A25 ≪ T .� �C���� 3.18 ,-"Y��R�5i_ A25 6,�S�A�72ÆV��
(1)< “∀i, j ∈ {6, 7, 8, 9, 10},��Mi 6≡ Mj (mod pγ10+1)”f “∃t1, t2 ∈ {6, 7, 8, 9, 10},E Mt1 ≡ Mt2 (mod pγ10+1), 1 ∀t0 ∈ {t3, t4, t5}, �� Mt0 6≡ Mt1 (mod pγ10+1) (�?�

t1 = 6, t2 = 7)”�&/	���"��� 3.52| (2)6,Y��R���4 Y = X +m6,��� 3.1–3.3, 3.11–3.13 �*� #A25 ≪ T .

(2) B"�!,�2|o���� 3.17 ,Y��R�� (2.2)–(2.4) �*��C� γi,1Æ�7��� #A25 ≪ T .|` 3.20 #A16 ≪ T .� ��� 3.16–3.19 �j�*�5�i_ A15 6,�S�% γ4 = γ5 C�_���R��=N=<�� A26 = {m ∈

A15 : γ4 = γ5}, A27 = {m ∈ A26 : γ3 6 γ8}.|` 3.21 � A28 = {m ∈ A27 : γ2 > γ3 > γ4 = γ5}, " #A28 ≪ T .� (C�� (2.2), �� γ4 = γ9. ���5i_ A28 6,�S�A�o��V��
(1) < M2 6≡ M3 (mod pγ3+1), "��� 3.13 ,Y��R��(*( #A28 ≪ T .

(2)<M2 ≡ M3 (mod pγ3+1),��� 3.52| (2)6,Y��R���4 Y = X+m3,�C γ′

i �> γ′

2 > γ′

3 > γ′

4 = γ′

5 = γ′

10 = γ′

9. ��� 3.1–3.3, 3.11, 3.21, �(-*
#{m ∈ A28 : M2 ≡ M3 (mod pγ3+1)} 6 #A′

28 ≪ T .�� #A28 ≪ T .|` 3.22 � A29 = {m ∈ A27 : γ2 > γ3 = γ4 = γ5 1 ! i1, i2 ∈ {3, 4, 5}, E*
Mi1 6≡ Mi2 (mod pγ5+1)}, " #A29 ≪ T .� 5i_ A29 6,�S�A�ok�V��

(1) <M3, M4, M5 q% pγ5+1 b�_��"��� 3.42| (1) 6,-"Y��R�P�$Y 2.1, 4 i1 = 3, i2 = 4, i3 = 5,

#A29 ≪ h
( h

pµ
+ 1

)( h

pµ−γ10
+ 1

)( h

pµ−2γ10
+ 1

)( h

pµ−3γ10
+ 1

)( h

pγ6
+ 1

)

·
( h

pγ7
+ 1

)( h

pγ8
+ 1

)( h

pγ9
+ 1

)( h

pγ10
+ 1

)
≪ T.
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(2) < ∃i, j, k ∈ {3, 4, 5}, E Mi ≡ Mj 6≡ Mk (mod pγ5+1), �?� i = 3, j = 4, k = 5,"_�P�$Y 2.1, 4 i1 = 3, i2 = 5, i3 = 4, �5� #A29 ≪ T .|` 3.23 � A30 = {m ∈ A27 : γ2 = γ3 = γ4 = γ5 1 M2, M3, M4, M5 q% pγ5+1b�_�}, " #A30 ≪ T .� �� M2, M3, M4, M5 q% pγ5+1 b�_��"��� 3.4 2| (1) 6,-"Y��R�P�$Y 2.1, 4 i1 = 3, i2 = 4, i3 = 5, _��* #A30 ≪ T .� A31 = {m ∈ A26 : γ3 > γ8}, ��� 3.17 ,-"Y��R��*�o���|` 3.24 < A32 = {m ∈ A26 : γ2 > γ3 > γ4 = γ5 = γ10 = γ9 6 γ8 = γ7 = γ6 1

γ8 < γ3}, " A31 ⊂ A32._����� 3.18, 3.19 -"Y��R�_��*�� 3.25, 3.26.|` 3.25 � A33 = {m ∈ A32 : M4 6≡ M5 (mod pγ10+1)}, " #A33 ≪ T .|` 3.26 � A34 = {m ∈ A32 : M4 ≡ M5 (mod pγ10+1)}, " #A34 ≪ T .|` 3.27 � A35 = {m ∈ A15 : γ2 > γ3 > γ4 = γ5 = γ10}, " #A35 ≪ T .� ��� 3.21, 3.24–3.26�j�*�|` 3.28 � A36 = {m ∈ A15 : γ2 > γ3 = γ4 = γ5 = γ10}, " #A36 ≪ T .� ��� 3.22, �(;r�4� - M3 ≡ M4 ≡ M5 (mod pγ5+1) C2|j��5����� 3.5 2| (2) 6,Y��R���4 Y = X + m5, " γ′

i �> γ′

2 > γ′

3 > γ′

4 =

γ′

5 = γ′

10.� A′

36 = {m ∈ A1 : γ′

2 > γ′

3 > γ′

4 = γ′

5 = γ′

10}, ��� 3.1–3.3, 3.11, 3.27, _��*
#{m ∈ A36 : M3 ≡ M4 ≡ M5 (mod pγ5+1)} 6 #A′

36 ≪ T .|` 3.29 � A37 = {m ∈ A15 : γ2 = γ3 = γ4 = γ5 = γ10}, " #A37 ≪ T .� ��� 3.23, �(;r�4� - “∃k1, k2 ∈ {2, 3, 4, 5}, E Mk1 ≡ Mk2 (mod

pγ5+1)” 2|j���C��?o� k2 = 5, "��� 3.5 2| (2) 6,Y��R��4
Y = X + m5, " γ′

i �> γ′

2 > γ′

3 > γ′

4 > γ′

5 = γ′

10 f γ′

2 > γ′

3 > γ′

4 = γ′

5 = γ′

10 f
γ′

2 > γ′

3 = γ′

4 = γ′

5 = γ′

10.� A′

37 = {m ∈ A1 : γ′

2 > γ′

3 > γ′

4 > γ′

5 = γ′

10 f γ′

2 > γ′

3 > γ′

4 = γ′

5 = γ′

10 f
γ′

2 > γ′

3 = γ′

4 = γ′

5 = γ′

10}, ��� 3.1–3.3, 3.11, 3.20, 3.27, 3.28, _��* #{m ∈ A37 :

∃k1 ∈ {2, 3, 4, 5},E Mk1 ≡ M5 (mod pγ5+1)} 6 #A′

37 ≪ T .|` 3.30 � A38 = {m ∈ A14 : γ5 < γ10}, " #A38 = 0.� �C���� 3.9 2| (1) ,V�Y��R�� (2.1)–(2.4) �*��7���
#A38 = 0.|` 3.31 � A39 = {m ∈ A14 : γ5 > γ10}, #A39 ≪ T .� F-"Y���� 3.9 sR��C #A39 = #{m ∈ A39 : γ5 > γ10 = γ9 = γ8 =

γ7 = γ6}, ��� 3.1–3.3, 3.11, 3.20, 3.27–3.29 �*{��
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4 S ~ K a 1.2 I � d V k d��� 3.1–3.3, 3.11, 3.20, 3.27–3.31 �j�*�1� 1.2 ����a�� Dodd ! [4] 6Y��R�
�t1� 1.2 ��Rl_�=�?
xw

1 + · · · + xw
d ≡ yw

1 + · · · + yw
d (mod pϑ)}O,=� (,6 w, w0, d, ϑ �> 1 6 w 6 w0, d > w0 > 4, ϑ > w2

0 , p I	MSO1
p > k).� w0 = d = 5, ϑ = 25 e�� p > 5 C_�=�?





s1(x) ≡ s1(y) (mod p25),
s2(x) ≡ s2(y) (mod p25),
s3(x) ≡ s3(y) (mod p25),
s4(x) ≡ s4(y) (mod p25),
s5(x) ≡ s5(y) (mod p25).p�_�=�?





σ1(x) ≡ σ1(y) (mod p25),
σ2(x) ≡ σ2(y) (mod p25),
σ3(x) ≡ σ3(y) (mod p25),
σ4(x) ≡ σ4(y) (mod p25),
σ5(x) ≡ σ5(y) (mod p25),

(4.1),6
σ1(x) = x1 + x2 + x3 + x4 + x5,

σ2(x) = x1x2 + x1x3 + x1x4 + x1x5 + x2x3 + x2x4 + x2x5 + x3x4 + x3x5 + x4x5,

σ3(x) = x1x2x3 + x1x2x4 + x1x2x5 + x1x3x4 + x1x3x5 + x1x4x5 + x2x3x4

+ x2x3x5 + x2x4x5 + x3x4x5,

σ4(x) = x1x2x3x4 + x1x2x3x5 + x1x2x4x5 + x1x3x4x5 + x2x3x4x5,

σ5(x) = x1x2x3x4x5.�1� 1.2, �(*(�F_�=�?}O ≪ p
315
2 .

5 L Dodd Y b I P \% r = 4 C���_�,=<��*1� 1.1 ,{�
#S(4) ≪

h8

p4µ− 7
4 [ µ

2 ]
+

h7

p3µ− 7
4 [ µ

2 ]
+

h5

pµ−[ µ

2 ]
+ h4, (5.1),6 S(4) = {m : 0 < mi 6 h, i = 1, · · · , 8, f1(X) ≡ f2(X) (mod pµ)}.5�F{��� Dodd ! [4] 6*(,{�sÆ�% µ �> “α

8 < 2µ − 11
4 [µ

2 ] + [µ
4 ] +

6logpµ”, f “α
8 > 2µ− 11

4 [µ
2 ] + [µ

4 ] + 6logpµ, µ > [
α−[ 34α]

2 ] + 1 1 h < µ6p2µ− 11
4 [ µ

2 ]+[ µ

4 ]” (�M\s6,6^	MC�1� 1.1 ,{�Æ Dodd ! [4] 6*(,{� (1.2) Q[��v Jy�#KvL,k{T��2'�
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Abstract This paper investigates the estimation of the solution number about m =

(m1, · · · , m2r) of the congruences such as
r∏

i=1

(X + mi) ≡
2r∏

j=r+1

(X + mj) (mod pµ), and

gets the upper bound of the solution number of such congruence when r = 4 and 5. The

former result improves the Dodd’s conclusion, and the latter can be used to estimate the

solution number of the other kinds of congruences.
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