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1 � � �ZO Q /a Q = 〈a1, a2, · · · , an, · · · | ap
1 = 1, ap

n+1 = an, n = 1, 2 · · · 〉, ># Q e=�o p-O�G$X
�HO D �#��*
�H p-O4 D e$X p-OFE3$X6 d ∈ D,/; d1 ∈ D, a8 d = dp
1. -� [1, *� 4.1.5], O.
:�*
�H p-Oe.
X=�o

p-O:Lw�;� [2] RI7#3X5' p-O G B/;~_z\���� [3, 4] U�#� [2] :�,��FI7#Wf5' p-O G 2.OAL:�*^O�>. |Out(G)| = 2|G|. G� [5]86#_25' p-O:_z\:Z��$ :�,�{45' p-O G �e p ��oOtO�2 p− 1 :�*
�H p-O�91 G /; p-_z\�)-�O02tB<2 p− 1 :�*
�H p-O�$A/; p-_z\�--_Q)�$XS�4V�L:�u�O02tB<2 p − 1 :�*
�H p-O: p-_z\O�.? :�Qj�\�t�e&��O� p − 1 j p :�*
�H p-O: p-_z\O�.? :�Qj�\	^ N e�*
�H p-O� a ∈ N , g ∈ Aut(N), �#M��) ag �
6 g z\>d+; a \�;��R��4W!pr#O<2 p − 1 j p :�*
�H p-O: p-_z\O�t�e�*
�H p-O: p-_z\Wld+;S�*
�H p-O\�W!�,;?
3 �j? 4 ��;? 3 �R��4W!86	6:A� 1.1.u� 1.1 ^ N eO� p − 1 :�*
�H p-O� g e N : p �_z\�> N =

D1 × D2 × · · · × Dp−1, CR Di = 〈ai1, ai2, · · · , ain, · · · | ap
i1 = 1, ap

i,n+1 = ain, n = 1, 2, · · · 〉,

i=1, 2, · · · , p−1,�FE23X6 akn∈Dk, ag
kn =ak+1,n∈Dk+1, ag

p−1,n =a−1
1n a−1

2n · · · a−1
p−1,n,
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752 k � ? � 30 � A yu� 1.2 ^ N eO� p:�*
�H p-O�ge N : p�_z\�)O G = 〈N, g〉.Wf p > 3, 91	%K$�,$!�
(1) ; N R/; G :.
Ha^O F , a8 G/F ∼= Cp∞ ≀ 〈g〉, CR Cp∞ e=�o p-^O�
(2) N = D × Dp, CR D eHa:O� p − 1 :�*
�H p-O� Dp eHa:=�o p-^O�Wf p = 2, 91/;=�o 2-O N1 j N2, a8 N = N1 × N2, CR

N1 = 〈a1, a2, · · · , an, · · · | a2
1 = 1, a2

n+1 = an, n = 1, 2, · · · 〉, N2 = 〈b1, b2, · · · , bn, · · · | b2
1 =

1, b2
n+1 = bn, n = 1, 2, · · · 〉, > g d+; N \����	%|SMbK$�

(3) ag
n = an, bg

n = b−1
n , n = 1, 2, · · · ;

(4) ag
n = a−1

n , bg
n = b−1

n , n = 1, 2, · · · ;
(5) ag

n = bn, bg
n = an, n = 1, 2, · · · ;

(6) ag
n = b−1

n , bg
n = a−1

n , n = 1, 2, · · · ;
(7) ag

n = a−1
n , bg

n = bn, n = 1, 2, · · · .u� 1.3 ^ N eO� l :�*
�H p-O� M e Aut(N) :�. p-^O�CR
p − 1 6 l 6 2p − 3. >	%K$$!�

(1) 4 l = p − 1 `� M e p ��oO�
(2) 4 l = p = 2 `� M ∼= D8, CR D8 e 8 �J6vO�
(3) 4 p > 2 F p 6 l 6 2p− 3 `�M = 〈g〉 e p ��oO��F N R/;$XO�

l − p + 1 :�*
�H^O D, a8 Dg = D.

2 � k � 	�#M��� [5] :"X�,d�W	:"X*���� 2.1 ;5' p-OR�3X=�o^OÆh;R��6��� 2.2 O�2 p − 1 :�*
�H p-O2.OAL: p-_z\�	6:*� 2.3 �&�� [6, *� 12.12].�� 2.3 ^O A e.
:O
�H p-OF G R/;Mj� p 
�H^O�>
|G| = p|G′||Z(G)|.�� 2.4 ^ N eO� p :�*
�HO p-O� p �6 g ∈ Aut(N). ) G = 〈N, g〉.Wf/; N :=�o^O D, a8 D〈g〉 = N , 91 N ∩ Z(G) e�
^O�� V'86 Z(G) 6 N , )-Æ�I7 Z(G) e�
:�Z Z(G) e.
:��+[O G/Z(G), �Q N/Z(G) eO� p :�*
�HO p-O�)�

(ng)p = gpngp

ngp−1

· · ·ng = nngp−1

· · ·ngF- N e
�H:�o&. ((ng)p)g = (ng)p. 2e (ng)p ∈ Z(G). --86E3$X6
ngZ(G) ∈ G/Z(G), B. |ngZ(G)| = p.4 p = 2 `�> (ng)2 = nng ∈ Z(G). )-ET( n ∈ N , . n−1Z(G) = ngZ(G)$!�{E2 N :3$X=�o^O D, . (DZ(G)/Z(G))g = DZ(G)/Z(G). D4�^
D〈g〉 = N Æ0F�



6 B *�n "d9 �+��I p-P;`{℄P 7534 p > 2 `�) g = gZ(G). -E686:�, |ngZ(G)| = p, Æ�I7/;$X6 m ∈ N/Z(G) = N , a8 |mg| > p. ^ H e N :$X=�o p-^OF) H =

〈a1, a2, · · · , an, · · · 〉, CR ap
1 = 1, ap

i+1 = ai, i = 1, 2, · · · . WfE23$X6 m ∈ N , .
(mg)p = 1 $!�91

(ang)p = anagp−1

n agp−2

n · · ·ag
n = 1.

an ∈ 〈agp−1

n , · · · , ag
n〉. D�7 H〈g〉 :3$X6BÆh;O�2 p :
�HO�6�1)

K = H〈g〉, V'86 K e N :$X�*
�H p-^O�)- K eO� p − 1 :�*
�H p-^O�^ G = G/K, 91 G e$X=�o p-O�.
�o p-O:���-*� 2.2, G e
�HO�)- G′ 6 K. )� K e N :O� p− 1 :F^O�>/;$X6 b ∈ N −K F
bp /∈ K. -2 (bg)p = 1, >. (bgK)p = 1. 1)� G/K e
�H:�o&. 1 = (bgK)p =

bpgpK = bpK. )- bp ∈ K, 0F2�^ bp /∈ K. ^ Z(G) e�
:�
3  � p − 1 t � p h j w p-�^O G e$X p-O�) G :$XtG��^O 〈g | g ∈ G, gpn

= 1〉 � Ωn(G).u� 1.1 r�� -� [5], /; p �6 g ∈ Aut(N). ^O G = 〈N, g〉, -*� 2.1 �J�G�e5'O�V'86 G:R� Z(G)Æh; N ��h
�I7 N ∩Z(G) = Z(G)e.
 p-O�Wf N ∩Z(G) e�
O�91/;$X=�o^O D, a8 D 6 N ∩Z(G).)� N eO� p− 1 :�*
�H p-O�o& N/D eO� p− 2 :�*
�H p-O�-*� 2.2J�G/D 5'O�:-*� 2.1,> G/D e
�HO�.G�. G′ 6 D 6 Z(G),)- G 5'�D4 G �e5'OÆ0F��m2*� 2.4:I7��8ET(6 n ∈ N , . (ng)p ∈ Z(G). )� Z(G) e.
OF Z(G) 6 N , o&/;_Qj m, a8 Z(G) 6 Ωm(N). ) G = G/Ωm(N), g = gΩm(N)j n = nΩm(N), CR n ∈ N . 91 (n g)p = 1. �Q�; GR/;$X�� pp :Ha^O
M , a8 Ωm+1(N)/Ωm(N) 6 M , ;D� M q/a M 6 N/Ωm(N). )^O K = 〈M, g〉.)� N/Ωm(N) :Oe p − 1, o& M R.$X�� p2 :6 g1. -2E2T(6 n ∈ N ,. (ng)p ∈ Z(G), )- (g1g)p = 1, G (g1g)g−1 = g1, ^ +� [7, A� 1.10.5] �8� KeOH> p-O�1)� K :�e pp+1, o& K :5'�De p. --'8R� Z(K):�e p GF. Z(K) 6 M , )-�^O 〈Ωm+1(N)/Ωm(N), g〉 :R�:�#e p, {
|(Ωm+1(N)/Ωm(N)) ∩ Z(G)| = p.	6�I7 |Ω1(N) ∩ Z(G)| = p. K6 n1 ∈ Ω1(N) ∩ Z(G). - N e�*
�H p-O�J�$A/;6 n2 ∈ Ω2(N), a8 np

2 = n1 ∈ Z(G), D�7^O 〈ng
2, n2〉 :�e p3.^ 〈ng

2, n2〉 = 〈n2〉 × 〈a1〉, CR a1 ∈ Ω1(N). �Q. ng
2Ω1(N) = n2Ω1(N) ∈ Z(G/Ω1(N))$!�\i�,�7 nΩ1(N) ∈ Ω2(N)/Ω1(N) ∩ Z(G/Ω1(N)) $!:'!w�e np ∈

Ω1(N) ∩ Z(G). 2e�.
|Ω2(N)/Ω1(N) ∩ Z(G/Ω1(N))| = |Ω1(N) ∩ Z(G)|.z��8

|Ω3(N)/Ω2(N) ∩ Z(G/Ω2(N)| = |Ω2(N)/Ω1(N) ∩ Z(G/Ω1(N))| = |Ω1(N) ∩ Z(G)|.
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|Ωm+1(N)/Ωm(N) ∩ Z(G/Ωm(N))| = |Ω1(N) ∩ Z(G)| = pB$!�^^O H = 〈Ω1(N), g〉, > |Z(H)| = p. -*� 2.3 �8 |H : H ′| = p2. )� H e.
 p-O�Cr�^^O H ′ 6 Frat(G), o&. H = 〈g, a11〉, CR a11 ∈ Ω1(N). )-

〈a11〉
〈g〉 = Ω1(N), Dl7

Ω1(N) = 〈a11〉 × 〈ag
11〉 × 〈ag2

11〉 × · · · × 〈agp−2

11 〉.)6 agj

11 = aj+1,1, CR j = 1, 2, · · · , p − 2. Wf ag
p−1,1 = al1

11 · · ·a
lp−1

p−1,1, 91
agp

11 = ag2

p−1,1 = (al1
11 · · · a

lp−1

p−1,1)
g = a

l1lp−1

11 a
l1+l2lp−1

21 · · ·a
lp−2+(lp−1)

2

p−1,1 = a11,--86M%b






























l1lp−1 ≡ 1 (mod p),

l1 + l2lp−1 ≡ 0 (mod p),

l2 + l3lp−1 ≡ 0 (mod p),
...

lp−2 + (lp−1)
2 ≡ 0 (mod p).

(3.1)
DXM%b�8 l1 ≡ l2 ≡ · · · ≡ lp−1 ≡ −1 (mod p). 2e ag
p−1,1 = a−1

11 · · · a−1
p−1,1.1K6 a12 ∈ Ω2(N), a8 ap

12 = a11. ) ag
j2 = aj+1,2, j = 1, 2, · · · , p − 2. �!Z(

〈a11〉
〈g〉 = Ω1(N), D�7

Ω2(N) = 〈a12〉 × 〈a22〉 × · · · × 〈ap−1,2〉.1^ ag
p−1,2 = ak1

12 · · · a
kp−1

p−1,2, >
a12 = agp

12 = ag2

p−1,2 = (ak1

12 · · ·a
kp−1

p−1,2)
g = a

k1kp−1

12 a
k1+k2kp−1

22 · · · a
kp−2+(kp−1)

2

p−1,2 ,2e.






























k1kp−1 ≡ 1 (mod p2),

k1 + k2kp−1 ≡ 0 (mod p2),

k2 + k3kp−1 ≡ 0 (mod p2),
...

kp−2 + (kp−1)
2 ≡ 0 (mod p2).

(3.2)3e
ap
12 = (a

k1kp−1

12 a
k1+k2kp−1

22 · · ·a
kp−2+(kp−1)

2

p−1,2 )p = a
k1kp−1

11 a
k1+k2kp−1

21 · · · a
kp−2+(kp−1)2

p−1,1 = a11,)-q.






























k1kp−1 ≡ 1 (mod p),

k1 + k2kp−1 ≡ 0 (mod p),

k2 + k3kp−1 ≡ 0 (mod p),
...

kp−2 + (kp−1)
2 ≡ 0 (mod p).

(3.3)
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M%b (3.2) j (3.3), �&86
k1 ≡ k2 ≡ · · · ≡ kp−1 ≡ −1 (mod p2).2Y�8 ag

p−1,2 = a−1
12 · · · a−1

p−1,2. &�DX V� +b:K$A�&A6=�o^O
D1, D2, · · · , Dp−1, CR Di = 〈ai1, ai2, · · · , ain, · · · 〉, ap

i1 = 1, ap
i,n+1 = ain, i = 1, · · · , p −

1, i = 1, 2, · · · , p − 1, a8 N = D1 × D2 × · · · × Dp−1, �FET(6 ajn ∈ Dj , ag
jn =

aj+1,n ∈ Dj+1, ag
p−1,n = a−1

1n a−1
2n · · · a−1

p−1,n, j = 1, · · · , p − 2.�� 3.1 ^ N eO� p− 1 :�*
�H p-O��^ Aut(N) .�� p :6 g. )O G = 〈N, g〉, > |Z(G)| = p F G :3$X�
F^Oe
�HO�� -A� 1.1 :I7�8 |Ω1(N) ∩ Z(G)| = p. )� Z(G) 6 N , o&!I7
|Z(G)| = p $!�Æ�I7 Z(G) 6 Ω1(N). ) n = al1

1n · · · a
lp−1

p−1,n. *+A� 1.1 :~i�CR akn ∈ Dk, k = 1, 2, · · · , p − 1. - (ng)p = nngp−1

ngp−2

· · ·ng, '8
(ng)p = (al1

1ng)p(al2
2ng)p · · · (a

lp−1

p−1,ng)p.1-A� 1.1, �8 ag
in = ai+1,n, ag

p−1,n = a−1
1n · · ·a−1

p−1,n, CR i = 1, · · · , p − 2. 2e
(al1

1ng)p = al1
1n(al1

1n)gp−1

· · · (al1
1n)g = 1, · · · , (a

lp−1

p−1,ng)p = a
lp−1

p−1,n · · · (a
lp−1

p−1,n)g = 1.)-ET(6 n ∈ N , �8 (ng)p = 1. Wf n ∈ Z(G), 91 (ng)p = np = 1. .GI8
Z(G) 6 Ω1(N).K M e G :$X�
F^O��4D� M Æh; N R��^ M �Æh; N R�>. G = MN . )� G/N = MN/N ∼= M/M ∩ N , o& |M/M ∩ N | = p. )-/;$X=�o^O A, a8 A 6 M ∩ N . -�^ M 6= N F M 6= G �&8) M ∩ N 6= M . )- M ∩ N �seO� p − 1 :�*
�H p-O�2e M ∩ N = D × F , CR D eO�2 p − 1 :�*
�H p-O�G F e$X.

�HO��Q D e M :$XtG��^O�-*� 2.2, > D 6 Z(M). 1- [D, g] = 1, )- D 6 Z(G), D4 |Z(G)| = p Æ0F�^ M 6 N F M e
�H^O�x0�:.
 p-Oe.
 p-O:$XT!^��� [8] Y)#x0�:.
 p-O:$�T!�Q�D��4xgE6�,86$X/;Mj� p :
�H^O:x0�:.
 p-O��� 3.2 E2T(_Qj n jnj p, $A/;$X�� pn :.
 p-O G0, a8
G0 .$XMj� p :
�H^O��F G0 :5'�e n − 1.�  +A� 1.1:~ij�^w��;A� 1.1R��&A6 G:$XHa^O H ,a8 H 6 N F |H | = pn−1. ) G0 = 〈H, g〉, -}, 3.1 R |Z(G)| = p �J� |Z(G0)| = pF G0 .$XMj� p :
�H^O�.G86 G0 ex0� p-O�^ G :5'�e
n − 1.�� 3.3 ^ N eO� p− 1 :
�H p-O�M e Aut(N) : p-^O�> |M | = p.� 4 p = 2 `� N e=�o 2-O��Q M = 〈g〉, CR g2 = 1, ET(6 a ∈ N , .
ag = a−1 $!�4 p > 2 `��+O G e M j N :
Lw�{ G = MN , CR Ω1(N) e G :$XtG��^O�-� [9, A� 3.29.2] J� Černikov p-O:_z\O:�. p-^Oe.
O�)- M e$X.
 p-O�.G86O G1 = Ω1(N)M #e$X.
 p-O�2e�
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G1 R/; p2 �^O H , a8 H 6 Ω1(N). E23$X p �6 m ∈ M , m Bs05) H:$XOAL_z\�-}, 3.1, ^O Z(〈m, N〉) = p, )- M 6 Aut(H).)� H e$X�� p2 :(<
�H p-O�o& |Aut(H)| 6 (p2 − 1)(p2 − p). --8I |M | = p.

4  � p t � p h j w p-��� 4.1 ^ N eO� p :�*
�H p-OF p > 3, 〈g〉 e N :�� p :_z\O�)O G = 〈N, g〉, 91	%K$�,$!�
(1) ; N R/; G :.
Ha^O F , a8 G/F ∼= Cp∞ ≀ 〈gF 〉, { G/F 4 Cp∞ j

〈gF 〉 :�\Nwz\�D� Cp∞ e=�o p-^O�
(2) N = D ×Dp, CR D eHa:O� p− 1 :�*
�H p-O�Dp eHa:=�o p-^O�� -� [10]J� |Ω1(N)∩Z(G)| > p. )-I7DXA���&P�&	"SI��
(i) 4 |Ω1(N) ∩ Z(G)| = p `�^^O H = 〈Ω1(N), g〉, >. |Z(H)| = p. -*� 2.3 �J� |H | = p|H ′||Z(H)|, )- |H : H ′| = p2. -2 H ′ 6 Frat(H), ^/;6 a11 ∈ Ω1(N), a8 H = 〈g, a11〉. .G.

〈a11〉
〈g〉 = Ω1(N). �^ a12 = ag

11, a13 = ag
12, · · · , a1p = ag

1,p−1, V'86<b
Ω1(N) = 〈a11〉 × 〈a12〉 × · · · × 〈a1p〉.�Q ag

1p = agp

11 = a11. )� N e�*
�H^O�o&/;6 a21 ∈ Ω2(N), a8
ap
21 = a11. ) a22 = ag

21, a23 = ag
22, · · · , a2p = ag

2,p−1, - 〈a11〉
〈g〉 = Ω1(N) �86

Ω2(N) = 〈a21〉 × 〈a22〉 × · · · × 〈a2p〉.)- ag
2p = agp

21 = a21, ap
2i = a1i, i = 1, 2, · · · , p. �QDX V�&&�	M�^/;=�o^O D1, D2, · · · , Dp, CR Di = 〈a1i, a2i, · · · , ani, · · · | ap

1i = 1, ap
n+1,i = ani, n =

1, 2, · · · 〉, i = 1, 2, · · · , p, �FET(6 anj ∈ Dj, . ag
nj = an,j+1 ∈ Dj+1, ag

np = an1 ∈ D1$!�CR j = 1, 2, · · · , p − 1. Dl7 G z\2$X=�o^Oj$X�� p :�oO:Nw�{e�, (1) R F = 1 DSI��
(ii) 4 |Ω1(N) ∩ Z(G)| > p2 `�h
I7/; N :$X=�o^O Q, a8 Q 6 Z(G). �^ Q e N :$X=�o^O�F Qg 6= Q, > QG e N :$X�*
�H^O�-*� 2.2�8�QG <2 N tBe$XO� p − 1 :�*
�H^O�Wf QG = N , 91-*� 2.4 �8�/;=�o^O Dp 6 Z(G). Wf QG :Oe p− 1, 91 N = QG ×D0, CR D0 e=�o^O��+^O DG

0 , D�N�!r, DG
0 O� p− 1 tB 1 D"SI��-2 DG

0 ∩QG e QG:$XF^O��F QG 6= DG
0 ∩ QG ⊳ G �J� DG

0 ∩ QG :o.=�o^OÆh; G:R���GE2 DG
0 ∩ QG e.
O�Wf DG

0 :O� p − 1, 91 〈QG, DG
0 〉/QG ∩ DG

0eO� 2p− 2 :�*
�HO�4 N/QG ∩DG
0 :O� p Æ0F�^N. DG

0 = D0 DSI�)��--�8 DG
0 ∩ QG = 1. 1)� p > 3, o&-*� 2.4 . D0 6 Z(G).) Dp e N R:=�o^O�/a Dp 6 Z(G), 1)O N = N/Dp, > Ω1(N) =

Ω1(N)Dp/Dp F N eO� p − 1 :�*
�H^O�)� G/Dp �e5'O�o&-A



6 B *�n "d9 �+��I p-P;`{℄P 757� 3.1 �J�/;6 a11 ∈ Ω1(N), a8
〈a11Dp〉

〈gDp〉 = Ω1(N) = 〈a11Dp〉 × 〈a12Dp〉 · · · × 〈a1, p−1Dp〉$!�CR ag
1kDp = a1,k+1Dp, ag

1,p−1Dp = a−1
11 a−1

12 · · ·a−1
1,p−1Dp, a1k ∈ Ω1(N), k =

1, 2 · · · , p − 2. ) T = 〈a11〉
〈g〉, K = 〈T, g〉, > |K/K ′| = p2. -*� 2.3, |Z(K)| =

p. )� |Ω1(N) ∩ Z(G)| > p2, o&�8 T e Ω1(N) :$XF^O�2e a1p /∈ T ,�F. Ω1(N) = T × 〈a1p〉, CR a1p ∈ Dp 6 Z(G). )- ag
1j = a1,j+1, ag

1,p−1 =

a−1
11 a−1

12 · · ·a−1
1,p−1, j = 1, 2, · · · , p − 2. -A� 1.1 �&A6=�o^O D1, D2, · · · , Dp−1,a8 N = D1 × · · ·Dp−1 × Dp, CR Di = 〈a1i, a2i, · · · , ani, · · · | ap

1i = 1, ap
n+1,i = ani〉,

i = 1, · · · , p − 1, �F ag
kj = ak,j+1, a

g
k,p−1 = a−1

k1 a−1
k2 · · · a−1

k,p−1br, j = 1, 2, · · · p − 2, br ∈ Dp,

k e_Qj��Q4 k = 1 `� ag
1,p−1 = a−1

11 a−1
12 · · · a−1

1,p−1. �N�^ m e
�:_Qj�a8 ag
m,p−1 = a−1

m1a
−1
m2 · · · a

−1
m,p−1bs, �F 1 6= bs ∈ Dp, > bs ∈ Ω1(Dp). )^O

F = Ωm−1(D1 × · · ·Dp−1), > F E G. �+[O G/F , -E6:}��8 Ω1(N/F ) =

〈a1mF 〉〈gF 〉. .G |Ω1(N/F ) ∩ Z(G/F )| = p. �mE6r,>. G/F ∼= Cp∞ ≀ 〈gF 〉, CR
Cp∞ e=�o p-^O�WfET(_Qj m B. ag

m,p−1 = a−1
m1a

−1
m2 · · ·a

−1
m,p−1, 91 D = D1 × D2 × · · · ×

Dp−1 E G. 2e86�, (2), �,I��	6�r,O� 2 :�*
�H 2-O:_z\O�*� 4.2 V'86��� 4.2 ^O G = 〈a〉 × 〈b〉 F |a| = |b| = 4, > |Aut(G)| = 96.�� 4.3 ^ N eO� 2 :�*
�H 2-O� A e Aut(N) :�. 2-^O�>
A ∼= D8, CR D8 e�� 8 :J6vO�� -� [10] �J�ET( g ∈ Aut(N), Wf g AL:d+; Ω2(N) \�91 g e�
�:6�.G. A 6 Aut(Ω2(N)).^ N = N1 × N2, CR N1 = 〈a1, a2, · · · , an · · · | a2

1 = 1, a2
n+1 = an〉, N2 = 〈b1, b2, · · · ,

bn · · · | b2
1 = 1, b2

n+1 = bn, n = 1, 2, · · · 〉.^.6 g1, g2, a8ET(_Qj n, . ag1

n = bn, bg1

n = an, ag2

n = a−1
n , bg2

n = bn. �Q |g1| = |g2| = 2 F ag1g2

n = b−1
n , bg1g2

n = an. 1'8 g1, g2 ∈ Aut(N), �F g1g2(an) =

b−1
n , g1g2(bn) = an. 2e�. g1g2 ∈ Aut(N) F |g1g2| = 4. --�&}) 〈g1, g2〉 ∼= D8, �F 〈g1, g2〉 6 Aut(N).�\= Aut(N):$X6�{ g3 a8ET(_Qj n > 2,. ag3

n = bnan−1, bg3

n = an.- n :T(�:�^�J� g3 e Aut(N) :$X�
�6��Q g3 e Aut(Ω2(N)) :($X�� 4 :6�'8 〈g1, g2〉 ∩ 〈g3〉 = 1 GF 〈g1, g2, g3〉 e�� 32 :O�-*� 4.2 �8� 〈g1, g2, g3〉 e Aut(Ω2(N)) :�. 2-^O�)� g3 �e Aut(N) :�. 2-^O:6��F g3 e Aut(Ω2(N)) :$X�� 4 :6�o&. |A| 6 8. 1)� 〈g1, g2〉 ∼= D8, �F 〈g1, g2〉 6 Aut(N), o& A ∼= D8.�� 4.1 ^O N = N1 × N2, CR N1 = 〈a1, a2, · · · , an, · · · | a2
1 = 1, a2

n+1 = an, n =

1, 2, · · · 〉, N2 = 〈b1, b2, · · · , bn, · · · | b2
1 = 1, b2

n+1 = bn, n = 1, 2, · · · 〉, >/; 2 �6 g ∈
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Aut(N), a8	%K$$!�

(1) ag
n = an, bg

n = b−1
n , CR n = 1, 2, · · · ;

(2) ag
n = a−1

n , bg
n = b−1

n , CR n = 1, 2, · · · ;

(3) ag
n = bn, bg

n = an, CR n = 1, 2, · · · ;

(4) ag
n = b−1

n , bg
n = a−1

n , CR n = 1, 2, · · · ;

(5) ag
n = a−1

n , bg
n = bn, CR n = 1, 2, · · · .� D�*+*� 4.3 :Ri�)� A ∼= 〈g1, g2〉 e Aut(N) :�. 2-^O�V'86 A :o. 2 �6e g1, g2, g1g2g1, g2g1g2 j (g1g2)

2. -*� 4.3 :I7�J� ag1

n =

bn, bg1

n = an; ag2

n = a−1
n , bg2

n = bn; ag1g2g1

n = an, bg1g2g1

n = b−1
n ; a

(g1g2)2

n = a−1
n , b

(g1g2)2

n = b−1
n ;

ag2g1g2

n = b−1
n , bg2g1g2

n = a−1
n , CR n = 1, 2, · · · .u� 1.2 r�� -*� 4.1 z}, 4.1 '8A� 1.2.u� 1.3 r�� �, (1) j (2) -}, 3.3 j*� 4.3 �8�Æ�E p > 3 F

p 6 l 6 2p − 3 ��r,�-� [9] �J� Černikov p-O:_z\O:�. p-^Oe.
O�)- M e.
 p-O�^O G e M j N :
Lw�> M R/; p �6 g, a8 〈N, g〉 ⊳ G. 	6I7 NR/;=�o^O Q, a8 Qg = Q.�^ Qg 6= Q, > Q〈g〉 eO� ptB p−1:�*
�H p-O�Wf Q〈g〉 :O� p, -*� 4.1 J� Q〈g〉 R/;=�o^O Q0, a8 Qg
0 = Q0. WfET(=�o^O Q 6 NB. Q〈g〉 :O� p − 1, ) A = Q〈g〉, > N = A × B1, CR B1 O� l − p + 1 :�*
�H p-O�^=�o^O Q1 6 B1, ) B2 = Q

〈g〉
1 , 91 B2 :Oe p − 1. )� AB2 6 N F

A 4 B2 :O:je 2p − 2 > l, o&/;=�o^O Q2 6 A ∩ B2. ^�.=�o^O
Qg

2 = Q2, {�^T(=�o^O Q B. Q〈g〉 eO� p − 1 :�*
�H p-Oe�$!:�.G86 N R/;$X=�o^O Q, a8 Qg = Q.�+[O 〈N, g〉/Q, �Q N/Q :Oe l − 1. Wf l − 1 02 p, z�/;$X=�o^O Q1 6 N/Q, a8 Q
g

1 = Q. ^^O K1/Q = Q1, > K1 eO� 2 :�*
�HO��F Kg
1 = K1. 1^[O G = G/K1. �DSMK&�	M��&A6$XO� l− p + 1 :�*
�HO Kj, a8 Kg

j = Kj. )� l − p + 1 < p − 1, 91 [Kj , g] = 1. )- Kj e NR$XO
0:�*
�H^OF Kj 6 Z(〈N, g〉). D�7 Kj e 〈N, g〉 :$XtG��^O�- p > 3 �J� Kj 6 Z(G). 1)� N/Kj eO� p − 1 :�*
�H^O�o&-}, 3.3 �8 |G/Kj : CG/Kj
(N/Kj)| 6 p. Wf |M | > p, 91/;6 g0 ∈ M , a8

[g0Kj, N/Kj] = 1Kj, >. [g0, N ] = 1, 0F�^ |M | = p.A� 1.3 �7O�2 2p− 2 :�*
�H p-2.�e p2 :_z\6�GE2 p = 2,A� 1.3I7#O� 2:�*
�H 2-.�e 22 :_z\6�3eE2 p > 3,O� 2p−2:�*
�H p-eQ.�e p2 :_z\6�4q�H,��4Æ86	6�,��� 4.2 ^ N eO� 2p−2:�*
�H p-O�p > 3. Z/;6 g ∈ Aut(N), |g| =

p2, )O G = 〈N, g〉, > G :o.�Æh N :�
F^OB�eHa^O��F N R/;O� p − 1 :�*
�HO N1, N2, a8 N = N1 × N2, Ngp

i = Ni, i = 1, 2.� ^ G/;^O K e�Æh N :$X�
Ha^O�> K∩N ⊳GF K∩N e�
F^O��N^ K ∩N = K1×F , CR K1 eO�2 2p−2:�*
�HO�F e.




6 B *�n "d9 �+��I p-P;`{℄P 759O�)� K1 e K ∩N :tG��^O�^ K1 ⊳ G. -A� 1.3�8 [K1, g
p] = 1. 1)�

N/K1 eO�2 2p−2:�*
�HO��F N/K1 ⊳G/K1,o&. [N/K1, g
pK1] = 1K1..G86 〈N, gp〉 e5'O�Dl7 [N, gp] = 1, 0F2 |g| = p2, g ∈ Aut(N). �^�$!�^ G �/;�Æh N :�
Ha^O�^ Q e N :T(=�o^O�)^O N1 = Q〈gp〉, > N1 eO� p − 1 t p :�*
�HO�4 N1 :Oe p `�-*� 2.4 J�/;$XÆh; N1 :=�o^O Q1, a8 Qgp

1 = Q1. --86 Q
〈g〉
1 #N<eO� p− 1 t p :Ha�*
�HO�D4E6:�,0F�)- N1 eO� p − 1 :�*
�HO�)^O G0 = 〈N, gp〉. )� N1 ⊳ G0 F N/N1 eO� p − 1 :�*
�HO�>

[gpN1, N/N1] = 1N1 t gpN1 e N/N1 : p �_z\�4 [gpN1, N/N1] = 1N1 `�>/;=�o^OD/N1,a8 (D/N1)
gp

= D/N1. 2e Dgp

= D,�QDeO� p:�*
�HO�? 2C:r,l7DSI��/;�̂ N. gpN1eN/N1: p�_z\DSI��)-
gpN1; N/N1\05)$X p�_z\�)� Ω1(N/N1) = Ω1(N2)N1/N1,-A� 1.1J�/;6 b ∈ Ω1(N2), a8 Ω1(N/N1) = 〈bN1〉

〈gpN1〉. �^ Q2 e N2 :$X=�o^O/a
b ∈ Q2,> Q

〈gp〉
2 O� p−1:�*
�HOF Ω1(N/N1) = 〈bN1〉

〈gpN1〉 = Ω1(Q
〈gp〉
2 )N1/N1..G86 Ω1(Q

〈gp〉
2 ) ∩ Ω1(N1) = 1, 2e Q

〈gp〉
2 ∩ N1 = 1. Dl7 N = N1 × Q

〈gp〉
2 . )

N2 = Q
〈gp〉
2 {�$I7�^N ��*
�H p-O�g ∈ Aut(N),CR p > 3. � [10]I7#ET(6 n ∈ Ω2(N),WfB. ng = n $!�> |g| �
:�DY)#$X�A Černikov p- O5':�A\>��� 4.1 ^O G e Černikov p-O� p > 2, N e G RMj.
:Ha:�*
�H^O�ET(6 g ∈ G − N , g AL>[fd+; Ω1(N) \�91 G e5'O�D��Y)\i�,:$X}`��� 4.2 ^ G e Černikov p-O� N e G :Ha�*
�H^O��F/a |G :

N | < ∞. Wf |Ω1(N)/(Z(G) ∩ Ω1(N))| < pp−2 F p > 3, 91 G e5'O�� Wf G �e5'O�-*� 2.1, $A/;$X=�o^O Qj6 g ∈ G−N ,a8 Qg 6= Q,3e Qgp

= Q. )^O H = 〈Q, g〉,91 QH 6 N F QH eO� p−1t p:�*
�H p-O�Wf (QH) = p−1,>-A� 1.186 |Ω1(Q
H)/(Z(H)∩Ω1(Q

H))| = pp−2.Wf (QH) = p,-*� 4.1,z �&86 |Ω1(Q
H)/(Z(H)∩Ω1(Q

H))| = pp−2. )� Ω1(N)e(<
�H p-O�>V'})	%<b
|Ω1(Q

H)/(Z(H) ∩ Ω1(Q
H))| = |Ω1(Q

H)(Z(G) ∩ Ω1(N))/(Z(G) ∩ Ω1(N))|.1)�
|Ω1(Q

H)(Z(G) ∩ Ω1(N))/(Z(G) ∩ Ω1(N))| 6 |Ω1(N)/(Z(G) ∩ Ω1(N))|,2e pn−2 = |Ω1(Q
H)/(Z(H) ∩ Ω1(Q

H))| 6 |Ω1(N)/(Z(G) ∩ Ω1(N))| < pn−2, .GI8�4�!:�,��� V�_W[�Y):�
:(��
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