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1 j � f
1940 O� Dilworth [1] �>7?��3��:\�CL^e�B\'L�)j#j��Q�:���1960 On 1961 O�Dilworth [2] n Crawley [3]`Q��>7�?���3��nP�I\�e�:#j��Q�,��977DS�|"\�CL^e�B\#j��Q��DS�|":aDSg
\�CL^e�B\�)j#j��Q��P�DS�|":aDSg
\�\'L�)j#j��Q�n\)�z:�)j#j��Q�:L<&I��<�I�>�pv|s�* [4–9] <3spL���1+w7"\'L�)j#j��Q�:\���� Semyonova [10, 11] KD\'L�)j#j��Q�:\��7�>���q+�\ve�:Q�,�p\3Æ/ qG[�/>:G��Kt\�I?)�q\vf/M$:f�< (Æ [12]). y A = (aij)I×J (i~a#� Brouwer \ (`!(#� Heyting 3Æ) L v:/Æ!w ([� I 
 J $(���).

B = (bi)i∈I (i~a#� Brouwer \ L v:996�s!!wM$
A ⊙ X = B (1.1)(�Sa#� Brouwer\ L v:Iuf/M$ (Æ [13]), [� “⊙”�� “sup-inf” (“∨-∧”)p"�?�M$ (1.1) : X !(M$ (1.1) :��� X1 = {X = (xj)j∈J : A ⊙ X = B}.M$ (1.1) :L���?�(
A ⊙ X = b (1.2)|

∨

i∈I

(ai ∧ xi) = b,�+ 2008 P 9 l 16 p�8� 2008 P 12 l 26 p�8BX[�
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812 � F P & 30 # A �� X =
{

X = (xi)i∈I : b =
∨

i∈I

(ai ∧ xi)
}

. #� Brouwer \vIuf/M$:G��a*
[13], G��F�qj X1 6= ∅, s X1 �\�1e:��\ (Æ [13]); 5 I 
 J $(\5�����
�^	7/Æ B :C^Q6 bi | b \�)j\5��Q���* [14, 15]Q�`(7M$:���* [16, 17] yF7p��P,�CL^�\�:��{�`(7 X ��:e:^Æ
�� 2003 O�* [12] yF7M$ (1.2) p��P,�CL�\�:�:&I���� b \K��Q��-DI,:�U�Q�7>��A�(+�*
[18, 19] p#�\v�(72D��je�2D��Q�:YQ��WY�D:A�+w7M$ (1.2) :���4�M'( b \2D��je�2D��Q���-DN+wM$
(1.2) ��:L^&Q����N{0`E:,���*�p#�aDSg
QU\vzr�>e�:�Q�,���3�>e�:�Q�
�)j�Q�:L<A��lsUr�)j�:�Q�:YQ�977e�"\�)j�:�Q���)j#j��Q�:L<&I���yF75e��\4^1:��e�:�)j�:�Q�
�)j#j��Q��<�:�5e�:1:Ga4^��e�:�)j�:�Q��L���)j#j��Q���dr7e�\�)j�:�Q�4B\�)j#j��Q�:#�aDSg
QU\:0
��smY�)j�:�Q�:A��977Iuf/M$
(1.2) \�:�:L^&I���+w7L.Iuf/M$ (1.2) :���{07`E:,��1E��*L< Y:�m�y L = 〈L, 6,∨,∧〉 �L^#�\�Y 0 n 1 Q���
L:�:en�1e�a, b ∈ L, a∨b = sup{a, b}, a∧b = inf{a, b}. a‖b�� a � b 
 a 
 b.� ↓ a = {x ∈ L : x 6 a}, l a = {x ∈ L : x < a}; u a 6 b, � aεb = inf{x ∈ L : a ∨ x = b}.y A, B �4^�p� A−B ��[
a A 4�
a B :e�d":�p���?�5
B = {b} ��s� A − B = A − b. |A| ���p A �e�:^Æ�&h 1.1 (Æ [20]) y P (WC�� a, b ∈ P , a > b, qj�.p x ∈ P , �9
a > x > b "1�s! b � a :1:|u a � b :v:��� b ≺ a |u a ≻ b. qj P�\�:e�s!�:e:v:( P �:g
�DS?�qj P �\�1e�s!�1e:1:( P �:DSg
�&h 1.2 (Æ [21]) y L�L^\�u ∀a, b ∈ L, a > b,
\ a/b = {x ∈ L : a > x > b}�.pDSg
�s!\ L (aDSg
\�qj\ L y�QU\�s!\ L (aDSg
QU\�4l�qj\ L �aDSg
\�s L �ooP�:eB.p1:�&h 1.3 (Æ [20]) y L (\�a ∈ L, qj ∀x, y ∈ L, a = x∨ y nl x = a | y = a,s! a (\ L :��je�� J(L) = {a ∈ L : a ���je }.&h 1.4 (Æ [21]) y L(#�\�a ∈ L,qj ∀S ⊆ L,[ a = ∨S )"( a ∈ S,s!
a(\ L:#j��je�QÆ�#j��je���je:�0�� W (L) = {a ∈ L : a�#j��je }.&h 1.5 (Æ [21]) y L (#�\� a ∈ L, qj.p W (L) :
� Q, � a = ∨Q,s! a \#j��Q���L�?�u ∀p ∈ Q, a 6= ∨(Q − p), s! a \�)j#j��Q��



6 Z h;� &FY $�bEThÆRV℄w;�*k�;�R��\XZ 813&h 1.6 (Æ [20]) y L �#�\�u ∀a ∈ L, B ⊆ L, B 6= ∅, \ a ∧
(

∨

b∈B

b
)

=

∨

b∈B

(a ∧ b), s!\ L ��.5QU\�DS:)�S�.5QU\�&h 1.7 (Æ [20]) y L �\� ∀a, b ∈ L, qj[ a ≻ a∧ b )"( a∨ b ≻ b, s!\
L �v�I\�DS:)�S1�I\�iC 1.1 (Æ [20]) \ L (#� Brouwer \:&I��� L ��.5QU\�iC 1.2 (Æ [20]) qj p (QU\ L :��je�s p 6

∨

i∈k

xi nl�.p i ∈ k,� p 6 xi, [� k = {1, 2, · · · , k}.iC 1.3 (Æ [20]) y L�I\�s L ��v�I\K�1�I\�QU\�I\�iC 1.4 (Æ [21]) y L �#�\� a ∈ J(L), s a ∈ W (L) :&I��� a \'L1:�z 1.1 [U/ 1.4 ){�qj\ L�aDSg
\�s ∀p ∈ J(L), p 6= 0, p ∈ W (L).&h 1.8 (Æ [20]) y S (LWC� P :P,
�� a ∈ S, u�.p x ∈ S, �
x < a, s! a ( S :L^�:e�&h 1.9 (Æ [22]) !��>:Iuf/M$���:�:e (qj.p) (��>:Iuf/M$:L^�:��� X 0 = {X ∈ X : X � X �:�:e }.z 1.2 y X∗ ∈ X , a��[�S 1.8 {� X∗ � X :�:e5
�5 ∀X ∈ X ,qj X 6 X∗, s X = X∗.iC 1.5 (Æ [16]) X 6= ∅ :&I��� b 6

∨

i∈I

ai.iC 1.6 (Æ [12]) qj X 6= ∅, X = (xi)i∈I ∈ X 0, s (i) b =
∨

i∈I

xi; (ii) ∀i ∈ I,

xi 6 ai.

2 ℄ � P ( I p | . L 1 S n U % � A s 8 e � . >�l��:qG�>)PpbL�:#�aDSg
\v���4(7
�℄Æ���
�>5�p#�aDSg
QU\v�����: L B��#�aDSg
QU\����I�>\ L �e�:�Q��y a ∈ L, a 6= 0, � N(a) = {u ∈ L : u ≺ a},

H(a) = {x ∈↓ a :.p y ∈l a, �9 x∨y = a}; ∀x ∈ L, � Ma(x) = {u ∈ N(a) : x 6 u}. 4l a ∈ H(a), ∀x ∈ L, Ma(x) ⊆ N(a), �
u x /∈l a, s Ma(x) = ∅. ��?�Ma(a) = ∅.iC 2.1 y a ∈ L, a 6= 0, s ∀b ∈l a, .p u ∈ N(a), �9 b 6 u.v [�S 1.2 }�9y�z 2.1 [U/ 2.1 ){� ∀b ∈l a, Ma(b) 6= ∅.iC 2.2 y a ∈ L, a 6= 0, s |N(a)| = 1 ⇔ a ∈ W (L).v “⇒” y N(a) = {u}, x, y ∈↓ a, x∨ y = a. u x, y 6= a, � x, y ∈l a, s[U/ 2.1{� x, y 6 u, -I x∨ y 6 u < a, �F��P x = a 
 y = a �x\L^"1�-I[�



814 � F P & 30 # A �S 1.3 {� a ∈ J(L), T+�[U/ 1.4 {� a ∈ W (L).

“⇐” [U/ 1.4 )}�9y�iC 2.3 y a ∈ L, ∀x, y ∈ N(a), u x 6= y, s x ∨ y = a, |N(x) ∩ N(y)| = 1. �L�?�u x, y, z ∈ N(a), x 6= y, y 6= z, x 6= z, s N(x) ∩ N(y) 6= N(x) ∩ N(z).v u x, y ∈ N(a), x 6= y, 4l x‖y. y x ∨ y = b, s x 6 b 6 a, T( x‖y, �P
x < x ∨ y = b. ` x ∈ N(a), e\ b = a, T+ x ∨ y = a. 1y |N(x) ∩ N(y)| = 1.

(1) u |N(x) ∩ N(y)| > 2, y u,w ∈ N(x) ∩ N(y), u 6= w, � u,w ∈ N(x), �
 u,

w ∈ N(y). -I[vE:yF�\ x = u∨w = y, v
 x‖y �F��P |N(x)∩N(y)| 6 1.

(2) T( L �QU\��P L �1�I\�`T( a = x ∨ y ≻ x, y, -I[�S 1.7){ x, y ≻ x ∧ y, � |N(x) ∩ N(y)| > 1. T+[ (1), (2) ){� |N(x) ∩ N(y)| = 1.y x, y, z ∈ N(a), x 6= y, y 6= z, x 6= z, s[vE:yF){� |N(x) ∩ N(y)| =

|N(x) ∩N(z)| = 1. u N(x) ∩ N(y) = N(x) ∩N(z), y N(x) ∩N(y) = N(x) ∩N(z) = {p},s x ∨ y = x ∨ z = a, x ∧ y = x ∧ z = p. [QUA){� y = z, v
O{�F��P
N(x) ∩ N(y) 6= N(x) ∩ N(z).[E 2.1 y a ∈ L, u N(a) ∩ J(L) 6= ∅, s |N(a)| 6 2.v y u ∈ N(a) ∩ J(L), s u ∈ N(a), u ∈ J(L), [U/ 2.2 {� |N(u)| = 1, y p �
u :'L1:�u |N(a)| > 2, y x, y ∈ N(a), �
 x 6= y, y 6= u, x 6= u, [U/ 2.3 \
N(u) ∩ N(x) = {p}, N(u) ∩ N(y) = {p}. -I N(u) ∩ N(x) = N(u) ∩ N(y) = {p}, v
U/ 2.3 �F��P |N(a)| 6 2.iC 2.4 y a ∈ L, x ∈ N(a), y ∈l a, u y‖x, s x ∨ y = a.v 4l x 6 x ∨ y 6 a, u x ∨ y 6= a, T( x ∈ N(a), s[�S 1.1 ){� x = x ∨ y,-I y 6 x, v
 y‖x �F��P x ∨ y = a.&h 2.1 y a ∈ L, a 6= 0, S = {xi ∈l a : i ∈ I}, u a = ∨S, s! a = ∨S � a :L^�Q���L�?�u ∀j ∈ I, a 6=

∨

i∈I
i6=j

xi, s! a = ∨S � a :L^�)j�Q��z 2.2 u a ∈ J(L), s[�S 1.3 n 2.1 {� a B\�Q���L�?�u a ∈ L,

a \�Q��s |N(a)| > 2.&C 2.1 y a ∈ L, S = {xi ∈l a : i ∈ I}, s a = ∨S � a :�Q�:&I���
⋂

i∈I

Ma(xi) = ∅.v “⇒” y a = ∨S � a :L^�Q���\ a =
∨

i∈I

xi. u ⋂

i∈I

Ma(xi) 6= ∅, y
u ∈

⋂

i∈I

Ma(xi), � ∀i ∈ I, xi 6 u. -I ∨

i∈I

xi 6 u < a. v
 a =
∨

i∈I

xi �F��P
⋂

i∈I

Ma(xi) = ∅.

“⇐” y ∨

i∈I

xi = b, s4l b 6 a. u b 6= a, � b < a, s[U/ 2.1{�.p u ∈ N(a),�9 b 6 u. -I ∀i ∈ I, xi 6 b 6 u. T+ ∀i ∈ I, u ∈ Ma(xi), -I u ∈
⋂

i∈I

Ma(xi). e
⋂

i∈I

Ma(xi) 6= ∅, �F��P a =
∨

i∈I

xi, � a = ∨S � a :L^�Q��



6 Z h;� &FY $�bEThÆRV℄w;�*k�;�R��\XZ 815&C 2.2 y a ∈ L, S = {xi ∈l a : i ∈ I}. u a = ∨S � a :L^�Q��s a = ∨S� a :L^�)j�Q�:&I��� ∀k ∈ I,
⋂

i∈I
i6=k

Ma(xi) 6= ∅.v “⇒” y a = ∨S � a :L^�)j�Q��� ∀j ∈ I, a 6=
∨

i∈I
i6=j

xi, u.p
k ∈ I, �9 ⋂

i∈I
i6=k

Ma(xi) = ∅, s[�/ 2.1 {� a =
∨

i∈I
i6=k

xi, v
O{�F��P ∀k ∈ I,

⋂

i∈I
i6=k

Ma(xi) 6= ∅.

“⇐” u.p k ∈ I, �9 a =
∨

i∈I
i6=k

xi, s[�/ 2.1 {� ⋂

i∈I
i6=k

Ma(xi) = ∅, v
O{�F��P ∀j ∈ I, a 6=
∨

i∈I
i6=j

xi, � a = ∨S � a :L^�)j�Q��&C 2.3 y a ∈ L, x ∈↓ a, s x ∈ H(a) ⇔ Ma(x) ( N(a).v “⇒” y x ∈ H(a), u x = a, s Ma(x) = ∅, 4l Ma(x) ( N(a). u x ∈l a, s
∅ 6= Ma(x) ⊆ N(a), �
.p y ∈l a, �9 x∨ y = a. 4l Ma(y) 6= ∅, -I[�/ 2.1 ){� ∀u ∈ Ma(y), u ∈ N(a), u /∈ Ma(x). e Ma(x) ( N(a).

“⇐” y Ma(x) ( N(a), u Ma(x) = ∅, s x = a ∈ H(a). u Ma(x) 6= ∅, s.p
w ∈ N(a), �9 w /∈ Ma(x). -I w‖x, �P[U/ 2.4 ){� w ∨ x = a, T+ x ∈ H(a).[�/ 2.3 ){�u x ∈↓ a, s x /∈ H(a) ⇔ Ma(x) = N(a).iC 2.5 y a ∈ L, x, y ∈l a, u x ∈ H(a), �
 x 6 y, s y ∈ H(a) 
 x ∈ H(y).v T( x ∈l a, x ∈ H(a), �P.p z ∈l a, �9 x ∨ z = a. ` x 6 y, �P
a = x∨ z 6 y∨ z 6 a, T+ y∨ z = a, -I y ∈ H(a). T( y, z ∈l a, y∨ z = a, �P y 
 z,�\ y ∧ z < y. ` x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z) = y ∧ a = y, �P x ∈ H(y).1E�>L^e�"\�)j#j��Q�:���&C 2.4 y a ∈ L, u ∈l a, s u ∈ H(a) ∩ J(L) ⇔ .p w ∈ N(a), �9 wεa = u.v “⇒” y u ∈ H(a)∩J(L),T( u ∈l a,�PMa(u) 6= ∅,�
Ma(u) ( N(a),-I.p w ∈ N(a),�9 w /∈ Ma(u),-I w‖u
 w∨u = a. � S(w) = {x ∈ H(a) : w∨x = a},4l u ∈ S(w). ∀z ∈ S(w), \ w ∨ (z ∧ u) = (w ∨ z) ∧ (w ∨ u) = a ∧ a = a, -I
u < a = w ∨ (z ∧ u), I u ∈ J(L) 
 w‖u, �P[U/ 1.2 ){� u 6 z ∧ u 6 u. -I
z ∧ u = u, � u 6 z. [ z :oRA){� wεa = u.

“⇐” y w ∈ N(a), wεa = u, s w ∨ u = a, -I u ∈ H(a). 1Ey u ∈ J(L). u
|N(u)| > 2, s ∀v ∈ N(u), L�\ v‖w. Ssu.p v ∈ N(u), �9 v > w, s u > v > w,v
 u‖w �F�u.p v ∈ N(u), �9 v 6 w, [ |N(u)| > 2 {� v ∈ H(u), -I.p
t ∈l u, �9 v ∨ t = u, -I a = w ∨ u = w ∨ v ∨ t = w ∨ t, 4 t < u, v
 wεa = u �F��P ∀v ∈ N(u), B\ v‖w. -I�[U/ 2.4 ){� w ∨ v = a, v
 wεa = u �F��P
|N(u)| = 1, -I�[U/ 2.2 ){� u ∈ J(L). �P u ∈ H(a) ∩ J(L).[E 2.2 y a ∈ L, u u ∈ H(a) ∩ J(L), s\ (i) .p w ∈ N(a), �9 Ma(u) =

N(a) − w; (ii) ∀x ∈l u, x /∈ H(a).



816 � F P & 30 # A �v (i) u a ∈ J(L), s[U/ 2.2 {� |N(a)| = 1. y N(a) = {w}, T( Ma(a) = ∅,�P Ma(a) = N(a) − w = ∅. 1y a /∈ J(L). T( u ∈ H(a) ∩ J(L), s[�/ 2.4 {�.p w ∈ N(a), �9 wεa = u, -I w /∈ Ma(u). �L�?�\ Ma(u) ∪ Ma(w) = N(a).�34l Ma(u) ∪ Ma(w) ⊆ N(a), Ma(w) = {w}. u.p t ∈ N(a) − w, �9 t /∈ Ma(u),� t‖u, s t ∧ u < u 
 t ∨ w = a. -I w ∨ (t ∧ u) = (w ∨ t) ∧ (w ∨ u) = a ∧ a = a, v
 wεa = u �F��P ∀t ∈ N(a) − w, t ∈ Ma(u). �P N(a) ⊆ Ma(u) ∪ Ma(w). T+
Ma(u) ∪ Ma(w) = N(a). e Ma(u) = N(a) − w.

(ii) u.p x ∈l u, �9 x ∈ H(a), s[U/ 2.5 ){� x ∈ H(u), �.p y ∈l u, �9 x ∨ y = u, v
 u ∈ J(L) �F�[E 2.3 y a ∈ L, u u, w ∈ H(a) ∩ J(L), u 6= w, s u‖w.v T( u ∈ H(a) ∩ J(L), u 6= w, u u > w, s["> 2.2 {� w /∈ H(a), v

w ∈ H(a) ∩ J(L) �F��P u ≯ w. �/ w ≯ u, �P u‖w.[E 2.4 y a ∈ L, u ∀u ∈ N(a), M$ u ∨ x = a \�:� uεa, s a \�)j#j��Q��v y N(a) = {uj ∈ L : uj ≺ a, j ∈ J}, T( ∀j ∈ J , M$ uj ∨ x = a \�:� ujεa,� ujεa = pj , s ∀j ∈ J , pj ∈ H(a)∩ J(L), Ma(pj) = N(a)− uj . � P = {pj : j ∈ J}, s[�/ 2.1 n 2.2 Qy� a = ∨P � a :�)j#j��Q��[E 2.5 y a ∈ L, a \�)j#j��Q� a = ∨P , s ∀x ∈ H(a), .p p ∈ P , �9 p 6 x.v y x ∈ H(a), u x = a |u x ∈ P , �>4l"1�u x /∈ P 
 x 6= a, s.p
y ∈l a, �9 x ∨ y = a. �P ∀p ∈ P , p 6 x ∨ y. -I[U/ 1.2 ){� p 6 x |u p 6 y.u ∀p ∈ P , p 
 x, s ∀p ∈ P , p 6 y. e a = ∨P 6 y, v
 y ∈l a �F��P.p p ∈ P ,�9 p 6 x.y a ∈ L, 5 |N(a)| > 2 ��� Ma = {S ⊆ L : a = ∨S � a :�)j�Q�}.&C 2.5 y a ∈ L, |N(a)| > 2, s a \�)j#j��Q�:&I���.p
P ∈ Ma, �9 ∀T ∈ Ma, t ∈ T B.p p ∈ P , ?� t > p.v “⇒” u a \�)j#j��Q��s["> 2.5 }�9y�

“⇐” u.p P ∈ Ma, �9 ∀T ∈ Ma, t ∈ T B.p p ∈ P , ?� t > p. y p ∈ P , u
|N(p)| > 2, �Oy p1, p2 ∈ N(p), p1 6= p2, s p1 ∨ p2 = p, -I a = ∨P = p ∨ ∨(P − p) =

p1 ∨ p2 ∨ ∨(P − p). y S = (P − p) ∪ {p1, p2}, u S ∈ Ma, s ∀q ∈ P , p1 � q, v
O{�F�u S /∈ Ma, s S − p1 ∈ Ma 
 S − p2 ∈ Ma \
�\L^"1��`EyF)9�F�T+ ∀p ∈ P , |N(p)| = 1, -I p ∈ W (L), �P a = ∨P � a :�)j#j��Q��iC 2.6 y a, x, y ∈ L, u y 6 x, s Ma(x) ⊆ Ma(y).v u Ma(x) = ∅, �>4l"1�u Ma(x) 6= ∅, y u ∈ Ma(x), s u ∈ N(a) 

x 6 u. T( y 6 x, �P y 6 u. -I u ∈ Ma(y). T+ Ma(x) ⊆ Ma(y).&C 2.6 y a ∈ L, x, y ∈l a, s\ (i) Ma(x ∨ y) = Ma(x) ∩ Ma(y); (ii) Ma(x ∧ y) =

Ma(x) ∪ Ma(y).



6 Z h;� &FY $�bEThÆRV℄w;�*k�;�R��\XZ 817v (i) u x∨ y = a, s Ma(x∨ y) = Ma(a) = ∅. [�/ 2.1 {�Ma(x)∩Ma(y) = ∅,�\ Ma(x ∨ y) = Ma(x) ∩ Ma(y). 1y x ∨ y 6= a. �3� ∀u ∈ Ma(x ∨ y), � u ∈ N(a)
 u > x ∨ y. -I u > x, u > y. �P u ∈ Ma(x), u ∈ Ma(y), � u ∈ Ma(x) ∩ Ma(y). -I Ma(x ∨ y) ⊆ Ma(x) ∩ Ma(y). [,� ∀w ∈ Ma(x) ∩ Ma(y), � w ∈ N(a), w ∈ Ma(x),

w ∈ Ma(y). -I w > x, w > y. �P w > x ∨ y, � w ∈ Ma(x ∨ y). -I Ma(x ∨ y) ⊇

Ma(x) ∩ Ma(y). T+ Ma(x ∨ y) = Ma(x) ∩ Ma(y).

(ii) T( x, y ∈l a, x ∧ y 6 x, x ∧ y 6 y, �P[U/ 2.6 ){� Ma(x ∧ y) ⊇ Ma(x),

Ma(x ∧ y) ⊇ Ma(y). -I Ma(x ∧ y) ⊇ Ma(x) ∪ Ma(y). 1y Ma(x ∧ y) ⊆ Ma(x) ∪ Ma(y).u w ∈ N(a), w /∈ Ma(x) ∪ Ma(y), � w /∈ Ma(x), w /∈ Ma(y). -I w‖x, w‖y. �P[U/ 2.4, \ w ∨ x = a, w ∨ y = a. -I w ∨ (x ∧ y) = (w ∨ x) ∧ (w ∨ y) = a ∧ a = a, T+
w /∈ Ma(x ∧ y). �P Ma(x ∧ y) ⊆ Ma(x) ∪ Ma(y). -I Ma(x ∧ y) = Ma(x) ∪ Ma(y).L�?\1E�/"1�yF-=�&C 2.7 y a ∈ L, xi ∈l a, i ∈ I. s\ (i) Ma

(

∨

i∈I

xi

)

=
⋂

i∈I

Ma(xi); (ii)

Ma

(

∧

i∈I

xi

)

⊇
⋃

i∈I

Ma(xi).[E 2.6 y a, b ∈ L, b ∈ H(a), b /∈ J(L), s\ (i) .p b1 ∈ N(b), �9 b1 ∈ H(a);

(ii) u.p w ∈ N(b), �9 w /∈ H(a), s ∀s ∈ N(b) − w, \ s ∈ H(a).v (i) T( b /∈ J(L), �P[U/ 2.2 {� |N(b)| > 2. y b1, b2 ∈ N(b), b1 6= b2,s b1 ∨ b2 = b. -I�[�/ 2.6 {� Ma(b) = Ma(b1) ∩ Ma(b2). u b1, b2 /∈ H(a), s[�/ 2.3 {� Ma(b1) = Ma(b2) = N(a). T+\ Ma(b) = Ma(b1) ∩ Ma(b2) = N(a), v

b ∈ H(a) �F��P b1 ∈ H(a) 
 b2 ∈ H(a) ��x\L^"1�T+H�"1�

(ii)T( b /∈ J(L), �P[U/ 2.2{�|N(b)| > 2. 4l ∀s ∈ N(b)−w B\ s∨w = b.-I Ma(b) = Ma(s) ∩ Ma(w). T( w /∈ H(a), �P[�/ 2.3 {� Ma(w) = N(a), `
Ma(s) ⊆ N(a), T+ Ma(b) = Ma(s) ∩ Ma(w) = Ma(s). T( b ∈ H(a), -I[�/ 2.3{� Ma(b) ( N(a), T+ Ma(s) ( N(a), e s ∈ H(a).z 2.3 ["> 2.6{�u a, b ∈ L, b ∈ H(a) 
 b /∈ J(L), s�G.pL^ w ∈ N(b),�9 w /∈ H(a). 4 ∀x ∈ N(b), x ∈ H(a) �L�"1�q10�D 2.1 y N �j��lÆNÆ:1:f/KCd":P 0 (�:e:6AC��
B ��L^Je\ {O, I}, y L = N × B, s L �L^#�aDSg
QU\ (Æ! 1).4l 〈2, I〉 /∈ J(L), 〈2, I〉 ∈ H(〈1, I〉), 〈2, O〉 ∈ N(〈2, I〉), 4 〈2, O〉 /∈ H(〈1, I〉).p0 2.1 ��\ L ��.5QU\�4���.5QU\�T( 〈1, O〉 ∨

∧

n∈N

〈n, I〉 =

〈1, O〉∨〈0, O〉 = 〈1, O〉, ∀n ∈ N , 〈1, O〉∨〈n, I〉 = 〈1, I〉,�P 〈1, O〉∨
∧

n∈N

〈n, I〉 6=
∧

n∈N

(〈1, O〉∨

〈n, I〉) = 〈1, I〉. -I\ L ��#jQU\�T+#�aDSg
QU\�L��#jQU\�y a ∈ L, u b ∈ L, b ≮ a, s Ma(b) = ∅. p L ��SL^Jef/ ∼a q1�
∀x, y ∈ L, x ∼a y ⇔ Ma(x) = Ma(y).&C 2.8 y a ∈ L, sJef/ ∼a �L^<�f/��
CL^<�.� L :L^��\�
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〈2, I〉

〈3, I〉

〈4, I〉
〈2, O〉

〈3, O〉

〈4, O〉

c

〈0, O〉Z 1 ^�Q)Jq}2v QyJef/ ∼a �L^<�f/�y b ∈ L, � b = {x ∈ L : x ∼a b} ⊆ L.

∀x, y ∈ b, � Ma(x) = Ma(y) = Ma(b), u Ma(b) 6= ∅, s ∀u ∈ Ma(b), x 6 u, y 6 u, �P x ∨ y 6 u. -I u ∈ Ma(x ∨ y), T+ Ma(b) ⊆ Ma(x ∨ y). `T( x 6 x ∨ y, �P
Ma(x ∨ y) ⊆ Ma(x) = Ma(b). e\ Ma(x ∨ y) = Ma(b). u Ma(b) = ∅, [U/ 2.1 { x,

y /∈l a, T+ x ∨ y /∈l a, e Ma(x ∨ y) = ∅ = Ma(b). T+r\ Ma(x ∨ y) = Ma(b). -I
x ∨ y ∈ b. �P b �L^��\�&C 2.9 y a ∈ L, b ∈l a, s b = {x ∈ L : x ∼a b} � L :
\�v [�/ 2.8 ){� b �L^��\� ∀x, y ∈ b, � Ma(x) = Ma(y) = Ma(b), [�/ 2.6 )9 Ma(x ∧ y) = Ma(x) ∪ Ma(y) = Ma(b), �P x ∧ y ∈ b. -I b � L :
\�z 2.4 u a ∈ L, b ∈l a, s[�/ 2.9 {� b � L :L^
\�4 b �L�� L :#�
\�D 2.2 y N (PTxÆ�d":�p� a, b ∈ N, �S a ∧ b = l.c.m{a, b}, a ∨ b =

g.c.d{a, b}, a 6 b 5
�5 a � b :ÆÆ�[� l.c.m 
 g.c.d Q��� a 
 b :�:
ÆÆ
�1
T
�s L = (N,∧,∨, 6) �L#� Brouwer\�QÆ 0 
 1 Q��#�\
L :�:e
�1e�Qy\ L �#�aDSg
QU\�p\ L �� 2 � 1 :L^1:� M1(2) = {2}, 2 = {2, 4, 8, 16, · · · }, 2 � L :L^\�1e 2 :
\�4 2 �� L :#�
\�T( ∧

x∈2

x = 0 /∈ 2.&C 2.10 y a∈L, b∈H(a), b 6=a, s=
∧

u∈Ma(b)

u. s s∈b, �
 s � b �:�1e�v T( b ∈ H(a), b 6= a, �P[U/ 2.1 {� Ma(b) 6= ∅. ∀u ∈ Ma(b), b 6 u, �P
b 6

∧

u∈Ma(b)

u = s. -I�[U/ 2.6\ Ma(s) ⊆ Ma(b). ` ∀w ∈ Ma(b), s =
∧

u∈Ma(b)

u 6 w,�P w ∈ Ma(s), -I Ma(b) ⊆ Ma(s). T+ Ma(s) = Ma(b), �P s ∈ b. ∀x ∈ b, �
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Ma(x) = Ma(b), \ ∀u ∈ Ma(b), x 6 u, -I x 6
∧

u∈Ma(b)

u = s. T+ s � b �:�1e�z 2.5 [U/ 2.5 n�/ 2.10 ){�u b ∈ H(a), b 6= a, s b �:�1e s =
∧

u∈Ma(b)

u ∈ H(a).&C 2.11 y a ∈ L, b ∈ H(a), b 6= a, t ∈ b, s t � b �:�:e ⇔ ∀w ∈ N(t),

Ma(t) ( Ma(w).v “⇒” y t � b �:�:e�T ∀w ∈ N(t), w < t, -I Ma(t) ⊆ Ma(w). u.p u ∈ N(t), �9 Ma(t) = Ma(u), s u ∈ b. ` u < t, v
 t � b �:�:e�F��P
∀w ∈ N(t), Ma(t) ( Ma(w).

“⇐” y ∀w ∈ N(t), Ma(t) ( Ma(w). u t �� b �:�:e��.p d ∈ b, �9
d � t, s d ∧ t < t, 
 d ∧ t ∈ b. -I[U/ 2.1 {�.p u ∈ N(t), �9 d ∧ t 6 u, �P
Ma(u) ⊆ Ma(d∧ t). T( Ma(t) ( Ma(u), -I Ma(t) ( Ma(d∧ t), v
 t, d∧ t ∈ b �F��P t � b �:�:e�&h 2.2 y a ∈ L, S = {xi ∈l a : i ∈ I}, a = ∨S � a :L^�)j�Q��qj
∀k ∈ I, y < xk, \ a 6=

(

∨

i∈I
i6=k

xi

)

∨ y, s! a = ∨S � a :L^�)j�:�Q��z 2.6 y a ∈ L, |N(a)| > 2, u a \�)j#j��Q� a = ∨P , s["> 2.2{� a = ∨P � a :L^�)j�:�Q��4K|�u a \�)j�:�Q�� a�L�\�)j#j��Q��D 2.3 y\ L1 �L^�e�p:�\
�	�p
lf/d":\�L2 �0 2.1�:\ L. y L = L1 ∪ L2, D L2 �:e��>���� 〈i, I〉 ( ti, 〈i, O〉 ( si, [�
i ∈ N , 〈0, O〉 �( 0. p L ��SCf/� t1 � L1 �:L^e� p1 :1:� s1 �
L1 �:L^e� q :1: (Æ! 2). sQHy L �#�aDSg
QU\�p L ��
1 = b1 ∨ b6 = b1 ∨ p3 ∨ p4 B� 1 :�)j�:�Q��4 1 B\�)j#j��Q���1--D�>L^e�"\�)j�:�Q�:���[A��&C 2.12 y a ∈ L, a = ∨S � a :L^�)j�Q��s a = ∨S � a :L^�)j�:�Q�:&I��� ∀x, y ∈ S, x 6= y, \ Ma(x) ∪ Ma(y) = N(a), �
 x � x�:�:e�v “⇒” y a = ∨S � a:L^�)j�:�Q��1E�3yF ⋃

x∈S

Ma(x) = N(a).u ⋃

x∈S

Ma(x) 6= N(a), �.p u ∈ N(a), u /∈
⋃

x∈S

Ma(x), -I ∀x ∈ S, u /∈ Ma(x), �P
x‖u. T+ x ∨ u = a, x ∧ u < x. �L�?�y y ∈ S, w =

∨

x∈S
x 6=y

x, s\ w‖u, -I
w ∨ (y ∧ u) =

(

∨

x∈S

x
)

∧ (w ∨ u) = a, 4 y ∧ u < y, v
 a = ∨S � a :�)j�:�Q��F��P ⋃

x∈S

Ma(x) = N(a). 1EyF ∀x, y ∈ S, x 6= y, \ Ma(x) ∪ Ma(y) = N(a).u Ma(x) ∪ Ma(y) 6= N(a), s.p u ∈ N(a), �9 u /∈ Ma(x), u /∈ Ma(y), -I x ∨ u = a,

y∨u = a. `T( ⋃

x∈S

Ma(x) = N(a),�P.p z ∈ S,�9 u ∈ Ma(z). T( a = ∨S � a:



820 � F P & 30 # A �L^�)j�:�Q���P a = ∨S = x∨y∨z∨(∨(S−{x, y, z})), � ∨(S−{x, y, z}) = b,s a = x∨y∨z∨b. -I (x∧u)∨y∨z∨b = (x∨y∨z∨b)∧(u∨y∨z∨b) = a∧(a∨z∨b) = a,� a = (x ∧ u) ∨ (∨(S − x)), 4 x ∧ u < x, v
 a = ∨S � a :�)j�:�Q��F��P Ma(x) ∪ Ma(y) = N(a). �syF ∀x ∈ S, x � x �:�:e�u.p t ∈ x, �9
t � x, s Ma(t) = Ma(x) 
 t ∧ x < x. y ∨

y∈S
y 6=x

y = c, s[�/ 2.1 {� c ∨ x = c ∨ t = a,-I (

∨

y∈S

y 6=x

y
)

∨ (x ∧ t) = c ∨ (x ∧ t) = (c ∨ x) ∧ (c ∨ t) = a, 4 t ∧ x < x, v
 a = ∨S � a:�)j�:�Q��F�T+ ∀x ∈ S, x � x �:�:e�
“⇐” u.p y ∈ S, t < y, �9 a =

(

∨

x∈S

x 6=y

x
)

∨ t, [U/ 2.6 {� Ma(y) ⊆ Ma(t).u Ma(y) ( Ma(t), �.p u ∈ Ma(t), �9 u /∈ Ma(y). T( ∀x ∈ S, x 6= y, \ Ma(x) ∪

Ma(y) = N(a), �P ∀x ∈ S, x 6= y, u ∈ Ma(x). -I ∨

x∈S

x 6=y

x 6 u, T+ (

∨

x∈S

x 6=y

x
)

∨ t 6 u < a,�F��P Ma(y) = Ma(t), -I t ∈ y, 4 t < y, v
 y � y �:�:e�F�e[�S
2.2 ){� a = ∨S � a :L^�)j�:�Q��z 2.7 [�/ 2.9, 2.10 n 2.12 ){�u a = ∨S � a :L^�)j�:�Q��s ∀x ∈ S, x � L :#�aDSg
QU
\�&C 2.13 y a ∈ L, a = ∨S � a :L^�)j�:�Q��u S1, S2 � S :L^xQ�y ∨S1 = b1, ∨S2 = b2, s a = b1 ∨ b2 K� a :L^�)j�:�Q��
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6 Z h;� &FY $�bEThÆRV℄w;�*k�;�R��\XZ 821v T( S1 ∪ S2 = S, �P a = ∨S = (∨S1) ∨ (∨S2) = b1 ∨ b2. ` a = ∨S� a :L^�)j�:�Q�� S1 6= ∅, S2 6= ∅, -I a 6= b1, a 6= b2. T+ a =

b1 ∨ b2 � a :L^�)j�Q��`[�/ 2.7, \ Ma(b1) = Ma(∨S1) =
⋂

x∈S1

Ma(x),

Ma(b2) = Ma(∨S2) =
⋂

y∈S2

Ma(y),T+Ma(b1)∪Ma(b2) =
(

⋂

x∈S1

Ma(x)
)

∪
(

⋂

y∈S2

Ma(y)
)

=

⋂

y∈S2

⋂

x∈S1

(Ma(x)∪Ma(y)). [�/ 2.12{� ∀x ∈ S1, y ∈ S2 \ Ma(x)∪Ma(y) = N(a), -I Ma(b1) ∪ Ma(b2) = N(a). 1EyF b1 � b1 �:�:e�u.p c ∈ b1, �9 c � b1,s Ma(c) = Ma(b1). T( a = b1 ∨ b2, �P[�/ 2.1 {� Ma(b1) ∩ Ma(b2) = ∅, -I Ma(c) ∩ Ma(b2) = ∅, T+ a = c ∨ b2. T( Ma(b1) = Ma(∨S1) =
⋂

x∈S1

Ma(x), �P
⋂

x∈S1

Ma(c ∧ x) =
⋂

x∈S1

(Ma(c) ∪ Ma(x)) = Ma(c) ∪
(

⋂

x∈S1

Ma(x)
)

= Ma(c) ∪ Ma(b1). -I
(

⋂

x∈S1

Ma(c ∧ x)
)

∩ Ma(b2) = (Ma(c) ∪ Ma(b1)) ∩ Ma(b2) = (Ma(c) ∩ Ma(b2)) ∪ (Ma(b1) ∩

Ma(b2)) = ∅. T+[�/ 2.1, \ ∨

x∈S1

(c ∧ x) ∨ b2 = a, �\ a =
[

∨

x∈S1

(c ∧ x)
]

∨ (∨S2). T
a = ∨S � a :L^�)j�:�Q��` ∀x ∈ S1, c ∧ x 6 x, �P c ∧ x = x, � c > x.T+ c >

∨

x∈S1

x = b1, v
 c � b1 �F�-I b1 � b1 �:�:e��/)y b2 � b2 �:�:e��P[�/ 2.12 {� a = b1 ∨ b2 K� a :L^�)j�:�Q��Q
�/ 2.13 "h7L�e?�&C 2.14 y a ∈ L, a = ∨S � a :L^�)j�:�Q��u Si, i ∈ I � S :L^xQ�y ∨Si = bi, s a =
∨

i∈I

bi K� a :L^�)j�:�Q��&C 2.15 y a ∈ L, s a \�)j�:�Q�:&I���.p N(a) :L^xQ
N1, N2, �9 ∧N1, ∧N2 ∈ H(a), Ma(∧N1) ∩ Ma(∧N2) = ∅, �
 ∧N1, ∧N2 � L :#�
\�v “⇒” y a = ∨S � a:L^�)j�:�Q��s[�/ 2.13){�.p S :L^xQ S1, S2, S1 6= ∅, S2 6= ∅,�9 a = (∨S1)∨(∨S2)K� a:L^�)j�:�Q��y ∨S1 = b1, ∨S2 = b2, � a = b1 ∨ b2 � a :L^�)j�:�Q��-I[�/ 2.1 n
2.12 )9�Ma(b1)∩Ma(b2) = ∅, Ma(b1)∪Ma(b2) = N(a). y Ma(b1) = N1, Ma(b2) = N2,s N1, N2 � N(a) :L^xQ��
 N1 6= ∅, N2 6= ∅. ` b1, b2 ∈ H(a), b1 6 ∧N1,

b2 6 ∧N2, -I[U/ 2.5 
 2.6 )9� ∧N1, ∧N2 ∈ H(a), Ma(∧N1) ∩Ma(∧N2) = ∅. `[�/ 2.10 {� ∧N1 ∈ b1, ∧N2 ∈ b2, -I ∧N1 = b1, ∧N2 = b2. `T( a = b1 ∨ b2 �
a :L^�)j�:�Q��T+[
 2.7 {� b1 
 b2 B� L :#�
\��P ∧N1,

∧N2 � L :#�
\�
“⇐” y b1, b2 Q�� ∧N1, ∧N2 �:�:e�s Ma(b1) = Ma(∧N1), Ma(b2) =

Ma(∧N2). Qy N1 ⊆ Ma(∧N1), N2 ⊆ Ma(∧N2). `T( N1 ∪ N2 = N(a), N1 ∩ N2 = ∅,

Ma(∧N1) ∩ Ma(∧N2) = ∅, �P Ma(∧N1) = N1, Ma(∧N2) = N2. -I Ma(b1) = N1,

Ma(b2) = N2. T+ Ma(b1) ∩ Ma(b2) = N1 ∩ N2 = ∅, Ma(b1) ∪ Ma(b2) = N1 ∪ N2 = N(a).` b1, b2 Q�� ∧N1, ∧N2 �:�:e��P[�/ 2.12 )9� a = b1 ∨ b2 � a :L^�)j�:�Q��



822 � F P & 30 # A �&C 2.16 y a = b ∨ c � a :�)j�Q��s a = b ∨ c � a :�)j�:�Q�:&I��� b ∧ c /∈ H(b), H(c).v “⇒” y a = b ∨ c � a :�)j�:�Q��u b ∧ c ∈ H(b), s.p d ∈l b, �9 (b∧ c)∨ d = b, -I a = b∨ c = (b∧ c)∨ d∨ c = d∨ c, 4 d < b, v
 a = b∨ c � a :�)j�:�Q��F��P b ∧ c /∈ H(b). �/\ b ∧ c /∈ H(c).

“⇐” y b ∧ c /∈ H(b), H(c). 3y b � b �:�:e�u.p d ∈ b, �9 d � b,s Ma(d) = Ma(b) 
 b ∧ d < b. T( a = b ∨ c, s[�/ 2.1 {� a = c ∨ d, -I
(b∧d)∨ c = (c∨ b)∧ (c∨d) = a, T+ (b∧d)∨ (b∧ c) = ((b∧d)∨ b)∧ ((b∧d)∨ c) = b∧a = b.T( b ∧ d < b, �P b ∧ c ∈ H(b), v
O{�F�T+ b � b �:�:e��/)y c � c �:�:e�1y Ma(b) ∪ Ma(c) = N(a). u Ma(b) ∪ Ma(c) 6= N(a), s.p u ∈ N(a), �9 u /∈ Ma(b), Ma(c), -I u‖b, u‖c, �P c ∨ u = a, b ∧ u < b. -I
(b ∧ u) ∨ c = (b ∨ c) ∧ (u ∨ c) = a ∧ a = a, �L�?�\ (b ∧ u) ∨ (b ∧ c) = b ∧ a = b. �P
b∧c ∈ H(b),v
O{�F�T+ Ma(b)∪Ma(c) = N(a). T+[�/ 2.12 ){�a = b∨c� a :�)j�:�Q��[E 2.7 y a = ∨S � a :L^�)j�:�Q�� x, y ∈ S, x 6= y, s H(x) ∩

H(y) = ∅.v y x, y ∈ S, u x ∈ J(L) | y ∈ J(L), s H(x) = {x} | H(y) = {y}, T+
H(x) ∩ H(y) = ∅. 1y x, y /∈ J(L). u H(x) ∩ H(y) 6= ∅. y w ∈ H(x) ∩ H(y), �
w ∈ H(x), H(y),-I.p q ∈l x, �9 q∨w = x. -I a = ∨S = x∨y∨ (∨(S−{x, y})) =

(q ∨ w) ∨ y ∨ (∨(S − {x, y})) = q ∨ (∨(S − x)), I q < x, v
 a = ∨S � a :L^�)j�:�Q��F��P H(x) ∩ H(y) = ∅.[E 2.8 y a = ∨S � a:L^�)j�:�Q��r ∈ S,s ∀x ∈ H(r), x ∈ H(a).v u r ∈ J(L), s H(r) = {r}, 4l r ∈ H(a). u r /∈ J(L), y x ∈ H(r), u x = r,s4l x ∈ H(a). 1y x 6= r, T x ∈ H(r), s.p y ∈l r, �9 x ∨ y = r, -I[�/ 2.6{� Ma(r) = Ma(x) ∩ Ma(y). �L�?�\ Ma(x) ( N(a). Ss�u Ma(x) = N(a), s
Ma(r) = Ma(y), -I y ∈ r, 4 y < r, [�/ 2.12 ){�v
 r ∈ S, a = ∨S � a :L^�)j�:�Q��F�T+[�/ 2.3, \ ∀x ∈ H(r), x ∈ H(a).["> 2.8 ){�u a = ∨S � a :L^�)j�Q�� r ∈ S 
.p x ∈ H(r), �9 x /∈ H(a), s a = ∨S �� a :�)j�:�Q��&C 2.17 y a ∈ L, x ∨ y = a � a :L^�)j�:�Q��u x1 ∨ x2 = x � x:L^�)j�:�Q��s x1 ∨ x2 ∨ y = a K� a :L^�)j�:�Q��v 4l x1 ∨x2 ∨ y = a � a :L^�)j�Q��[�/ 2.6n 2.12{�Ma(x) =

Ma(x1) ∩ Ma(x2), Ma(x) ∪ Ma(y) = N(a), -I (Ma(x1) ∩ Ma(x2)) ∪ Ma(y) = (Ma(x1) ∪

Ma(y))∩ (Ma(x2)∪Ma(y)) = N(a), ` Ma(x1)∪Ma(y) ⊆ N(a), Ma(x2))∪Ma(y) ⊆ N(a),�P Ma(x1)∪Ma(y) = N(a), Ma(x2)∪Ma(y) = N(a). T( x1 ∨ x2 = x � x :L^�)j�:�Q���P[�/ 2.16 {� x1 ∧ x2 /∈ H(x1). `[U/ 2.5 {� x1 ∧ x2 /∈ H(a).T+[�/ 2.3{�Ma(x1)∪Ma(x2) = Ma(x1 ∧x2) = N(a). u.p d ∈ x1, �9 d � x1,sQy d ∨ x2 ∨ y = a. �L�?�\ (d ∧ x1) ∨ x2 ∨ y = a. T( x ∨ y = a � a :L^�)j�:�Q���P (d ∧ x1) ∨ x2 > x. -I x = x1 ∨ x2 > (d ∧ x1) ∨ x2 > x, T+
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x = (d ∧ x1) ∨ x2, 4 d ∧ x1 < x1, v
 x1 ∨ x2 = x � x :�)j�:�Q��F��P
x1 � x1 �:�:e��/)y x2 � x2 �:�:e�` y � y �:�:e��P[�/ 2.12 {� x1 ∨ x2 ∨ y = a � a :L^�)j�:�Q��&C 2.18 y a ∈ L, |N(a)| = 2, s a \�)j�:�Q�:&I��� a \�)j#j��Q��v “⇒” y a \�)j�:�Q� a = ∨S, sQy |S| = 2, �Oy S = {x, y}, �\
a = x ∨ y, �
 Ma(x) ∪ Ma(y) = N(a), Ma(x) 6= ∅, Ma(y) 6= ∅, Ma(x) ∩ Ma(y) = ∅. T( |N(a)| = 2, �P |Ma(x)| = 1, |Ma(y)| = 1. T( a = ∨S � a :�)j�:�Q��e[�/ 2.4 n 2.12 ){� x, y ∈ J(L), � a \�)j#j��Q��

“⇐” [
 2.6 �{�z 2.8 u |N(a)| > 2, s a )P\�)j�:�Q��4 a �L�\�)j#j��Q��q0 2.3 �e 1 \�)j�:�Q�4.�)j#j��Q��I p1 .�)j�:�Q��&C 2.19 y a ∈ L, |N(a)| > 2, u a = ∨P � a :�)j#j��Q�� a = ∨S� a :L^�)j�:�Q��s ∀s ∈ S, .p P1 ( P , �9 s = ∨P1.v y s ∈ S,� t = ∨(S−s),s[�/ 2.13{�a = s∨tK� a:L^�)j�:�Q��["> 2.5{�.p p ∈ P ,�9 s > p,.p q ∈ P �9 t > q. � P1 = {p ∈ P : s > p},

P2 = {p ∈ P : t > p},s P1, P2 6= ∅ 
 P1∩P2 = ∅, Ss�u P1∩P2 6= ∅, y p1 ∈ P1∩P2,s p1 6 s, t, T( p1 ∈ H(a), -I[U/ 2.5 ){� p1 ∈ H(s). T+.p q ∈l s, �9
p1 ∨ q = s. -I a = s∨ t = (p1 ∨ q)∨ t = q ∨ t, 4 q < s, v
 a = s∨ t � a :L^�)j�:�Q��F��P P1 ∩ P2 = ∅. `[U/ 1.2 ){� P1 ∪ P2 = P . -I\ s = ∨P1,Ssy ∨P1 = w, s w < s, ` a = ∨P = (∨P1) ∨ (∨P2) = w ∨ (∨P2) 6 w ∨ t 6 a, T+
a = w ∨ t, v
 a = s ∨ t � a :L^�)j�:�Q��F��P s = ∨P1.

3 G 6 4 a + ! (1.2) 8 e > # t % X ;���I�>#�aDSg
�.5QU\ L vIuf/M$ (1.2) :����:�.p:�����:+w,��qj X 6= ∅, s X �\�1� X∗ = (aiαb)i∈I . u
b = 0, 4l ∀X = (xi)i∈I ∈ X , u ai 6= 0, s xi 6 aiα0; u ai = 0, s xi ∈ L. (
�℄Æ�1E
y b 6= 0. � I1 = {i ∈ I: .p x ∈ L, �9 ai ∧ x ∈ H(b)}, I2 = {i ∈ I: ∀x ∈ L,

ai ∧ x /∈ H(b)}. 4l I = I1 ∪ I2, I1 ∩ I2 = ∅. ∀j ∈ I, � Sj = {xj ∈ L: X = (xi)i∈I ∈ X }.&C 3.1 y i ∈ I, s i ∈ I1 :&I���.p x ∈ H(b), �9 ai > x.v “⇒” u i ∈ I1, s.p x ∈ L, �9 ai ∧ x ∈ H(b), 4l ai > ai ∧ x.

“⇐” u.p x ∈ H(b),�9 ai > x,s x 6 ai∧b 6 b,-I[U/ 2.5{�ai∧b ∈ H(b),T+ i ∈ I1.[E 3.1 y i ∈ I, s i ∈ I1 :&I��� ai ∧ b ∈ H(b).v [�/ 3.1 :yFk$}�9y�[E 3.2 X 6= ∅ :&I��� ⋂

i∈I

Mb(ai ∧ b) = ∅.
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�/ 2.1 }�9y�&C 3.2 y X 6= ∅, j ∈ I1, u b 

∨

i∈I

i6=j

ai, s ∀X = (xi)i∈I ∈ X , b 6=
∨

i∈I

i6=j

(ai ∧ xi).v u.p X = (xi)i∈I ∈ X , �9 b =
∨

i∈I

i6=j

(ai ∧ xi), s\ b 6
∨

i∈I

i6=j

ai, v
O{�F�&C 3.3 y X 6= ∅, u j ∈ I2, s b 6
∨

i∈I

i6=j

ai, �
 ∀X ∈ X , b =
∨

i∈I

i6=j

(ai ∧ xi).v T(X 6= ∅,�P b 6
∨

i∈I

ai. ` j ∈ I2,-I aj∧b /∈ H(b). T+ b = b∧
(

∨

i∈I

ai

)

=

∨

i∈I

(ai ∧ b) =
∨

i∈I
i6=j

(ai ∧ b) 6
∨

i∈I
i6=j

ai. u.p X ∈ X , �9 b 6=
∨

i∈I
i6=j

(ai ∧ xi), � ∨

i∈I
i6=j

(ai ∧ xi) < b.T( b = (aj ∧ xj) ∨
∨

i∈I
i6=j

(ai ∧ xi), �P aj ∧ xj ∈ H(b), -I j ∈ I1, v
 j ∈ I2 �F�T+
∀X ∈ X , b =

∨

i∈I

i6=j

(ai ∧ xi).&C 3.4 y X 6= ∅, X = (xi)i∈I 6 X∗, s X ∈ X :&I��� ⋂

i∈I

Mb(ai ∧ xi) =

∅. v [U/ 1.5 n�/ 2.1 )}�9y�[�/ 3.4 )9�u X 6= ∅, s
X =

{

X = (xi)i∈I : X 6 X∗,
⋂

i∈I

Mb(ai ∧ xi) = ∅
}

.&C 3.5 y X 6= ∅, X = (xi)i∈I ∈ X , s ∀i ∈ I, Mb(ai ∧ b) ⊆ Mb(ai ∧ xi).v yX = (xi)i∈I ∈ X ,s b =
∨

i∈I

(ai∧xi),-I ∀i ∈ I, ai∧xi 6 b,�P ai∧xi 6 ai∧b.-I[U/ 2.6 )9� ∀i ∈ I, Mb(ai ∧ b) ⊆ Mb(ai ∧ xi).&C 3.6 yX 6= ∅, ∀i ∈ I,� Ti = {x ∈ L : x 6 aiαb,�
Mb(ai∧x) = Mb(ai∧b)}.u X = (xi)i∈I ?� ∀i ∈ I, xi ∈ Ti, s X ∈ X .v T( X 6= ∅, �P["> 3.2 {� ⋂

i∈I

Mb(ai ∧ b) = ∅. u ∀i ∈ I, xi ∈ Ti, s
xi 6 aiαb, Mb(ai∧xi) = Mb(ai∧b),-I ⋂

i∈I

Mb(ai∧xi) = ∅. �P[�/ 3.4{�X ∈ X .[�/ 3.6 ){�u X 6= ∅, s ∀i ∈ I, Ti ⊆ Si.&C 3.7 y X 6= ∅, j ∈ I1, s
(i) u b 6

∨

i∈I
i6=j

ai, s Sj = [0, ajαb].

(ii) u b 

∨

i∈I

i6=j

ai, � ∨

i∈I

i6=j

(ai ∧ (aiαb)) = c, s Sj = {x 6 ajαb : Mb(aj ∧ x) ⊆

N(b) − Mb(c)}.v (i) T( X 6= ∅, b 6
∨

i∈I

i6=j

ai, �P b = b ∧
(

∨

i∈I

i6=j

ai

)

=
∨

i∈I

i6=j

(ai ∧ b). �S Y = (yi)i∈I
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yi =

{

b, i 6= j,
d, i = j,[� d ∈ [0, ajαb]. 4l Y ∈ X . -I [0, ajαb] ⊆ Sj . ` ∀x ∈ Sj , x 6 ajαb, � x ∈ [0, ajαb].T+ Sj = [0, ajαb].

(ii) T( X 6= ∅, b 

∨

i∈I

i6=j

ai, �P
b =

∨

i∈I

(ai ∧ (aiαb)), c =
∨

i∈I
i6=j

(ai ∧ (aiαb)) < b.

∀x ∈ Sj, .p X = (xi)i∈I ∈ X , �9 x = xj , 
 x 6 ajαb, -I b =
∨

i∈I

(ai ∧ xi) = (aj ∧

x)∨
[

∨

i∈I
i6=j

(ai∧xi)
]

6 (aj ∧x)∨
[

∨

i∈I
i6=j

(ai∧(aiαb))
]

6 b, �\ b = (aj ∧x)∨
[

∨

i∈I
i6=j

(ai∧(aiαb))
]

=

(aj ∧x)∨c, -I Mb(aj ∧x)∩Mb(c) = ∅,�PMb(aj ∧x) ⊆ N(a)−Mb(c), �\ Sj ⊆ {x 6

ajαb : Mb(aj ∧x) ⊆ N(b)−Mb(c)}. <LME�u x 6 ajαb, 
 Mb(aj ∧x) ⊆ N(b)−Mb(c),s Mb(aj ∧ x) ∩ Mb(c) = ∅, -I (aj ∧ x) ∨ c = b, �\ b = (aj ∧ x) ∨
[

∨

i∈I

i6=j

(ai ∧ (aiαb))
]

,�P X = (a1αb, · · · , aj−1αb, x, aj+1αb, · · · ) ∈ X . -I x ∈ Sj . T+ Sj = {x 6 ajαb :

Mb(aj ∧ x) ⊆ N(b) − Mb(c)}.&C 3.8 y X 6= ∅, u j ∈ I2, s Sj = [0, ajαb].v T( j ∈ I2, �P[�/ 3.3 {� ∀X = (xi)i∈I ∈ X , b =
∨

i∈I
i6=j

(ai ∧ xi). �S
Y = (yi)i∈I q1�

yi =

{

xi, i 6= j,
d, i = j,[� d ∈ [0, ajαb]. 4l Y ∈ X . T+ Sj = [0, ajαb].[�/ 3.4, 3.7 n 3.8 )9�u X 6= ∅, s X =

{

X = (xi)i∈I : ∀j ∈ I, xj ∈ Sj (Sj?��/ 3.7, 3.8 �:��), �
 ⋂

i∈I

Mb(ai ∧ xi) = ∅
}

.&C 3.9 y X 6= ∅, G(b) = {i ∈ I : ai > b} = ∅, sM$ b =
∨

i∈I

(ai ∧ xi) \�:�:&I���.p b :L^�)j�:�Q� b = ∨S, �9 ∀s ∈ S, .p i ∈ I, �9
ai > s.v “⇒” y X∗ = (xi∗)i∈I �M$ b =

∨

i∈I

(ai ∧ xi) :L^�:��s[U/ 1.6 )9� b =
∨

i∈I

xi∗, � S = {xi∗ : xi∗ 6= 0, i ∈ I}, s4l b =
∨

xi∗∈S

xi∗, [�:�:�S){�
b =

∨

xi∗∈S

xi∗ � b :L^�)j�:�Q���
 ∀xi∗ ∈ S, xi∗ 6 ai.

“⇐” y b = ∨S � b :L^�)j�:�Q���?� ∀s ∈ S, .p i ∈ I, �9
ai > s. ∀i ∈ I, �S Ai = {s ∈ S : ai > s}, 4l Ai ⊆ S. oD
�� Ai, i ∈ I, ��q1?�:Wr� s ∈ S, n s 
a
�
aL^ Ai, i ∈ I, �Wrs:
��( Ai, i ∈ I. 4
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i∈I

Ai = S, �
u i 6= k, s Ai ∩ Ak = ∅. �S X = (xi)i∈I q1� ∀i ∈ I,

xi =







∨

s∈Ai

s, Ai 6= ∅,

0, Ai = ∅,s ∨

i∈I

(ai ∧ xi) =
∨

i∈I

Ai 6=∅

(ai ∧ xi) =
∨

i∈I

Ai 6=∅

xi = ∨
(

⋃

i∈I

Ai 6=∅

Ai

)

= ∨S = b. �P X ∈ X . u.p
Y = (yi)i∈I ∈ X , �9 Y 6 X . s ∀i ∈ I, yi 6 xi. u xi = 0, s yi = 0; u xi 6= 0, �
Ai 6= ∅, s yi 6 xi =

∨

s∈Ai

s 6 ai. -I�\ b =
∨

i∈I

(ai ∧ yi) =
∨

i∈I

yi =
∨

i∈I

Ai 6=∅

yi. T( b = ∨S� b :L^�)j�:�Q���P[�/ 2.14 {� b =
∨

i∈I

Ai 6=∅

(∨Ai) K� b :L^�)j�:�Q���\ b =
∨

i∈I

Ai 6=∅

(∨Ai) =
∨

i∈I

Ai 6=∅

yi. T+ ∀i ∈ I, Ai 6= ∅, \ yi = ∨Ai = xi. -I\ X = Y . T+[
 1.2 ){� X = (xi)i∈I �M$:�:��[E 3.3 y X 6= ∅, G(b) = {i ∈ I : ai > b} = ∅, u |N(b)| = 2, sM$ b =
∨

i∈I

(ai ∧ xi) \�:�:&I��� b \�)j#j��Q��v [�/ 2.18 n 3.9 )}�9y�z 3.1 [* [12] :�/ 3.1 {�5 (1.2) :CL^�B\�:��� b L�\�)j�Q� ∨B, 4 ∨B �L���)j��Q���
 b K�L�\�)j��Q��D 3.1 p0 2.3 :\ L ��Q{M$ 1 = (b1 ∧x1)∨ (b6 ∧ x2) �1�( X∗ = (1, 1),�:�( X∗ = (b1, b6), -I X = [X∗, X
∗]. b1 ∨ b6 � 1 :�)j�:�Q��4 1 .�)j��Q��z 3.2 p (1.2) ���� b .p�)j�:�Q�� (1.2) K�L�\�:��D 3.2 p0 2.3 :\ L ��DM$ 1 = (p1 ∧ x1) ∨ (u4 ∧ x2), Q{[�1�(

X∗ = (1, 1), 4l 1 \�)j�:�Q��4UM$B\�:�� M1(p1) = {u1, u2, u3},

M1(u4) = {u4}, 1, 2 ∈ I1, S1 = {x 6 1 : M1(p1 ∧ x) = N(1) − u4}, S2 = {x 6 1 :

M1(u4 ∧ x) = N(1) − {u1, u2, u3} = u4} = {1, u4}, X = {X = (x1, x2) : x1 ∈ S1, x2 ∈ S2}.D 3.3 p0 2.2 :\ L ��DM$ 6 = (12 ∧ x1) ∨ (18 ∧ x2), Q{[�1�(
X∗ = (1, 1), 6 B\�)j�:�Q��M$B\�:��M6(12) = {12}, M6(18) = {18},

1, 2 ∈ I1, S1 = {x 6 1 : M6(12 ∧ x) = N(6) − 18}, S2 = {x 6 1 : M6(18 ∧ x) = N(6) − 12},

X = {X = (x1, x2) : x1 ∈ S1, x2 ∈ S2, M6(12 ∧ x1) ∩ M6(18 ∧ x2) = ∅}.

4 < T m�*D#�aDSg
QU\ L ve�:�Q�,���7zr:G��yF7qj\ L :e a ^\L^1:�s a ��#j��je�qj\ L :e a \4^1:�s a \�)j�:�Q�
\�)j#j��Q��L�:�qj\ L :e a :1:1a4^�s a )P\�)j�:�Q��4�L�\�)j#j��Q���
B\�)j�:�Q�sL�B\�)j#j��Q��[a G(b) 6= ∅ �� ∀j ∈ G(b), �S
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X = (xi)i∈I ?�5 i = j �� xi = b, 5 i 6= j �� xi = 0, s X � X :�:e�T+[�/ 3.9 {� X \�:�:&I����| G(b) 6= ∅ | b \?��/ 3.9 ���:�)j�:�Q��[+�Q{07* [7, p. 46] fa����:e�S.p:%,�� � ? � ` � 
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Abstract This paper introduces a concept of irredundant minimal join-decomposition

in complete distributive lattices which are strongly coatomic, and gives some necessary

and sufficient conditions for existence of irredundant minimal join-decomposition for an

element. Then the authors show that an element with exact one lower cover is completely

join irreducible, that the irredundant minimal join-decomposition of an element and its

irredundant completely join-decomposition are equivalent when the number of its lower

covers are equal to 2, and that the irredundant minimal join-decomposition of an element

need not be its irredundant completely join-decomposition when the number of its lower

covers are more than 2. Finally, for a fuzzy relational equation it is proved that a necessary

and sufficient condition for existence of its minimal solutions is whether there is a left-

hand coefficient which is more than or equal to the right-hand coefficient or the right-hand

coefficient has an irredundant minimal join-decomposition.

Keywords Complete lattice, Distributive lattice, Strongly coatomic lattice,
Irredundant minimal join-decomposition, Fuzzy relational equa-
tion, Minimal solution
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