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RE & M2 £ 2n BEHLHPEEN Riemannian HiJE, S NIKKZE R2HD drpy f7ER
H. HFTHEREHE Ky € (0,1], AR 0 < V(M) <2(1+ n)V(lB%,r) BB M2n B AR A,
i, XHE o BEAMUKET n BIIES, B%ﬂ B S kRl %W R ER, R HEH T XKW
R —A gap BR XHiIE | Laplacian H-F 5 —FFAEER —A T HAh.
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1 5 =7

XTT Riemannian WM =, EHMESHINGEF VISR, —F 1, Riemannian
WIE BT R RRGE SRR S, T LR 2 E AR S, a0 Myer’s @, RFR L @
HFEAHULH TIX— 5. 55— W, Riemannian JEMHTMATAEGIREAME. @
Gauss-Bonnet-Chern 2Av%;, Hamilton EFEE. i, W REZEWRE SEE4EH, 7
TE B iR 5 R MY OG5 2L L A7 B4 0 45 O 5 A7 B B — L

i Synge & FEAT 401, — MEBAE R BOE M99 Riemannian Jij M, 7 LB 2 Ky >
0, M M W RBGEER]. WA, & Ky € (0,1, W M BJRSHRER iy > 7. 1991 4E,
Coghlan L. fil Ttokawa Y. 7E3C [1] HEM:  2n 48 XL HEEA Riemannian i
M2 R RRAE M 0 < Ky <1, FFHBEH 0 < V(M) < 3V(5?), BAE—ERIET
PRUEERTE 527, X B V(M) S M2 fRFR. FEE, MATIER TR MEK 0 < Ky <1
0 < V(M) <3V(S?), MAIBEX SRR IERE, JFEME T — MBI,
RS, R4 3V (™) ¥RiE LR, &5 ik, XIMEREE—MEERIITE
FRULHI A TR IS 5ok B SV (S?h) 7E3C (2, 3])) BRI R (2 + n)V(s?), X H
n — PN HEREHERWIEFE. fa)ifil, XRREHHPCERFERET. HEARACHE
fRUEXFE—AN A X RFIBR U BN ? X TX AW, HEfERENEEMRETE
25 TR BB MR AR 25, —Bokid, AR AE T W B RN
Fl, M Ginther-Bishop R b4 & 3 7] UG B AR AR A . (H & — ST AY I R LA A
R F—2.

TEXFECES, BANTRT 2n EEBICILHIEER Riemannian B M2 24 E&H
M R AR S A A ERME. RFRATER TXKME L Laplacian HFH)
B—FHEE—D TG XRIE LA gap BIA.
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2 BEMRFIES

B8\ B 12318 Hausdorff-Gromov W ST,

EX 21 (W [4) & X Xi(0 = 1,23, ) FEXWERZME, RIOK (X}
Hausdorfl-Gromov C8UH] X: lim X; = X e FA1E Z = X 1L, X; ERBVREERE dF, (i
8 dZ4 (X, X;) — 0 (i — 00).

THEITENF—LIL S HARM R, AN D — B,

A MOLY () KA (M| M RJIARE, FH k< Ky < Kjd<dy <Djv<
VM) < VYIRS MY (n) B LAREE TR AW, FoR I bk LR
TREARH. WM (n) BREs

(M™ | M™ KRR, HH k< Ky dy <D; V(M) <V}

WH LS, TSGR AT Hausdorff IS 5] 2E.

513 2.1 (W [5) 4 {M;} c M2V (n) H lim M; = X, Tl

(1) X A=, B X A LAl B o &8 AT i — 25 /N H 2R AH 2 .

(2) X HJ Toponogov HIZEA/NT k. IXEIRE Toponogov A EHAE X AL,
MRFEBE R Kx > k ffE L Toponogov HH & PR L —F#.

5138 2.2 (L [6]) 4 {M;} € M5 (n), FFH Jim M; = X, JlI

(1) X J& n 45618 0E.

(2) FAERMA R f 0 X — My, SRR ERFS] {fg;} #% C* FHFMSE X L

B Che(0<a<l) FR goo.

(3) TEEBLI exp: TX — X R R XK, JFH X BPREER i(X) > limsup i(M)).

2.1 XHEBITHTHE 2.2 B20 X f—Sui#. 7€ Hausdorff WS LT, X
YER—F63 Riemannian T B FR & — NGB TIE. ATHLE TS {fg;}
FIMRFRALZ C > (0 < a < 1) WTAESEIEH, BHEITEZITR SER 9o HXREIZH
KE SR LA R AR PRl R, HRERE, AR (X, goo) HCO R CT By
TR BmER, R, IKSEITH).

5|13 2.3 % {M;} C M(l)Dv(n) E—3BZEE I Riemannian JiE, 3 H
Jim M = X. i X EREERFS {79} BIRRHE 9o, goo € CV* (0 < a < 1),
M (X, goo) BAUTHR: Ype X, re(0,n), H

V(B.(p) = V(B,), A(0B,(p)) > A(9B,),

XHE B, R S 2l r MIHER, A(OB,(p) T B.(p) KLF OB, (p) HTHFR.

W B5IE 2.2 M, X EMREERFS (g} & CT HiMLskE X by obe
O<a<l) Bh go Ype X, H1 (X, ffg;) 5 (M, g;) FERNTTHLERMAL.

5128 2.4 (W [7)) B (M, g) RAAIESN Ricci AR Riemannian {F, du
& M WER, W (M, g) I Laplacian BB —4FEME M HE M > i
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3 EEMW it gap W R

IR 3.1 B (M3, g) J& 2n GEEF I HERL Riemannian Wi, Ky, V(M) 4>
A M BB R AR, WA — MUK T n BIIEEL 0, SR Ky, V(M) W
RO<Ky <1, 0<V(M) <21+ 0V (Bs,), M4 dy < 57

W BAVRIE V(M) BTEE A 3 FF ke,
(1) V(M) < 2V (By,)
A M Giinther-Bishop AR EHE, 450 BARAOL. $55 b, # dy < $m RO,
NN RRMF 0< Ky <1, 0< V(M) < 2V(B%ﬂ) BT M2, {15 dy > 37
KATTH p, g € M2, (73 d(p,q) = du > 3. ITTH By, (p) N Bs,() = 2.
Giinther-Bishop /& FH LA EFE, B4
V(M) > V(Bs, () + V(Bs,(a)) > V(Bs,) + V(Bs,) = 2V(B
KGR V(M) < 2V(By,) HFE.
(2) V(M) = 2V (Bs,)
(1) B GiintherBishop MR HB AT/ dys < 3.
T A A BOERIEASE dy < Sn B dy = 37 B p, g € M, f#1% d(p,q) = du =
57 A By, (p) "By, (q) = @. 1 Giinther-Bishop AR AL EEE, A%
2V (By,) = V(M) > V(By, () + V(By, () > V(By,) + V(By,) = 2V (By, ).

i, A

)

N

M =Bs,(p) UBs,(q) =Ba, UBs,

W Be(p) A M LRI p Rb, Mr AR TR, B, 4 S Fr2p4250 r f
HHFBR, A.(p) 1 A, 535FRR OB, (p) 1 OB, BITHR.
Vr,0 < r <, f Giinther-Bishop KR ERE, AIH A.(p) = A,.. )T, &

Vs = [ A< [T 4G = ViBL0) = V().

Hit, vre(0,3x], H/ A(p) = A,

NVr,0<r<mf A RF r —NISEREER, TS 0<r < 3raf, &
Al(p) = Al BSL, Mkb r =37 HAEFHL

BAVAE A, = wonsin® ' r, HF wo,, 4 R RARMERN BRI AR, HIL A, =
(2n — 1wy, sin® 2 rcosr. T A, E r = Sr WAESE A’%P = (2n — 1)wa, sin®" 2 3.

cos 3w # 0, AP A'%ﬂ_(p) = A'%Tr_ £ 0.
Ay (p) HA(p) KT r 2 r = 2n ReWAEFH, W
M =By, (p) UBs,(q) =Bz, UBs,
A, As(p) A Ar(p) BREMR/ME, AT, & Ay (p) =0. X4 Ay #0FATIE.
(3) V(M) > 2V (Bs)
TERXFMELL T, BT T EIEWIFE— MUK T n BIER », 55 2V (Bs,) <
V(M) <2(1+n)V(Bg,), MWH da < 37
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SOE. QiR WIFAE IR o T 0 B9 {n:} f1—51 2n 4t Riemannian i
 {(M;,9:)}, BIRIMEER i, H 0 < Ky, <1, QV(B%W) <V(M;) <21+ ni)V(B%ﬂ')? H

J& dy, > 3.

HEHRAIEE

3
dy, — 3 i — oo. (3.1)

L b, AR, ?ﬂl‘]ﬂlﬂﬁﬁi {dar,} WI—A > 3 QT8 RETHcH {das, }
B {das, } WERMEEA @ WK dy, > 3m. 30 pi F1 ¢ BWIE M B3R d(pi,qi) = du, B9
P, Ypoa = M, EHE pi 'CHZVLQJ@—Q pi Al g WIB/NIIHLEZR. B G € vp,q, 1S
d(pi, Gi) = d(Gy, qi). THEBBMHIR Ba(pi), Ban(a:), B,(Gi), HAf Ai = 5(dar, — 57).
AR 3 MHEREFH AR, NI, F
21+ n:)V(Bay) = V(M;) 2 V(BB% (pi)) + V(BB%W(%‘)) + V(Bx, (G))
> 2V(]E3%,T) + V(By,)-

B0 —oo b, Hn — 0, FATAIHN (3.1) BAL.
FI AR R A 2 SCRT A, TEREEAEE No, 75 i > No B, B das, <27 BN i > No FFiR
WIRE (M} BFETA S, UHCHN (M}, i, 54 Do BRAE (M} c My Py (n)
EHH 3C (6] FTAL,  {M} WSHEI—6ERE X, X ERA OV Fi g, HHA
i(X)=m dy = gw, V(X) < 2V(By,).
b, XTI REE X, RAVKTFHALEIEE 9 715 (X, fig:). XER
(X, frg) 5 (My, g:) %FHE, FTLL (X, frg) MERET dy, H dy, WS 7. X figi 1E
Ct HRIN TR goo, B (X, 900) WEARN 7. FIEEF]FF V(X) < 2V(By,). B p, ¢ € X,
{75 d(p,q) = dx = 3m. M\, H Bs,(p) By, (q) = 2. HFIFL 2.3, T4
2V(B:, ) ) 2 V(Bz,(p) +V(B:,(q)
Bs,)+V(Bs,)=2V(Bs,),

V(X
V(
B V(X) =2V (Bs,,).

LB (p) B X BV p A0, BLr BTSRRI MIITBR,  An(p) BV, (p) 22903
7/~ OB, (p) WTHARAT B, (p) KRR, Vr € (0,7), MIGIEE 2.3 A[H1,  A.(p) > A, T, &

3 3

Vs = [ Adr< [ 4@ = VBy.0) = VEs,)

H I vr € (0,27, B Ar(p) = A,

HA X EWER g & Ch 1y, BV 0<r <7, F A.(p) XTF r —MrFEE
e, #E 0 <r < 3r i, & AL(p) = AL oL, WAk r=3r HAESH

PR BTIEHI L R (2).

EI BRI AL, & FHEEE.

YER iR B — R, HOVEE—4 gap BK.

EIE 3.2 XMEEAYIEBEE n, FIE—MUKBT n BIIER 7, (E5HE

0<Kn <1, 0<V(M)<2(1+n)V(Bs,), HH du>

l\DIOJ
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B 2n 4R TG HEIER M Riemannian [{iJE (M, g) EANFETER.

Laplacian BT RWTHAHT LM — AN BEGET, BHHSEEERRA LR
IO, —. —BRiE, SRS R AUIR LTSI, TRANR
I LTRSS M R RS, M FR TR — R, X T8 E
(R ATFE T TR —

HEI® 3.1 % (M2, g) & 2n 4EEBOCHHY HIEE Riemannian I, dy & M B E
e, FAE—MUKBUT n ESC 0, SRR AP T2 0 < Ky <1, 0 < V(M) < 2(1+

+ 3 n
WV (Bs), B2 M I Laplacian FFHE—HER M HE M > §(— o)

B 31 MARTTRL, dy < Sm R M LR § = (5%, i M2
AE M BB TR Riemannian JIE4 (M2",3). i THsMFREL S R 19 B4 4540
%, U MR, B M2 5 M RS RRE. it

—~ 31 n
L VD) = (57-) V).

HUEHE 3.2 ATH, () V(M) = V(M) > 2(1+n)V (Bs,). AT

2 2/n
&< (37) ()"

3
T

O<KM§1, d+

3
=7

2(1+m)V (By,,)

3 [7) AT, A > & (i)
A Hausdorff 8L, " RAREI— D EAFH — 4.

FIE 3.3 % (M, g) J& 2n EEICHHERA Riemannian {ifE, Ky, V(M)
Sy M B H R AR, MIFEFEPT MUK T n B9IEE 0 B e, MERMR Ky,
V(M) R 0< Ky <1, 0< V(M) <2(1+6)V(Bs,), B4 du +en < 3.

W S 31 MR, & o<n W dy < 3r

TEAR A SGESER. R E B IR AL, AR LA B — B e T
0 BYIEEF {0;} F1—5 2n 4 Riemannian JIE {(M;, g:)}, BEEX A 4, (M, ;) BIRTE
R0 < K, <1, 0< V(M) <201+ 6)V (Bay), HZY i — oo B, H dar, — 57 BIRXT
HA Dy, (M} € My P (n) BSE

F3C (6] BT, {M} WSk B — N ERRE X, X LREF O FR g, FFEHA

3
i(X) >, dx=Fm V(X)<2V(Bs,).

L L, MTFOCHEARIRRE X, OV TEALRIER 0, I8 (X, frg:). XE R
(X, f79:) 5 (M;, ;) B, LA (X, f7g:) WEBRET dy, H da, W 370 X {f7g:} #E
Ct HHFN FUEEE goo, # (X, 9oo) WEARA Sm. FHEFR V(X) <2V(By,). B p, g€ X,
B7% dp,q) = dx = 3m. ATTH By, (p) N Bs,(q) = 0. BAMGEVHDRA 5 3.1 4 (3).
ZERAHIE.
EIE 3.4 XMEEMIEREE n, FEEFMUKH T n BIEEL 0 A e, 2
0< Ky <1, 0<V(M)<2(1+0)V(By,), FHH du> gw —en

B 2n 4B BICH HIEREY Riemannian RE (M2", g) JEARFIER.
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3.1 HEH 3.4 AT ASEEEL 3.1 Xt M E—AHEERN . Hib Tk

R 3.4 FHEL e BRARTE, HILRNGAZEZRTRIE M #JUTHREE
B Mehh, LRITERILER Vr € (5,7) BRBILH, AR r = 27 ML,
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The Estimate of Diameter on Even Dimensional
Riemannian Manifolds
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Abstract Let M?" be a 2n-dimensional compact, simply connected Riemannian manifold
without boundary and S2?" be the unit sphere in Euclidean space R?"*!. The authors
derive an estimate of the diameter in this note whenever the manifold concerned satisfies
that the sectional curvature Kj; varies in (0,1] and the volume V(M) is not larger than
2(14n)V(Bz,) for some positive number  depending only on n, where B is the geodesic
ball on S?" with radius %w. A gap phenomenon of the manifold concerned is given and finally
a lower bound of the first eigenvalue of Laplacian operator on manifold M is obtained.
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