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1 Æ � �>q#TH= Euler ℄(6A
{

ut + p(τ)x = 0,

τt − ux = 0,
(1.1)j& τ > 0, u, p(τ) > 0 a��Æm0��� Sy�qp�H= Van der Waals m0F,'℄(A

p(τ) =
A

τ − b
−

a

τ2
, (1.2)�F a � b �m0F*�$�� A �$���9 1 $Æ��$� A *a_	�
9&

D̃EF T p′(τ) > 0, ℄(6 (1.1) 
�T��:�
F�W
j&1� p′(τ) < 0, ℄(6
(1.1) ��v
F� Maxwell ", p′(τ) > 0 ?ÆO|KnGPfPV�n6|KnGPfPV� p′(τ) �j�`�F�AO,pLD��z{F�6�Maxwellq�OwlH℄�[� (�9 1), �!wlh:qK;AqK~�!�x τC , τG � p, Z5

∫ τ
G

τ
C

p(τ)dτ = p(τG − τC), p(τC) = p(τG) = p. (1.3)�}A p(τ) 
 τC � τG 1��>>F�J\�~av!1��D p(τ) 
 τC � τG 1�Y5Ml>>F��F 2015 e 5 � 17 ~�B� 2016 e 2 � 4 ~�Bihk�
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z 1 Van der Waals lvK�qQH p = p(τ) z�AO℄�l$�J\ � p(τ) Z5yR2% (�9 2 $Æ):

(1) p(τ) Y5Ml>>F	
(2) p′(τ)

{

< 0, b < τ < α � β < τ,

= 0, α 6 τ 6 β,
p′′(τ)







> 0, b < τ < α � γ < τ,

= 0, α 6 τ 6 β, τ = γ,

< 0, β < τ < γ.

(3) lim
τ→b+

p(τ) = +∞, lim
τ→+∞

p(τ) = 0,

(4)

∫ +∞

γ

√

−p′(x) dx = +∞,

∫ α

b

√

−p′(x) dx = +∞.

1972d�Wendroff[1]
 p′(τ) < 0, p′′(τ)/�NlQMF2%R�DAO (1.1) RiemannH.F,� 1982d� Shearer[2] DAOwCÆ�P7 Riemann H.F,� Yangi[3] 63�n)S,9OwC Van der Waals m0F Riemann H.��~���O���3#F��q�O RiemannH.F,� Hattori[4] 
=�XY�f2%RDAOH=F Van der

Waals m0��V℄( Riemann H.F,��H [5] G~8
F℄[q�O`8 Euler ℄(6 Riemann H.F,��rr4O���FY�;~�SH [6] q�fJDAOYVYT0Kn℄(6 Riemann H.F,��m,O���FY�g+�.iF+z�
-

6

τ

p(τ)

b α γβz 2 ��Y Van der Waals lv�qQH p = p(τ) Kz�
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2 ℄ A F �℄( (1.1) 7�Nl*�!
λ1 = −

√

−p′(τ), λ2 =
√

−p′(τ),j& p(τ) Ah�{F Van der Waals m0F,'℄(�Z52% (1)–(4). J\&�h℄
D : τ > b a& 3 "a D = Dα ∪D0 ∪Dβ, �F

Dα = {(τ, u) | b < τ < α, −∞ < u < +∞},
Dβ = {(τ, u) | τ > β, −∞ < u < +∞},
D0 = {(τ, u) | α 6 τ 6 β, −∞ < u < +∞}.G~*�aM℄[�J\>yDA℄( (1.1) &M*mPNl,' (τ0, u0) � (τ, u) F����

1 � U0 = (τ0, u0) ∈ Dα ∪ Dβ 	�� U = (τ, u) $1�6FD$�&>�wl��
(shock)��e� (wave fan) (v>�9 (�)*0!U�e��"%A jump-fan (fan-jump))M*A,' (τ0, u0). a�~ −→S (

←−
S ),

−→
F (
←−
F ) �Æo℄�� (�℄��), o℄�e� (�℄�e�) �C2NF����

−→
S (
←−
S ) : u = u0 ∓

√

−
p− p0

τ − τ0
(τ − τ0), (2.1)

−→
F (
←−
F ) : u = u0 ∓

∫ τ

τ0

√

−p′(x)dx. (2.2)~ −→JF ,
−−→
JFJ a��Æo℄*0!U�e��o℄�*0!U�e��C`2NF����

−→
JF : u = u0 −

√

−p′10 (τ1 − τ0)−

∫ τ

τ1

√

−p′(x) dx, (2.3)

−−→
JFJ : u = u0 −

√

−
p1 − p0

τ1 − τ0
(τ1 − τ0)−

∫ y(τ)

τ1

√

−p′(x) dx−
√

−p′τy (τ − y), (2.4)

p′10 =
p(τ1)− p(τ0)

τ1 − τ0
, p′τy =

p(τ) − p(y)

τ − y
."%Ao℄ jump-fan �o℄ jump-fan-jump. j%`2N���F�Æ[>C�DA�

2 V� U0 = (τ0, u0), U = (τ, u) ∈ D0, � λ1 = λ2 = 0, }4 U = (τ, u) ∈ D0 
�wl*� S�QF�M*�%A3#F3
��r�~ J �Æ�
J : u = u0.V� U0 = (τ0, u0) ∈ D0, U = (τ, u) ∈ Dα ∪Dβ 
�����e��*0!UM*�R℄J\m,M* U0 = (τ0, u0) � U = (τ, u) Fo℄�
 (x, t) h℄FÆz9\�AOu�Ml,�!U,�J\~8WA�Æ���*0!U (�9 3).AOq�℄( (1.1) Fw{�W�J\S& (τ, u) h℄aA�lu���la[�9,'FD$9P�℄( (1.1) Fw{�W�����e��3
F6�q&�g6���,'D�$
u�FD$$9P�}4�Rw J\�S& (τ, u) h℄aA b < τ0 <

c, c < τ0 < α, α < τ0 < β, β < τ0 < γ, γ < τ0 < d � τ0 > d � 6 lu���F c � d Z5 p′(c) = p′(d) = p(c)−p(d)
c−d

, �m,���WF9\�



380 � o e ; 37 8 A �J\% u > u0 F���WAf��W�~ ←−E (U0) (
−→
E (U0)) �Æ�℄ (o℄) f��W�% u 6 u0 F���WAq#�W�~ ←−C (U0) (

−→
C (U0)) �Æ�℄ (o℄) q#�W�

(τ0, u0) (τ, u)

−→
S

�
�� (τ, u)

−→
F

(τ, u)

−→
FJ

(τ, u)

−→
JF

(τ0, u0)(τ0, u0)(τ0, u0)

(τ, u)

−−→
JFJ

(τ, u)

−−−→
FJF

(τ, u)z 3 gb U0 = (τ0, u0), U = (τ, u) n�D(τ0, u0) (τ0, u0) (τ0, u0)

J

2.1 o
 b < τ0 < cAO	,te b < τ0 < c 	F���W�J\a�<U6 τ0 Z,Fo℄�W��℄�W�
2.1.1 n�D�x b < τ0 < c, 6 (τ0, p(τ0)) 	,w2qW� p(τ) Yq� (τ1, p(τ1)), Y(�RwM
(τ2, p(τ2)), τ1, τ2 Z5

P ′(τ1) = p′10 =
p(τ1)− p(τ0)

τ1 − τ0
=

p(τ1)− p(τ2)

τ1 − τ2
= p′12.�F β < τ1 < γ, τ2 > d. RE,UF$� τ1, τ2 P{��FY6���ww�`�

(1) � b < τ < τ0 	� λ2(τ) "/ τ F#_W�;�6 (τ0, u0) >y4{o℄�e�M*A (τ, u),

−→
F (U0, τ) : u = u0 −

∫ τ

τ0

√

−p′(x)dx, b < τ < τ0.� −→E (U0) =
−→
F (U0, τ).

(2) � τ0 < τ < τ1 	��
λ2(τ) < σ2 < λ2(τ0), σ2 =

√

−
p(τ)− p(τ0)

τ − τ0
.}4� (τ0, u0) �j4{��M*A (τ, u), �

−→
S (U0, τ, τ1) : u = u0 −

√

−
p(τ)− p(τ0)

τ − τ0
(τ − τ0), τ0 < τ < τ1.

(3) � τ1 < τ < γ 	�6 (τ1, u1) A (τ, u) �4{�e�M*�� −→JF (U0, τ, γ):

u = u1 −

∫ τ

τ1

√

−p′(x)dx = u0 −
√

−p′10(τ1 − τ0)−

∫ τ

τ1

√

−p′(x)dx, τ1 < τ < γ.�l,
�e�F9�6 (τ0, u0)  *3
A (τ1, u1), z�Ml�
A (τ, u).
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(4) � γ < τ < τ2 	�J\�
�l~�e�AM*�4	9
wl y = y(τ), �D
p(y)− p(τ)

y − τ
= p′(y), τ1 < y < γ.J\
s6 (τ1, u(τ1)) q�wl�e��M*A (y, u(y)), z�6 (y, u(y)) A (τ, u(τ)) 4{wl*0!UM* (τ, u), � −−→JFJ(U0, τ, τ2):

u = u(y)−
√

−p′τy (τ − y) = u(τ1)−

∫ y(τ)

τ1

√

−p′(x)dx−
√

−p′τy (τ − y)

= u0 −
√

−p′10 (τ1 − τ0)−

∫ y(τ)

τ1

√

−p′(x)dx−
√

−p′τy (τ − y), b < τ < τ2.

(5) � τ > τ2 	� λ2(τ) < σ2 < λ2(τ0), }4
−→
S (U0, τ, τ2) : u = u0 −

√

−
p(τ)− p(τ0)

τ − τ0
(τ − τ0), τ > τ2.3�$�� −→C (U0) A −→S (U0, τ, τ1) � −→JF (U0, τ, γ) � −−→JFJ(U0, τ, τ2) � −→S (U0, τ, τ2), J\"�A (�9 4):

−→
C (U0) =

−→
S (U0, τ, τ1) ∪

−→
JF (U0, τ, γ) ∪

−−→
JFJ(U0, τ, τ2) ∪

−→
S (U0, τ, τ2).

6
τ

u

b c α β γ d

-

z 4 b < τ0 < c o

−→
E (U0)

U0 = (τ0, u0)

←−
E (U0)

←−
C (U0)

−→
C (U0)

2.1.2 Y�D�
(1) � b < τ < τ0 	�6 (τ0, u0) A (τ, u), λ1(τ) < σ1 < λ1(τ0), σ1 = −

√

− p(τ)−p(τ0)
τ−τ0

,}4 (τ0, u0) >y4{�℄��M*A (τ, u),

←−
S (U0, τ) : u = u0 +

√

−
p(τ)− p(τ0)

τ − τ0
(τ − τ0), b < τ < τ0.� ←−C (U0) =

←−
S (U0, τ).

(2) � τ0 < τ < α, λ1(τ) "/ τ F�;W�;�6 (τ0, u0) >y4{�℄�e�M*A (τ, u),

←−
F (U0, τ, α) : u = u0 +

∫ τ

τ0

√

−p′(x)dx, c < τ < α.
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(3) � α < τ < β, }A λ1(τ) = 0, �
"/ τ F�;W�;�6 (α, u(α)) >y4{wl3#F3
M*A (τ, u),

←−
FJ(U0, α, β) : u = u0 +

∫ α

τ0

√

−p′(x)dx, α < τ < β.�l,4{�℄�e�Ml�
A (α, u(α)), 
�e�F��6 (α, u(α))  *3
A
(τ, u).

(4) � β < τ < d 	�6 (τ0, u0) >yS4{�℄�e�M*A (τ3, u(τ3)), �4{3
M*A (τ, u), j& c < τ3 < α Z5 p′(τ3) = p(τ)−p(τ3)
τ−τ3

,

←−
FJ(U0, τ, β) : u = u0 +

∫ τ3

τ0

√

−p′(x)dx +

√

−
p(τ)− p(τ3)

τ − τ3
(τ − τ3), β < τ < d.

(5) � τ > d 	� λ1(τ) "/ τ F�;W�;�}46 (τ0, u0) >yS4{�℄�e�M*A (c, u(c)), � *3
A (d, u(d)), 8�4{�℄�e�M*A (τ, u),

←−−−
FJF (U0, τ, d) : u = u0+

∫ c

τ0

√

−p′(x)dx+

√

−
p(d)− p(c)

d− c
(d−c)+

∫ τ

d

√

−p′(x)dx, τ > d.3�aM�"�A (�9 4)

←−
E (U0) =

←−
F (U0, τ, α, ) ∪

←−
FJ(U0, α, β) ∪

←−
FJ(U0, τ, β) ∪

←−−−
FJF (U0, τ, d).n6y�aM	,� b < τ0 < c 	Fw{�W9�j%te>y4{C�FaMDA��F��[Q_��

2.2 o
 c < τ0 < α4	�6u>x τ1, τ2. C���teF)Y�>y&o℄�W��℄�W">:�R�Æ�
2.2.1 n�D� (`z 5)

(1) � b < τ < τ0 	��
−→
F (U0, τ) : u = u0 −

∫ τ

τ0

√

−p′(x)dx, b < τ < τ0."�A −→E (U0) =
−→
F (U0) (�9 5).

(2) � τ0 < τ < τ1 	��
−→
S (U0, τ, τ1) : u = u0 −

√

−
p− p0

τ − τ0
(τ − τ0), τ0 < τ < τ1.

(3) � τ1 < τ < γ 	��
−→
JF (U0, τ, γ) : u = u0 −

√

−p′10 (τ1 − τ0)−

∫ τ

τ1

√

−p′(x)dx, τ1 < τ < γ.

(4) � γ < τ < τ2 	�� −−→JFJ(U0, τ, τ2) :

u = u0 −
√

−p′10 (τ1 − τ0)−

∫ y(τ)

τ1

√

−p′(x)dx−
√

−p′τy (τ − y), b < τ < τ2.



4 i �<' =�� Van der Waals n1 Euler ^)G Riemann I/����GZ�<� 383

(5) � τ > τ2 	��
−→
S (U0, τ, τ2) : u = u0 −

√

−
p(τ)− p(τ0)

τ − τ0
(τ − τ0), τ > τ2."�A (�9 5)

−→
C (U0) =

−→
S (U0, τ, τ1) ∪

−→
JF (U0, τ, γ) ∪

−−→
JFJ(U0, τ, τ2) ∪

−→
S (U0, τ, τ2).

-
6

τ

u

α β γ db c

U0

−→
E (U0)

←−
E (U0)

←−
C (U0)

−→
C (U0)z 5 o
 c < τ0 < α

2.2.2 Y�D� (`z 5)4	�J\x τ3, τ4, Z5
p′(τ0) =

p(τ3)− p(τ0)

τ3 − τ0
, p′(τ4) =

p(τ4)− p(τ0)

τ4 − τ0
.RE,UF$� τ3, τ4 FP{v��FY6�J\��ww�`�C�J��

(1) � b < τ < τ0 	��
←−
S (U0, τ) : u = u0 +

√

−
p(τ)− p(τ0)

τ − τ0
(τ − τ0), b < τ < τ0."�A ←−C (U0) =

←−
S (U0).

(2) � τ0 < τ < α 	��
←−
F (U0, τ, α) : u = u0 +

∫ τ

τ0

√

−p′(x)dx, τ0 < τ < α.

(3) � α < τ < β 	��
←−
FJ(U0, α, β) : u = u0 +

∫ α

τ0

√

−p′(x)dx, α < τ < β.

(4) � β < τ < τ3 	�9
 y(τ) ∈ (τ0, α), Z5
p′(y(τ)) =

p(τ)− p(y)

τ − y
.>D ←−FJ(U0, τ, τ3):

u = u0 +

∫ y(τ)

τ0

√

−p′(x)dx +

√

−
p(τ)− p(y(τ))

τ − y(τ)
(τ − y(τ)), β < τ < τ3.
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(5) � τ3 < τ < τ4 	��

←−
S (U0, τ, τ4) : u = u0 +

√

−
p(τ)− p(τ0)

τ − τ0
(τ − τ0), τ3 < τ < τ4.

(6) � τ > τ4 	��
←−
JF (U0, τ, τ4) : u = u0 +

√

−
p(τ4)− p(τ0)

τ4 − τ0
(τ4 − τ0) +

∫ τ

τ4

√

−p′(x)dx, τ > τ4."�A (�9 5)

←−
E (U0) =

←−
F (U0, τ, α) ∪

←−
FJ(U0, α, β) ∪

←−
FJ(U0, τ, τ3) ∪

←−
S (U0, τ, τ4) ∪

←−
JF (U0, τ, τ4).

2.3 o
 α < τ0 < β� α < τ0 < β 	�6 (τ0, u0) 4{3#F3
M*A (τ, u), �
J(U0, α, β) : u = u(τ0), α < τ < β.

2.3.1 n�D� (`z 6)

(1) � c < τ < α 	�6 (τ0, u0) S4{3#F3
M*A (α, u(α)), �4{o℄�e�M*A (τ, u),

−→
JF (U0, τ, α) : u = u0 −

∫ τ

τ0

√

−p′(x)dx, c < τ < α."�A −→E (U0) =
−→
JF (U0, τ, α) (�9 6).

(2) � β < τ < γ 	��
−→
JF (U0, τ, β) : u = u0 −

∫ τ

τ0

√

−p′(x)dx, β < τ < γ.

(3) � τ > γ 	�9
 y(τ) ∈ (β, γ), �
−−→
JFJ(U0, τ, γ) : u = u0 −

∫ y(τ)

τ0

√

−p′(x)dx−

√

−
p(τ)− p(y)

τ − y
(τ − y), τ > γ."�A (�9 6)

−→
C (U0) =

−→
JF (U0, τ, β) ∪

−−→
JFJ(U0, τ, γ).

2.3.2 Y�D� (`z 6)

(1) � b < τ < α 	��
←−
S (U0, τ, α) : u = u0 +

√

−
p(τ)− p(τ0)

τ − τ0
(τ − τ0), b < τ < α."�A ←−C (U0) =

←−
S (U0, τ, α) (�9 6).
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-
6

τ

u

γ db c α β

U0

z 6 o
 α < τ0 < β

−→
E (U0)

←−
E (U0)

←−
C (U0) −→

C (U0)

J(U0)

(2) � β < τ < τ4 	��
←−
S (U0, τ, τ4) : u = u0 +

√

−
p(τ)− p(τ0)

τ − τ0
(τ − τ0), β < τ < τ4.

(3) � τ > τ4 	��
←−
JF (U0, τ, τ4) : u = u0 +

√

−
p(τ4)− p(τ0)

τ4 − τ0
(τ4 − τ0) +

∫ τ

τ4

√

−p′(x)dx, τ > τ4."�A
←−
E (U0) =

←−
S (U0, τ, τ4) ∪

←−
JF (U0, τ, τ4).

2.4 o
 β < τ0 < γ

2.4.1 n�D� (`z 7)

(1) � b < τ < τ4 	��
−→
JF (U0, τ, τ4) : u = u0 −

√

−
p(τ4)− p0

τ4 − τ0
(τ4 − τ0)−

∫ τ

τ4

√

−p′(x)dx, b < τ < τ4.

(2) � τ4 < τ < τ0 	��
−→
S (U0, τ) : u = u0 −

√

−
p(τ)− p(τ0)

τ − τ0
(τ − τ0), τ4 < τ < τ0."�A (�9 7)

−→
E (U0) =

−→
JF (U0, τ, τ4) ∪

−→
S (U0, τ).

(3) � τ0 < τ < γ 	��
−→
F (U0, τ, γ) : u = u0 −

∫ τ

τ0

√

−p′(x)dx, τ0 < τ < γ.
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(4) � γ < τ < τ3 	�9
 y = y(τ) ∈ (τ0, γ), �
−→
FJ(U0, τ, τ3) : u = u0 −

∫ y(τ)

τ0

√

−p′(x)dx −

√

−
p(τ)− p(y)

τ − y
(τ − y), γ < τ < τ3.

(5) � τ > τ3 	��
−→
S (U0, τ, τ3) : u = u0 −

√

−
p(τ)− p(τ0)

τ − τ0
(τ − τ0), τ > τ3."�A

−→
C (U0) =

−→
F (U0, τ, γ) ∪

−→
FJ(U0, τ, τ3) ∪

−→
S (U0, τ, τ3).

6
τ

u

b

-

z 7 o
 β < τ0 < γ

U0

−→
E (U0) ←−

E (U0)

←−
C (U0)

−→
C (U0)

c α β γ d

2.4.2 Y�D� (`z 7)

(1) � b < τ < τ3 	��
←−
S (U0, τ, τ3) : u = u0 +

√

−
p(τ)− p0

τ − τ0
(τ − τ0), b < τ < τ3.

(2) � τ3 < τ < β 	�9
 y(τ) ∈ (β, τ0), �
←−
FJ(U0, τ, τ3) : u = u0 +

∫ y(τ)

τ0

√

−p′(x)dx +

√

−
p(τ)− p(y)

τ − y
(τ − y), τ3 < τ < α.

(3) � β < τ < τ0 	��
←−
F (U0, τ, β) : u = u0 +

∫ τ

τ0

√

−p′(x)dx, β < τ < τ0."�A
←−
C (U0) =

←−
S (U0, τ, τ3) ∪

←−
FJ(U0, τ, τ3) ∪

←−
F (U0, τ, β).

(4) � τ0 < τ < τ4 	��
←−
S (U0, τ, τ4) : u = u0 +

√

−
p(τ)− p0

τ − τ0
(τ − τ0), τ0 < τ < τ4.
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(5) � τ > τ4 	��
←−
JF (U0, τ, τ4) : u = u0 +

√

−
p(τ4)− p0

τ4 − τ0
(τ4 − τ0) +

∫ τ

τ4

√

−p′(x)dx, τ > τ4."�A
←−
E (U0) =

←−
S (U0, τ, τ4) ∪

←−
JF (U0, τ, τ4).

2.5 o
 γ < τ0 < d

2.5.1 n�D� (`z 8)

(1) � b < τ < τ4 	��
−→
JF (U0, τ, τ4) : u = u0 −

√

−
p(τ4)− p0

τ4 − τ0
(τ4 − τ0)−

∫ τ

τ4

√

−p′(x)dx, b < τ < τ4.

(2) � τ4 < τ < τ3 	��
−→
S (U0, τ, τ3) : u = u0 −

√

−
p(τ)− p(τ0)

τ − τ0
(τ − τ0), τ4 < τ < τ3.

(3) � τ3 < τ < γ 	�9
 y(τ) ∈ (γ, τ0), �
−→
FJ(U0, τ, γ) : u = u0 −

∫ y(τ)

τ0

√

−p′(x)dx−

√

−
p(τ)− p(y)

τ − y
(τ − y), τ3 < τ < γ.

(4) � γ < τ < τ0 	�� −→F (U0, τ, γ) : u = u0 −
∫ τ

τ0

√

−p′(x)dx, γ < τ < τ0. "�A
−→
E (U0) =

−→
JF (U0, τ, τ4) ∪

−→
S (U0, τ, τ3) ∪

−→
FJ(U0, τ, γ) ∪

−→
F (U0, τ, γ) (�9 8).

(5) � τ > τ0 	��
−→
S (U0, τ) : u = u0 −

√

−
p(τ)− p(τ0)

τ − τ0
(τ − τ0), τ > τ0."�A −→C (U0) =

−→
S (U0, τ) (�9 8).

6
τ

u

b

-

z 8 o
 γ < τ0 < d

c α β dγ

U0

−→
E (U0) ←−

E (U0)

←−
C (U0)

−→
C (U0)



388 � o e ; 37 8 A �
2.5.2 Y�D� (`z 8)

(1) � b < τ < τ2 	��
←−
S (U0, τ, τ2) : u = u0 +

√

−
p(τ)− p0

τ − τ0
(τ − τ0), b < τ0 < τ2.

(2) � τ2 < τ < β 	�9
 y(τ) ∈ (β, γ), � ←−−JFJ(U0, τ, β):

u = u0 +

√

−
p(τ1)− p(τ0)

τ1 − τ0
(τ1 − τ0) +

∫ y(τ)

τ1

√

−p′(x)dx

+

√

−
p(τ)− p(y)

τ − y
(τ − y), τ2 < τ < β.

(3) � β < τ < τ1 	��
←−
JF (U0, τ, β) : u = u0 +

√

−
p(τ1)− p0

τ1 − τ0
(τ1 − τ0) +

∫ τ

τ1

√

−p′(x)dx, β < τ < τ1.

(4) � τ1 < τ < τ0 	��
←−
S (U0, τ, τ1) : u = u0 +

√

−
p(τ)− p0

τ − τ0
(τ − τ0), τ1 < τ < τ0."�A (�9 8).

←−
C (U0) =

←−
S (U0, τ, τ2) ∪

←−−
JFJ(U0, τ, β) ∪

←−
JF (U0, τ, β) ∪

←−
S (U0, τ, τ1).

(5) � τ > τ0 	�
←−
F (U0, τ) : u = u0 +

∫ τ

τ0

√

−p′(x)dx, τ > τ0."�A (�9 8)

←−
E (U0) =

←−
F (U0, τ).

2.6 o
 τ0 > d

2.6.1 n�D� (`z 9)

(1) � b < τ < c 	�� −−−→FJF (U0, τ, c):

u = u0 −

∫ d

τ0

√

−p′(x)dx−

√

−
p(d)− p(c)

d− c
(d− c)−

∫ τ

c

√

−p′(x)dx, b < τ < c.

(2) � c < τ < γ 	�9
 y(τ) ∈ (γ, d), �
−→
FJ(U0, τ, c) : u = u0 −

∫ y(τ)

τ0

√

−p′(x)dx −

√

−
p(τ)− p(y)

τ − y
(τ − y), c < τ < γ.

(3) � γ < τ < τ0 	��
−→
F (U0, τ, γ) : u = u0 −

∫ τ

τ0

√

−p′(x)dx, γ < τ < τ0.
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−→
E (U0) =

−−−→
FJF (U0, τ, c) ∪

−→
FJ(U0, τ, c) ∪

−→
F (U0, τ, γ).

(4) � τ > τ0 	�
−→
S (U0, τ) : u = u0 −

√

−
p(τ)− p(τ0)

τ − τ0
(τ − τ0), τ > τ0."�A −→C (U0) =

−→
S (U0, τ) (�9 9).

6
τ

u

b

-

z 9 o
 τ0 > d

c α β γ

−→
E (U0) ←−

E (U0)

←−
C (U0)

−→
C (U0)

d

U0

2.6.2 Y�D� (`z 9)

(1) � b < τ < τ2 	��
←−
S (U0, τ, τ2) : u = u0 +

√

−
p(τ)− p0

τ − τ0
(τ − τ0), b < τ < τ2.

(2) � τ2 < τ < β 	�9
 y(τ) ∈ (β, γ), � ←−−JFJ(U0, τ, τ2):

u = u0 +

√

−
p(τ1)− p(τ0)

τ1 − τ0
(τ1 − τ0) +

∫ y(τ)

τ1

√

−p′(x)dx

+

√

−
p(τ)− p(y)

τ − y
(τ − y), τ2 < τ < β.

(3) � β < τ < τ1 	��
←−
JF (U0, τ, β) : u = u0 +

√

−
p(τ1)− p0

τ1 − τ0
(τ1 − τ0) +

∫ τ

τ1

√

−p′(x)dx, β < τ < τ1.

(4) � τ1 < τ < τ0 	��
←−
S (U0, τ, τ1) : u = u0 +

√

−
p(τ)− p0

τ − τ0
(τ − τ0), τ1 < τ < τ0."�A (�9 9)

←−
C (U0) =

←−
S (U0, τ) ∪

←−−
JFJ(U0, τ, τ2) ∪

←−
JF (U0, τ, β) ∪

←−
S (U0, τ, τ1).
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(5) � τ > τ0 	��

←−
F (U0, τ) : u = u0 +

∫ τ

τ0

√

−p′(x)dx, τ > τ0."�A ←−E (U0) =
←−
F (U0, τ) (�9 9).

3 Riemann � u�w"a�J\q�℄( (1.1) =�yR Riemann +!F,
(τ, u)(x, 0) =

{

U− = (τ−, u−), x < 0,

U+ = (τ+, u+), x > 0.
(3.1)

-

6
p(τ)

b α γβz 10 λ1 O�Ky? p = g(x; τ0, τ)

τ0 τ τc d
-

6
p(τ)

b α γβz 11 λ2 O�Ky? p = g(x; τ0, τ)

τ0 τ τJ\a�~ ←−W (τ−, u−) � −→W (τ+, u+) �Æ {

(τ, u) | u = u± +
∫ τ

τ±

√

−g′(x; τ±, τ)dx
}

,�F p = g(x; τ0, τ) � p(τ) F8
 (9 11–12), Z5
g′(x; τ0, τ) =











p′(x), λi(τ) > λi(τ0),

p(τ) − p(τ0)

τ − τ0
, λi(τ) < λi(τ0),

i = 1, 2. (3.2)>y�` ←−W (τ−, u−) � −→W (τ+, u+) F(M��wF [6], }4℄( (1.1) Riemann H.F,>y~�Re
�Æ�
(τ, u)

=



















































(τ−, u−), −∞<ξ6−
√

−g′(τ−; τ−, τ0),
{

ξ = −
√

−g′(τ ; τ−, τ),

u = u−+
∫ τ

τ−

√

−g′(x; τ−, τ)dx,
−

√

−g′(τ−; τ−, τ0)6ξ6−
√

−g′(τ0; τ−, τ0),

(τ0, u0), −
√

−g′(τ0; τ−, τ0)6ξ6
√

−g′(τ0; τ+, τ0),
{

ξ = −
√

−g′(τ ; τ+, τ),

u = u+−
∫ τ

τ+

√

−g′(x; τ+, τ)dx,

√

−g′(τ0; τ+, τ0)6ξ6
√

−g′(τ+; τ+, τ0),

(τ+, u+),
√

−g′(τ+; τ+, τ0)6ξ<∞.

(3.3)

mPwle,' (τ− , u−),J\

 (τ, u)h℄&a�	,vW←−E (τ−, u−),
−→
E (τ−, u−),

←−
C (τ−, u−),

−→
C (τ−, u−) F9\�6WDA6e,'Z,F�W9��`vW&u� Ω =
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{(τ, u) | τ > 0} a&�R 4 ? (�9 12(9)):

I(τ−, u−) = {(τ, u) | (τ, u) ∈
−→
E (τ , u), (τ , u) ∈

←−
E (τ−, u−)},

II(τ−, u−) = {(τ, u) | (τ, u) ∈
−→
C (τ , u), (τ , u) ∈

←−
E (τ−, u−)},

III(τ−, u−) = {(τ, u) | (τ, u) ∈
−→
C (τ , u), (τ , u) ∈

←−
C (τ−, u−)},

IV(τ−, u−) = {(τ, u) | (τ, u) ∈
−→
E (τ , u), (τ , u) ∈

←−
C (τ−, u−)}.C�J��zJ\tP�,' (τ+, u+), >DA6�,'Z,F�W9 (9 12(�)).J\>y�` ←−C (

←−
E ),
−→
C (
−→
E ) �>OF[6]. }A℄( (1.1) F�W9� p P7F�W9[��%Fu��$�6F��℄�W u !
 α < τ < β ���?��W}z�>OF�}4�V�mPF (τ−, u−) � (τ+, u+), =�+! (3.1) F℄( (1.1) F Riemann H.,>y� ←−C (U−) (

←−
E (U−)) � −→C (U+) (

−→
E (U+)) F6�q&�g6�� (τ+, u+) D�$
u�FD$9P�&!,'�o℄���℄�F(M�

6

-
τ

u

(τ−, u−)

α βb
−→
C

←−
C

−→
E ←−

EI

III

II
IV

6

-
τ

u

(τ+, u+)

α βb

−→
C ←−

C

−→
E

←−
Ez 12 UNT (�) �� (�) �q�kiz;AI1�J\mxw'te)Y ($9 13). � (τ+, u+) ∈ II(τ−, u−), �&!,'� ←−E (U−) � −→C (U+) F(M� � b < τ− < c, τ+ > d, � ←−E (U−) =

←−
F (U−, τ, α, ) ∪

←−
FJ(U−, α, β)∪

←−
FJ(U−, τ, β)∪

←−−−
FJF (U−, τ, d),

−→
C (U+) =

−→
S (U+, τ).

←−
E (U−) � −→C (U+) F(M� (τ .u) ∈

←−−−
FJF (U−, τ, d), � RiemannH.F,�� ←−−−FJF (U−, τ, d) � −→S (U+, τ) q&�}4�q�fJDA Riemann H.F,�9
F�

(τ−, u−) (τ+, u+)

(τ , u)

−→
S (U+, τ)

←−−−
FJF (U−, τ, d)-

6
τ

u

α βb c d
-

6

x

(τ−, u−)

(τ , u)

(τ+, u+)

−→
S (U+, τ)←−−−

FJF (U−, τ, d)

t

z 13 (τ+, u+) ∈ II(τ
−

, u
−
) K Riemann 
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4 F M � [  �J\&�FY�;~aA�FY�g+�.i��E)Y�FY�g+�J\<U���j%�Fg+�
��2NF����`2NF���FY�g+�
�RaCk��

(1)
−→
S
←−
S ,

−→
F
←−
S ,

−→
S
←−
F ,

−→
S J .

(2)
−→
FJ
←−
S ,

−→
S
←−
FJ ,

−→
JF
←−
S ,

−→
S
←−
JF .

(3)
−−→
JFJ

←−
S ,

−→
S
←−−
JFJ ,

−−−→
FJF

←−
S ,

−→
S
←−−−
FJF .o
 1 �����Fg+� −→S←−S : b < τl < τm < α, b < τr < τm < α.�914$Æ��F l© = (τl, ul), m© = (τm, um), r© = (τr, ur). 4	 λ2(τl) > σ2(τl, τm)

> λ2(τm), λ1(τm) > σ1(τm, τr) > λ1(τr), }4�
 t = 0 f1�o℄�� −→S ��℄��
←−
S e&��`TNl��
�VF	!b
Z�Y�g+�6We&wlbF RiemannH.�AO#�s/ Riemann H.,Fq��J\)Y l© � r© 
Yh℄ (τ, u) FYVD$�

-
l©

−→
S

←−
S

m© r©

x

6
t

−→
S

←−
S −→

S ( l©)

l©

m©

r©

←−
S (m©)

←−
S ( l©)

−→
S ( r©)

-6
τ

u

z 14 ^D�^DKj�6 �&J\>� m© ∈
−→
S ( l©) � r© ∈

←−
S (m©), 	, ←−S ( l©) F9\�J\>y�`

←−
S ( l©) � ←−S (m©) �>
Y( [1]. }4 ( r©) ∈ III( l©),

←−
S ( l©) � −→S ( r©) Y(���`�lbF Riemann H.F,
}Nl�� ←−S � −→S . �zC/�����
Y�g+���Y2{�4e&bF����l�
~yR
�A�Æ −→S←−S −→←−S −→S .o
 2 ����e�Fg+� −→F←−S : b < τr < τm < τl < α.�9 15 $Æ�
�'te&� λ2(τl) < λ2(τm), λ1(τm) > σ1(τm, τr) > λ1(τr). 4	�
 t = 0 f1� −→F � ←−S e&�J\~ (x1, t1) �Æ����e�FLwlg+M�� t > t1 	� −→F � ←−S Y�2{�
u2{(&�u2��W x = x(t) �R
9P�

-
l©

−→
F ←−

S
m© r©

x

6
t

−→
F

←−
S �

�
��

(x1, t1)

l©

m©

r©

←−
S (m©)

−→
F ( r©)

−→
F ( l©)

−→
S ( l©)

6
-

τ

u

z 15 ^DXp
DKj�
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





























































dx

dt
= −

√

p(τ2)− p(τ1)

τ2 − τ1)
,

u2 = u1 +

√

p(τ2)− p(τ1)

τ2 − τ1)
(τ2 − τ1),

x(t1) = x1,

x

t
=

√

−p′(τ1),
√

−p′l 6
x

t
6

√

−p′m,

du1 = −
√

−p′(τ1)dτ1, (τ1, u1) = (τm, um),

du2 = −
√

−p′(τ2)dτ2, (τ2, u2) = (τr , ur),

(4.1)

�F (τ1, u1), (τ2, u2) a��Æu2��W x = x(t) 9�F�6���F�6�J\�C
m© ∈

−→
F ( l©), r© ∈

←−
S ( l©), n6 ��r ←−S ( l©) � ←−S (m©) �
Y( [1]. }4 r© ∈ IV( l©),

←−
S ( l©) � −→F ( r©) 
 (τ, u) h℄�wl�wF(M���`
�VF	!Tb����j;y2{�e������Fo℄�e��,R℄F℄(9P�







st + λ2(τ, u)sx = 0,

ds = du −
√

−p′(τ)dτ,

s(x, t) = s2(x(t), t), λ2(τ, u) =
√

−p′(τ).

(4.2)4tW��o℄�e� −→F ��℄�� ←−S 
�VF	!b�Y2{��r.O −→F � ←−S[�bFC
F�,U��l�
>y4{yR
��Æ −→F←−S −→←−S−→F .
−→
S � ←−F Fg+C��">��A −→S←−F −→←−F −→S .o
 3 ���3#F3
Fg+� −→S J : b < τl < α, α < τm, τr < β.�9 16 $Æ�4	 λ2(τl) > σ2(τl, τm) > λ2(τm), λ1,2(τm) = λ1,2(τr) = 0. }4�


t = 0 f1�o℄���3#F3
e&�−→S J 
�VF	! t = t1 	Y�g+��&!,' m© ^�rwlbF Riemann H.e&	�AOq��l Riemann H.F,�J\
Yh℄)Y l©� r© FYVD$�6 �&>��m© ∈
−→
S ( l©) � r© ∈ J(m©). n6�W9� um = ur. r© >y
 m© F9���� (�FJ\�_ � τr < τm), ?�KY r© 


m© F9������ ←−S ( l©) � −→S ( r©) R
Y(���`�l Riemann H.F,
}Nl�� ←−S � −→S . �zC/ −→S � J 
g+�Y�2{�e&bFo℄����℄����l�
�yR
��Æ� −→S J −→
←−
S
−→
S .

-
l©

−→
S J
m© r©

x

6
t

−→
S

←−
S

6
-

u
l©

m©

r©

−→
S l©

J(m©)

←−
S ( r©)

←−
S ( l©)

τ

α βz 16 ^DXd�Kx�Kj�o
 4 Fan-jump ���Fg+� −→FJ
←−
S .



394 � o e ; 37 8 A ��9 17, 4	 β < τl < γ, γ < τm < τ3, b < τr < τ2, j& τ3 � τ2 a�Z5










p′(τl) =
p(τl)− p(τ3)

τl − τ3
, τ3 > γ,

p′(τ1) =
p(τ1)− p(τm)

τ1 − τm

=
p(τ1)− p(τ2)

τ1 − τ2
, b < τ2 < α, β < τ1 < γ,�
 t = 0 f1�o℄ fan-jump

−→
FJ(Ul, τ, τ3) ��℄�� ←−S (Um, τ, τ2) e&��S J �

←−
S 
 (x1, t1) �5g+�bF Riemann H.e&��te 1,

−→
J � ←−S g+�J�Y�2{�z�� t > t1 	�n6te 2,

−→
F � ←−S Y�2{�3�$���l�
~yR
��Æ −→FJ

←−
S −→

←−
S
−→
FJ .

−→
S
←−
FJ Fg+C��4{yR
��Æ −→S←−FJ −→

←−
FJ
−→
S .
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-
τ

u l©

m©

r©

−→
FJ(Ul, τ, τ3)

←−
S (Um, τ, τ2)z 17 Fan-jump X^DKj�-
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−→
FJ ←−

Sm© r©
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−→
FJ

←−
S

(x1, t1)
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�

�
��

o
 5 Jump-fan ���Fg+� −→JF
←−
S .�9 18, 4	 b < τl < α, τ1 < τm < τr < γ, j& τ1 Z5

p′(τ1) =
p(τ1)− p(τl)

τ1 − τl

=
p(τ1)− p(τ2)

τ1 − τ2
, β < τ1 < γ, τ2 > γ,�
 (x, t) h℄� t = 01� −→JF (Ul, τ, γ)� ←−S (Um, τ) e&��te 2, �S� t > t1 	�

−→
F � ←−S �Y2{�n6te 1, 
 −→J � ←−S g+��J�Y�2{�3�$���l�
�yR
��Æ −→JF

←−
S −→

←−
S
−→
JF .

−→
S � ←−FJ Fg+v�C�F� −→S←−JF −→

←−
JF
−→
S .o
 6 Jump-fan-jump ���Fg+� −−→JFJ

←−
S�9 19, 4	 b < τl < c, γ < τr < τm < τ2, j& τ1, τ2 FP{�te 5 Y6��


t = 0 f1� −−→JFJ(Ul, τ, c) � ←−
S (Um, τ) e&�n6te 1, �S −→J � ←−S 
%\g+�J�Y�2{�� t > t1 	�n6te 2,

−→
F � ←−S Y�2{� −→J � ←−S 
%\�5g+�vY�2{�3�$���l�
~yR
��Æ� −−→JFJ

←−
S −→

←−
S
−−→
JFJ .

−→
S � ←−−JFJ Fg+�C�F� −→S←−−JFJ −→

←−−
JFJ
−→
S .o
 7 Fan-jump-fan ���Fg+� −−→FJF

←−
S�9 20,4	 τl > d, b < τr < τm < c, �
 t = 0f1�� −−→FJF (Ul, τ, c) � ←−S (Um, τ),n6te 2, �	! t > t1 	� −→F←−S Y�2{�n6te 1,

−→
J � ←−S 
%\g+�J�Y�2{� −→

F � ←−S ��5Y�2{�3�$���l�
>y�yR
��Æ�
−−→
FJF

←−
S −→

←−
S
−−−→
FJF .

−→
S � ←−−−FJF Fg+�C�F� −→S←−−FJF −→

←−−
FJF

−→
S .
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τ
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-
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S
m© r©

x

6
t

−−→
JFJ
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←−
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τ
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-
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x

6
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S
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�
�

�
��

�
�
�

�
�
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S (Um, τ) −−−→
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6
-

τ

u

�	 jaBo��F|t�(�G � e � } � �
[1] Wendroff B. The Riemann problem for materials with nonconvex equations of state I:

Isentropic flow [J]. Journal of Mathematical Analysis And Applications, 1972, 38:454–

466.

[2] Shearer M. The Riemann problem for a class of conservation laws of mixed type [J].

Journal of Differental Equations, 1982, 46:426–433.



396 � o e ; 37 8 A �
[3] Yanagi S. The Riemann problem for a class of conservation laws of Van der Waals fluid

[J]. Japan J Indust Appl Math, 1992, 9:239–268.

[4] Hattori H. The Riemann problem for a Vander Waals fluid with entropy rate admissi-

bility criterion-isother case [J]. Arch Rational Mech Anal, 1986, 92:247–263.

[5] Chang T, Hsiao L. The Riemann problem and interaction of waves in gas dynamics

[M]//Essex (England): Longman Scientific and Technical, 1989:38–60.

[6] Liu F L, Sheng W C. Interaction of elementary waves for relativistic Euler equations

[J]. Journal Shanghai Univ (Engl Ed), 2010, 14(6):405–409.

Riemann Problem and Interaction of Elementary Waves

to the Euler Equations for Van der Waals Gas

SHENG Wancheng1 WANG Bin2

1Corresponding author. College of Sciences, Shanghai University, Shanghai
200444, China. E-mail: mathwcsheng@t.shu.edu.cn

2College of Sciences, Shanghai University, Shanghai 200444, China.
E-mail: binwangshu@gmail.com

Abstract This paper deals with the Riemann problem for the Euler equations

and the interaction of elementary waves for isentropic modified Van der Waals

gas. The authors modify the state equation of Van der Waals gas to agree with

the reality by the area equal principle, which Maxwell constructed. Then the

system is transformed from mixed type into hyperbolic type. By the charac-

teristic analysis methods, the authors get the Riemann solutions constructively.

Furthermore, the collisions of shock and another elementary waves are shown.
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