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1 S � NÆ!&�p {Xk : k > 1} }L:r#h (−∞,∞) m:�L��y�6 (r.v.s), U[�:L� F C
EÆZ: x, �L�h� F (x) = 1 − F (x) > 0, S� µ -h��U�Lj Sn =
n∑

k=1

Xk, n > 1, aB S0 = 0. j$���H�!~:{,a&&x n → ∞ vm
t → ∞.a[�z.Q�:C"�j*O��6 20 |� 30 O1�LvO.�nL;^:C"}~hE~;r�Lj:�T�:^�m��B\x8<�y

P (Sn − nµ > x) ∼ nF (x)a[ x hJX^^ Tn ~Lz&3:���jSL8a[��C3 r.v.s ~;r:�e*O��! [1–4] <��S�! [5] <�LX�J:��L�Æ�Æ : D Æ�%L� F 0Z+|���� F ∈ D , jE
R: 0 < y < 1, Z
lim sup

x→∞

F (xy)

F (x)
< ∞.LXA68:L�Æ� C Æ�%L� F 0ZLz�u���� F ∈ C , j

lim
y↑1

lim sup
x→∞

F (xy)

F (x)
= 1.\n5XL�ÆFX.a:LX�.:��L�Æ} L Æ�%L� F }"�:���

F ∈ L , jE
R: y, Z
lim

x→∞

F (x + y)

F (x)
= 1.�" 2009 P 2 e 20 e�7�
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778 � A P ' 30 % A |�L�=�E[L� F , BSU Matuszewska x��
γF ≡ inf

{
−

log F ∗(y)

log y
: y > 1

}
,U~ F ∗(y) = lim inf

x→∞

F (xy)

F (x)
. /	=�BS F

∗
(y) = lim sup

x→∞

F (xy)

F (x)
, �� LF = lim

y↓1
F ∗(y). a[n86:0'�o*�! [6].(�I�}�t:�9? 1.1 (i) C ⊂ D ∩ L }~p:
ga&�

(ii) (:I�<�� (a) F ∈ D ; (b) E
R: y > 1, Z F ∗(y) > 0; (c) EJX y > 1,Z F ∗(y) > 0; (d) LF > 0; (e) γF < ∞.�.�bEb.bF=a�J8.M�\(:�z.Q��! [7, 8]L�C"8R.9 (Negatively Associated, NA) �\(� D Æj C ÆJR r.v.s j:�z.Q��?Jx):}�! [7]:�e
-8J~;r:[=�! [9, 10] (>8ZL	:R3,.M�\�4}�E:�e(>:d`}~;r: l�n�.M�\}Y! [11, 12] Ui:�% r.v.s {Xk : k > 1} }Rm3,.M (Negatively Upper Quadrant Dependent, NUQD):�heE
R: n > 1 ~ yk ∈ (−∞,∞), k > 1, Z
P

( n⋂

i=1

{Xk > yi}
)

6

n∏

k=1

P (Xk > yi) (1.1)&3�% r.v.s {Xk : k > 1} }R(3,.M (Negatively Lower Quadrant Dependent,

NLQD) :�heE
R: n > 1 ~ yk ∈ (−∞,∞), k > 1, Z
P

( n⋂

k=1

{Xk 6 yk}
)

6

n∏

k=1

P (Xk 6 yk) (1.2)&3�% r.v.s {Xk : k > 1} }R3,.M (Negatively Quadrant Dependent, NQD) :�heE
R: n > 1 ~ yk ∈ (−∞,∞), k > 1, Z (1.1) j (1.2) &&3��R6�R3,.M}��t:R.9Zk:L�.M�\��Y5 n = 2 u� 3 �.M�\}.p<�:�� r.v.s {Xk : k > 1} }55 NUQD :�<�[�E}55 NLQD :�K}55
NQD:�hR3,.M:�\(�! [9]868 C Æ r.v.s~;r�Lj:�z.Q��"4 1.1 (i) p {Xk : k > 1} }L:r#h (−∞,∞) m:�L�: NUQD r.v.s, U[�:L� F ∈ C , S� µ = 0, kE[
R`B: γ > 0, Z

lim sup
n→∞

sup
x>γn

P (Sn > x)

nF (x)
6 1. (1.3)

(ii) p {Xk : k > 1} }L:r#h (−∞,∞) m:�L�: NLQD r.v.s, U[�:L� F ∈ C , S� µ = 0. �p-hJX r > 1, x8 E(X−)r < ∞, �Y
xF (−x) = o(F (x)), x → ∞. (1.4)kE[
R`B: γ > 0, Z
lim inf
n→∞

inf
x>γn

P (Sn > x)

nF (x)
> 1. (1.5)Æ!:�JK�$}C"R3,.M�\(�r#h (−∞,∞) m: D Æ r.v.s J~;rO~~;r:�Lj:�z.Q��#EÆh> 2 �Y)n8�e�p {N(t) : t > 0}



6 T G�I �d
 D �S4-/N
z�7k; {/R� 779}LXC3[ {Xk : k > 1} :JRowf'� λ(t) = EN(t) → ∞. � SN(t) =
N(t)∑
k=1

Xk �z�yj�h> 3 �~�#EÆY).V D Æ r.v.s~;r�yj:�z.Q���u#E:�e5k8.�L�yj�e?J:�� (3.1), �J\LXmk:�� (3.2) &3�
2 ' K G I Q = . � 6 � % + ! 1 Y � ; �hY)Æ�:�J�euV�#E�*�oL8Pij�i�� x+ = max(x, 0), µ+ =

EX1I(X1 > 0), µ− = −EX1I(X1 6 0), n1 I �zz>h��Q� µ = µ+ − µ−, |µ| =

µ+ + µ−. BSL� F :N+h�� Q(x) = − log F (x), x > 0, �Y�
αF = lim sup

x→∞

Q(x)

logx
.�R6 αF < ∞5Y�5E
R:L� G�[Z�vmZD��L�Æ�Z lim

x→∞

G(x)

F (x)
=

0. kY! [5] :U0 2.2 (�Æ!U0 2.1(ii)) j! [13] :B0 (2) t�j F ∈ D , k
αF < ∞. (G:B0�b8! [7, 9] ~.V�e�"4 2.1 p {Xk : k > 1} }L:r#h (−∞,∞) m:�L�: NUQD r.v.s, U[�:L� F ∈ D , S� µ -h�j µ 6 0, kE[
R`B: γ > 0, Z

lim sup
n→∞

sup
x>γn

P (Sn > x)

nF (x)
6 L−1

F . (2.1)j µ > 0, kE[
R`B: γ > µ, Z
lim sup

n→∞

P (Sn > γn)

nF (γn)
6 (F ∗((1 − γ−1µ)−1))−1. (2.2)"4 2.2 p {Xk : k > 1} }L:r#h (−∞,∞) m:�L�: NLQD r.v.s, U[�:L� F ∈ D , S� µ -h��YC
 (1.4), kE[
R`B: γ > 0, Z

(i) �p-hJX r > 1, x8 E(X−)r < ∞. j µ > 0, kZ
lim inf
n→∞

inf
x>γn

P (Sn > x)

nF (x)
> LF . (2.3)j µ < 0, kZ

lim inf
n→∞

P (Sn > γn)

nF (γn)
> F ∗(1 − γ−1µ). (2.4)

(ii) �p F :��K�[ D Æ��E
R: 0 < y < 1, Z lim sup
x→∞

F (−xy)
F (−x) < ∞. j

µ > 0, kZ (2.3) &3�j µ < 0, kZ
lim inf
n→∞

P (Sn > γn)

nF (γn)
> LF . (2.5)��=�j {Xk : k > 1} .pC3�sA (1.4), (i), (ii) ~:���dZ (2.3) &3�hqHn5X�J�euV�#E?Ja[ D Æ r.v.s jR3,.M r.v.s :L8>}�(G:U0_
[! [5].R4 2.1 j F ∈ D , k
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(i) E
R: ρ > γF , -hp!� x0 j B0, x8EÆZ: θ ∈ (0, 1] ~ x > θ−1x0, Z

F (θx)

F (x)
6 B0θ

−ρ. (2.6)

(ii) E
R: γ > γF , Z x−γ = o(F (x)).Y NUQD j NLQD r.v.s :BS�! [12, p. 769] Y)8a[R3,.M r.v.s :L8v��e�R4 2.2 E r.v.s {Xk : k > 1} O~wwh� {fk(·) : k > 1},

(i) j {Xk : k > 1} } NUQD (NLQD) :��Y {fk(·) : k > 1} &3A?l�k
{fk(Xk) : k > 1} d`} NUQD (NLQD) :�

(ii) j {Xk : k > 1} } NUQD (NLQD) :��Y {fk(·) : k > 1} &3A?	�k
{fk(Xk) : k > 1} } NLQD (NUQD) :�

(iii) j {Xk : k > 1}} NQD:��Y {fk(·) : k > 1}3A>.��k {fk(Xk) : k > 1}d`} NQD :�
(iv) j {Xk : k > 1} }JR NUQD :�kE
R: n > 1, Z

E
( n∏

k=1

Xk

)
6

n∏

k=1

EXk."4 2.1 �U8 j µ 6 0, kE�! [9] ~B0 3.1 :qH�=��NqH (2.1) &3�#E�JqH (2.2). V5x)�#E:qH�=_
! [7, 9]. E`B: 0 < θ < 1, <
X̃k = min(Xk, θγn), � S̃n =

n∑
k=1

X̃k. kYU0 2.2 : (i) t {X̃k : k > 1} d`} NUQD:��Y
P (Sn > γn) = P

(
Sn > γn,

n⋃

k=1

{Xk > θγn}
)

+ P
(
Sn > γn,

n⋂

k=1

{Xk 6 θγn}
)

6 nF (θγn) + P (S̃n > γn). (2.7)#E�J^� (2.7) :> 2 1�� a = max(− log(nF (θγn)), 1), kY µ < ∞, t
a → ∞, n → ∞. EJXph� h = h(n) (2B), Y Markov �<y~U0 2.2 : (iv), t

P (S̃n > γn) 6 e−hγnEehfSn 6 e−hγn(EehfX1)n. (2.8)�R6
EehfX1 6

( ∫ 0

−∞

+

∫ θγn

0

)
(eht − 1)F (dt) + (ehθγn − 1)F (θγn) + 1. (2.9)E
R: t 6 0, Y�<y 0 6 eht−1−ht

h
6 t(eht − 1) 6 −t,

∫ 0

−∞
(−t)F (dt) = µ− < ∞ ~+|�4B0�t

lim
h↓0

1

h

∫ 0

−∞

(eht − 1)F (dt) = lim
h↓0

1

h

∫ 0

−∞

(eht − 1 − ht)F (dt) − µ− = −µ−.T+�-hJXwwh� α(h) → 0, h ↓ 0, x8
∫ 0

−∞

(eht − 1)F (dt) = −(1 + α(h))hµ−. (2.10)



6 T G�I �d
 D �S4-/N
z�7k; {/R� 781E
R`B: τ > 1, < ρ > max(γF , τ−1). Y�<y et − 1 6 tet ~U0 2.1 : (i), t
∫ θγn

0

(eht − 1)F (dt) =
(∫ θγn

aτ

0

+

∫ θγn

θγn
aτ

)
(eht − 1)F (dt)

6 e
hθγn

aτ

∫ θγn
aτ

0

htF (dt) + ehθγnF
(θγn

aτ

)

6 hµ+e
hθγn

aτ + ehθγnB0a
ρτF (θγn). (2.11)_Y (2.8)–(2.11) ~ t + 1 6 et, *8

P (S̃n > γn)

nF (θγn)
6 e−hγn+a(EehfX1)n

6 exp{−(1 + α(h))nhµ− + (nhµ+e
hθγn

aτ + B0nehθγnaτρF (θγn))

+ n(ehθγn − 1)F (θγn) − hγn + a}

≡ exp{I1 + I2 + I3 − hγn + a}. (2.12)�_ h = a−τρ log a
θγn

. /	[! [7], gY et − 1 6 tet *8�5 n (L.u�
I3 6 nF (θγn)hθγnehθγn = (a − τρ log a)a−τρ 6 a1−τρ = o(1). (2.13)�R6 0 < h ∼ a

θγn
∼ − log F (θγn)

log(θγn) · log(θγn)
θγn

= o(1)αF = o(1), _
I1 = −(1 + o(1))

a − τρ log a

θγ
µ− = −(1 + o(1))

µ−a

θγ
. (2.14)gY τ > 1 ~ a → ∞, n → ∞ t�5 n (L.u�

I2 =
a − τρ log a

θγ
µ+e

a−τρ log a
aτ + B0 = (1 + o(1))

µ+a

θγ
+ B0. (2.15)�l (2.12)–(2.15), *8

P (S̃n > γn)

nF (θγn)
= eB0 exp

{
o(a) +

( µ

θγ
−

1

θ
+ 1

)
a
}
._5 µ

θγ
− 1

θ
+ 1 < 0, � θ < 1 − γ−1µ u�Z

lim sup
n→∞

P (S̃n > γn)

nF (θγn)
= 0. (2.16)ÆO�5 µ > 0 u� 0 < θ < 1 − γ−1µ < 1. Y (2.7), (2.16) �< θ ↑ 1 − γ−1µ, 38 (2.2)."4 2.2 �U8 �
! [9] :qH�=�qH (ii) uZÆ����*qH (i). E`B: θ > 1, Z

P (Sn > x) > P
(
Sn > x,

n⋃

k=1

{Xk > θx}
)

>

n∑

k=1

P (Sn > x, Xk > θx) −
∑

16k<l6n

P (Sn > x, Xk > θx, Xl > θx)

≡ J1 − J2. (2.17)



782 � A P ' 30 % A |Y[ {Xk : k > 1} } NLQD :�_}55 NLQD :�K}55 NUQD :�T+�Y
F ∈ D ~ µ < ∞ t�E x > γn Lz=Z

J2 6
(n

2
F (θx)

)2

= o(nF (x)). (2.18)E[ J1, Z
J1 >

n∑

k=1

P (Sn − Xk > (1 − θ)x, Xk > θx)

>

n∑

k=1

(P (Sn − Xk > (1 − θ)x) + P (Xk > θx) − 1)

=
n∑

k=1

(
F (θx) − P

( ∑

l:16l 6=k6n

(−Xl) > (θ − 1)x
))

. (2.19)YU0 2.2 : (ii) t� {−Xk : k > 1} } NUQD :�5 µ > 0 u�2X(G (2.20) :IH�gQ86 P
( ∑

l:16l 6=k6n

(−Xl) > (θ − 1)x
)

= o(F (x)), E x > γn Lz&3�#E�JqH µ < 0 :[,�+u x = γn. T� E((−X)+)r = E(X−)r < ∞, kY! [9] ~U0
2.3 t�E
R`B: p > γF , -h\ n $a:p!� θ0 j C, x85 γθ− γ + µ > 0, �
θ > 1 − γ−1µ u�Z

P
( ∑

l:16l 6=k6n

(−Xl + µ) > (θ − 1)γn + nµ
)

6 nF
(
−

θ − 1

θ0
(γθ − γ + µ)n

)
+ Cn−p

= o(F (γn)), (2.20)n1�nLX<i2X8�� (1.4), F ∈ D O~U0 2.1 : (ii). Y (2.17)–(2.20) 38
(2.4) &3� (2.3) /	*q�E[ (ii), #EyqH5 µ > 0 u:[=��Q (i) ~:qH�Z (2.17)–(2.19). Y
{−Xk : k > 1} } NUQD :O~ E(−X) = −µ 6 0, _YB0 2.1 : (2.1) ~ (1.4), t

lim sup
n→∞

sup
x>γn

1

nF (x)

n∑

k=1

P
( ∑

l:16l 6=k6n

(−Xl) > (θ − 1)x
)

= lim sup
n→∞

sup
x>γn

P
( ∑

l:16l 6=k6n

(−Xl) > (θ − 1)x
)

(n − 1)P (−X > (θ − 1)x)
·
nF (−(θ − 1)x)

F (x)
= 0. (2.21)Y+�l (2.17)–(2.19) *8 (2.3) &3�5 {Xk : k > 1} .pC3u�Y (2.19) ~W.�?�t

J1 >

n∑

k=1

F (θx)P (Sn − Xk > (1 − θ)x) ∼ nF (θx).�Om:L%�38 (2.3) &3�/	[! [9] ~B0 3.1 jB0 3.2 :qH�gQ86 D Æ r.v.s ~;r:�z.Q��



6 T G�I �d
 D �S4-/N
z�7k; {/R� 783"4 2.3 p {Xk : k > 1} }L:r#h (−∞,∞) m:�L�: NUQD r.v.s, U[�:L� F ∈ D , S� µ -h�kE[
R`B: γ > 0, Z
lim sup

n→∞
sup

x>γn

P (Sn − nµ > x)

nF (x)
6 L−1

F . (2.22)"4 2.4 p {Xk : k > 1} }L:r#h (−∞,∞) m:�L�: NLQD r.v.s, U[�:L� F ∈ D , S� µ -h��YC
 (1.4). �p-hJX r > 1, x8 E(X−)r < ∞,kE[
R`B: γ > 0, Z
lim inf
n→∞

inf
x>γn

P (Sn − nµ > x)

nF (x)
> LF . (2.23)

3 ' K G I Q = . � 6 [ M , = . + ! 1 Y � ; �p {N(t) : t > 0} }LXC3[ {Xk : k > 1} :JRowf'� λ(t) = EN(t) → ∞.� SN(t) =
N(t)∑
k=1

Xk �z�yj��yj:�z.Q�h�f�+<;^Z��J:VX�a[JRC3 r.v.s:&e*O��! [14–16]<�`G�n8�e&J\LXwÆ:�p�EJX p > γF ~
R: δ > 0, C3[ {Xk : k > 1} JRowf' {N(t) : t > 0}C

E(N(t))pI(N(t) > (1 + δ)λ(t)) = O(λ(t)). (3.1)�.�! [10] hLX�k:��(�868R&wR3,.M C Æ r.v.s �yj:�z.Q��Æ�#EÆ2XB0 2.3 jB0 2.4 86ZL	:Jp&w D Æ r.v.s:.V�e�#E&�p {N(t) : t > 0} }LXC3[ {Xk : k > 1} JRowf'�

λ(t) = EN(t) → ∞, �YC

N(t)

λ(t)

P
→ 1. (3.2)Y! [5] t� (3.1) fg8 (3.2).#E�*Y) D Æ r.v.s :LX>}�R4 3.1 j F ∈ D , kZ

LF 6 lim inf
x→∞

F (x + o(x))

F (x)
6 lim sup

x→∞

F (x + o(x))

F (x)
6 L−1

F . (3.3)�L�=�E
R: γ > 0 O~℄[ ∞ :h� a(t), Z
LF 6 lim inf

t→∞
inf

x>γa(t)

F (x + o(a(t)))

F (x)
6 lim sup

t→∞
sup

x>γa(t)

F (x + o(a(t)))

F (x)
6 L−1

F . (3.4)U Y D Æ:BS�*8
LF = lim

ε↓0
lim inf
x→∞

F ((1 + ε)x)

F (x)
6 lim inf

x→∞

F (x + o(x))

F (x)

6 lim sup
x→∞

F (x + o(x))

F (x)
6 lim

ε↓0
lim sup

x→∞

F ((1 − ε)x)

F (x)
= L−1

F .n$qH8 (3.3). Y (3.3) 38 (3.4) &3�



784 � A P ' 30 % A |(GY)Æ�:�J�e�"4 3.1 p {Xk : k > 1} }L:r#h (−∞,∞) m:�L�: NUQD r.v.s, U[�:L� F ∈ D , S� µ 6 0. �p-hJX!� r > 1, x8 E(X+)r < ∞, kE[
R`B: γ > |µ|, Z
lim sup

t→∞
sup

x>γλ(t)

P (SN(t) − µλ(t) > x)

λ(t)F (x)
6 L−2

F . (3.5)"4 3.2 p {Xk : k > 1} }L:r#h (−∞,∞) m:�L�: NLQD r.v.s, U[�:L� F ∈ D , S� µ 6 0, �YC
 (1.4). �p-hJX!� r > 1, x8 E|X |r < ∞.kE[
R`B: γ > |µ|, Z
lim inf
t→∞

inf
x>γλ(t)

P (SN(t) − µλ(t) > x)

λ(t)F (x)
> L2

F . (3.6)#EyqHB0 3.1, B0 3.2 :qH/	�"4 3.1 �U8 p ε(t) }LXJRZ�h��C
EÆZ: t > 0, 0 6 ε(t) 6 1, �Y ε(t) → 0. Y!�:�B��*Æ P (SN(t) − µλ(t) > x) L&h( 3 X�L�
P (SN(t) − µλ(t) > x)

=
( ∑

n<(1−ε(t))λ(t)

+
∑

|n−λ(t)|6ε(t)λ(t)

+
∑

n>(1+ε(t))λ(t)

)
P (Sn − µλ(t) > x)P (N(t) = n)

≡ K1 + K2 + K3. (3.7)#E�**0 K2. 5 x > γλ(t), |n−λ(t)| 6 ε(t)λ(t) u�gQ86 x− (n−λ(t))µ >
γ+|µ|ε(t)
1+ε(t) n ≡ γ0n. �R6 γ0 > 0, YB0 2.3 t�E x > γλ(t), Lz=Z

P (Sn − µλ(t) > x) = P (Sn − nµ > x − (n − λ(t))µ) . L−1
F nF (x − (n − λ(t))µ).Y+��l (3.4) j (3.2), Z

K2 . L−1
F (1 + ε(t))λ(t)F (x)

∑

|n−λ(t)|6ε(t)λ(t)

F (x − (n − λ(t))µ)

F (x)
P (N(t) = n)

. L−2
F λ(t)F (x)P (|N(t) − λ(t)| 6 ε(t)λ(t)) ∼ L−2

F λ(t)F (x) (3.8)E x > γλ(t) Lz&3�E[ K1, Y γ > |µ|, E(X+)r < ∞, r > 1 ~! [9] ~U0 2.3 *8�-h\ n j x $a:!� θ0, C, x8E
R: p > γF , DX n < (1−ε(t))λ(t), 5 t(L.u�E x > γλ(t)Lz=Z
P (Sn − µλ(t) > x) = P (Sn − nµ > x − (λ(t) − n)|µ|)

6 P (Sn − nµ > (1 − γ−1|µ|)x)

6 nF (θ0(1 − γ−1|µ|)x + µ) + Cx−p

= O(1)nF (x), (3.9)U~�nLX<i2X8 F ∈ D ~U0 2.1 : (ii). Y (3.9) ~ (3.4), Z
K1 6 O(1)F (x)

∑

n<(1−ε(t))λ(t)

nP (N(t) = n)

6 O(1)λ(t)F (x)P (N(t) < (1 − ε(t))λ(t)) = o(λ(t)F (x)) (3.10)
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z�7k; {/R� 785E x > γλ(t) Lz&3��n�^� K3. �R6EÆZ: t > 0, 0 6 ε(t) 6 1, kY+|�4B0~ (3.2), t
lim

t→∞
E

(N(t)

λ(t)
I(N(t) 6 (1 + ε(t))λ(t))

)
= 1.,G

E(N(t)I(N(t) > (1 + ε(t))λ(t))) = o(λ(t)). (3.11)YB0 2.3, F ∈ D ~ (3.11), Z
K3 6

∑

n>(1+ε(t))λ(t)

P (Sn − nµ > (1 − γ−1|µ|)x)P (N(t) = n)

6 O(1)F ((1 − γ−1|µ|)x)
∑

n>(1+ε(t))λ(t)

nP (N(t) = n)

6 O(1)F (x)E(N(t)I(N(t) > (1 + ε(t))λ(t)))

= o(λ(t)F (x)). (3.12)�l (3.7), (3.8), (3.10) j (3.12), 38 (3.5) &3�WL U:qWbEÆ!�):�
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Abstract The authors obtain some results for precise large deviations of dominatedly-tailed

non-central and central partial sums with increments on (−∞,∞). Some corresponding

results for central random sums in some weak conditions are also derived.
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