
� K O "
2009,30A(6):771–776 < , g-7 ?# . � $ 8 **d f e*9F x38|Xz�� g-V!7��9}uT
[℄1 37^i g j g-V!7$O���(+! 1:
v#OL"� g-V!��� g-V!���9}

MR (2000) Q;'0 60H10P=&'0 O211.63, O211.6�B�N4 A�L�* 1000-8314(2009)06-0771-06

1 J � E��	��i
 g ℄h y i z �/T-�6� ξ i (g(t, 0, 0))t∈[0,T ] �SK&w6�KB0F609�u"NK! (mF��% BSDE) +t$S6SK&w6�a�
ys = ξ +

∫ T

s

g(u, yu, zu)du −

∫ T

s

zudBu, s ∈ [0, T ], (1.1)z0 g �% BSDE (1.1) 6r�l�*E~zW$S6�% (yT,g,ξ
s , zT,g,ξ

s )s∈[0,T ]. ��:�i
DeZ6 y ∈ R, g(t, y, 0) ≡ 0, KB y
T,g,ξ
0 �% ξ 6 g-U ��~% Eg[ξ], y

T,g,ξ
t �%

ξ ℄h Ft 6�� g-U ��~% Eg[ξ|Ft] (��/
�' [1, 2]).

g-U 6SP&X#���H6 Girsanov �q6S�M7E�_�M� g-U 6m{?u*�h5.�-�}su6U >
-��' [3] � g-U -�a
27<`>
6M�m�' [4–7]g��Ea
27�g��6��i?�>�u�XyP4C66M�mF��* g-U 6SP�%X*�' [2, 4, 6–12] M�7℄h�6lEE��' [8–11] N�M�7 g-U 6 Jensen �8|���8|i Hölder �8|��S�:�' [12] M�7
BSDE 6��8|i Hölder �8|�Vf6��' [10]���yt~G�E6�PÆ
 — >- 3 6d!��/y
 BSDE6��>-^�� BSDE (4) i (5) 6�v��<CJ7SW,,�Z�Æ'6Æ
&��' [10] �6>- 3 ��}`6��v�' [12] gCe{D�� g-U 6��[)�pj:���h��Æ'tz?Æ
6s&m��S�:M�M\y�� g-U 6��8|tS	Z\0�26℄h g i g-U 6S?#N���
2 K � �o (Ω,F ,P)�SWS>'��(Bt)t>0 �('�m6SW d-& Brownr?�(Ft)t>0�R Brown r?�r6�a σ k;�*E���> (Ft)t>0 �f4J6Y���6��> T > 0 �SWY>6}��Æ'6>tS>'� (Ω,FT ,P) mM�)���Y�$=�� t ℄�h [0, T ] 6d!�*E
 1A �~�� A 6xEe��
 R+ �~MQw�6_��%7K��DDSW t ∈ [0, T ], y
~h� L2(FT ) = L2(Ω,FT ,P),�( 2009 O 4 p 13 f�3�

∗�b(R-K.Ko�K.����H
 221116. E-mail: f s j@126.com

∗∗b��b%Kt� (No. 10671205) j�b(R-KZOt� (No. 2006A041, No. 2007A029) �Æ78J�



772 � K O " 30 � A x
L2(Ft) = L2(Ω,Ft,P). DeZ6}|� n, 
 |z| �~ z ∈ Rn 6 Euclidean H���Y>\i06d!'��

S2 =
{

φ ∈ R : φ ℄h Ft-LI&�Y E
[

sup
06t6T

|φ(t)|
2
]

< +∞
}
,

Hn
2 =

{
φ ∈ Rn : φ ℄h Ft-LI&�Y ‖φ(t)‖2

2 = E

∫ T

0

|φ(t)|2dt < +∞
}
.09�u"NK!6r�l g �0F6e�� g(ω, t, y, z) : Ω× [0, T ]×R×Rd → R,z0DeZ6 (y, z) ∈ R×Rd, d! (g(t, y, z))t∈[0,T ] ℄h Ft-LI&���Y g pA�0F�o�6{W�

(A1) +t�� µ > 0, y5 dP × dt-a.s., DDS� (yi, zi) ∈ R1+d (i = 1, 2), e
|g(t, y1, z1) − g(t, y2, z2)| 6 µ(|y1 − y2| + |z1 − z2|).

(A2) d! (g(t, 0, 0))t∈[0,T ] ∈ H1
2.

(A3) dP × dt-a.s., DeZ6 y ∈ R, e g(t, y, 0) = 0.

(A4) P-a.s., DeZ6 (y, z) ∈ R1+d, g(t, y, z) ℄h t �4J6�
(A5) g(t, y, z) �`>E6�z g %>\t'� [0, T ]× R × Rd m6e��
(A6) g(t, y, z) A2h y, z g %>\t'� Ω × [0, T ]× Rd m6e��d' [1] &��i
r�l g A��o (A1) i (A2), KBDeZ6�u�6 ξ ∈

L2(FT ), BSDE (1.1) t'� H1
2 ×Hd

2 �+t$S6SD��~% (yT,g,ξ
s , zT,g,ξ

s )s∈[0,T ], ��% BSDE (1.1)6SK&w6�a��w�m�Z�R9k6�=Æ
�d! (yT,g,ξ
t )t∈[0,T ]pS>t'� S2 ����:�i
 g QA� (A3), KB y

T,g,ξ
0 �% ξ 6 g-U ��~%

Eg[ξ], y
T,g,ξ
t �% ξ ℄h Ft 6�� g-U ��~% Eg[ξ|Ft] (��/
�' [2]).�*QwV`jM7E6 BSDEs X*�dEW�M�7 BSDEs i g-U 6lEE��0F6{WI�
tÆ'6mF
RG:y
�I� 2.1 � BSDEs -���H6��>-��6~GMt' [2] �w2�6: 2.1 (��>-) �> g i g′ �A��o (A1) i (A2). 
 ξ, ξ′ ∈ L2(FT ), �Y (yu, zu)u∈[0,T ] i (y′

u, z′u)u∈[0,T ] N�� BSDE (1.1) i0F6 BSDE 6SK&w6�a��
y′

u = ξ′ +

∫ T

u

g′(s, y′

s, z
′

s)ds −

∫ T

u

z′sdBs, u ∈ [0, T ].k P-a.s., ξ > ξ′ Y dP × dt-a.s., g(s, y′

s, z
′

s) > g′(s, y′

s, z
′

s), KBDeZ6 t ∈ [0, T ], e
P-a.s., yt > y′

t. �S�:�i
 P(ξ > ξ′) > 0, KBDeZ6 t ∈ [0, T ],e P(yt > y′

t) > 0.S 2.1 d��>-&��i
 g A��o (A1) i (A3), KBDDSW t ∈ [0, T ] iMQ�u�6 ξ ∈ L2(FT ), e Eg[ξ|Ft] > Eg[0|Ft] = 0, P-a.s.. zO�Æ'; 3
�6 (3.1)�
lg6>\�Z�' [13] �6>- 1, hY520F6℄h�� g-U 64JU+E��6: 2.2 (4JU+E�) �> g A��o (A1) i (A3), �YDDSW n ∈ N,

ξn ∈ L2(FT ), i
 lim
n→∞

ξn = ξ, P-a.s., |ξn| 6 η, P-a.s. Y Eη2 < +∞, KBDDSW
t ∈ [0, T ], e lim

n→∞

Eg[ξ
n|Ft] = Eg

[
lim

n→∞

ξn|Ft

]
= Eg[ξ|Ft], P-a.s..0F6I� 2.3 *�' [7] �6>- 3.4.6: 2.3 (g-U 6}X)E) �> g A��o (A1) i (A3), KB0F65W��8��
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(i) ∀(y, z, λ) ∈ R × Rd × R+, g(t, λy, λz) = λg(t, y, z), dP × dt-a.s..

(ii) ∀(ξ, λ) ∈ L2(FT ) × R+, Eg[λξ] = λEg[ξ].0F6I� 2.4 w�m�' [14] �6>- 5.1 i' [15] �6>- 2.1 6�k�6: 2.4 (N��>-) �> g1 i g2 �A��o (A1) i (A3). i
 g1 i g2 pA� (A4) r (A5), KB0F65W��8��
(i) ∀(y, z) ∈ R × Rd, g1(t, y, z) > g2(t, y, z), dP × dt-a.s..

(ii) ∀ξ ∈ L2(FT ), Eg1
[ξ] > Eg2

[ξ].

3 R G - )Æ

�%i~G*E6�PÆ
��2�n0F6>\�%H 3.1 �>r�l g A� (A1) i (A3). i
DhDSW 1 6 p 6 q, t ∈ [0, T ] i
|ξ|q ∈ L2(FT ), �e

(Eg[|ξ|
p|Ft])

1

p 6 (Eg[|ξ|
q|Ft])

1

q , P-a.s., (3.1)KB�*E��� g-U 6��8|tS	Z\0�2�0F6>- 3.1 �Æ'6;SW�PÆ
��Y%7y�� g-U 6��8|tS	Z\0�26SW℄h g 6#N���%1 3.1 �>r�l g A� (A1) i (A3). i
 g pA�0F65W�o�
(H1) ∀(y, z, c) ∈ R+ × Rd × R+, g(t, y + c, z) 6 g(t, y, z), dP × dt-a.s.,

(H2) ∀(y, z, λ) ∈ R+ × Rd × R+, g(t, λy, λz) = λg(t, y, z), dP × dt-a.s.,KB�� g-U 6��8|tS	Z\0�2�S 3.1 t' [12] ��%7y5�� g-U 6��8|tS	Z\0�2�GP�o (H1) i (H2) DDSW y ∈ R ��2�_(�Æ>-�2�G6���' [12] �6Da6KW>-�2�GP6��Pl�%7~G>- 3.1, *E�2�n0F6`-�I1 3.1 �>r�l g A� (A1) i (A3). i
 g pA��o (H1), KBDDSW
t ∈ [0, T ] iDSD℄�h R+ × R+ 6�u�6 (ξ, η) ∈ L2(FT ) × L2(Ft), e

Eg[ξ + η|Ft] 6 Eg[ξ|Ft] + η, P-a.s.. (3.2)M Y> t ∈ [0, T ] i℄�h R+ ×R+ 6SD�u�6 (ξ, η) ∈ L2(FT )× L2(Ft). 

(yu, zu)u∈[t,T ] i (y′

u, z′u)u∈[t,T ] N��0F BSDEs 6KW$S6SK&w6�a��
yu = ξ +

∫ T

u

g(r, yr, zr)dr −

∫ T

u

zrdBr, u ∈ [t, T ],

y′

u = ξ + η +

∫ T

u

g(r, y′

r, z
′

r)dr −

∫ T

u

z′rdBr, u ∈ [t, T ]. (3.3)KB
yu + η = ξ + η +

∫ T

u

g(r, yr, zr)dr −

∫ T

u

zrdBr

= ξ + η +

∫ T

u

g̃(r, yr + η, zr)dr −

∫ T

u

zrdBr, u ∈ [t, T ], (3.4)



774 � K O " 30 � A xz0 ∀(r, y, z) ∈ [t, T ] × R1+d, g̃(r, y, z) := g(r, y − η, z), P-a.s.. 3a g̃ A��o (A1)i (A2), zO�_% η ∈ L2(Ft) i (3.4), Z�0F BSDE (3.5) �6+t$SE&��
(yu + η, zu)u∈[t,T ] }� BSDE (3.5) 6KW$S6SK&w6�a� (ỹu, z̃u)u∈[t,T ]:

ỹu = ξ + η +

∫ T

u

g̃(r, ỹr, z̃r)dr −

∫ T

u

z̃rdBr, u ∈ [t, T ]. (3.5)_% ξ ∈ L2(FT ) t R+ �℄��KBd� 2.1 &��DDSW r ∈ [0, T ], e yr > 0. zO�s$=2�o (H1) i η > 0, * g̃ 6>\&X52
g(r, ỹr, z̃r) = g(r, yr + η, zr) 6 g(r, yr, zr) = g̃(r, ỹr, z̃r), dP × dt-a.s. t [t, T ]× Ω ��zO�y
��>- (I� 2.1) �� BSDE (3.3) i (3.5) 6��*E52 Eg[ξ + η|Ft] =

y′

s 6 ỹs = ys + η = Eg[ξ|Ft] + η, P-a.s.. h�*E52 (3.2).�
h�o (H2) i BSDEs �6+t$SE�0F6`- 3.2 �G36�z0o?�6~G�I1 3.2 �>r�l g A� (A1) i (A3). i
 g pA��o (H2), KBDDSW
t ∈ [0, T ] iDSD℄�h R+ × R+ 6�u�6 (ξ, η) ∈ L2(FT ) × L2(Ft), �P η e���e Eg[ηξ|Ft] = ηEg[ξ|Ft], P-a.s..5t�*E&X~G>- 3.1 7�%1 3.1 "M5 D k > 1, a
�,[|2e� ϕ(x) = xk m�5 ∀x, y > 0, xk >

yk + kyk−1(x − y) = kyk−1x + (1 − k)yk. h�
∀x, y > 0, xk + (k − 1)yk

> kyk−1x. (3.6)DDSW t ∈ [0, T ] i η ∈ L2(FT ), k |η|k ∈ L2(FT ), KB*� 2.1&�� Eg[|η||Ft] >

Eg[0|Ft] = 0. zO�t (3.6) ��℄ x = |η|, y = Eg[|η||Ft], 5
|η|k + (k − 1)(Eg[|η||Ft])

k
> k(Eg[|η||Ft])

k−1 · |η|, P-a.s..DDSW n ∈ N, >\ Ωn = {ω : Eg[|η||Ft] 6 n}, �Y
 1Ωn
>\ Ωn xEe��*��>- (E� 2.1) &�� Eg[·|Ft] �M�6�_Fe

Eg[1Ωn
|η|k + 1Ωn

(k − 1)(Eg[|η||Ft])
k|Ft] > Eg[1Ωn

k(Eg[|η||Ft])
k−1 · |η||Ft], P-a.s.. (3.7)_%�o (H1), $=2 1Ωn

(k − 1)(Eg[|η||Ft])
k ∈ L2(Ft) MQY 1Ωn

|η|k > 0, Z�`- 3.15 P-a.s.,

Eg[1Ωn
|η|k|Ft] + 1Ωn

(k − 1)(Eg[|η||Ft])
k

> Eg[1Ωn
|η|k + 1Ωn

(k − 1)(Eg[|η||Ft])
k|Ft]. (3.8)�S�:�_%�o (H2), $=2 1Ωn

k(Eg[|η||Ft])
k−1 ∈ L2(Ft) MQe��Z�`- 3.25 P-a.s.,

Eg[1Ωn
k(Eg[|η||Ft])

k−1 · |η||Ft] = 1Ωn
k(Eg[|η||Ft])

k−1 · Eg[|η||Ft] = 1Ωn
k(Eg[|η||Ft])

k. (3.9)zO��k (3.7)–(3.9), *E52
Eg[1Ωn

|η|k|Ft] > 1Ωn
(Eg[|η||Ft])

k, P-a.s.. (3.10)KB1
�� g-U 64JU+E� (I� 2.2), $=2 1Ωn
i |η|k ∈ L2(Ft) 6>\�t

(3.10) �
 n → ∞, *E52DDSW t ∈ [0, T ] i η ∈ L2(FT ) Y |η|k ∈ L2(FT ), e
Eg[|η|

k|Ft] > (Eg[|η||Ft])
k, P-a.s.. (3.11)�m�DDSD 1 6 p 6 q, t (3.11)�℄ k = q

p
i η = |ξ|p, e Eg[|ξ|

q|Ft] > (Eg[|ξ|
p|Ft])

q

p ,

P-a.s.. dmFzW�8|�*E�4�zv�� g-U 6��8|tS	Z\0�2�>- 3.1 6~G���
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>- 3.1, *EM\hY:520F6���>3 3.1 �>r�l g A��o (A1), (A3) i (A6). i
 g pA� ∀(z, λ) ∈

Rd × R+, g(t, λz) = λg(t, z), dP × dt-a.s., KB�� g-U 6��8|tS	Z\0�2�2 3.1 �>r�l g(t, y, z) = k(t) · |z|, z0 k(t) %SWe��ad!�ry
g(t, y, z) =

√
y2 + |z|2 − |y|, ryD d = 1, o

g(t, y, z) =






z + y, −z < y < 0,

z − y, 0 < y < z,

0, W���LN~�z?r�l�A��o (A1), (A3), (H1) i (H2). _(�Z�>- 3.1, Da6�� g-U 6��8|tS	Z\0�2�0F�*E�nÆ'6; 2 W�PÆ
��Y%7y�� g-U 6��8|tS	Z\0�26SW℄h g-U 6#N���%1 3.2 �>r�l g A��o (A1) i (A3), �YpA� (A4) r (A5). i
 g-U A�0F6��
(H3) ∀(ξ, λ, c) ∈ L2(FT ) × R+ × R+, Eg[λξ + c] 6 λEg[ξ] + c,KB��� g-U 6��8|tS	Z\0�2�M Z�>- 3.1, %7~G>- 3.2, *E��GP~GtÆ>-6��0��o

(H1) i (H2) Dr�l g �2z&�~G6�P
<n�' [7]. �wm�SKF�t
(H3) �℄ c = 0, e ∀(ξ, λ) ∈ L2(FT ) × R+, Eg[λξ] 6 λEg[ξ]. R�8|M\�%�DDSW ξ ∈ L2(FT ) i λ > 0, e Eg[λξ] 6 λEg[ξ] 6 λ · 1

λ
Eg[λξ] = Eg[λξ]. _( ∀(ξ, λ) ∈

L2(FT ) × R+, Eg[λξ] = λEg[ξ]. KBI� 2.3 	G�o (H2) 6`�2�:SKF�t (H3) �℄ λ = 1, e
∀(ξ, c) ∈ L2(FT ) × R+, Eg[ξ + c] 6 Eg[ξ] + c. (3.12)DDSW c ∈ R+, *E>\SWB6r�l ∀(y, z) ∈ R × Rd, gc(t, y, z) := g(t, y −

c, z), dP × dt-a.s.. KB3a gc A��o (A1) i (A3). DDSW ξ ∈ L2(FT ), d BSDEs�6$SE�*E&XhY:N~�DDSW t ∈ [0, T ], e Egc [ξ + c|Ft] = Eg[ξ|Ft] + c. h���k (3.12)imF68|�e ∀ξ ∈ L2(FT ), Egc [ξ+c] = Eg[ξ]+c > Eg[ξ+c]._(�DeZY>6 c ∈ R+, �e ∀ξ ∈ L2(FT ), Egc [ξ] > Eg[ξ].zO�_% g A� (A4) r (A5),I� 2.4	G�DeZY>6 c ∈ R+,e ∀(y, z) ∈ R×Rd, gc(t, y, z) = g(t, y−c, z) > g(t, y, z), dP×

dt-a.s.. Q��	� ∀(y, z, c) ∈ R×Rd ×R+, g(t, y + c, z) 6 g(t, y, z), dP× dt-a.s.. _(��o (H1) Q�2�zO�*E��7>- 3.2 6~G�$=2�� 3.1, *>- 3.2 6~GhY~G0F6�� 3.2.>3 3.2 �>r�l g A��o (A1), (A3) i (A6). i
 g-U A�0F6���
∀(ξ, λ) ∈ L2(FT )×R+, Eg[λξ] = λEg[ξ], KB�� g-U 6��8|tS	Z\0�2�OD TAqUd6�/qBi�%6�aZ�j	^� � / � A � C
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