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1 _ � Y~ D = {1, 2, · · · , d}, %t`_Z d > 1. ^�;� S = Z × {1, 2, · · · , d} ?d"�OtFd"DO�1��
-C Bolthausen � Goldsheid[1] m.�R"��jF�Ot�kA"�`d"S^*$F Lyapunov lZx.w&`T��F���V� Goldsheid[2]q�}Ud9Fd"�O�k�w;�?d"�Otd"DO�tHF%��r�a�w�tHF9ZM��t�%�Mg� Roitershtein[3] q�}U0u “annealed” "Ra�wDOF*9ZM���+A “XRn�\�O ” F℄DAw “annealed” 9:�Ft�%�Mg� Bolthausen � Goldsheid[4] a�wR&`.���DOF “Sinai” �r�
Peterson[5] 'Qw;�?d"�OtFd"DOR “quenched”� “annealed” 9:�F9 $���F|.��Q<N;�?d"�Otd"DOF�OgA}�kAgA}�`6L4�7V2�tH T1. q�UgA}Fg	�*b.V2�tHFYj ET1, x.wDO9ZM�`RF�M�7� Roitershtein[3, qt 2.3] [�UH;�?d"�OtT�d"DO�4n�9R\�OF�Rr��"RI�Ob2p�"RFH1���}�OgA}FJZu?A��Æx.w4n�9R\�OF�Rr��"RF�R
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(1, R)-RWRE, 6( (L,R)-RWRE F�OgA}��}�OgA}
y{�F0�g���'Q;�?d"�OtFG{d"DO�R℄il�l.�℄0
y{��1��kq [11].

1.1 DVAI)A� [1] t�H��F�Y�~ {(Pn, Qn, Rn), n ∈ Z}}C d×d~S^>K	})F&t"��j#y�%tg	S^F�uK_QQfmF��+U89F n, Pn+Qn+Rn}d"S^�) (Pn +Qn +Rn)1 = 1, %t 1 }wuK_Y} 1 Fy�v�, Pn twK_} Pn(i, j), 1 6 i, j 6 d, U Qn � Rn tFwK_`f^M:�~ (Ω,F , P, θ) }�?FOp
s�%t Ω }		gF#y ω := {ωn, n ∈ Z} = {(Pn, Qn, Rn), n ∈ Z} Fb2�
F } Ω ?F Borel σ-=Z� P �N (Ω,F ) ?Fp�"R�xM P , d"�O ω RQ Ωb2t6 P }p�g�Fd"K� θ } Ω ?Fv3b��
� (θω)n = ωn+1, n ∈ Z. :�g� P Rv3b� θ F�A�Q"��jF�V(�OQ"��jF�;� S = Z × D = Z × {1, 2, · · · , d} ?Fd"DO,� {Xn, n ∈ Z}, %t

Xn = (ξn, Yn), ξn ∈ Z, Yn ∈ D ,

ξn }DO {Xn, n ∈ Z} F Z-{�� Yn 3jH D = {1, 2, · · · , d}.UHxM�O�;�?d"DOF-g��M: Md :

Md = {(µω)ω∈Ω : µω}D = {1, 2, · · · , d}?Fp�"R�v}.xM�O ω ∈ Ω 6(-g� µ = µω ∈ Md, `6M:3jH Z × {1, 2, · · · , d} F;�?Fd"DO Xn. ~�3p� Qω(z, z1) }
Qω(z, z1) =





Pn(i, j), = z = (n, i), z1 = (n+ 1, j),

Rn(i, j), = z = (n, i), z1 = (n, j),

Qn(i, j), = z = (n, i), z1 = (n− 1, j),

0, %h.�.-g�}
Pµ

ω (ξ0 = 0, Y0 = z0) = µω(z0), U89 z0 ∈ D .�6� {Xn, n ∈ Z} }H2&2�Rr�U89-LL x0 = (0, y0) ∈ S 6(89F ω ∈ (Ω,F , P ), M: “quenched” p� Pµ
ω :

Pµ
ω (X0 = x0, X1 = x1, · · · , Xn = xn) := µω(y0)Qω(x0, x1)Qω(x1, x2) · · ·Qω(xn−1, xn).M: (

Ω × (Z × D)N,F × G
) ?Fp�"R P

µ = P ⊗ Pµ
ω :

P
µ(F ×G) =

∫

F

Pµ
ω (G)P (dω), F ∈ F , G ∈ G .=3 F = Ω, V( P

µ } “annealed” p��M: P
µ gU?F#{} E

µ, Pµ
ω gU?F#{} Eµ

ω . B( Pµ
ω � P

µ F(�g�(� “quenched” � “annealed”.0+-1H R��t�, 0 = (0, 0, · · · , 0) ∈ R
d, 1 = (1, 1, · · · , 1)T ∈ R

d. U89 1 6 i 6 d, ~ ei =
(
0, · · · , 1

i

, · · · , 0
) �N R

d ?FJ i u�� �v�g�M:�



4 $ ��� [V <��e#�Pue#EPG�PhdB~ 407v x = (xj) �S^ A = (a(i, j)) FaZ}
‖x‖ := max

j
|xj |, ‖A‖ := max

i

∑

j

|a(i, j)|.:�S^ A tgFK_Y
� a(i, j) > 0, V( A }&t`F (,� A > 0). :�S^ A tgFK_Y
� a(i, j) > 0, V( A }fmF (,� A > 0). = d × d ~JjS^ A QfmF�VF ‖A‖ = ‖A1‖. KA, IA e�N'� A FN�
Z�Ud"DO Xn = (ξn, Yn), q&KA,
lim

n→∞

Xn = +∞, P-a.s.e�N? n→ ∞ H� ξn 1�H +∞, P-a.s.~ Ln := {(n, j), 1 6 j 6 d}. �tH Tn M:}?DO4L z ∈ L0 .[H�V2A7J n yFH2�~ T0 = 0, �+U n > 1 M:
Tn := inf{t : Xt ∈ Ln}, τn := Tn − Tn−1. (1.1)MMb'F�4D} +∞, �+ ∞−∞ = ∞.�Yo6 C 
-C Bolthausen � Goldshied R� [1] tm.�N3 C (C1) Op
s (Ω,F , P, θ) Q�jF�

(C2)

E log(1 − ‖Rn + Pn‖)
−1 <∞, E log(1 − ‖Rn +Qn‖)

−1 <∞.

(C3) U89F j ∈ {1, 2, · · · , d} �89F n, F
d∑

i=1

Qn(i, j) > 0,

d∑

i=1

Pn(i, j) > 0, P -a.s.

(C4) 6 P -`p��J 0 yR0u�qft (%t z ∼ z1 �N z1 `7 z, �+ z `7 z1.)℄h4( VÆ��;�?d"�Otd"DOF0�5fA��
(1) &`T���VÆ�U89 a ∈ Z, 6(89Fd"S^ ρ, U n > a, K�IM:S^ ψn =

ψn,a,ρ. ψa := ρ, XU n > a M: ψn := (I −Rn −Qnψn−1)
−1Pn. ?o6 C )mH�� [1,Mg 1] a�w d × d ~S^ ζn := lim

a→−∞

ψn,a,ρ 6R��+ {ζn, n ∈ Z} Q|0
�6�+Fd"S^#y�
ζn = (I −Qnζn−1 −Rn)−1Pn, P -a.s., n ∈ Z. (1.2)�6�d9F#y {(Pn, Qn, Rn, ζn), n ∈ Z} Q"��jF�~

An := (I −Qnζn−1 −Rn)−1Qn, un := (I −Qnζn−1 −Rn)−11. (1.3)M:
λ+ := lim

n→∞

1

n
log ‖AnAn−1 · · ·A1‖.



408 [ % � [ 37 W A &� [1, Mg 2] x.wDO Xn = (ξn, Yn) F&`T�����V�%t0w.�Q
lim

n→∞

ξn = +∞, P-a.s. ?+H? λ+ < 0.

(2) j8p�.~ ηn(i, j) �N4�p (n, i) .[�A7m�/g)ÆAJ n+1y��+�RL (n+

1, j)Fp���Æq&(g}j8p��:�d"DOGT��VF ηn = ζn, P -a.s.[2, (1.15)].:�o6 C 
��VU P -a.s. ω, F ζn > 0. R��t��ÆH'Q;�?GT�d"DO�
(3) p��v yn })F"�#y.Ro6 C 
�F0Cg��U P -a.s. ω, �Y%�Q6RF[2,>h 1]:

yn := lim
a→−∞

uaζa(ω)ζa+1(ω) · · · ζn(ω), (1.4)%t ua }wK_ ua(i) YfmF��v��+
� d∑
i=1

ua(i) = 1. �9A#y {yn} QRp��vt
� yn = yn−1ζn F|0C�yn > 0; yn } D ?Fp��v�%e'}_u
D ; p��v yn = y(ω6n) })"�#y�
1.2 mZ4(0CU P -a.s. ω, DO Xn = (ξn, Yn) 6-g� µω 4J 0 y.[�%t µω ∈

Md, µω(i) = Pµ
ω (ξ0 = 0, Y0 = i). 0Co6 C )m��+0C λ+ < 0, )d"DOGT�� Xn → +∞, P-a.s., ��U89F`_Z k (k > 1), F Tk < ∞, P-a.s., �+ T0 = 0. �ÆTukA�OgA}L4*bV2�tH T1 = inf{n : ξn ∈ L1}. U89F n 6 1, M: Un = (U1

n, U
2
n, · · · , U

d
n), %t U i

n (1 6 i 6 d) }H2 T1 g)�4J n ypAJ n− 1 y��+�R (n− 1, i) LF�Z�
Zn = (Z1

n, Z
2
n, · · · , Z

d
n), %t Zi

n (1 6 i 6 d) }H2 T1 g)�4J n ypAJ n y��+�R (n, i) LF�Z�~
|Un| :=

d∑

i=1

U i
n = Un1, |Zn| :=

d∑

i=1

Zi
n = Zn1. (1.5)

Un � Zn `A6�NH2 T1 g)DOFgF�Z�CH Xn → +∞, P-a.s., �=DO4J n y (n 6 0) ��pw0��Vi
v�M�4J n− 1 y`�AJ n y�<1
T1 = 1 +

∑

n60

(
2|Un| + |Zn|

)
.�YMg<Nw;�?d"�Otd"DOF�OgA}�\�w {|Un|, |Zn|, n 6 1}Qf&2F;3�FV�wg�+�j8p�S^ ηn R%t'w�y.F�A��+�9A? Xn → +∞, P-a.s. H�F ηn = ζn, P -a.s.[2, (1.15)], %t ζn R (1.2) tM:��; 1.1 0Co6 C )m��+ Xn → +∞, P-a.s. 0CU P -a.s. ω, DO6-g� µω 4J 0 y.[�V
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(1) ;�?d"�Otd"DO�OgA}Fg"q`�Y}�U P -a.s. ω, U89F n 6 0, 1 6 i 6 d, F
Pµ

ω (|Un| = m, |Zn| = K | Un+1 = ei)

= ei

∑

k0+k1+···+km=K

Rk0

n Qnζn−1R
k1

n · · ·Qnζn−1R
km

n Pn1 (1.6)�
Pµ

ω (|Un| = m, |Zn| = K | Un+1 = ei)

= ei

∑

m0+m1+···+mK=m

(Qnζn−1)
m0Rn(Qnζn−1)

m1 · · ·Rn(Qnζn−1)
mKPn1, (1.7)%t ζn = ηn }j8p�S^�X ζn R (1.2) tM:�

(2) U P -a.s. ω, {|Un|, n 6 1} � {|Zn|, n 6 1} }f&2F;3�FV�wg�+�U89F n 6 0, 1 6 i 6 d, %�=g�}
Pµ

ω (|Un| = m | Un+1 = ei) = ei[(I −Rn)−1Qnζn−1]
m(I −Rn)−1Pn1, (1.8)

Pµ
ω (|Zn| = K | Un+1 = ei) = ei[(I −Qnζn−1)

−1Rn]K(I −Qnζn−1)
−1Pn1, (1.9)%3�g�}

Pµ
ω (U1 = ei) = µω(i), i ∈ D , (1.10)%t ζn = ηn }j8p�S^�

(3) V2�tH T1 `�N}
T1 = 1 +

∑

n60

(2|Un| + |Zn|). (1.11)p 1.1 (1) RMg 1.1 t��ÆHk�H2 t ∈ [0, T1] �DOF�C�DOFgF�ZY`�,�H {|Un|, |Zn|, n 6 1} gt�DOF�OgA}F: (1.6)–(1.7) gYFg"q�X {|Un|, n 6 1} � {|Zn|, n 6 1} };3� (g�} (1.10)) FV�wg�+�%�=g�g�} (1.8) � (1.9). RH2 T1 g��DO {Xt} F�C/Ff^FA}�Æ:\�?k�H2 t ∈ [T1, T2] �DOF�CH�DOFgF�ZY`�,�H {|Un|, |Zn|, n 6 2} gt�U n 6 1, g"qr-} (1.6)–(1.7), {|Un|, n 6 2} �
{|Zn|, n 6 2} /r-Q�=g�} (1.8) � (1.9) F;3�g�+�mQg;3�}
Pµ

ω

(
U2 = ei

)
= yT1

(i). �Æ`6.$UH2 t ∈ [T2, T3], t ∈ [T3, T4], · · · �DOF�CI�k��
(2) PJ?�R<NDOF�OgA}F�+t� ��℄Q8DOF�pIg�+FH2�U?�Æ:�RUH2 t ∈ [Tk, Tk+1] �DOF�C!TI�g	H� |Un|�}DO4J n yAJ n− 1 yF�Z`�\�g�+J (k − n+ 1) =F�=Z�
(3) �9AR<N�OgA}F (1.6)–(1.9) gt�% “l,”� “��”Q “fU(”F�℄Q<}mF “U”-f�Fn���? “l,” %E “��”. �H℄0L`6℄-gC��Æ��H “��” FuZ�E~H?YMgtg<NF�OgA}��}%?Ag0��Æ`6L4*bV2�tHYj ET1.



410 [ % � [ 37 W A &�; 1.2 0Co6 C )m��+ Xn → +∞, P-a.s. 0CU P -a.s. ω, DO6-g�
µω 4J 0 y.[�V

ET1 = E(µω(u0 +A0u−1 + · · · +A0A−1 · · ·A−ku−k−1 + · · · )), (1.12)%t An,un R (1.3) tM:�;�?d"DO�OgA}F|0u?AQx.w “XRn�9R\�O” �Rr��"R�R
ZFL4�7���� [3] tJ 4 �Fk��U n > 0, ~ ωn = θξnω.^�M:H (Ω × D ,F ⊗ H ) ?F�+ Zn := (ωn, Yn), %t H } D ?gF�'F'��0CU P -a.s. ω, DO6-g� µω = y−1 4J 0 y.[�%t y−1 R (1.4) tM:�
{Zn, n > 0} Q P

µ g�F�Rr�%�3Æ}
K(ω, i;B, j) = P0(i, j)IB(θω) +R0(i, j)IB(ω) +Q0(i, j)IB(θ−1ω).q&( Zn = (ωn, Yn) }j~�Rr�? ET1 <∞ H�~ vp = 1

ET1

. U89F B ∈ F , 6(89F i ∈ D , M: (Ω×D ,F ⊗

H ) ?Fp�"R Q :��
Q(B, i) := vpE

( T1−1∑

n=0

IB(ωn)IYn
(i)

)
, (1.13)V Q(·) }�R�3Æ K �F��"R[3,  s 4.1].�RM:0u (Ω,F ) ?Fp�"R Q(·) :��

Q(B) := Q(B,D), B ∈ F .U89F B ∈ F , M: Qi(B) := Q(B, i), V Qi(·) � Q(·) Y�H P XUq$[3,  s 4.1].>� [3] tHa�w Q �H P XUq$�R
ZF?D���kA�OgA}℄0{U�R�YMgty_Ix. Qi � Q �H P XUq$�R
ZFL4�7��; 1.3 0Co6 C )m��+ Xn → +∞, P-a.s. 0CU P -a.s. ω, DO6-g�
µω = y−1 4J 0 y.[�|x0C vp > 0, V Qi(·) �H P XUq$��+ Q(·) /�H
P XUq$�%XUq$��"RF�R
Z`g��M�Y}

dQi

dP
= Λ(i)

ω , (1.14)%t
Λ(i)

ω = vp[µω(ũ0 + ζ0A1ũ0 + ζ0ζ1A2A1ũ0 + · · · )](i);

dQ

dP
= Λω,

(1.15)%t
Λω = vp[µω(ũ0 + ζ0A1ũ0 + ζ0ζ1A2A1ũ0 + · · · )]1,℄i ũn := (I −Qnζn−1 −Rn)−1.p 1.2 (1) Mg 1.3 FJ 1 �g5R� [3,�r 4.1]tDA�℄iH�� “�R
Z”℄0�g�

(2) `6Atw�rF℄a�DOF9ZM��℄ 1, :�~ µω = y−1, V (1.1)tgM:F {τi : i ∈ N} Q0y"��jd"�v#y[3, >h3.2]. <1�C�j�Mg�



4 $ ��� [V <��e#�Pue#EPG�PhdB~ 411QA�Mg 1.2 t ET1 F�N�7�`�DA9ZM��℄ 2, F “�R
Z” ℄0{U���Q24 “XRn�\�O” F9RDA9ZM��%a�℄�f^HU Z ?G{d"�Otd"DOFa�[8]. ℄iF�a�F���P> 1.1 0Co6 C )m��+ Xn → +∞, P-a.s. 0CU P -a.s. ω, DO6-g�
µω = y−1 4J 0 y.[��+0C vp > 0, V

lim
n→∞

ξn

n
= lim

n→∞

n

Tn

=
1

E
(
y−1(u0 +A0u−1 + · · · +A0A−1 · · ·A−ku−k−1 + · · · )

) , P-a.s. (1.16)

2 o \ 6 ) � e C
2.1 Ea!f4% —�; 1.1 �dB0Co6 C )m��+U P -a.s. ω, DO4J 0 y.[�%-Lg�} µω, %t
µω(i) = Pµ

ω (ξ0 = 0, Y0 = i), 1 6 i 6 d. 0C Xn → +∞, P-a.s., VU89F`_Z k > 1,F Tk <∞, P-a.s. �ÆHg	DO4J 0 yAJ 1 yFJ 1 uD+F�C�r�/RQ\��ÆVÆ^�DO Xk R k ∈ [0, T1] F�C�U n 6 0, M:
αn,0 = min{k 6 T1 : Xk ∈ Ln},

βn,0 = min{αn,0 < k 6 T1 : Xk−1 ∈ Ln, Xk ∈ Ln−1}.U b > 1, M:
αn,b = min{βn,b−1 < k 6 T1 : Xk ∈ Ln},

βn,b = min{αn,b < k 6 T1 : Xk−1 ∈ Ln, Xk ∈ Ln−1}.MMb'F�4D} +∞.(DORH222 [βn+1,b−1, αn+1,b] �F�C}DO4J n yAJ n+ 1 yFJ buD+�U89F b > 0, n 6 0 � i ∈ {1, 2, · · · , d}, M:
U i

n,b := ♯{k > 0 : Xk−1 ∈ Ln, Xk = (n− 1, i), βn+1,b < k < αn+1,b+1},

Zi
n,b := ♯{k > 0 : Xk−1 ∈ Ln, Xk = (n, i), βn+1,b < k < αn+1,b+1},V U i

n,b }R4J n yAJ n + 1 yFJ (b + 1) uD+t�DO4J n ypA (n− 1, i)F�Z� Zi
n,b }R�rD+t�DO4J n ypA (n, i) F�Z�U89F n 6 0 � i ∈ {1, 2, · · · , d}, M: U i

n :=
∑
b>0

U i
n,b, V U i

n }RH2 T1 g)�4J n ypAJ n − 1 y��+�R (n − 1, i) F�Z��Æ`6r-M: Zi
n :=

∑
b>0

Zi
n,b.~ Un = (U1

n, U
2
n, · · · , U

d
n), |Un| =

d∑
i=1

U i
n = Un1, 6( Zn = (Z1

n, Z
2
n, · · · , Z

d
n), |Zn| =

d∑
i=1

Zi
n = Zn1, %t Un, |Un| 6( Zn, |Zn| FM:I (1.5) tFM:0o�



412 [ % � [ 37 W A &C�R�f�U P -a.s. ω, U89F n 6 0, 1 6 i 6 d, F
Pµ

ω (|Un| = m, |Zn| = K | Un+1 = ei)

= ei

∑

k0+k1+···+km=K

Rk0

n Qnζn−1R
k1

n · · ·Qnζn−1R
km

n Pn1, (2.1)%t ζn = ηn }j8p�S^ [2, (1.15)].

(2.1) tg�YFDOF�CQ℄-F�RxM Un+1 = ei Fo6��DO4J n y.[�RJ n y|pw |Zn| = K � (��pFp�Y} Rn), 4J n yAJ n − 1 ypOw |Un| = m � (>Q4�CF9RX(��0u6p� Qn “��p” F��0Mq>�0u6p� ζn−1 4J n− 1 y
v`�AJ n yF�C), X
�0�Q6p� Pn 4J n ypAJ n+ 1 y�
(2.1) gO	F℄�Q�ÆH��H “��” FZ��℄�ow “fU(�”. �9AmF “U”-f�Fn�%E “��”, Cf^F℄��g"q/`��Y}

Pµ
ω (|Un| = m, |Zn| = K | Un+1 = ei)

= ei

∑

m0+m1+···+mK=m

(Qnζn−1)
m0Rn(Qnζn−1)

m1 · · ·Rn(Qnζn−1)
mKPn1. (2.2)��8g�v�. |Un| � |Zn| F�-g���ÆVÆek� |Un| F�-g��R

(2.1) tU K 0��`D
Pµ

ω (|Un| = m | Un+1 = ei)

=

+∞∑

K=0

Pµ
ω (|Un| = m, |Zn| = K|Un+1 = ei)

= ei

[ +∞∑

K=0

∑

k0+k1+···+km=K

Rk0

n Qnζn−1R
k1

n · · ·Qnζn−1R
km

n Pn1
]
.�9A

+∞∑

K=0

∑

k0+k1+···+km=K

Rk0

n Qnζn−1R
k1

n · · ·Qnζn−1R
km

n

= (I −Rn)−1Qnζn−1(I −Rn)−1 · · ·Qnζn−1(I −Rn)−1

= [(I −Rn)−1Qnζn−1]
m(I −Rn)−1,4X`v�. |Un| F�-g�}

Pµ
ω (|Un| = m | Un+1 = ei) = ei[(I −Rn)−1Qnζn−1]

m(I −Rn)−1Pn1.f^I�R (2.2) t�U m 0��`DA |Zn| F�-g�
Pµ

ω (|Zn| = K | Un+1 = ei)

= ei

+∞∑

m=0

∑

m0+m1+···+mK=m

(Qnζn−1)
m0Rn(Qnζn−1)

m1 · · ·Rn(Qnζn−1)
mKPn1

= ei(I −Qnζn−1)
−1Rn(I −Qnζn−1)

−1 · · ·Rn(I −Qnζn−1)
−1Pn1

= ei[(I −Qnζn−1)
−1Rn]K(I −Qnζn−1)

−1Pn1.4Xy)wMg 1.1 t (1)–(2) Fa��X (3) FA�7D�



4 $ ��� [V <��e#�Pue#EPG�PhdB~ 413p 2.1 q� (1.8) gDAF |Un| F�-g��`6_�e3+Mg 1.1 tg}UFg"qF`4��PJ?�
+∞∑

m=0

Pµ
ω (|Un| = m | Un+1 = ei)

= ei

[ +∞∑

m=0

[(I −Rn)Qnζn−1]
m

]
(I −Rn)−1Pn1

= ei[I − (I −Rn)Qnζn−1]
−1(I −Rn)−1Pn1

= ei[(I −Rn) −Qnζn−1]
−1Pn1

= eiζn1 = 1.

2.2 ET1—�; 1.2 �dB0CU P -a.s. ω, d"DO Xn = (ξn, Yn) 4J 0 y6-g� µω .[�%t µω(i) =

Pµ
ω (ξ0 = 0, Y0 = i), 1 6 i 6 d. E~HDAF�OgA}�`6*bV2�tH T1 FYj ET1. �Æg 4 �I�k��� 1 � *b Eµ

ω(|Un| | Un+1 = ei) � Eµ
ω(|Zn| | Un+1 = ei).CMg 1.1 tF (1.8) f�U P -a.s. ω, U89F n 6 0, 1 6 i 6 d, F

Eµ
ω(|Un| | Un+1 = ei) =

+∞∑

m=0

mPµ
ω (|Un| = m | Un+1 = ei)

= ei

+∞∑

m=1

m[(I −Rn)−1Qnζn−1]
m(I −Rn)−1Pn1. (2.3)R*b�+t".�Y=g�^; 2.1 :� I −B Qfw�S^���

+∞∑

m=1

mBm = B(I −B)−2.d CH
+∞∑

m=1

mBm = (B + 2B2 + 3B3 + · · · ) = B(I + 2B + 3B2 + · · · ),�+
(I −B)−2 = ((I −B)−1)2 =

( +∞∑

m=1

Bm
)2

=
( +∞∑

m=1

Bm
)( +∞∑

m=1

Bm
)

= (I + 2B + 3B2 + 4B3 · · · ).<1`D
+∞∑

m=1

mBm = B(I −B)−2.



414 [ % � [ 37 W A &��.$I�UMg 1.2 Fa��R=g 2.1 t�~ B = (I −Rn)−1Qnζn−1, V (2.3)HH
Eµ

ω(|Un| | Un+1 = ei)

= ei(I −Rn)−1Qnζn−1[I − (I −Rn)−1Qnζn−1]
−2(I −Rn)−1Pn1

= ei(I −Qnζn−1 −Rn)−1Qnζn−1ζn1 = eiAn1, (2.4)%tJ 2 uHMQ2T0
y�HS^F*b�%UnF*b�+�5n��An , un R
(1.3) tM:�q�f^Fk�`D

Eµ
ω(|Zn| | Un+1 = ei) =

+∞∑

K=0

eiK[(I −Qnζn−1)
−1Rn]K(I −Qnζn−1)

−1Pn1

= ei(I −Qnζn−1 −Rn)−1Rnζn1

= ei(I −Qnζn−1 −Rn)−1Rn1,<1
Eµ

ω(|Un| | Un+1) = Un+1An1, (2.5)

Eω(|Zn| | Un+1) = Un+1(I −Qnζn−1 −Rn)−1Rn1. (2.6)� 2 � *be�J n yF�Z |Nn| FYj Eµ
ω(|Nn|).U89 n 6 0, M:

N i
n = ♯{k ∈ [0, T1) : Xk = (n, i)}, (2.7)�� N i

n QDORH2 T1 g)�e� (n, i)F�Z�~ Nn := (N1
n, N

2
n, · · · , N

d
n)+ |Nn| :=

d∑
i=1

N i
n = Nn1.M:0u�vjd"�v U′

n = (U′1
n,U

′2
n, · · · ,U

′d
n), %tU89 1 6 i 6 d, U′i

n }4J n− 1 ypAJ n y��+�R (n, i) F�Z���
|Nn| = |U′

n| + |Zn| + |Un+1|, P-a.s. (2.8)4|x0u9R\�F T1 =
∑
n60

(|Nn|), P-a.s. �9A Xn → +∞, P-a.s. :�U89F n 6 0, DO489J n y��pw0�AJ n− 1 y���DO
v0M�4J n− 1yp�AJ n y�<1 |Un| = |U′
n|, P-a.s. C (2.8) f

Eµ
ω(|Nn|) = Eµ

ω(|Un| + |Zn| + |Un+1|)

= Eµ
ω [Eµ

ω

(
|Un| | Un+1) + Eµ

ω(|Zn| | Un+1) + Eµ
ω(|Un+1| | Un+1)].QzT (2.5)–(2.6), `6*b |Nn| R “quenched” 9:�F#{ Eµ

ω(|Nn|):

Eµ
ω(|Nn|) = Eµ

ω [Un+1An1 + Un+1(I −Qnζn−1 −Rn)−1Rn1 + Un+11]

= Eµ
ω [Un+1(I −Qnζn−1 −Rn)−1(Qnζn−1 +Rn + I −Qnζn−1 −Rn)1]

= Eµ
ω(Un+1) (I −Qnζn−1 −Rn)−11. (2.9)� 3 � *b Eµ

ω(Un+1).



4 $ ��� [V <��e#�Pue#EPG�PhdB~ 415M:p�S^ Bm, %t Bm(i, j) }DO4 (n + 1, i) .[���!FJ n ypwnA m ���+J m �`��R (n, j) Fp�� Bm(i, j) `CMg 1.1 g<NF�OgA}�DA
Bm(i, j)

= ei

[ +∞∑

K=0

∑

k0+k1+···+km−1=K

Rk0

n+1Qn+1ζnR
k1

n+1Qn+1ζnR
k2

n+1 · · ·Qn+1ζnR
km−1

n+1 Qn+1

]
ej

= ei[(I −Rn+1)Qn+1ζn]m−1(I −Rn+1)
−1Qn+1ej . (2.10)~ P̃m

i,j := Bm(i, j)−Bm+1(i, j), �� P̃m
i,j Fp�9:}DO4 (n+ 1, i) .[�J m �Q��pF��+(��R (n, j) Fp��<1

Eµ
ω(U j

n+1 | Un+2 = ei) =
+∞∑

m=1

mP̃m
i,j = ei

+∞∑

m=1

m(Bm −Bm+1)ej = ei

+∞∑

m=1

Bmej .C (2.10) f
Eµ

ω(Un+1 | Un+2) = Un+2

+∞∑

m=1

Bm

= Un+2

+∞∑

m=1

[(I −Rn+1)
−1Qn+1ζn]m−1(I −Rn+1)

−1Qn+1

= Un+2(I −Qn+1ζn −Rn+1)
−1Qn+1 = Un+2An+1.<1

Eµ
ω(Un+1) = Eµ

ω [Eµ
ω(Un+1 | Un+2)] = Eµ

ω(Un+2)An+1.q�KvF℄�`D
Eµ

ω(Un+1) = Eµ
ω(Un+3)An+2An+1

= · · ·

= Eµ
ω(U1)A0A−1A−2 · · ·An+2An+1. (2.11)� 4 � *b E(T1).�9A E(T1) = E(Eω(T1)) = E
( ∑

n60

Eω(|Nn|)
)
. CJ 2 �tDAF (2.9) �J 3 �tDAF (2.11), `f

E(T1) = E
( ∑

n60

Eω(Un+1)(I −Qnζn−1 −Rn)−11
)

= E
( ∑

n60

Eω(U1)A0A−1A−2 · · ·An+2An+1(I −Qnζn−1 −Rn)−11
)

= E(Eµ
ω(U1)(u0 +A0u−1 + · · · + A0A−1 · · ·A−ku−k−1 + · · · ))

= E(µω(u0 +A0u−1 + · · · +A0A−1 · · ·A−ku−k−1 + · · · )),%t An,un R (1.3) tM:�<1Mg 1.2 Da�
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2.3 8�<X�������*J —�; 1.3 �dB��� [3] tJ 4 ��H�+ {Zn, n > 0} Fk��4 “XRn�\�O ” F9R�U n > 0, ~ ωn = θξnω. ^�M:H (Ω × D ,F ⊗ H ) F�+ Zn := (ωn, Yn), %t H} D ?gF�'F'��0CU P -a.s. ω, DO6-g� µω = y−1 4J 0 y.[�%t
y−1 R (1.4) tM:�0CDOGT��{Zn, n > 0} Q P

µ g�F�Rr�%�3Æ}
K(ω, i;B, j) = P0(i, j)IB(θω) +R0(i, j)IB(ω) +Q0(i, j)IB(θ−1ω).q&( Zn = (ωn, Yn) }j~�Rr�? ET1 <∞ H�~ vp = 1

ET1

. U89F B ∈ F , 6(89F i ∈ D , M: (Ω×D ,F ⊗

H ) ?Fp�"R Q :��
Q(B, i) := vpE

( T1−1∑

n=0

IB(ωn)IYn
(i)

)

= vp

∑

j∈D

Ep

(
µω(j)Ej

ω

( T1−1∑

n=0

IB(θξnω)IYn
(i)

))
,V Q(·) }�R�3Æ K �F��"R[3,  s 4.1].�RM: (Ω,F ) ?F0up�"R Q(·) :��

Q(B) := Q(B,D), B ∈ F .U89F B ∈ F , M: Qi(B) := Q(B, i), V Qi(·) � Q(·) Y�H P XUq$[3,  s 4.1].>� [3] tHa�w Q �H P XUq$�R
ZF?D�℄0�t8kAgA}℄0{U�R��ty_Ix. Qi � Q �H P XUq$�R
ZFL4�7�U89F m 6 0 � i ∈ D , N i
m FM:I (2.7) tF�r�

N i
m = {♯n ∈ [0, T1) : ξn = m, Yn = i}.�9AU89FD`"
Z f : Ω → R �89 i ∈ D , F

∫

Ω

f(ω)Q(dω, i) = vp

+∞∑

n=0

E
µ(f(ωn); Yn = i, T1 > n)

= vp

∑

m60

E
µ(f(θmω)N i

m)

= vpE
( ∑

k∈D

µω(k)
∑

m60

(f(θmω)Ek
ωN

i
m)

)

= vpE
(
f(ω)

∑

k∈D

∑

m60

µθ−mω(k)Ek
θ−mωN

i
m

)
.<1� Qi �H P XUq$��+ Q /�H P XUq$�%�R
Zg�}

Λ(i)
ω :=

dQi

dP
= vp

∑

k∈D

∑

m60

µθ−mω(k)Ek
θ−mω(N i

m),

Λω :=
dQ

dP
= vp

∑

k∈D

∑

m60

µθ−mω(k)Ek
θ−mω(Nm1).
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Z Λ
(i)
ω � Λω F�M�7��9AU P -a.s. ω, µω = y−1, �+ ζ−n = η−n }j8p��<1

µθω = lim
n→∞

eiζ−n(θω) · · · ζ−2(θω)ζ−1(θω)

= lim
n→∞

eiζ−n+1(ω) · · · ζ−1(ω)ζ0(ω)

= µωζ0(ω),HQ
∑

k∈D

µθω(k)Ek
θω(N i

−1) =
∑

k∈D

µθω(k)Ek
ω(N i

0) =
∑

k∈D

µωζ0(k)E
k
ω(N i

0).q�f^Fk�`6a�U89F m 6 0 � i ∈ D , F
∑

k∈D

µθ−mω(k)Ek
θ−mω(N i

m) =
∑

k∈D

µωζ0ζ1 · · · ζ−m−1(k)E
k
ω(N i

0). (2.12)�Y=g(%a�f^HMg 1.2 Fa�FJ 2 ��J 3 ��^; 2.2 U89F n < 0,

Eµ
ω(Nn) = µωA0A−1 · · ·An+1ũn, (2.13)%t ũn := (I −Qnζn−1 −Rn)−1.d C Nn, U′

n, Zn � Un+1 FM:`f
Nn = U′

n + Zn + Un+1.E~HDOF�OgA}�q�f^HMg 1.2 Fa��`D
Eµ

ω(U′

n) = Un+1

+∞∑

m=1

(
(I −Rn)−1Qnζn−1

)m−1
(I −Rn)−1Qnζn−1

= Un+1(I −Qnζn−1 −Rn)−1Qnζn−1 = Un+1Anζn−1,

Eµ
ω(Zn) = Un+1

+∞∑

K=0

(
(I −Qnζn−1)

−1Rn

)K
(I −Qnζn−1)

−1Rn

= Un+1

(
I −Qnζn−1 −Rn

)−1
Rn.<1

Eµ
ω(Nn | Un+1) = Eµ

ω(Nn | Un+1)

= Eµ
ω(U′

n | Un+1) + Eω(Zn | Un+1) + Eω(Un+1 | Un+1)

= Eµ
ω(Un+1[(I −Qnζn−1 −Rn)−1Qnζn−1

+ (I −Qnζn−1 −Rn)−1Rn + I])

= Eµ
ω(Un+1)(I −Qnζn−1 −Rn)−1.CH

Eµ
ω(Un+1) = Un+2An+1,
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Eµ

ω(Nn) = µωA0A−1 · · ·An+1(I −Qnζn−1 −Rn)−1

= µωA0A−1 · · ·An+1ũn,%t
ũn = (I −Qnζn−1 −Rn)−1.C1aD=g 2.2.C (2.12) �=g 2.2, `f

∑

k∈D

µθ−mω(k)Ek
θ−mω(N i

m) =
∑

k∈D

µωζ0ζ1 · · · ζ−m−1(k)E
k
ω(N i

0)

= µω[ζ0ζ1 · · · ζ−m−1A−mA−m−1 · · ·A2A1ũ0](i),HQ
Λ(i)

ω =
dQi

dP
= vp

∑

k∈D

∑

m60

µθ−mω(k)Ek
θ−mω(N i

m)

= vp

∑

m60

[µωζ0ζ1 · · · ζ−m−1A−mA−m−1 · · ·A2A1ũ0](i)

= vp[µω(ũ0 + ζ0A1ũ0 + ζ0ζ1A2A1ũ0 + · · · )](i)6(
dQ

dP
= Λω = vp

∑

k∈D

∑

m60

µθ−mω(k)Ek
θ−mω(Nm1)

= vp

∑

m60

[µωζ0ζ1 · · · ζ−m−1A−mA−m−1 · · ·A2A1ũ0]1

= vp[µω(ũ0 + ζ0A1ũ0 + ζ0ζ1A2A1ũ0 + · · · )]1.4X`fMg)m�
3 $ � =

(2.4) ".0
y*b�`DA��Y}�HS^*bF���
ei(I −Rn)−1Qnζn−1[I − (I −Rn)−1Qnζn−1]

−2(I −Rn)−1Pn1

= ei(I −Rn)−1Qnζn−1[I − (I −Rn)−1Qnζn−1]
−1

· [I − (I −Rn)−1Qnζn−1]
−1(I −Rn)−1Pn1

= ei{[I − (I −Rn)−1Qnζn−1][(I −Rn)−1Qnζn−1]
−1}−1[I − (I −Rn)−1Qnζn−1]

−1

· (I −Rn)−1Pn1

= ei{[(I −Rn)−1Qnζn−1]
−1 − I}−1[I − (I −Rn)−1Qnζn−1]

−1(I −Rn)−1Pn1

= ei{[I − (I −Rn)−1Qnζn−1][[(I −Rn)−1Qnζn−1]
−1 − I]}−1(I −Rn)−1Pn1
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= ei{(I −Rn)[I − (I −Rn)−1Qnζn−1][[(I −Rn)−1Qnζn−1]
−1 − I]}−1Pn1

= ei{[(I −Rn) −Qnζn−1][[(I −Rn)−1Qnζn−1]
−1 − I]}−1Pn1

= ei{[(I −Rn) −Qnζn−1][(Qnζn−1)
−1(I −Rn) − I]}−1Pn1

= ei{[(I −Rn) −Qnζn−1][(Qnζn−1)
−1](I −Rn −Qnζn−1)}

−1Pn1

= ei[(I −Qnζn−1 −Rn)(Qnζn−1)
−1(I −Qnζn−1 −Rn)]−1Pn1

= ei(I −Qnζn−1 −Rn)−1Qnζn−1(I −Qnζn−1 −Rn)−1Pn1

= ei(I −Qnζn−1 −Rn)−1Qnζn−1ζn1

= eiAnζn−1ζn1

= eiAn1.jU �\R1r�f�*�z���Zz�zÆ�H1�'QFD<k��7;�� � 9 � R � T
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The Intrinsic Branching Structure for the Random

Walk on a Strip in a Random Environment

HONG Wenming1 ZHANG Meijuan2

1School of Mathematical Sciences, Beijing Normal University, Beijing 100875,
China. E-mail: wmhong@bnu.edu.cn

2School of Statistics and Mathematics, Central University of Finance and Eco-
nomics, Beijing 100081, China. E-mail: zhangmeijuan1227@163.com

Abstract An intrinsic branching structure within the random walk on a strip in a random

environment is revealed, which is a multi-type branching process with immigration. By the

intrinsic branching structure, the authors give an explicit expression for the first hitting

time. Two of its applications are obtained as follows. (1) Calculate the mean of the hitting

time, and then give an explicit expression for the drift of the law of large numbers. (2)

Use the branching structure to specify the density of the absolutely continuous invariant

measure for the Markov chain of “environments viewed from the particle”. Then the law of

large numbers are reproved by the method of “the environment viewed from particles”.
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