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1 - � )3�5�L�/4fifk qmW

I*"�D�9GRI�83*,+��O�3�tR~�/42Q���JD��
xD��`��TX�KWYD�a4�:K
I[>�-S��rW2\3�UIfiuÆ�:�8_\(��,Yp
��,k',I[�0� Rumelhart � McCelland W2I
Jfi (BP fi) uÆ� HopfieldW2I Hopfield fiuÆ#�/ AiharaK�W2I�i/4fiuÆK�A
fiuÆ"4:u:8��> .��Y��%�a>*HQ��O�?=�
�6Q�y�^b�fiy`KWYa4I*,S�G\)�\yI,~ ($ [1–3]).35Y�L��t/4fi�2v/4fiSIO&�i/45�/4fiuÆI�iTX�I�8"Z'k�r\$��,k}}d�*���8I�OK �n [4] q2\ p�i/45uÆ��
x(t + 1) = f

(

A(t) − α

t
∑

r=0

krg(x(t − r)) − θ
)

, (1.1)�S x(t + 1) /45: t + 1 6G2�! [0, 1] Iu�D2� A(t) =:O&6G t 6La/45d�ID �W� k =��I��CP�*�IJ"(`� α k/45I�*�yH� θ �;/45��3
�>28�I�W=
;2ihM� g �;/45D23�*�I;	!IwyI�H�� S g k�K�H�f �k;0UW�H ǫ I Logistic�H
f(y) =

1

1 + e−
y

ǫ

. (1.2)�S&/45I}�℄Sk
y(t + 1) = A(t) − α

t
∑

r=0

krx(t − r) − θ, (1.3)�o 2008 � 10 8 29 ��E�
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y(t + 1) = ky(t) − αf(y(t)) + a(t), (1.4)AS α =/45I�*�yH� a(t) = A(t) − kA(t − 1) − θ(1 − k). $D A(t) =KdX�l1�< a(t) = (A(t) − θ)(1 − k).n [5] Tg\�{K6�iO&/4fiuÆ

yi(t + 1) = kyi(t) +

n
∑

j=1

ωijxj(t) + ai − ωii(t)a0i, (1.5)

xi(t) = f(yi(t)) =
1

1 + e−
yi(t)

ε

, (1.6)

|ωii(t + 1)| = (1 − β)|ωii(t)|, (1.7)�S 0 < β < 1, i = 1, 2, · · · , n, t ∈ 0 ∪ N , Z+. �R�H$&�{� xi kM i p/45ID2	 yi kM i p/45I}�℄S	 ωij k9M j p/45DM i p/45IZ-�M	 ai kM i p/45ID �#	 k k/4wJ"(`	 ωii kaZ-�M	 a0ikM i p/45Ia�#�U�L�n [6–7]T,MarottoSQX ωii(t)�k'H6uÆ (1.5)–(1.6):Marotto$&{I�i2�\�8�K
n [8]q2\MarottoSQI�ESQ���oGt��Æ,2uÆ (1.5)–(1.7): ωii(t) �k'H��{ITg	:n [9]S�f�T, Li-MisiurewiczSQTg\ mK6�iO&/4fi: ωii(t) �k'H��{I�iTX��k�BD D2�H f ��(G?RI01N=�H�Z�MNE}�HIX��H6�iMuÆ:�H.���iHQ�Y��%K7�qYSGD\��I*,�(73�L"0�YgnXRrIpS��aH��iTX�f\Tg ($ [10–14]).�n[��8\D D2�Hsk 
6�O&/4fiuÆ (1.5)–(1.6)  m��{IaHqY
y(t + 1) = ky(t) + ωf

(y(t)

τ

)

+ a − ω · a0, (1.8)�S k, ω, τ > 0, a, a0 ?k�H�WPXJ�aH�k=$2�i��Id6K �(7X2aH�kI�8=X2�iTX��8I�4�srFJ�aHI[�MÆ�K�X�aH�
 -/OaH (
aH), �Æ:�wTg�8S|vSx
�H��b p�H:>B^iS��6�>�srITg�k_�	$�f�� z(t) = y(t)
τ

, < (1.8) F�k
z(t + 1) = kz(t) +

ω

τ
f(z(t)) +

a − ω · a0

τ
. (1.9)�nTgIuÆ (1.9) SI f(·) f�{ ,�

(H1) :�! (T0, T2) ( f ∈ C3, :: T2 > T0 > 0, 9 f : T2 6�G�	M min < 0,: T0 6�_M	
(H2) :�! (T0, T2) ( f(·) ?R"*� f ′(·) md C < f ′(·) < 0 (�S C kg'H),

f ′′(·) > 0, f ′′′(·) > 0.

2 l 9 � z 4 " ��X�aH=N�:xpUSI�HMI !0pSI�TO�AB�H4�ApUSI�HM��Db !6�AppSI�TO�,�.I��_6$2\ pX�
2 {F�:q2srI�X�aH/~K
�|q2w2�X�aH::I��\�



6 � *g| "�7 !N!ÆE!E3�IJP'056v�JbI 795,� 2.1 (�X�aH$n [15]) , h : R2 → R =/axÆI�H�� hµ(x) =

h(x, µ), �~{^\%,W�
(1) h(x0, µ0) = x0;

(2) h′

µ0
(x0) = −1;

(3) α =
[

∂2h
∂µ∂x

+ 1
2

∂h
∂µ

∂2h
∂x2

]∣

∣

(x0,µ0)
6= 0;

(4) β = 1
3!

∂3h
∂x3 (x0, µ0) +

(

1
2!

∂2h
∂x2 (x0, µ0)

)2
6= 0,{ny` x(t + 1) = h(x(t), µ) : (x0, µ0) 6[2�X�aH�sk�zI=�: µ0 h3:: p�TO�� x(µ), x(µ) : µ0  �=pSI�TO�Z�\ µ0 #
,k�pSI�TO��Æ:: \xÆI�� γ : (x0, µ0) O3L� R× µ0 �
�Z γ = µ w2

x I�H m(x) Ia��B β > 0 6��2,IX� 2 {F=pSI�℄K�<�pS�v� 2.1 $uÆ (1.9) ID D2�H f(·) md(G\% (H1) � (H2), _6vS�Hmd ω > 0, k > 2C
f ′(T0)

− 1, min < a0 −
a
ω

< 0, < S::�H τ = τ∗ ∈
(

0,− ωC
k+1

)

, 9GuÆ (1.9) I�TO z∗∗ : τ∗ 6::�X�aH�ZÆ$2IX� 2 {F=pSI�2 ?�H τ k��I�H�S&�H
G(z) = z

(2τ

ω
+ f ′(z)

)

− f(z) + a0 −
a

ω
, (2.1)<0

G′(z) =
2τ

ω
+ f ′(z) + zf ′′(z) − f ′(z) =

2τ

ω
+ zf ′′(z). (2.2)B z ∈ (T0, T2) 6�/2 f ′′(z) > 0, GD G′(z) > 0, 9Z G(z) :�! (T0, T2) (=�o?RN=�H�\$D�{<7,W�/2 C < f ′(T0) < 0 Æ k > 2C

f ′(T0) − 1, <0
k + 1 > 2C

f ′(T0)
> 0, � f ′(T0) < 2C

k+1 ; 1r:SQ\%0 a0 −
a
ω

< 0, �Æ f(·) : T2 6�G�	M��,W f ′(T2) ≡ 0. <X�$ τ ∈
(

0,− ωC
k+1

)

, V0
G(T0) = T0

(2τ

ω
+ f ′(T0)

)

+ a0 −
a

ω
< T0

(

−
2C

k + 1
+ f ′(T0)

)

+ a0 −
a

ω
< 0,

G(T2) = T2

(2τ

ω
+ f ′(T2)

)

− f(T2) + a0 −
a

ω
= T2 ·

2τ

ω
− min +a0 −

a

ω
> 0.P#::j I z∗ ∈ (T0, T2), md G(z∗) = 0. 2=�X2p p τ ∈

(

0,− ωC
k+1

)

, V0j  p_O z∗ = z∗(τ) 3KX*��Æ z∗ = z∗(τ) w2 τ =Z�I�S& pw2 τ I�H
H(τ) = f ′(z∗) +

k + 1

ω
τ. (2.3)/2 z∗ ∈ (T0, T2), P# f ′(z∗) ∈ (C, 0), 9Z H(0) < 0, H

(

− ωC
k+1

)

= f ′(z∗)− C > 0, P#O*:: p τ∗ ∈
(

0,− ωC
k+1

)

, 9G H(τ∗) = 0. 2=�)�*I�TO z∗∗ = z∗(τ∗) = 
(2.3), FG

f ′(z∗∗) = −
k + 1

ω
τ∗, (2.4)= (2.1), FG

f(z∗∗) = z∗∗
(2τ∗

ω
+ f ′(z∗∗)

)

+ a0 −
a

ω
= z∗∗

(2τ∗

ω
−

k + 1

ω
τ∗

)

+ a0 −
a

ω

= z∗∗
1 − k

ω
τ∗ + a0 −

a

ω
=

τ∗

ω

[

(1 − k)z∗∗ +
ωa0 − a

τ∗

]

. (2.5)
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Fτ (z) = F (z, τ) = kz +

ω

τ
f(z) +

a − ωa0

τ
, (2.6)<0

F ′

τ (z) = k +
ω

τ
f ′(z). (2.7)) (2.5) = (2.6), GD F (z∗∗, τ∗) = kz∗∗ + ω

τ∗
f(z∗∗) + a−ωa0

τ∗
= z∗∗, �G\)Q 2.1 I\% (1). ) (2.4) = (2.7), GD F ′

τ∗(z∗∗) = k + ω
τ∗

f ′(z∗∗) = −1, �G\)Q 2.1 I\%
(2). ^��OF#GD

∂F (z, τ)

∂τ
= −

ωf(z) + a − ωa0

τ2
,

∂2F (z, τ)

∂τ∂z
= −

ωf ′(z)

τ2
,

∂2F (z, τ)

∂z2
=

ω

τ
f ′′(z),

∂3F (z, τ)

∂z3
=

ω

τ
f ′′′(z).(7

α =
[ ∂2F

∂τ∂z
+

1

2

∂F

∂τ

∂2F

∂z2

]
∣

∣

∣

(z∗∗,τ∗)

= −
ωf ′(z∗∗)

τ∗2 +
1

2

(

−
ωf(z∗∗) + a − ωa0

τ∗2

) ω

τ∗
f ′′(z∗∗)

= −
ωf ′(z∗∗)

τ∗2 −
1

2

(τ∗(1 − k)z∗∗ + ωa0 − a + a − ωa0

τ∗2

) ω

τ∗
f ′′(z∗∗)

=
ω

2τ∗2

[

− 2f ′(z∗∗) + (k − 1)z∗∗f ′′(z∗∗)
]

,r:SQ 2.2 I\%�XD D2�H f(·) I ,�FG f ′(z∗∗) < 0, f ′′(z∗∗) > 0,

k − 1 > 2C
f ′(T0) − 2 > 0, 10 0 < z∗∗ ∈ (T0, T2), <(: α > 0 �,W��G\)Q 2.1 I\% (3). 37_6

β =
1

3!

∂3F

∂z3
(z∗∗, τ∗) +

[1

2

∂2F

∂z2
(z∗∗, τ∗)

]2

=
1

6

ω

τ∗
f ′′′(z∗∗) +

1

4

ω2

τ∗2

[

f ′′(z∗∗)
]2

,r:SQ 2.2 I\%�XD D2�H f(·) I ,�FG β > 0 �,W��G\)Q 2.1I\% (4).
(PG�r:)Q 2.1, srF#JFuÆ (1.9) :�H τ 4� τ∗ 6[2\�X�aH�ZÆ/ β > 0 FJ�P$2IX� 2 {F=pSI�
3 j -� u z 4 " �
 -/OaH=N�:xpUS�HMI !OIh3o0�TO�ZB�H4�ApUSM��Db !6�2�[p�TO�_�L�:uÆ (1.9) S�::_
 -/OaHI�I�{s�sr|q2
 -/OaHI��_\�,� 3.1 (
-/OaH$n [15]) , h : R2 → R =/axÆI�H�� hµ(x) =

h(x, µ), �~{^\%,W�
(1) h(x0, µ0) = x0;

(2) h′

µ0
(x0) = 1;

(3) h′′

µ0
(x0) 6= 0;

(4) ∂h
∂µ

(x0, µ0) 6= 0,{ny` x(t + 1) = h(x(t), µ) : (x0, µ0) 6[2
 -/OaH�sk�zI=�:: p



6 � *g| "�7 !N!ÆE!E3�IJP'056v�JbI 797�� x0 I�! I ��� µ0 I�! N #�3 h _�IxÆI�H m : I → N , ,W�
(1) hm(x)(x) = x; (2) m(x0) = µ0; (3) m′(x0) = 0 Æ m′′(x0) 6= 0. Z m(x) Ia�q2\y` x(t + 1) = h(x(t), µ) : I ×N (P0I�TO�,� 3.2 (
 -/OaH_�$n [16]) $�)Q 3.1 SI (3) k A, � A = h′′

µ0
(x0),

(4) k B, � B = ∂h
∂µ

(x0, µ0): <B AB < 0 6�: µ > µ0, y` x(t + 1) = h(x(t), µ) 2��TO	℄K�B AB > 0 6�: µ < µ0, y` x(t + 1) = h(x(t), µ) 2��TO�:(G)QIQg�4(�sr>BRDD D2�H f(·) I S�)�Sw2�! (T0, T2) ( f ′′′(·) > 0 I S4f�eTq2# τ k���HI��{��n�8IuÆ (1.9) $2
 -/OaHI/a\%�v� 3.1 $uÆ (1.9) IvS�Hmd ω > 0, k > 2C
f ′(T0)

− 1, 0 < a
ω
− a0 < −min,�H τ =��I�<:�! (

0,− ωC
k−1

) (� S::�H τ = τ∗, uÆ (1.9) �*I�TO z∗∗ : τ∗ 6::
 -/OaH��Æ: τ < τ⋆ uÆ (1.9) 2��TO�2 ?�H τ =��I�H�S&�H
G(z) = f(z) +

a

ω
− a0 − zf ′(z), (3.1)<0

G′(z) = f ′(z) − zf ′′(z) − f ′(z) = −zf ′′(z). (3.2)B z ∈ (T0, T2) 6�/2 f ′′(z) > 0, GD G′(z) < 0, 9Z G(z) :�! (T0, T2) (=�o?RN"�H�\$D�{<7,W� T0 > 0Æ f(T0) ≡ 0, f ′(T0) < 0, 0 < a
ω
−a0 < −min;bd f(·) : T2 6�G�	M�< f ′(T2) ≡ 0 ,W�(7FJ�X�$ τ ∈
(

0,− ωC
k−1

)

, V0
G(T0) = f(T0) +

a

ω
− a0 − T0f

′(T0) > 0,

G(T2) = f(T2) +
a

ω
− a0 − T2f

′(T2) = min +
a

ω
− a0 < 0.P#::j I z∗ ∈ (T0, T2), md G(z∗) = 0. 2=X2p p τ ∈

(

0,− ωC
k−1

)

, V0j  p_O z∗ = z∗(τ) 3KX*��Æ z∗ = z∗(τ) w2 τ =Z�I�S& pw2 τ I�H
H(τ) = f ′(z∗) +

k − 1

ω
τ, (3.3)/2 z∗ ∈ (T0, T2), P# f ′(z∗) ∈ (C, 0), 9Z H(0) = f ′(z∗) < 0, H

(

− ωC
k−1

)

= f ′(z∗)−C >

0, P#O*:: p τ∗ ∈
(

0,− ωC
k−1

)

, 9G H(τ∗) = 0. 2=�*I�TO z∗∗ = z∗(τ∗) = (3.3), FG
f ′(z∗∗) = −

k − 1

ω
τ∗, (3.4)= (3.1), FG

f(z∗∗) = z∗∗f ′(z∗∗) −
a

ω
+ a0 = (1 − k)z∗∗

τ∗

ω
−

a

ω
+ a0. (3.5)�

Fτ (z) = F (z, τ) = kz +
ω

τ
f(z) +

a − ωa0

τ
, (3.6)
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F ′

τ (z) = k +
ω

τ
f ′(z). (3.7)) (3.5) = (3.6), GD F (z∗∗, τ∗) = kz∗∗ + ω

τ∗
f(z∗∗)+ a−ωa0

τ∗
= z∗∗, �G\)Q 3.1 I\% (1). ) (3.4) = (3.7), GD F ′

τ∗(z∗∗) = k + ω
τ∗

f ′(z∗∗) = k + ω
τ∗

(−k−1
ω

τ∗) = −1, �G\)Q 3.1 I\% (2). ^��OF#GD
A ,

∂2F

∂z2

∣

∣

∣

(z∗∗,τ∗)
=

ω

τ
f ′′(z)

∣

∣

∣

(z∗∗,τ∗)
=

ω

τ∗
f ′′(z∗∗) > 0,�G\)Q 3.1 I\% (3). 37_6�\$D C < f ′(T0) < 0, <0 k− 1 > 2C

f ′(T0) − 2 > 0,W�(7
B ,

∂F

∂τ

∣

∣

∣

(z∗∗,τ∗)
= −

ωf(z) + a − ωa0

τ2

∣

∣

∣

(z∗∗,τ∗)
= −

ωf(z∗∗) + a − ωa0

τ∗2 =
(k − 1)z∗∗

τ∗
> 0,�G\)Q 3.1 I\% (4).
(PG�r:)Q 3.1 �)Q 3.2, srF#JFuÆ (1.9) :�H τ 4� τ∗ 6[2\
 -/OaH��Æ: τ < τ⋆ uÆ (1.9) 2��TO�

4 
 � � �:Ap�a�sr)CXuÆ (1.9) q2 p;[Imd , (H1) � (H2) ID D2�H f(·), �2�>BIHMu�Lt�A|�sr�I�Hk (�a 4.1 P;)

f(x) =

{

sin(x), (2k − 1)π < x 6 2kπ, k ∈ Z,

− sin(x), 2kπ < x 6 (2k + 1)π, k ∈ Z,
(4.1)

� 4.1 ~� f(·) t�%	 4.1 (�X�aH) Ce�{I/45uÆ
z(t + 1) = kz(t) +

ω

τ
f(z(t)) +

a − ω · a0

τ
, (4.2)�S k = 1.01, a = 0.1, a0 = 0.2, ω = 0.1. a 4.2 q2\B�H τ ��6I�*aHa�a 4.3 q2\: τ = 0.028 6 F (z, τ) = kz + ω

τ
f(z) + a−ωa0

τ
3 F = z Ia��a 4.4 q2



6 � *g| "�7 !N!ÆE!E3�IJP'056v�JbI 799\: τ = 0.02746 (F ◦F )(z, τ) 3 F = z Ia��F#B2:: τ⋆, B τ > τ⋆ 6� F :: p�TO	B τ < τ⋆ 6� F :: pX� 2 {F�

� 4.2 Æ( (1.9) tm:�{5�

� 4.3 τ = 0.028 �~� F (z, τ) t�%

� 4.4 τ = 0.0274 �~� F ◦ F t�%	 4.2 (
-/OaH) Ce�{I/45uÆ
z(t + 1) = kz(t) +

ω

τ
f(z(t)) +

a − ω · a0

τ
, (4.3)



800 I � � A 30 < A ��S k = 1.5, a = 0.2, a0 = 0.5, ω = 0.2, �H τ ���a 4.5 �a 4.6 �a 4.7 a�q2\: τ = 0.05, τ = 0.044, τ = 0.03 6I F (z, τ) = kz + ω
τ
f(z) + a−ωa0

τ
3 F = z Ia��F#B2B τ 9 0.03 ��D 0.05 I�-Sa� F (z, τ) 90[p�TO��D p�TODo0�TO��:: τ⋆, B τ > τ⋆ 6� F (z, τ) o0�TO	B τ < τ⋆ 6� F (z, τ) 0[p�TO�

� 4.5 τ = 0.05 �~� F (z, τ) t�%

� 4.6 τ = 0.044 �~� F ◦ F t�%

� 4.7 τ = 0.03 �~� F ◦ F t�%
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5 � 
 . 0 ��n�8\ M;0 
D D2�HIO&/45uÆ�q2\7MuÆ m��{$2�X�aH�
 -/OaHI/a\%����;0 sin(·), cos(·) AM%+�H�:ID D2�HIO&/45uÆksr�8X�SIUV��nTgID D2�H f(·) X2�H�-IX��\%���H�-IX+�\%�tUB���:7$&(�=X(G sin(·), cos(·) �:ID D2�HI�;by�bd�)�nTgID D2�H f(·) I\% (H1), (H2) kk�{I (H3), (H4) 6�w2�X�aH�
 -/OaHI/g�,W�
(H3) f ∈ C3, :: 0 < T1 < T0, 9 f : T1 6�G�;M max > 0, : T0 6�_M	
(H4) :�! (T1, T0) ( f(·) ?R"*� f ′(·) md C < f ′(·) < 0 (�S C kg'H),

f ′′(·) > 0, f ′′′(·) > 0.;[GtM��_\3�nM 2.�M 3.I}��N�AS�9�z&G�A=�\$D'$I arctan(·)� (1.6)S&I�H��md�nW2I f(·)IP0 ,�(7�w2A M�:ID D2�HIaHqY0>2 ��8�#2aH��=^h�i��Id6K ��	/�waHITg2Zaw�i��I�80>2 �>��_6�BuÆ/ m�,mm���uÆI'H��,6��KIaH�8?0>2 �L. 2��7& l�1n�W2I�|$$�('�p � � � ! � $
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Abstract By using classical bifurcation theories, the authors investigate a class of discrete-

time neural networks with a general activation function, and obtain the sufficient condition of

period-doubling bifucation and saddle-node bifucation of this model, which can be regarded

as an extension of a sinusoidal activation function. As a result, an important theoretical

foundation for the application of this class of neural networks is provided.
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