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1 D � >m g y
h p > 0 6Yi6BYS,�,u1,�� g 6BY1�,� ǫ ��{��,��gj ǫy�y6�Y ǫi6 [p]PkyQL6�%F�gj ǫy r �6� ǫ ∼= g⊕r
a ,e2 ga yB��K` Ga 61,��CVBY��k dim g 6kj� r, m Grr(g) y g6�S r ��*
���BY Grassmann '�4Q Plücker Xh�'GlH Grr(g) yBY r(dim g − r) �6kN'�m E(r, g) y g 6�S r �{��,��R� [1, J� 1.4],

E(r, g) y Grassmann ' Grr(g) 6BY��'� E(r, g) '8�V g w6�S	m-9 e6v.�y6Y [p] PkyQL6 r [�b�b6 GLr �Q&6h4*
�
�:�/ r = 1 q� E(1, g) y [p] F;{ Np(g) = {x ∈ g | x[p] = 0} 6kNx�CV r = 2 Y gy,�` G 61,�[8� Premet eVF;�y'6`�[ 9kN' E(2, g) 6tE5! [2]. �B��s5t 6ykN' E(r, g) q G 6 r � Frobenius p6i�>6}*//RS�E66$ [3−5]. �� Ngo[6] =�91,� sl2 6 r �F;�y'6�r�,�9v���y}�� Carlson, Friedlander q Pevtsova[1] 6`�G� Pevtsovaq Stark[7] 6`��WJ��D^?9=71,�6}*��6{��,����y^? Cartan 7.1,�6{��,�6; 1 �`��e-1,��y+�V,�`���$u6�{��Db��w=���.6 Cartan 71,��� g = W1, Witt ,�6{��,���℄^?9}*{��,���B���℄[ 9�*��6{��,�b g 6��`�Q&6a	-�%F�lH9�*��6{��,�kN' E
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2.1 Witt �1 W1m A = k[X ]/(Xp)yBY�86��E0v,��Tw (Xp)�w k[X ]wR Xp p�6//���.V��ÆX b Aw6P�A��X .  ASBY=M6{ {1, X, · · · , Xp−1}.m Dy Ai6-9����DX i = iX i−1, 0 6 i 6 p−1. =W1 y A61�,���Witt,��G&"O
��H��	m g = W1. R� [8, § 4.2], g = spank{X

iD | 0 6 i 6 p−1}.
g iSBY�b6 Z-�x��

g =

p−2∑

i=−1

g[i],Tw g[i] = kX i+1D, −1 6 i 6 p − 2. �sS�x� g SG&�b6>k�
g = g−1 ⊃ g0 ⊃ · · · ⊃ gp−2 ⊃ 0,Tw
gi =

∑

j>i

g[j], −1 6 i 6 p − 2.S>kb g 6��` G �Q&�� [9−11]. �B�� g yBY,u1,��T [p]-Pk��1�6 p $Rs�|^:��
(X iD)[p] =

{
0, / i 6= 1q,

XD, / i = 1q.= Np(g) = {x ∈ g | x[p] = 0},  Np(g) y g 6BY��'��� g w6�SF;[�b�+w���� Np(g) � g 6F;{zF;'��qutQ��D;�&GFp6�?�C, 2.1 [11–12] m g = W1 y Witt ,�� G = Aut (g) y g 6��`�&G?B�5�
(i) G yBY p − 1 �67�,�`�
(ii) G · D y Np(g) w6$Y�Eh4��B�� G · D = (g \ g0) ∩ Np(g).

(iii) Np(g) SP� Np(g) = G · D ∪ g1.

(iv) ��BY'� Np(g) y�'℄6�Y dimNp(g) = p − 1.{V� [13, J� 3.3–3.4], �kr���52&GSQ6�?�C, 2.2 m g = W1 y Witt ,��CV x ∈ g, = zg(x) = {y ∈ g | [x, y] = 0} y xb g w6w4x��
zg(x) =






kx, gj x ∈ G · D,

kx ⊕ gp−1−i, gj x ∈ gi \ gi+1, 1 6 i < p−1
2 ,

gp−1−i, gj x ∈ gi \ gi+1, i >
p−1
2 .
�:� zg(x) ⊆ Np(g), x ∈ Np(g).G&CV S ⊆ g, = zg(S) =

⋂
x∈S

zg(x).

2.2 �1%!N���FE�)-m V yBY n �6 k 18*
� r 6 n yBYkj��Grr(V ) y V w6�S r ��*
�4Q Plücker Xh� Grr(V ) SBYkN'6���qutQ�;�&G�.6g��
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�m V1 q V2 y V 6�*
�Y
V1 ⊆ V2, dimk V1 = m, dimk V2 = m + 2. =

W = {W | V1 ⊆ W ⊆ V2, dim W = m + 1}, W y Grm+1(V ) w6BYB��'℄�'�J ℄ � [14, Lecture 6], =M6�k V2 → V2/V1 U1 &G6XhPk�
φ : Gr1(V2/V1) →֒ Grm+1(V2) →֒ Grm+1(V ).RV Gr1(V2/V1) ∼= P1, W = φ(Gr1(V2/V1)), %F�?�5�

3 Witt � 3 � #  T � 3��`?w{���H p-`6BYCÆ�Sg&,u1,�w6.MUO��B 3.1 m g yBY,u1,��BY r �{��,� ǫ ⊆ gy gwBY r ��y�,��Ti6 [p] PkyQL6�� E(r, g) � g w�S r �{��,��� E(r, g)max� E(r, g) w6}*{��,��TwBY{��,���}*�,��gj��g	mberT�{��,�w�&GBY�?B> E(r, g) yBYkN'�C, 3.1 [1, K 1.4, K 3.21] �b6Xh E(r, g) →֒ Grr(g) yBY��h�
�:�
E(r, g) SBYkN'6���B�� E(r, g)max y E(r, g) w6$���&+�	m g = W1 y p � Witt ,��CVer a = (a1, · · · , ap−2) ∈ kp−2, =
ã1 = a1

2 ,

ãi =
1

i + 1

(
iai +

i−2∑

j=0

(2j + 1 − i)aj+1ãi−1−j

)
, 2 6 i 6 p − 2. (3.1)=

xa = D +

p−2∑

i=1

aiX
iD +

( p−3∑

i=0

2(i + 1)ai+1ãp−2−i

)
Xp−1D (3.2)G� ǫa = kxa. R� [15, ?/ 3.3],

G · D =
⋃

a∈ kp−2

ǫa. (3.3)CV 1 6 i < p−3
2 G� b = (b1, · · · , bp−2−2i) ∈ kp−2−2i, =

xb = X i+1D +

p−2−2i∑

j=1

bjX
i+j+1DG�

ǫb = kxb ⊕ gp−1−i.Cer c = (c1, c2) ∈ P1, =
xc = c1X

p−1
2 D + c2X

p+1
2 DG�

ǫc = kxc ⊕ g p+1
2

.
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�Gi�o�&G�?�5�
(i) m a,a′ ∈ kp−2,  ǫa = ǫa′ /Y�/ a = a′.

(ii) m 1 6 i < p−3
2 , b,b′ ∈ kp−2−2i,  ǫb = ǫb′ /Y�/ b = b′.

(iii) m c, c′ ∈ P1,  ǫc = ǫc′ /Y�/ c = c′.

(iv) ǫa, ǫb, ǫc y g 6}*{��,��Tw a ∈ kp−2, b ∈ kp−2−2i, c ∈ P1, 1 6 i <
p−3
2 .�&+CVer r ∈ N, ^? E(r, g)max.�, 3.1 m g = W1 y Witt ,��

{
ǫa, ǫb, ǫc | a ∈ kp−2, c ∈ P1, b ∈ kp−2−2i, 1 6 i <

p − 3

2

}\�9 g 6�S}*{��,��%F
E(1, g)max = {ǫa | a ∈ kp−2}, E

(p − 1

2
, g

)

max
= {ǫc | c ∈ P1}, (3.4)

E(r, g)max = {ǫb | b ∈ kp−2r}, 2 6 r 6
p − 3

2
(3.5)G�

E(r, g)max = ∅, r >
p + 1

2
. (3.6)�B�� E(r, g)max

∼= Ap−2r, 1 6 r 6
p−3
2 G� E

(
p−1
2 , g

)
max

∼= P1.J (1) m ǫ y g 6BY}*{��,��=
i = min{j | ǫ ∩ (gj \ gj+1) 6= 0}.RV ǫw�S[�Ay p-F;6�%F i 6= 0. �B��B> i 6

p−1
2 . 	m�g� ǫg	mV{��,� g p−1

2
w�eX ǫ��{��,�6}*9AD�m 0 6= x ∈ ǫ∩ (gi \gi+1).G&P 4 x[8	?�/= 1 i = −1.bex[8&�RL/ 2.1(ii) p x ∈ G · D. �B��℄ L/ 2.2, zg(x) = kx. %FR (3.3) p�)b a ∈ kp−2, t5 ǫ = kx = ǫa./= 2 1 6 i < p−3
2 .RL/ 2.2 p zg(x) = kx ⊕ gp−1−i. %F ǫ ⊆ kx ⊕ gp−1−i. )b)b b ∈ kp−2−2i, t5 kx ⊕ gp−1−i = ǫb. RL/ 3.2 (iv) G� ǫ ��{��,�6}*952 ǫ = ǫb./= 3 i = p−3

2 .-�V[8 2 6	?'G52 ǫ ⊆ kx ⊕ g p+1
2

. RV kx ⊕ g p+1
2
'8�V ǫc, Tw

c = (1, c) ∈ P1, %F℄ ǫ 6}*952 ǫ = ǫc./= 4 i = p−1
2 .RL/ 2.2p zg(x) = g p−1

2
. %F ǫ ⊆ g p−1

2
. K# ǫ = g p−1

2
= ǫc′ , Tw c′ = (0, 1) ∈ P1.�6+��

ǫ ∈
{
ǫa, ǫb, ǫc | a ∈ kp−2, c ∈ P1, b ∈ kp−2−2i, 1 6 i <

p − 3

2

}
.%F�℄ Gi	?G�L/ 3.2 (iv) 52;BYB>�

(2) �kr���}*{��,� ǫa, ǫb, ǫc 6���52 (3.4)–(3.6).
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(3) &G=M6�k
Ψ1 : Ap−2 → E(1, g)max,

a 7→ ǫa,

Ψr : Ap−2r → E(r, g)max,

b 7→ ǫbG�
Ψ p−1

2
: P1 → E

(p − 1

2
, g

)

max
,

c 7→ ǫc[ 9�;�6��Tw 2 6 r 6
p−3
2 .Q 3.1 #�M-�:MQ?/ 3.1 w6NK^?B�6 Jacobson-Witt ,� Wn 6}*{��,��'ytEn�LGs*�K� Wn 6F;h4��Ra5E�xsi�?/ 3.1 6lHD,V Witt ,�wF;[6w4x�6����?/ 3.1 6BY�?��DSg&�? 3.1.7- 3.1 m g = W1 y Witt ,�� G = Aut (g) y g 6��`�G&?B�5�

(i) g w{��,�6�*��y p−1
2 .

(ii) erBY��� p−1
2 6{��,�b G 6�Q&a	V ǫ

(0,1)
zd ǫ

(1,0)
.

(iii) E
(

p−1
2 , g

) y�'℄6Y dim E
(

p−1
2 , g

)
= 1.J (i) '%?/ 3.1 r�52�

(ii) m ǫ yBY��� p−1
2 6{��,��R?/ 3.1, )b c = (c1, c2) ∈ P1, t5

ǫ = ǫc = k(c1X
p−1
2 D + c2X

p+1
2 D) ⊕ g p+1

2
.gj c1 = 0,  ǫ = g p−1

2
= ǫ

(0,1)
. gj c1 6= 0, R� [13, �? 2.4] p�)b σ ∈ G, t5

σ(X
p−1
2 D) − (c1X

p−1
2 D + c2X

p+1
2 D) ∈ g p+1

2
.K# ǫ = σ(ǫ

(1,0)
).

(iii) 'R (i) q?/ 3.1 52�K� E
(

p−1
2 , g

)
= E

(
p−1
2 , g

)
max

. e2��D[ <�BYlH�= U = G · ǫ
(1,0)

. R (ii) '5
E
(p − 1

2
, g

)
= U ∪ {g p−1

2
}.�B�� E

(
p−1
2 , g

) 'Gg&)w�
E
(p − 1

2
, g

)
= {W | g p−3

2
⊂
6=

W ⊂
6=

g p+1
2
}.RL/ 2.3, E

(
p−1
2 , g

) y�'℄6�YyB�6��&+�D)w E(r, g), 1 6 r 6
p−3
2 . ℄ (3.1)–(3.3)[15, �0 3.3], )bBY p − 1 $6U$E0v

f(t−1, t0, · · · , tp−2) = tp−2t
p−2
−1 −

p−3∑

i=0

(2i + 1)tit
i
−1lp−2−i,



402 � < N % 37 # A �t5
G · D =

{ p−2∑

i=−1

ξiX
i+1D

∣∣∣ξ−1 6= 0 Y f(ξ−1, ξ0, · · · , ξp−2) = 0
}
,Tw

l1 =
t0
2

,

ls =
1

s + 1

(
sts−1t

s−1
−1 +

s−2∑

j=0

(2j + 1 − s)tjt
j
−1ls−1−j

)
, 2 6 s 6 p − 2.R (3.4) 52

E(1, g)max =
{
k
( p−2∑

i=−1

ξiX
i+1D

)∣∣∣f(ξ−1, ξ0, · · · , ξp−2) = 0
}y�'℄6�!S�� p − 2. 
�:� E(1, g1) ⊂ E(1, g)max. ℄ L/ 2.1 q (3.3),

E(1, g) = E(1, g)max ∪ E(1, g1) = E(1, g)max.K# E(1, g) y�'℄6�Y!S�� p − 2.m
C(Np(g)) = {(x, y) ∈ Np(g) ×Np(g) | [x, y] = 0}y g 6F;�y'�
C(Np(g))o = {(x, y) ∈ C(Np(g)) | x, y-9 e}y C(Np(g))w6$��er (x, y) ∈ C(Np(g))o CMVBYI�18*
 V(x,y) = kx⊕ky.)b V(x,y) ∈ E(2, g), ∀(x, y) ∈ C(Np(g))o. �B�� E(2, g) wer[�A8g V(x,y),

(x, y) ∈ C(Np(g))o. b C(Np(g))o w�g&Nv?HBY GL2(k) �Q�
(

α β
γ δ

)
· (x, y) = (αx + βy, γx + δy), ∀

(
α β
γ δ

)
∈ GL2(k), (x, y) ∈ C(Np(g))o.%F52g&�6'��

Θ : C(Np(g))o → E(2, g),

(x, y) 7→ V(x,y),TwBBY(�y C(Np(g))o w6BY GL2(k) h4�m
C(i) = {(x, y) ∈ C(Np(g)) | x ∈ gi \ gi+1}, 1 6 i 6

p − 3

2G� C(i) = C(i), � C(i) b C(Np(g)) w6�	�= C(i)o = C(i) ∩ C(Np(g))o. R� [16],

C(i)o b GL2(k) �Q&����B��R� [16, ?/ 3.6] p�'g&P� C(Np(g))o ��'℄Pn�
C(Np(g))o =

p−3
2⋃

i=1

C(i)o.%F52 E(2, g) 6�'℄P�
E(2, g) =

p−3
2⋃

i=1

Θ(C(i)o).



4 S �2I fW Witt -�|�-�7C<z� 403�B��R� [16, L/ 3.3] 'p
dimΘ(C(i)o) = dimC(i)o − dim GL2(k) = p − 4, ∀1 6 i 6

p − 3

2
.%F E(2, g) y8�6�!S p−3

2 Y�'℄Pn�BY�'℄Pn!S�� p − 4.m 2 6 r 6
p−3
2 . Cer b̃ = (b1, b2, · · · , bp+1−2r) ∈ Pp+1−2r, =

ǫeb
= k

( p+1−2r∑

j=1

bjX
r+j−1D

)
⊕ gp−r.R?/ 3.1 p

E(r, g)max = {ǫeb
| b̃ ∈ Pp+1−2r}G�

E(r, g) = E(r, g)max ∪
( ⋃

r<i6
p−1
2

⋃

ǫi∈E(i, g)max

Grr(ǫi)
)
.�B�� ǫ ∈ E(r, g)max /Y�/ gp−r ⊂ ǫ. %F

E(r, g)max $ E(r, g).RL/ 3.1 p E(r, g)max y E(r, g) w6$���G E(r, g) �y�'℄6��B��
dim E(r, g) > dim Grr(ǫ p−1

2
) = r

(p − 1

2
− r

)
, ∀ǫ p−1

2
∈ E

(p − 1

2
, g

)

max
.�6+��%Gi	?��D52g&�?��, 3.2 m g = W1 y Witt ,��&G?B�5�

(i) E(1, g) = E(1, g)max y�'℄6�Y dim E(1, g) = p − 2.

(ii) E(2, g) y8�6�Y!S p−3
2 Y�'℄Pn�BY�'℄Pn!S�� p−4. 
�:� dim E(2, g) = p − 4.

(iii) E(r, g) y'℄6�Y dim E(r, g) > r
(

p−1
2 − r

)
, 2 6 r 6

p−3
2 .M< V3oWd6~%o`G�SI6J�� � * � 9 � ;
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A Note on Elementary Subalgebras of the Witt Algebra

WANG Xiaoming1
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Abstract Let g = W1 be the Witt algebra over an algebraically closed field k of character-

istic p > 3. Maximal elementary subalgebras of g are determined. Moreover, G conjugacy

classes of elementary subalgebras of maximal dimension under the automorphism group of g

are precisely given. As a consequence, the projective variety E
(

p−1
2 , g

)
of elementary subal-

gebras of maximal dimension p−1
2 is shown to be irreducible and one-dimensional. Moreover,

we show that E(1, g) is irreducible and has dimension p − 2, E(2, g) is equidimensional and

has p−3
2 irreducible components with the same dimension p − 4. While E(r, g) is reducible

for 3 6 r 6
p−3
2 . A lower bound for the dimension of E(r, g)

(
3 6 r 6

p−3
2

)
is given.
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