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1 � � 
3tL��zM|0L�6N
�3X?2uZ~8��:Z�_\"t��6N
�6+f#��8
�[N��[>D|?�ZqT<���;89	:8qT���|E�%�8�';:��G�Æ�<K��3v (� [1–12]). 9�1p~8<�`FsHa'�GÆ+ Rd ?0��<�|�`U{x2F	Cv�`4���<���n�6N
���3��`:�4����w d `/�� 1 `/&<���n�6N
2|�F�$Q
N (x) =

m
∑

i=1

ciσ
(

d
∑

j=1

wijxj + θi

)

, x ∈ Rd, d > 1, (1.1)|? 1 6 i 6 m, θi ∈ R 'R:� wi = (wi1, wi2, · · · , wid)T ∈ Rd '/�����A i `�6#<U'�:� ci '���/&�8�<U'�:� σ '��*D<��x2 (*Cx2). C��Ka�N
��x2 σ �Q sigmoid sx2��eO σ(t) → 1 (t → ∞),

σ(t) → 0 (t → −∞) <x2�zM��X?I	H�QQ��6N
�3M#x2<X?�n��6N
�3M#x2Uj<fQ+v�<�pt:8ZqT<~8�:8Z�pB�<n��3%iv<+t�R��V [1] ?�+ sigmoid s��x2>�sA�a�L�GÆ+ Rd ?0K� K �<�|U{M#x2�/+�`t#� (1.1)9$<���n�6N
�!;	�|5K�3℄x2�,��zM|0 SZbA�Et#<�3M#x2<%ivz[*v+t (� [2, 5, 10–13]). 1p~8�
�I'n��6N
�3sT<Gv~8��n�6N
�3<GY~8�=�'R�N
<�37K���Iy8�n_<~8�P3�"�~Æh<�℄nG (� [14–22]). ��<�n�6N
�3<GY~8�
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742 3 } u A 30 < A �h�LN
�37K<�-j� (� [14, 17, 18, 21–24]). ~ke�1��-j�L�G��`�6N
<�3sT'&&�i<�;��sI�R�N
<
=�3( (��8��`N
si�1si08<�35K). Yh�℄�1�LN
�37K<�-2uj��N�e^PL|a-Q&j��=���Yh^P�:�6N
�37K<�a-:�jE(<j��.Ns5��GN
<
=�3( (� [25, 26]), 	.d
�$�N
<�3(�N
��4#2<j�8�<n_�V [25, 26] LeO�GA�<��x2���M#x2�3Na�
&℄M�6N
�3<��a-j�z
=�3(j��$�ZN
<�3sT�N
Iy8�<n_�
V��x2�3a<7 �+}M#�3<5k�:8Z�6N
���3<�a-j�z��
=�3-j��E�
&ZN
08�G�37K9w<��4#2�HqZf����Ka<+t�
2 f d e � � k b
V"���a�y� N,R,R+ X��$V\32��2zV\�2� Rd �$ dS� Euclid H���� S ' d Sw(H� Rd ?<4+t

S = Sd =
{

x = (x1, x2 · · · , xd) : xi > 0, |x| =

d
∑

i=1

xi 6 1
}

.^ VS ' S <Æ-Un��;<g`nY:�4U�K�|Unxu� S <Æ- (�X`UnJ
jRnY�*QE�`nY),� VS =
{

ei,
ei−ej√

2
, ei = (0, 0, · · · , 0,

B i a
1, 0, · · · , 0)

}

(i = 1, · · · , d). L�� x ∈ S, e ∈ VS , �x2 ϕe(x) GÆQ
ϕe(x) =

{

√

xi(1 − |x|), e = ei, 1 6 i 6 d,
√

2xixj , e =
ei−ej√

2
, 1 6 i < j 6 d.Yh� Lq

ω(S), 1 6 q < ∞ �$ S �3 Jacobi � ω(x) (ω(x) = xα(1 − |x|)β) �Æa<
Lebesgue FÆx2H��L∞

ω (S) = C(S) �$ S �3 Jacobi��Æa<U{x2H��X�Z��aS2�
‖f‖q,ω =







(

∫

S

|ω(t)f(t)|qdt
)1/q

, 1 6 q < ∞,

max
t∈S

|ω(t)f(t)|, q = ∞,|? x = (x1, x2, · · · , xd), α = (α1, α2, · · · , αd), 0 < αi, β < 1, 1 6 i 6 d, xα = xα1
1 xα2

2 · · ·
xαd

d , |x| = x1 + x2 + · · · + xd. ��x2 f ∈ Lq
ω(S), 1 6 q 6 ∞, f <�Un e, ��Q h <

r-(L!�XQ
∆r

h,ef(x) =







r
∑

i=0

(−1)r−i
(

r
i

)

f
(

x +
(r

2
− i

)

he
)

, x,x ± rh

2
∈ S,

0, Y..�' f < r-(��U{nGÆ�a�
Ωr

ϕ(f, t)q,ω = sup
0<h6t

∑

e∈S

‖∆r
ϕe(x)h,ef(x)‖q,ω.x2<U{nz_(U{n'X�G�x2U{v#Kzp�v#K<f:�;+�3a?~V�B�<Q��
V?"Q�|G��6N
<���3(�Yh"C`�M��x2 ΥM <�6N
�|? ΥM ?<#6 φ eO� (1) φ : R → [0, 1], �� φ :



6 { M!? yN� �7Od=�	�>
4) 743� M + 1 (U{7x2 φk, k = 1, 2, · · · , M + 1; (2) φk �<�-���;�/+�`D
θ0 ∈ R, !: φk(θ0) 6= 0, 1 6 k 6 M + 1. eO1�A�<��x2~M�R���I<
sigmoidal x2 φ(x) = (1 + e−αx)−1 (α > 0). ���1�y�
V9�+t�a�\r 2.1 L�| f ∈ Lq

w(K), 1 6 q 6 ∞, φ ∈ ΥM , /+�`	 φ Q��x2� d `/���`/&����6#`2Q m = N0 + 2N1 + · · · + (n + 1)Nn (
1�1`a-)<t#� (1.1) <���n�6N
 Nn(x), !:
‖Nn − f‖q,w 6 C

(

Ω2
ϕ

(

f,
1√
n

)

q,w
+

1

n
‖f‖q,w

)

, (2.1)	�/+ 0 < δ < 1, !:
Ω2

ϕ

(

f,
1√
n

)

q,w
6

C

n

n
∑

i=1

(n

i

)δ

‖Ni − f‖q,w. (2.2)=���6�16 ω2
ϕ(f, t)p,w = O(tα), 0 < α 6 2 ���

‖Nn − f‖p,w = O(n−α/2), (2.3)1P�	a C �$� f, n,x Zn<4�2 (+�E(|:F	�E), N Ni =
(

i+d−1
d−1

)

,

0 6 i 6 n.�1GN?< (2.1) 'LN
�37K<�-j��R�ZN
���37K�-����6#`28�<n_�;4kN
���37K<�-.I�	�3x2<O(��U{n����6#`2�=���;e$Z�n�6N
���37K08"G#K��N
9w<��4#`2�e�6 n → ∞ �� ‖Nn − f‖q,w → 0, �,�;�4kL��U{
FÆx2 f , /+���n�6N
L|�����3�GN?< (2.2) '�6N
���37K<a-j��;�kN
���3x2<7K<x=
1
n

n
∑

i=1

(n
i )δ‖Ni−f‖q,w ��?�9	�3x2<O(��U{n�GN?< (2.3)G�Z�6N
<��
=�3(�;�k6	�3x2eO ω2

ϕ(f, t)p,w = O(tα), 0 < α 6 2 ���6N
<��
=�3(' O(n−α/2). E��;��k	�3x2<p�v�N
���37K<n_��	�3x2<p�v(_�N
���37K(J�R8���
3 ~ o � v z �
*"+ Lq

ω(S), 1 6 q 6 ∞H�h-�fx2���3<���n�6N
�Yh�
Zd

+�$ Rd ?9�V\MB32��L�� x = (x1, x2, · · · , xd), y = (y1, y2, · · · , yd) ∈ Rd,� xi 6 yi (1 6 i 6 d), . x 6 y. � k = (k1, k2, · · · , kd) ∈ Zd
+, xk = xk1

1 xk2
2 · · ·xkd

d ,

k! = k1!k2! · · · kd!. L432 n > 1, Bernstein 8K Bn GÆQ
Bn(f,x) =

∑

|k|6n

Pn,k(x)f
(k

n

)

, (3.1)|? x ∈ S, f ∈ C(S),

Pn,k(x) =
n!

k!(n − |k|)!x
k(1 − |x|)n−|k|. (3.2)



744 3 } u A 30 < A �L�x2 f ∈ L(S), Bernstein-Durrmeyer 8KGÆQ
Dn(f,x) = Dn,d(f,x) =

∑

|k|6n

Φn,k(f)Pn,k(x), f ∈ L(S),|?
Φn,k(f) =

(n + d)!

n!

∫

S

Pn,k(t)f(t)dt.+V [27] ?�Q0�:Zn� Bernstein 8K� Jacobi ��3<+t�L� Bernstein-

Durrmeyer 8K�Yh�+V [28] ? SZ|���3<+t�y� 3.1 (� [28]) L f ∈ Lq(S), 1 6 q 6 ∞, �
‖Dnf − f‖q,w 6 C

(

Ω2
ϕ

(

f,
1√
n

)

q,w
+

1

n
‖f‖q,w

)

,

Ω2
ϕ

(

f,
1√
n

)

q,w
6

C

n

n
∑

i=1

(n

i

)δ

‖Dif − f‖q,w.^
Np =

(

p + d − 1
d − 1

)

, Ip =

(

p + d − 2
d − 2

)

.G�8�/+ Zd
+ ?<MB32 i, ! i1 + i2 + · · ·+ id = p, 	�/+ Zd−1

+ ?<MB32
j′, ! j′1 + j′2 + · · · + j′d−1 = p. e� Np = Np−1 + Ip. � j′Np−1+l

, 1 6 l 6 Ip, �$ Zd−1
+ ?<MB32 j′, |eO j′1 + j′2 + · · ·+ j′d−1 = p, . {j′l : 1 6 l 6 Np} ' Zd−1

+ ?MB32 j′<�`�}�|eO j′1 + j′2 + · · · + j′d−1 6 p. L�g�` p, ^
i
(p)
l = (p − |j′l|, j′l), 1 6 l 6 Np.g� i

(p)
l ' Zd

+ ?<�`MB32��� |i(p)
l | = p, 1 6 l 6 Np. GÆ pl = (1, j′l), 1 6 l. .L�g�mG<32 p > 0,

p̂
(p)
l =

1

2(1 + p)
pl, 1 6 l 6 Np,.� |p(p)

l | 6 1
2 , 1 6 l 6 Np.�V [8, 9], Bernstein-Durrmeyer 8K Dnf F	�$"ajm??<t#�y� 3.2 L f ∈ L(S), �

Dnf(x) =
n

∑

p=0

Np
∑

l=1

d
(p)
l 〈x · p(n)

l 〉p, (3.3)|? (d
(p)
1 , d

(p)
2 , · · · , d

(p)
Np

)T eO�aU#








(j′1)
j′1 (j′2)

j′1 · · · (j′Np
)j

′
1

...
...

...

(j′1)
j′Np (j′2)

j′Np · · · (j′Np
)
j′Np

















d
(p)
1
...

d
(p)
Np









=
(2(1 + n))p

p!









i
(p)
1 !c

(p)
1 (f)
...

i
(p)
Np

!c
(p)
Np

(f)









,��
c
(p)
l (f) =

n!

(n − p)!

∑

q6i
(p)
l

Φn,q(f)
(−1)|i

(p)
l

−q|

q!(i
(p)
l − q)!

, 1 6 l 6 Np.
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4) 745Cv	�<a�Yh�G�3�|U{
FÆx2<���n�6N

Nn(x) =

n
∑

p=0

Np
∑

l=1

d
(p)
l

p+1
∑

i=1

ci,pϕ(wi,p〈x · p(n)
l 〉 + θ).�
B&��1�6N
 Nn(x) <��4#2oQ

m = N0 + 2N1 + · · · + (n + 1)Nn, |? Ni =

(

i + d − 1

d − 1

)

, 0 6 i 6 n.

4 � � ^ � � [ ~ o � v h | U mL��< r ∈ Z, ^
Pr(x) = a0 + a1x + · · · + arx

r, x ∈ R (4.1)Q r-(�#Ml#�Yh"~8�� [0, 1] �<Ml# Pr(x) <�6N
� Jacobi ��3�n��6N
�3Ml#��~M~8��V [3, 14] >�Yh"���E��1Vg<UP�
&�6N
3��3�#Ml#<+t��y� 4.1 � φ ∈ ΥM 'N
<��x2�Pr(x)Q (4.1)?<�#Ml#�x ∈ [0, 1].L��< 1 6 q 6 ∞, ε > 0, /+�`t� (1.1) <��4#2��� ∑

06j6r

(j + 1) =

(r+1)(r+2)
2 (JS� ε), !:

‖Nn − Pr‖q,ω < ε, (4.2)|?
Nn(x) =

∑

06j6r

∑

06i6j

ci,jφ(wx + θ), n >
(r + 1)(r + 2)

2
, (4.3)

w = h(2i − j), (4.4)

ci,j = aj
1

φ(|j|)(θ)
(2h)−j(−1)i

(

j

i

)

. (4.5)� -d�L q = ∞, x ∈ [0, 1], Yh5k (4.2). ^ M1 = max |x|, �Q
φ(j)(wx + θ) =

∂j

∂ωj
[φ(wx + θ)] = xjφ(|j|)(wx + θ), (4.6)�'

φj,x(θ)
.
= φ(j)(ωx + θ)|ω=0 = xjφ(|j|)(θ), (4.7)�N

xj =
φj,x(θ)

φ(|j|)(θ)
. (4.8)� (4.1), (4.6),

pr(x) =
∑

06j6r

aj
φj,x(θ)

φ(|j|)(θ)
, (4.9)



746 3 } u A 30 < A �L��mG< b ∈ R, YhC`�X
△j

h,xφ(θ) =
∑

06i6j

(−1)i

(

j

i

)

φ(h(2i − j)x + θ). (4.10)��$�>#z�X<�$�:8
∣

∣

∣pr(x) −
∑

06j6r

aj
1

φ(|j|)(θ)
(2h)−j△j

h,xφ(θ)
∣

∣

∣

=
∣

∣

∣

∑

06j6r

aj
φj,x(θ)

φ(|j|)(θ)
−

∑

06j6r

aj
1

φ(|j|)(θ)
(2h)−j△h,xjφ(θ)

∣

∣

∣

6
∑

06j6r

|aj |
1

|φ(|j|)(θ)| |φj,x(θ) − (2h)−|j|△j
h,xφ(θ)|

=
∑

06j6r

|aj |
1

|φ(|j|)(θ)|

·
∣

∣

∣xjφ(|j|)(θ) − xj(2h)−j

∫ h

−h

∫ h

−h

· · ·
∫ h

−h

φ(|j|)(θ + (τ1 + τ2 + · · · + τj)x)dτ1dτ2 · · ·dτj

∣

∣

∣

=
∑

06j6r

|aj |
1

|φ(|j|)(θ)|x
j
∣

∣

∣(2h)−j

∫ h

−h

∫ h

−h

· · ·
∫ h

−h

φ(|j|)(θ)dτ1dτ2 · · ·dτj

− (2h)−j

∫ h

−h

∫ h

−h

· · ·
∫ h

−h

φ(|j|)(θ + (τ1 + τ2 + · · · + τj)x)dτ1dτ2 · · ·dτj

∣

∣

∣

6
∑

06j6r

|aj |
1

|φ(|j|)(θ)|x
jL(φ(|j|, 2M1jh)

6 2M1h
∑

06j6r

|aj |jM j
1

‖φ(|j|+1)‖∞
|φ(|j|)(θ)| , (4.11)|? L(φ, δ) = sup

|t−x|<δ

|φ(x) − φ(t)| 'x2 φ <U{n�6 φ �U{72��� L(φ, δ) 6

δ|φ′|∞. ^
M0 = max{|φ(i)(θ)|, i = 0, 1, · · · , r + 1}.�� |ω(x)| 6 1 (x ∈ [0, 1]), l

∣

∣

∣ω(x)(pr(x) −
∑

06j6r

aj
1

φ(|j|)(θ)
(2h)−j△j

h,xφ(θ))
∣

∣

∣ 6 2M1M0h
∑

06j6r

|aj |j
|φ(|j|)(θ)|M

j
1

6 Mh, (4.12)|? M = 2M1M0

∑

06j6r

|aj |j
|φ(|j|)(θ)|M

j
1 . � (4.11),(4.12), Yhh-N
�a�

Nn(x) =
∑

06j6r

∑

06i6j

ci,jφ(wx + θ), (4.13)|?
w = h(2i − j), (4.14)

ci,j = aj
1

φ(|j|)(θ)
(2h)−j(−1)i

(

j

i

)

. (4.15)
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4) 747. (4.12), :8
|ω(x)(pr(x) − Nn(x))| 6 Mh.^ h < ε

M , .
|ω(x)(pr(x) − Nn(x))| < ǫ.� (4.2) L q = ∞ '"S<�L 1 6 q < ∞, . q = ∞ <+t��

‖Nn − Pr‖q,ω =
{

∫ 1

0

|ω(x)(Nn(x) − Pr(x))|q
}1/q

dx

6

{

max
x∈[0,1]

|ω(x)(Nn(x) − Pr(x))|q
}1/q

6 max
x∈[a,b]

|ω(x)(Nn(x) − Pr(x))|

6 ε.� ε <��v��F:8 (4.2). ;�9h-N
<��4#2o�� (4.13) 7���4#2o�o� ∑

06j6r

(j + 1) = (r+1)(r+2)
2 ..m? 4.1, Yh~�
:8�aHa��t 4.1 LmG<32 r, Pr(x) = arx

r, x ∈ [0, 1] ' r -}-Ml#�L��<
ε > 0, /+�`t� (1.1), ��4#2o��� r + 1 <�6N
�!:

‖Nn − Pr‖q,ω < ε, (4.16)|?
Nn(x) =

r
∑

i=0

ci,rφ(wx + θ), n > r + 1, (4.17)

w = h(2i − r), (4.18)

ci,r = ar
1

φ(r)(θ)
(2h)−r(−1)i

(

r

i

)

. (4.19)

5 ℄ s [ � xajYh"5kGN 2.1. ^ x · p(n)
l = u, " 〈x · p(n)

l 〉p BQGÆ+ [0, 1] �<n� u<(2Q p <}-Ml#��Ha 4.1, 〈x · p(n)
l 〉p F		�a�6N


NMp
=

Mp
∑

i=1

ci,pφ(wi,p〈x · p(n)
l 〉 + θ), ci,p, wi,p ∈ R, Mp > p + 1 (5.1)�����3��

‖NMp
− 〈x · p(n)

l 〉p‖q,ω < ε, (5.2)�Nh-�6N

Nn(x) =

n
∑

p=0

Np
∑

l=1

d
(p)
l

Mp
∑

i=1

ci,pϕ(wi,p〈x · p(n)
l 〉 + θ), ci,p, wi,p ∈ R, Mp > p + 1. (5.3)



748 3 } u A 30 < A �Q�m? 3.1, �
‖Nn − f‖q,ω 6 ‖Nn −Dnf‖q,ω + ‖Dnf − f‖q,ω

6 C
(

Ω2
ϕ

(

f,
1√
n

)

q,w
+

1

n
‖f‖q,ω

)

+ ‖Nn −Dnf‖q,ω. (5.4)� (5.2), (5.3),

‖Nn −Dnf‖q,ω =
∥

∥

∥

n
∑

p=0

Np
∑

l=1

d
(p)
l

(

〈x · p(n)
l 〉p −

Mp
∑

i=1

ci,pφ(wi,p〈x · p(n)
l 〉 + θ)

)∥

∥

∥

q,ω

6 ε

n
∑

p=0

Np
∑

l=1

|d(p)
l |. (5.5)�'� (5.4) ?<A 3 lF	��o��,� (2.1) "S�ajYh5k (2.2). �m? 3.1, �

Ω2
ϕ

(

f,
1√
n

)

q,ω
6

C

n

n
∑

i=1

(n

i

)δ

‖Dif − f‖q,ω

6
C

n

n
∑

i=1

(n

i

)δ

‖Dif −Ni‖q,ω +
C

n

n
∑

i=1

(n

i

)δ

‖Ni − f‖q,ω

6 C
(

ε
C

n

n
∑

i=1

(n

i

)δ i
∑

p=0

Np
∑

l=1

|d(p)
l | + 1

n

n
∑

i=1

(n

i

)δ

‖Ni − f‖q,ω

)

.^ ǫ → 0, :8
Ω2

ϕ

(

f,
1√
n

)

q,ω
6

C

n

n
∑

i=1

(n

i

)δ

‖Ni − f‖q,ω. (5.6)P���t Ω2
ϕ(f, t)q,w = O(tα), 0 < α 6 2, � (5.4), (5.5),

‖Nn − f‖q,w 6

(

n−α/2 +
1

n
‖f‖q,w

)

= O(n−α/2). (5.7)jR���t (5.7) "S�� (5.6) �:
Ω2

ϕ

(

f,
1√
n

)

q,ω
6

C

n

n
∑

i=1

(n

i

)δ

i−α/2 = O
( 1

n1−δ

n
∑

i=1

i−1−α/2
)

= O(n−α/2). (5.8)�1 (5.8) ?<P��`�>#Cv2|rqP~�
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Abstract This paper presents the approximation ability of a feedforward neural network

with a single hidden layer in Lq
w, including the estimation of its approximation upper and

lower bounds. Under the principle of the weighted approximation, the work shows the rela-

tionship between the approximation precision of an underlying feedforward neural network

and the number of hidden nodes. The crucial point provides a theoretical foundation for

the applications of feedforward neural networks.
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