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1 g � a!(8 (chemostat)knx�^$�J.TKX�fR&���"Zs�'$ ��S�A,��xst^$K^,�b>�[��kNhnx�^$K^*�^$�U�e/C�7^�*�p4k{^^�*�K�z�|(�*_!LKu���x!(8`��AK7,xL�wI� [1].�^{^�IKOa�0��O�
0�X~uEK0<� >{^�I��I�Z�?
%*^?�K(L$��
>(L$�^�K{^�Iu^�^,K2n�b>^�?�K�)
0{^^�*��*^^�<K0<�k=���T� [2] �6�o^~^�<KfR�Zex�KfRS�� Levin [3] �6�Xxgu$$^�<Kl�OÆK!(8�A��Æ�?�Kx��'|��x�Aguz�UK'e+�N}KxL��I� [4]. p
G*_Km7;F�� [5, 6] FRl�OÆKD℄�Oa��xgu$$^�<Kml�!(8�A��6�D^�<Kk8/�?
�PDE *�KX>K\F�CYw�2OaKYkgu Michaelis-Menten gh:K!(8�A�xgh:Z�0�$�EK`��Jb$�E"Zu`��b>=�)6%k8��p)$�EK6%k8�� [7, 8] Æ.�6�T-gh�x
f(s, u) =

s

k1 + s+ β1u
, g(s, v) =

s

k2 + s+ β2v
,4� ki, βi ��+x��y Michaelis-Menten gh:x}�C�o!�a�X: β1u .

β2v, nx�'$�EK6%k8� Harrison [9] nfRR����^$K!ey�!e*�� Beddington-DeAnglisgh:V�"p
�IE6%2nKgh:�r�0f�xk�gu Beddington-DeAnglis gh:K�AR
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846 y M ) n 30 i A 5��OaXxgu$$^�<� Beddington-DeAngelis �%gh�xKml�!(8�A�
|D℄X$�N4X$ojT��^�<�x^�<,F��X$�^,ÆG=�C"k8;X$�K^,�℄ s(x, t), u(x, t), v(x, t) � p(x, t)o�� t
tjT$��`�$��^�<K+Z��x}x� [5, 6, 12], gu$$^�<� Bedding-DeAngelis�%gh�xKml�!(8�A�



st = dsxx − 1
r1

auf(s, u) − 1
r2

bvg(s, v)e−µp, x ∈ (0, 1), t > 0,

ut = duxx + a(1 − k)uf(s, u), x ∈ (0, 1), t > 0,
vt = dvxx + bvg(s, v)e−µp, x ∈ (0, 1), t > 0,
pt = dpxx + akuf(s, u), x ∈ (0, 1), t > 0gu�W
J�5h
J

sx(0, t) = −s0, sx(1, t) + γs(1, t) = 0, px(0, t) = px(1, t) + γp(1, t) = 0, t > 0,
ux(0, t) = ux(1, t) + γu(1, t) = 0, vx(0, t) = vx(1, t) + γv(1, t) = 0, t > 0,
s(x, 0) = s0(x) > 0, p(x, 0) = p0(x) > 0, 6≡ 0,
u(x, 0) = u0(x) > 0, 6≡ 0, v(x, 0) = v0(x) > 0, 6≡ 0,4�+x s0 > 0 �jT$KuU+Z� d �vW*x� r1, r2 �*6Æ� a, b o���`�$K1?^,Æ� d, r1, r2, a, b, γ l�?x
K+x� e−µp gm�^�< p ^$� v ^,ÆK^�0Z�4�+x µ > 0 �0�^�<^$� v Kk8�47,K^$UnI� [13]. k �nx*^^�<KjT�Æ�d9 0 < k < 1.����	l��eUT-"�{&x���	 s = s

s0 , u = u
r1s0 , v = v

r2s0 , p =
p

r1s0 , ki = ki

s0 , µ = r1s
0µ, fi(s) = fi(s

0s), �Yw PDE *�sF(� (Qn}���j6hK"�{&x���)



st = dsxx − auf(s, u)− bvg(s, v)e−µp, x ∈ (0, 1), t > 0,
ut = duxx + a(1 − k)uf(s, u), x ∈ (0, 1), t > 0,
vt = dvxx + bvg(s, v)e−µp, x ∈ (0, 1), t > 0,
pt = dpxx + akuf(s, u), x ∈ (0, 1), t > 0,
sx(0, t)=−1, sx(1, t)+γs(1, t)=0,
px(0, t)=px(1, t)+γp(1, t)=0, t > 0,
ux(0, t)=ux(1, t)+γu(1, t)=0,
vx(0, t)=vx(1, t)+γv(1, t)=0, t > 0,
s(x, 0)=s0(x) > 0, p(x, 0)=p0(x) > 0, 6≡ 0,
u(x, 0)=u0(x) > 0, 6≡ 0, v(x, 0)=v0(x) > 0, 6≡ 0.

(1.1)

Hx chemostat �A��uKs!Æ�� (1.1) �eU�+ Φ(x, t) = s+ u+ v + p �
Ψ(x, t) = p− cu, 4� c = k

1−k
, �x}x� [5, 6], (1.1) K33*��





ut = duxx + a(1 − k)uf(z − (1 + c)u− v, u), x ∈ (0, 1), t > 0,
vt = dvxx + bvg(z − (1 + c)u− v, v)e−µcu, x ∈ (0, 1), t > 0,
ux(0, t)=ux(1, t)+γu(1, t)=0,
vx(0, t)=vx(1, t)+γv(1, t)=0, t > 0,
u(x, 0) = u0(x) > 0, 6≡ 0, v(x, 0) = v0(x) > 0, 6≡ 0, x ∈ [0, 1],

(1.2)4� z(x) = 1+γ
γ

− x, (1 + c)u0(x) + v0(x) 6 z(x), 6≡ z(x).��"Vp)*� (1.2) mu0��UK�UF� (1.2) UK,
D����N���^�<^*�	=��K\D�Kk8�d9���"VOa (1.2) K0��*�	
du′′ + a(1 − k)uf(z − (1 + c)u− v, u) = 0, x ∈ (0, 1),
dv′′ + bvg(z − (1 + c)u − v, v)e−µcu = 0, x ∈ (0, 1),
u′(0) = u′(1) + γu(1) = 0, v′(0) = v′(1) + γv(1) = 0.

(1.3)



6 3 *�& #M& ?�4 Yyhv_�=Lnm�")9�BL
>� 847-��6��K"VS���9�r.�6X>[�KS��X>�VK���℄
λ1, σ1 o��T-�Æ��	K"�Æ�	

dϕ′′
1 + λ1f(z, 0)ϕ1 = 0, x ∈ (0, 1), ϕ′

1(0) = ϕ′
1(1) + γϕ1(1) = 0,

dψ′′
1 + σ1g(z, 0)ψ1 = 0, x ∈ (0, 1), ψ′

1(0) = ψ′
1(1) + γψ1(1) = 0.6hK�A��Æ�x ϕ1, ψ1 �/ max

[0,1]
ϕ1 = max

[0,1]
ψ1 = 1. &
� [14] `��V a 6

λ1

1−k
,�
kT-���	K�XmuU	

du′′ + a(1 − k)uf(z − u, (1 − k)u) = 0, x ∈ (0, 1), u′(0) = u′(1) + γu(1) = 0, (1.4)V a > λ1

1−k
, � (1.4) =��X�U��� ϑ, b> ϑ gu\- 4 ~F�	 (i) 0 < ϑ < z;

(ii) ϑ �x a �BE a ∈ ( λ1

1−k
,+∞) Y�Js�>�x a !QP�
 (iii) lim

a→
λ1

1−k

ϑ = 0� x ∈ (0, 1) YX�.�� lim
a→+∞

ϑ = z(x) � x ∈ (0, 1) Y:#88.�
 (iv) �
La = d d2

dx2 +a(1−k)(f(z−ϑ, (1−k)ϑ)−ϑf ′
1(z−ϑ, (1−k)ϑ)+(1−k)ϑf ′

2(z−ϑ, (1−k)ϑ) �
(1.4)� ϑ8K5F(�+�� Lak C2

B([0, 1]) = {u ∈ C2([0, 1]) : u′(0) = u′(1)+γu(1) = 0}YKs��+�>4�u�Æ�Y=x
��z�^�XA$�K0���	
dv′′ + bvg(z − v, v) = 0, x ∈ (0, 1), v′(0) = v′(1) + γv(1) = 0ux}KS��
|�4�X�U� θ, � θ 8K5F(�+� Lb = d d2

dx2 + b(g(z−θ, θ)−

θg′1(z − θ, θ) + θg′2(z − θ, θ)).℄ λ̂1 � σ̂1(µ) o��T-�~�Æ��	K"�Æ�	
dϕ̂′′

1 + λ̂1f(z − θ, 0)ϕ̂1 = 0, x ∈ (0, 1), ϕ̂′
1(0) = ϕ̂′

1(1) + γϕ̂1(1) = 0;

dψ̂′′
1 + σ̂1(µ)g(z − ϑ, 0)e−µkϑψ̂1 = 0, x ∈ (0, 1), ψ̂′

1(0) = ψ̂′
1(1) + γψ̂1(1) = 0,6hK�A��Æ�x ϕ̂1, ψ̂1 �/ max

[0,1]
ϕ̂1 = max

[0,1]
ψ̂1 = 1. `I� σ̂1(µ) �x&x µ �J��>D µ→ +∞ 
� σ̂1(µ) → +∞.>Q 1.1 V a > λ1

1−k
, b > σ1 > (a−

bλ1

1−k
)(b − σ̂1(µ)) > 0, � (1.3) =��U���N�T� a >

bλ1

1−k
, b > σ̂1(µ), � (1.3) =�X~�UK�U��>*� (1.2) X�1J���%n��[WKldOa^�<^*� (1.2)0���,
D�Kk8�S���D µ 3o?
� (1.3) KPa�U (u, v) �/ (µu, v) AxT-�	K�U	
dω′′ + a(1 − k)ωf(z − v, 0) = 0, x ∈ (0, 1),
dv′′ + bvg(z − v, v)e−cω = 0, x ∈ (0, 1),
ω′(0) = ω′(1) + γω(1) = 0, v′(0) = v′(1) + γv(1) = 0,

(1.5)9D^�<Kk8/�?
� (1.3) K�u�Ulq (1.5) jU�d9Æ�7,Oa�	
(1.5), ��e��[Wz�sIGT-S���Qj�*� (1.2) K	=F�,
D��>Q 1.2 (i) ℄ b > σ1 �U��=�3o?K+x M > 0,gI^Pa a >

bλ1

1−k
, µ >

M , (1.3) �u�U���N�^Pa a >
bλ1

1−k
, µ > M , �0eKmuU ((1 − k)ϑ, 0) �

(1.2) KG
'e+�
(ii) ℄ b > σ1 �U��=� ǫ1 > 0 3o=� M1 > 0 3o? (ly a "�), gIV

µ > M1, �D a ∈ [
bλ1

1−k
− ǫ1,

bλ1

1−k
) 
� (1.3) ZuX~"�UK�U�

(iii) ℄ b > σ1 �U��^Pa3o=K ǫ > 0 �Pa a ∈ [ λ1

1−k
+ ǫ,

bλ1

1−k
− ǫ1), V (1.5)
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� (1.3) W:�=� m ~m�(>"�UK�U�r 1.1 ℄ (u(·, t), v(·, t)) � (1.2) gu5h
J u(·, 0) = u0, v(·, 0) = v0 KU��-
(1.2) K0��U (ue, ve) � (1.2) KG
'e+�T��k�UK�b>^Pam0eK5h
J (u0, v0) ∈ C([0, 1]) × C([0, 1]) > u0 > 0, v0 > 0, lu ‖u(·, t) − ue‖C1 + ‖v(·, t) −

ve‖C1 → 0 (t→ ∞).

2 C : K = : k `�R}nASW�*�z�OaX
�C-�~*� (1.3) 	=U (9�U) K=�F\7-$*� (1.2) KK\F�<b�6Uz 1.1 K����9�r.�� (1.3) �U=�K�V
J�.R�>�℄ λ1(q(x)) �T-�Æ��	K1=�Æ�	
dφ′′ + λq(x)φ = 0, x ∈ (0, 1), φ′(0) = φ′(1) + γφ(1) = 0,4� q(x) ∈ C([0, 1]) > q(x) > 0 (x ∈ [0, 1]), d, γ > 0, � λ1(q) = inf

φ

dγφ2(1)+
R

1

0
dφ′2dxR

1

0
q(x)φ2dx

kA K�6hK�Æ�x φ1 > 0 (x ∈ [0, 1]). b>u�PUz	V q1 > q2 (x ∈ [0, 1]), �
λj(q1) 6 λj(q2), �>V q1(x) 6≡ q2(x), � λj(q1) < λj(q2) (I [15]).fQ 2.1 ℄ (u, v) � (1.3) KmuU��> u 6≡ 0, v 6≡ 0, #� (i) a > λ1

1−k
, b > σ1;

(ii) 0 < u 6 (1 − k)ϑ < z, 0 < v 6 θ < z, x ∈ [0, 1]; (iii) (1 + c)u + v < z (x ∈ [0, 1]); (iv)^x�UK b > σ1, =� A0 = A0(b) >
λ1

1−k
, gI a < A0.m 
|Z�� (iv), (i)–(iii)K��x}x� [14]�Kez 4.1–4.2. D℄=� ai → ∞,gID a = ai 
� (1.3) =��U (ui, vi), �q (ii) s�� 0 < ui, vi < z. �q ui, vi ��/Kl0sI {−du′′i }, {−dv

′′
i } � L∞([0, 1]) YuW�d9�q�~l0��(z��<UUz�sD℄=� {ui}, {vi} K+� (Q�� {ui}, {vi}) 7�x u, v ∈ C1

B([0, 1]) =

{u(x) ∈ C1([0, 1]) : u′(0) = u′(1) + γu(1) = 0}, gI� C1 ��u ui → u > 0, vi → v > 0.w�e ui Kl0s�� ai(1 − k) = λ1(f(z − (1 + c)ui − vi, ui)). qx ai → ∞, �e�Æ�K�o}z��D i→ ∞ 
��BE [0, 1] Y:#88u f(z − (1 + c)ui − vi, ui) → 0,d9��BE [0, 1] Y:#88u (1 + c)ui + vi → z. � ṽi = vi

‖vi‖∞
, q Lp �>� Sobolev<UUz�sD℄=� ṽ ∈ C1

B([0, 1]), gI ‖ṽi − ṽ‖C1 → 0 > ṽ > 0, 6≡ 0 �/
dṽ′′ + bṽg(0, v)e−µcu = 0, ṽ′(0) = ṽ′(1) + γṽ(1) = 0,
���BE [0, 1] Y:#88u ṽ = 0. w ṽ ∈ C1

B([0, 1]), d9 ṽ ≡ 0, 
y ‖ṽ‖∞ = 1 �`�Æ=� A0 = A0(b) >
λ1

1−k
, gI a < A0.ez 2.1 ���T� a 6

λ1

1−k
. b 6 σ1, � (1.3) �u�U�d9�-�"V�%

a > λ1

1−k
, b > σ1 K�C�/J�T� a > λ1

1−k
, b > σ1, �*� (1.3) =��~�0eKmuU ((1 − k)ϑ, 0) � (0, θ). �9�r.�6�0eKmuU ((1 − k)ϑ, 0) � (0, θ) K�UF�4��&I� [12] KUz 4.1 �� [5] Kez 2.3.fQ 2.2 (i) V a <

bλ1

1−k
, � (1.3) K�0emuU (0, θ) �U�V a >

bλ1

1−k
, ��"�U�

(ii) V b < σ̂1(µ), � (1.3) K�0emuU ((1− k)ϑ, 0) �U�V b > σ̂1(µ), ��"�U�



6 3 *�& #M& ?�4 Yyhv_�=Lnm�")9�BL
>� 849-�X#AS*�z���Uz 1.1. 9��Ws%nZz����&I� [6] KUz 1.1.>Q 1.1 ;mS qx a > λ1

1−k
> b > σ1, �\ (1.3) =��~�0eKmuU

((1 − k)ϑ, 0) � (0, θ). �eez 2.2, V (a−
bλ1

1−k
)(b − σ̂1(µ)) > 0, �V�
�~�0eKmuU ((1− k)ϑ, 0) � (0, θ) Y�U�V���Y"�U���e�(KAS*�z�s�� (1.3) �Z=�X~�U�b>T� a >

bλ1

1−k
, b > σ̂1(µ), � (1.3) �Z=�X~�UK�U�[X#N�x}x� [16] KUz 5, s\���V a >

bλ1

1−k
, b > σ̂1(µ), �*�

(1.2) kX�1JK�
3 e o I = s h�R"V��D^�<Kk83o?
 (9&x µ 3o?
), 0���	 (1.3) �UK�UF\7-$*� (1.2) KK\D��/J σ̂1(µ) → ∞ (µ→ ∞). d9�^Pa�UK b > σ1, �V µ 3o?���u b < σ̂1(µ), <b�0eKmuU ((1 − k)ϑ, 0) .�U
(Iez 2.2). -���D µ 3o?
�V a >

bλ1

1−k
, � ((1− k)ϑ, 0) �*� (1.2) KG
'e+
V a ∈ ( λ1

1−k
,

bλ1

1−k
), ��~�0eKmuUkz�UK��>`�,2z�.���9�r.�6ez 3.1 � 3.2, 4��&I� [6].fQ 3.1 ℄ b > σ1 �U�� (1.5) =��UD>ZD λ1

1−k
< a <

bλ1

1−k
, b> (1.5) K�u�Ul"�U�fQ 3.2 ℄ b > σ1 �U��=� ǫ0 > 0 3o=�gIT� bλ1

1−k
− ǫ0 6 a <

bλ1

1−k
, �

(1.5) =��X�U�>�"�U�-��� (1.3) K�u�Ulsq�	 (1.5) jU��eez 2.1, \-.D℄ b >

σ1,
λ1

1−k
< a < A0.fQ 3.3 ℄ ai → a ∈ ( λ1

1−k
, A] (A > λ1

1−k
�Pa+x), µi → ∞, (ui, vi) � (1.3) D

a = ai, µ = µi 
K�U�� ‖ui‖C1 → 0 (i → ∞). b>V a ∈ ( λ1

1−k
,

bλ1

1−k
], �D i 3o?
� (µiui, vi) \ C1 ixAx (1.5) K�U�m qez 2.1 s�� 0 < ui, vi < z. �q ui, vi ��/Kl0sI ‖ − du′′i ‖∞,

‖−dv′′i ‖∞ uW�d9��e�~l0��(z��<UUz�sD℄=� {ui}, {vi}K+� (Q�� {ui}, {vi})7�x u, v ∈ C1
B([0, 1]) = {u(x) ∈ C1([0, 1]) : u′(0) = u′(1)+γu(1) =

0}, gI ‖ui − u‖C1 → 0, ‖vi − v‖C1 → 0 (i → ∞) > u > 0, v > 0. -��� u ≡ 0. fAY�V u > 0, 6≡ 0, �q=1?�}z�u u > 0. xk dv′′ = 0, v′(0) = v′(1) + γv(1) = 0,d9 v ≡ 0. ℄ ṽi = vi

‖vi‖∞
, �

dṽ′′i + bṽig(z − (1 + c)ui − vi, vi)e
−µicui = 0, ṽ′i(0) = ṽ′i(1) + γṽi(1) = 0.q Lp �>� Sobolev <UUz�sD℄=� ṽ ∈ C1

B([0, 1]), gI ‖ṽi − ṽ‖C1 → 0, �>
ṽ > 0, 6≡ 0. ��e=1?�}z� ṽ > 0, �> ṽ �/ dṽ′′ = 0, ṽ′(0) = ṽ′(1) + γṽ(1) = 0,9 ṽ ≡ 0, 
y ‖ṽ‖∞ = lim

i→∞
‖ṽi‖∞ = 1 �`�d9 u ≡ 0, 9 ‖ui‖C1 → 0 (i→ ∞).-�%ng�d��V a ∈ ( λ1

1−k
,

bλ1

1−k
], �D i 3o?
� (µiui, vi) \ C1 ixAx

(1.5) K�U�D℄=� ai → a ∈ ( λ1

1−k
,

bλ1

1−k
], µi → ∞, gI (1.3) � (a, µ) = (ai, µi) 
u



850 y M ) n 30 i A 5�U (ui, vi), �> (µiui, vi) "Ax (1.5) KPa�U��s\�� µi‖ui‖∞ X�uW�fAY�D℄ µi‖ui‖∞ → ∞ (i→ ∞), � ũi = ui

‖ui‖∞
�/

−dũ′′i = ai(1 − k)ũif(z − (1 + c)ui − vi, ui), ũ′i(0) = ũ′i(1) + γũi(1) = 0.q Lp �>� Sobolev <UUz�sD℄ ‖ũi − ũ‖C1 → 0, �> ũ > 0, 6≡ 0 �/
−dũ′′ = a(1 − k)ũf(z − v, 0), ũ′(0) = ũ′(1) + γũ(1) = 0.qx 0 < vi < z, �\ 0 6 v 6 z. �e=1?�}z� Hopf ��ezs�� ũ >

0 (x ∈ [0, 1]). xk e−µicui = e−cµi‖ui‖∞eui → 0 (i → ∞). �}n vi Kl0`I vi → 0 >
ṽi = vi

‖vi‖∞
→ ṽ ≡ 0, 
y ‖ṽ‖∞ = lim

i→∞
‖ṽi‖∞ = 1 �`�d9 µi‖ui‖∞ 6 C. ℄ ωi = µiui,�

dω′′
i + ai(1 − k)ωif(z − (1 + c)ui − vi, ui) = 0,

dv′′i + bvig(z − (1 + c)ui − vi, vi)e
−cωi = 0,

ω′
i(0) = ω′

i(1) + γωi(1) = 0, v′i(0) = v′i(1) + γvi(1) = 0.
(3.1)qx µi‖ui‖∞ 6 C, 0 < vi < z, �e�(K�~��(z�� Sobolev <UUz�sD℄=� ω, v ∈ C1

B([0, 1]), gI ‖ωi − ω‖C1 + ‖vi − v‖C1 → 0 (i → ∞). � (3.1) ���
i → ∞, � (ω, v) �/l00 (1.5), 9 (ω, v) � (1.5) KmuU�V ω > 0, 6≡ 0, �q=1?�}z�u ω > 0. �Xl��q (1.5) KOX~l0sI a(1− k) = λ1(f(z − v, 0)), 
�� v > 0, 6≡ 0. q� a = λ1(f(z,0))

1−k
= λ1

1−k
, �`���e=1?�}zs�� v > 0, 9

(µiui, vi) p�G (1.5) K�U (ω, v), yD℄�`�d9 ω ≡ 0. xk v ≡ 0 . v = θ. D℄
vi → v ≡ 0, � ũi = ui

‖ui‖∞
�/

dũ′′i + ai(1 − k)ũif(z − (1 + c)ui − vi, ui) = 0, ũ′i(0) = ũ′i(1) + γũi(1) = 0.q Lp �>� Sobolev <UUz�sD℄ ‖ũi − ũ‖C1 → 0. �e=1?�}z� ũ > 0 >
dũ′′ + a(1 − k)ũf(z, 0) = 0, ũ′(0) = ũ′(1) + γũ(1) = 0,<b a = λ1

1−k
, �`�d9 vi → θ. x}N�s\�� ‖ũi − ũ‖C1 → 0, �> ũ > 0 �/
dũ′′ + a(1 − k)ũf(z − θ, 0) = 0, ũ′(0) = ũ′(1) + γũ(1) = 0,<b a =

bλ1

1−k
, 9 (ai, ωi, vi) → (

bλ1

1−k
, 0, θ). �Xl���(K
$o5z��� (1.5) =�
, (a, ω, v) = (

bλ1

1−k
, 0, θ) K�Uo��d9=� a = ãi →

bλ1

1−k
, gI (1.5)D a = ãi 
�=��U (ω̃i, ṽi), �>�\ L∞ ixp�G (0, θ). xkD i 3o?
� (ai, µiui, vi) Ax

(ãi, ω̃i, ṽi), yD℄�`�fQ 3.4 ℄ b > σ1 �U��=� M > 0 3o?�gI^Pa a >
bλ1

1−k
, µ > M ,

(1.3) �u�U�m qez 2.1 ��T� a > A0, � (1.3) �u�U�d9��I�� A0 >
bλ1

1−k
>bλ1

1−k
6 a < A0 
� (1.3) �u�U�D℄=� µi → ∞, ai >

bλ1

1−k
> ai → a ∈ [

bλ1

1−k
, A0], gI (1.3)� (a, µ) = (ai, µi)
�=��U (ui, vi), �qez 3.3 s�� ui → 0. b>x}xez 3.3, s\�� µi‖ui‖∞X�uW�℄ ωi = µiui, � (ωi, vi) �/ (3.1). �z�sD℄=� ω, v ∈ C1

B([0, 1]), gI
‖ωi −ω‖C1 + ‖vi − v‖C1 → 0 (i→ ∞), �> (ω, v) �/ (1.5), 9 (ω, v) � (1.5) KmuU�-�o\-���C��	

(i) a ∈ (
bλ1

1−k
, A0]. 9
s\�� ω ≡ 0. g℄ ω > 0, 6≡ 0, �q=1?�}z�u

ω > 0. b�e (1.5) KOX~l0�u a(1− k) = λ1(f(z − v, 0)). qx a >
bλ1

1−k
> λ1

1−k
, �
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>� 851\ v > 0, 6≡ 0. q=1?�}z� v > 0, 9 (ω, v) � (1.5) K�U�
yez 3.1 �`�d9 ω ≡ 0, <b�x}xez 3.3 sI v ≡ θ. � ω̃i = ωi

‖ωi‖∞
, � ω̃i �/

dω̃′′
i + ai(1 − k)ω̃if(z − (1 + c)ui − vi, ui) = 0, ω̃′

i(0) = ω̃′
i(1) + γω̃i(1) = 0.�z�sD℄ ‖ω̃i − ω̃‖C1 → 0, �> ω̃ > 0 �/

dω̃′′ + a(1 − k)ω̃f(z − θ, 0) = 0, ω̃′(0) = ω̃′(1) + γω̃(1) = 0,<b a =
bλ1

1−k
, �`�

(ii) a =
bλ1

1−k
. x}x (i), s\�� ‖µiui‖C1 + ‖vi − θ‖C1 → 0 (i → ∞). ℄ Qi =

(1 + c)ui + vi, ũi = ui

‖ui‖∞
, � Qi → θ, �> ũi �/

dũ′′i + ai(1 − k)ũif(z − (1 + c)ui − vi, ui) = 0, ũ′i(0) = ũ′i(1) + γũi(1) = 0.qx ai →
bλ1

1−k
, �e Lp �>� Sobolev <UUz�sD℄ ‖ũi − ũ‖C1 → 0, �> ũ > 0 �/ dũ′′ + λ̂1ũf(z − θ, 0) = 0, ũ′(0) = ũ′(1) + γũ(1) = 0, <b ũ = ϕ̂1. � vi ��/Kl0�\�/ θ, � [0, 1] Y2o�}n Green �i�I

∫ 1

0

(θ − vi)(β2(z −Qi) + k2 + β2vi)viθ

(k2 + z − θ + β2θ)(k2 + z −Qi + β2vi)

=

∫ 1

0

(z −Qi)(1 − e−µicui)

k2 + z −Qi + β2vi

viθ +

∫ 1

0

(1 + c)ui(k2 + β2vi)viθ

(k2 + z − θ + β2θ)(k2 + z −Qi + β2vi)
.Yi�\�7 ‖ui‖∞, �p
G� C1 �u ui → 0, vi → θ, Qi = (1 + c)ui + vi → θ < z,

ũi → ϕ̂1, µiui → 0, sI 1−e−µicui

‖ui‖∞
= (c+O(µiui))µiũi → +∞ (i→ ∞), �>

∫ 1

0

θ−vi

‖ui‖∞
(β2(z −Qi) + k2 + β2vi)viθ

(k2 + z − θ + β2θ)(k2 + z −Qi + β2vi)

=

∫ 1

0

(z −Qi)
1−e−µicui

‖ui‖∞

k2 + z −Qi + β2vi

viθ +

∫ 1

0

(1 + c)ũi(k2 + β2vi)viθ

(k2 + z − θ + β2θ)(k2 + z −Qi + β2vi)
→ +∞.HxD i → ∞ 
� (β2(z−Qi)+k2+β2vi)viθ

(k2+z−θ+β2θ)(k2+z−Qi+β2vi)
→ (β2(z−θ)+k2+β2θ)θ2

(k2+z−θ+β2θ)2 > 0 (∀x ∈ [0, 1]), �> vi < θ (Iez 2.1), q2o��Uz��u ∫ 1

0
vi−θ
‖ui‖∞

→ −∞ (i→ ∞).�Xl��� ui ��/Kl0�\�/ ϕ̂1, � [0, 1] Y2o�}n Green �i�I
(ai(1− k)− λ̂1)

∫ 1

0

z −Qi

k1 + z −Qi + β1ui

uiϕ̂1 = λ̂1

∫ 1

0

k1(Qi − θ) + β1ui(z − θ)

(k1 + z −Qi + β1ui)(k1 + z − θ)
uiϕ̂1.Yi�\�7 ‖ui‖

2
∞, sI

ai(1 − k) − λ̂1

‖ui‖∞

∫ 1

0

(z −Qi)ũiϕ̂1

k1 + z −Qi + β1ui

= λ̂1k1

∫ 1

0

vi−θ
‖ui‖∞

ũiϕ̂1

(k1 + z −Qi + β1ui)(k1 + z − θ)
+ λ̂1

∫ 1

0

(k1(1 + c) + β1(z − θ))ũ2
i ϕ̂1

(k1 + z −Qi + β1ui)(k1 + z − θ)
.qx eui bϕ1

(k1+z−Qi+β1ui)(k1+z−θ) > 0, eui bϕ1

(k1+z−Qi+β1ui)(k1+z−θ) →
bϕ2

1

(k1+z−θ)2 > 0 (∀x ∈ [0, 1]) (i→

∞), �> vi < θ, �e2o��Uz�u ∫ 1

0

vi−θ

‖ui‖∞
eui bϕ1

(k1+z−Qi+β1ui)(k1+z−θ) → −∞ (i → ∞). d9D i 3o?
�u ai(1 − k) − λ̂1 < 0, 
yD℄ ai >
bλ1

1−k
�`�>Q 3.1 ℄ b > σ1 �U��=� M > 0 3o?�gI^Pa a >

bλ1

1−k
, µ > M , �0eKmuU ((1 − k)ϑ, 0) �*� (1.2) KG
'e+�
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bλ1

1−k
> µ > M 3o?
�\-S�.��

(i) ((1 − k)ϑ, 0) �U�qxD µ 3o?
u b < σ̂1(µ), �\qez 2.2 �9S�.��
(ii) (0, θ) "�U�qx a >

bλ1

1−k
, d9�eez 2.2 s�9S�.��

(iii) (1.2) �u�0��U���Iez 3.4.qx (1.2) �AS*���\S� (i)–(iii) �� ((1 − k)ϑ, 0) � (1.2) KG
'e+ (I�
[17])./J�^�UK b > σ1, T� µ 3o?�� b < σ̂1(µ). d9��eUz 1.1 s℄Q�D a ∈ ( λ1

1−k
,
bλ1

1−k
), b > σ1 > µ 3o?
� (1.3) �Z=�X~�U��Xl��qez

3.3, (1.3) KPa�U (u, v) �/	D µ 3o?
� (µu, v) Ax (1.5) K�U�-���
(1.3) K�u�Ulq33�	 (1.5) jU�℄ X = C([0, 1]) × C([0, 1]), W = {(u, v) ∈ X | u(x) > 0, v(x) > 0, x ∈ [0, 1]}, � W �
X K'�^x K > 0 3o?�Ub�+ B : X → X �

B(ω, v) =
(
− d

d2

dx2
+K

)−1

(a(1 − k)ωf(z − v, 0) +Kω, bvg(z − v, v)e−cω +Kv),4� (
− d d2

dx2 +K
)−1 ��+ −d d2

dx2 +K ��W
J u′(0) = u′(1) + γu(1) = 0 -K(�+�fQ 3.5 ℄ a0 ∈ ( λ1

1−k
,
bλ1

1−k
), (ω0, v0) � (1.5)� a = a0 
K
��U��> (ω0, v0)gum
K"WQ���9 indexW (B, (ω0, v0)) 6= 0, �^Pa δ > 0 3o=�=� ǫ > 0,gI^Pa a, µ, �/ |a− a0| < ǫ, µ > 1

ǫ
, (1.3) �Z=��U (u, v), gI ‖µu− ω0‖C1 +

‖v−v0‖C1 < δ.b>T� (ω0, v0) m�(�� (1.3)=��X�U��>�m�("�U�m p
T-��	
dû′′ + a(1 − k)ûf(z − t(1 + c)µ−1û− v, µ−1û) = 0,
dv′′ + bvg(z − t(1 + c)µ−1û− v, v)e−cbu = 0,
û′(0) = û′(1) + γû(1) = 0, v′(0) = v′(1) + γv(1) = 0,

(3.2)4� t ∈ [0, 1]. qx (ω0, v0) � (1.5) K
��U��\=� δ0 > 0 3o=�gI (1.5)K�/ ‖ω − ω0‖C1 + ‖v − v0‖C1 < δ0 KPa�U (ω, v) �� (ω0, v0). -���^Pa
δ ∈ (0, δ0), =� ǫ > 0, gIT� |a − a0| < ǫ > µ > 1

ǫ
, �^Pa t ∈ [0, 1], (3.2) �

∂Uδ(ω0, v0) Y"U�4� Uδ(ω0, v0) � (ω0, v0) � X $K δ 	{�D℄=� δ ∈ (0, δ0), ai → a0, µi → ∞, ti ∈ [0, 1] 7 (3.2) � a = ai, µ = µi, t = ti
KU (ûi, vi), gI (ûi, vi) ∈ ∂Uδ(ω0, v0), 9 ‖ûi − ω0‖C1 + ‖vi − v0‖C1 = δ, �sD℄
ti → t ∈ [0, 1], δ0 3o=�gI (ûi, vi) ��U�qx {ûi} � {vi} � L∞([0, 1]) �uW�}n (3.2) 7�~��(z��sD℄ ‖ûi − û‖C1 → 0, ‖vi − v‖C1 → 0. `I� (û, v) �
(1.5) � a = a0 
KU�b> ‖û− ω0‖C1 + ‖v − v0‖C1 = δ < δ0, 
y δ0 KKD�`�<b^Pa t ∈ [0, 1], (3.2) � ∂Uδ(ω0, v0) Y"U�Ub At : X × [0, 1] → X �

At(û, v) =
(
− d

d2

dx2
+K

)−1
(
a(1 − k)ûf(z − t(1 + c)µ−1û− v, µ−1û) +Kû

bvg(z − t(1 + c)µ−1û− v, v)e−cbu +Kv

)
,4�(−d d2

dx2 +K)−1�−d d2

dx2 +K��W
Ju′(0) = u′(1)+γu(1) = 0-K(�+�K 3o?�gI^Pa (û, v) ∈ Uδ(ω0, v0), t ∈ [0, 1]lu a(1−k)f(z−t(1+c)µ−1û−v, µ−1û)+K >

0, bg(z− t(1 + c)µ−1û− v, v)e−cbu +K > 0. q�2ZK��"�FsI�T� |a− a0| < ǫ,



6 3 *�& #M& ?�4 Yyhv_�=Lnm�")9�BL
>� 853

µ > 1
ǫ
, � degX(I −A1, Uδ(ω0, v0), 0) = degX(I −A0, Uδ(ω0, v0), 0). w A0 = B, d9�T�KD ǫ mD=�gI |a− a0| < ǫ > µ > 1

ǫ
, �

degX(I −A1, Uδ(ω0, v0), 0) = degX(I − B,Uδ(ω0, v0), 0) = indexW (B, (ω0, v0)) 6= 0.
�� A1 � Uδ(ω0, v0) $�Z=�X~"WQ (û, v), 9 (1.3) � (ω0, v0) w\�Z=�X~�U (µ−1û, v).[X#N�T� (ω0, v0) m�(��`R� (ω0, v0) �




dû′′ + a(1 − k)ûf(z − (1 + c)µ−1û− v, µ−1û) = 0,
dv′′ + bvg(z − (1 + c)µ−1û− v, v)e−cbu = 0,
û′(0) = û′(1) + γû(1) = 0, v′(0) = v′(1) + γv(1) = 0

(3.3)� (a, µ−1) = (a0, 0) 
Km�(�U�qg�xUz�=� ǫ > 0 3o=�gIT�
|a− a0| < ǫ > µ > 1

ǫ
, � (3.3) =��XU (û, v), �>��/ ‖û−ω0‖C1 + ‖v− v0‖C1 < ǫ,9�XF.��-�%n5F�+MWz��� (1.3) K
~
$�XK�U (µ−1û, v) km�("�UK�℄ A′

1(û, v), B
′(ω0, v0) o�� A1, B � (a, µ−1, û, v) � (a0, ω0, v0) K5F(�+��

A′
1(û, v)(ϕ, ψ) =




dϕ′′ + a(1 − k)(f(z − (1 + c)µ−1û− v, µ−1û)
−(1 + c)µ−1ûf ′

1(z − (1 + c)µ−1û− v, µ−1û)
+µ−1ûf ′

2(z − (1 + c)µ−1û− v, µ−1û))ϕ
−a(1 − k)ûf ′

1(z − (1 + c)µ−1û− v, µ−1û)ψ,
dψ′′ + b(g(z − (1 + c)µ−1û− v, v)
−vg′1(z − (1 + c)µ−1û− v, v) + vg′2(z − (1 + c)µ−1û− v, v))e−cbuψ
−bv((1 + c)µ−1g′1(z − (1 + c)µ−1û− v, v)
+cg(z − (1 + c)µ−1û− v, v))e−cbuϕ




,

B′(ω0, v0)(ϕ, ψ) =




dϕ′′ + a0(1 − k)f(z − v0, 0)ϕ− a0(1 − k)ω0f

′
1(z − v0, 0)ψ,

dψ′′ + b(g(z − v0, v0) − v0g
′
1(z − v0, v0) + v0g

′
2(z − v0, v0))e

−cω0ψ

−bcv0g(z − v0, v0)e
−cω0ϕ



 .`I�D (a, µ−1, û, v) q\ (a0, 0, ω0, v0) 
��+ A′
1(û, v) ��+ B′(ω0, v0) K=MW�qx (ω0, v0) km�(K��\ 0 vx B′(ω0, v0) K|U6�d9 0 Wvx A′

1(û, v) K|U6�9 (µ−1û, v) km�(K���� (µ−1û, v) K"�UF�p
�Æ��	
B′(ω0, v0)(ϕ, ψ) + η(ϕ, ψ) = 0,
ϕ′(0) = ϕ′(1) + γϕ(1) = 0, ψ′(0) = ψ′(1) + γψ(1) = 0./J�Yw�Æ��	KOX�Æ� η0 kFAK�fK> η0 < 0 (Iez 3.1). d9�qMWz���Æ��	
A′

1(û, v)(ϕ, ψ) + η(ϕ, ψ) = 0,
ϕ′(0) = ϕ′(1) + γϕ(1) = 0, ψ′(0) = ψ′(1) + γψ(1) = 0W=�X~FAK�Æ� η, ��/	 η Ax η0, > Re η < 0. 
�� (µ−1û, v) "�U�>Q 3.2 ℄ b > σ1, �=� ǫ1 > 0 3o=�M1 > 0 3o?� ǫ1,M1 Y"Zwx a,gIT� µ > M1, �^x a ∈ [

bλ1

1−k
− ǫ1,

bλ1

1−k
), (1.3) =��X�U�>�"�U�^Pa

ǫ > 0 3o=� a ∈ [ λ1

1−k
+ ǫ,

bλ1

1−k
− ǫ1), T� (1.5) :�=� m ~m�(�U��D µ 3o?
� (1.3) W:�=� m ~m�("�UK�U�
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1−k
+ ǫ,

bλ1

1−k
− ǫ1) 
�T� (1.5) :�=� m ~m�(�U��D µ 3o?
� (1.3) W:�=� m ~m�("�UK�U�-����T� µ > M1, �^x a ∈ [

bλ1

1−k
− ǫ1,

bλ1

1−k
), (1.3) =��X�U��>�"�U�qez 3.3 ��D µ 3o?
� (1.3) KPa�U (u, v) �/	 (µu, v) Ax (1.5) K�U��Xl��
$o5z� (Iez 3.2) �� (

bλ1

1−k
, 0, θ) � (1.5) KFAo5Q�db=� ǫ0 > 0 3o=�gI^x a ∈ (

bλ1

1−k
− ǫ0,

bλ1

1−k
), (1.5) =��X�U (ω, v). d9����XF��I��=� ǫ1 > 0 3o=�M1 > 0 3o?�gI^ a ∈ [

bλ1

1−k
− ǫ1,

bλ1

1−k
),

µ > M1, =��XK (µu, v) Ax (1.5) K�X�U (ω, v). ℄ û = µu, ξ = 1
µ
, p
�	

dû′′ + a(1 − k)ûf(z − (1 + c)ξû− v, ξû) = 0, x ∈ (0, 1),
dv′′ + bvg(z − (1 + c)ξû − v, v)e−cbu = 0, x ∈ (0, 1),
û′(0) = û′(1) + γû(1) = 0, v′(0) = v′(1) + γv(1) = 0.

(3.4)/J (u, v) � (1.3) KUD>ZD (µu, v) � (3.4) � ξ = 1
µ

KU�d9�I�� (3.4)=��X�U�^�UK ξ > 0, `R� (

bλ1

1−k
, 0, θ) � (3.4) KFAo5Q�x}x� [18]KUz 1 sI�=� δ > 0 7 C1 C5

Γξ = {(a(ξ, s), û(ξ, s), v(ξ, s)) : 0 < s < δ}, 0 6 ξ 6 δ�/ (a(0, 0), û(0, 0), v(0, 0)) = (
bλ1

1−k
, 0, θ), gIT� 0 6 ξ 6 δ, � (3.4) �Q (

bλ1

1−k
, 0, θ) w\K�u�Ul� Γξ Y�d9�I��
>C5X�NtzBE [

bλ1

1−k
− ǫ1,

bλ1

1−k
), b>^�UK ξ, Γξ tz
~BEZX;�qx χ1 = L−1

b (bcθg(z − θ, θ)ϕ̂1) < 0, �e0�Ko5z��sI
∂a

∂s
(0, 0) =

λ̂1

∫ 1

0 ϕ̂
2
1f

′
1(z − θ, 0)χ1

(1 − k)
∫ 1

0
ϕ̂2

1f(z − θ, 0)
< 0,4� Lb q% 1.1 �6�q�JF�=� δ1 ∈ (0, δ), gI^ 0 6 ξ, s 6 δ1,

∂a
∂s

(ξ, s) < 0. d9 bλ1

1−k
− a(0, δ1) = a(0, 0) − a(0, δ1) > 0. ��e�JF�s\	G δ2 ∈ (0, δ1), gI

ǫ1 = inf
{ λ̂1

1 − k
− a(ξ, δ1) : 0 6 ξ 6 δ2

}
> 0.<b�T� a >

bλ1

1−k
− ǫ1, �^Pa ξ ∈ [0, δ2], a(ξ, δ1) 6 a. 
��^Pa ξ ∈ [0, δ2], Γξ tz�BE [

bλ1

1−k
− ǫ1,

bλ1

1−k
). b>qx^ 0 6 ξ, s 6 δ2,

∂a
∂s

(ξ, s) < 0, �\�
C5tz
~BEZX;�KD M1 = 1
δ2

, �^x µ > M1,
bλ1

1−k
− ǫ1 6 a 6

bλ1

1−k
, (1.3) :�=�X~�U�-��� (1.3) K
~�X�Uk"�UK�Æ�FAK>�s�� η � (1.3) �

(u, v) 8K5F(�+K�Æ� (6hK�Æ�x�� (ϕ, ψ)) D>ZD�k (3.4) (ξ = 1
µ
)� (µu, v) 8K5F(�+K�Æ� (6hK�Æ�x� (µϕ, ψ)). d9��I�� (3.4)K5F(�+�o5C5 Γξ YK�QY=�=x
K�Æ��q� [18] Kez 1.3 sI�=� τ > 0 7 C1 �x γ : (

bλ1

1−k
− τ,

bλ1

1−k
+ τ) × (−τ, τ) → R1; β : (−τ, τ) × (−τ, τ) →

R1, gI γ(a, ξ) � (3.4) � (a, 0, θ) 8K5F(�	KFA�Æ�� β(s, ξ) � (3.4) �
(a, u, v) = (a(ξ, s), û(ξ, s), v(ξ, s)) 8K5F(�	KFA�Æ��4� 0 6 ξ, s 6 τ. b>
γ(

bλ1

1−k
, ξ) = β(0, ξ) = 0. fAY�`R� γ(a, ξ) �

dφ′′ + a(1 − k)φf(z − θ, 0) = −γ(a, ξ)φ, φ′(0) = φ′(1) + γφ(1) = 0



6 3 *�& #M& ?�4 Yyhv_�=Lnm�")9�BL
>� 855KFA�Æ���e γ(a, ξ)KASF��Js�Fs��∂γ
∂a

(
bλ1

1−k
, ǫ) < 0. q� [18]KUz

1.16 ��^x 0 6 s≪ 1, β(s, 0) � −s∂a
∂s

(0, s)∂γ
∂a

(
bλ1

1−k
, 0) u6�Kr��xk β(s, 0) < 0.q�x β K�JF�sKD δ2 3o=�gI^�u 0 6 s, ξ 6 δ2, β(s, ξ) < 0, <b (1.3)K�X�Uk"�UK�r 3.1 qez 3.4, Uz 3.1, ez 3.5 �Uz 3.2 ��Uz 1.2 .��r 3.2 qez 3.1, ez 3.5 �Uz 3.2 s��^x a ∈ [ λ1

1−k
+ ǫ,

bλ1

1−k
), µ 3o?�

(1.3) K�u�Us%Yk"�UK�9
��eez 2.2, �0emuU ((1 − k)ϑ, 0) �
(0, θ) lK\�U�d9D a ∈ [ λ1

1−k
+ ǫ,

bλ1

1−k
) > µ 3o?
� (1.3) �Z=�X~"�UK�U�b>�x�WYKz�U'e+K^$Unk`�,2z�.��-`�q��K5h
JjU� 7 � N � \ � ^
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Abstract An unstirred chemostat model with inhibitor and Beddington-DeAngelis func-

tional response is discussed. The existence of positive steady-state solutions is given by

monotone system theory. The effects of the inhibitor are considered by making use of the

degree theory, bifurcation theory and perturbation technique. It turns out that if the pa-

rameter µ, which measures the effect of the inhibitor, is sufficiently large, either this model

has no coexistence solution and a semitrivial global attractor, or all positive solutions of this

model are governed by a limit problem.
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