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Frattini � f q Y P w p p-f { P S ^ Z \ X[ O Abel � f *
 � �1 	 � �2 �  �2gs Q G Y�D�� X Y G -�DCn�K6#E� x, y ∈ X : x 6= y, 4 xy 6= yx, -� XY G -�D=|n�����HQ6# G :-E�6h=|Cn Y , 4 |X| > |Y |, -"� XY G -�Dk%=|n�v:>2� Frattini C��a- � p-�:k%=|nWk% AbelC�-W�U℄N  � p-�� Frattini C��=|n�k% Abel C�
MR (2000) }iTa 20F18|jRTa O153.3lnLzd AlxKW 1000-8314(2016)04-0451-12

1 v � ru9 p X�Ce`���,^%V?U3X��, (x [1–2]).P G X�C?� X X G ,�CBm�J5"D� x, y ∈ X 9 x 6= y, 3� xy 6= yx,,� X X G ,�C<{bm�����GP5" G 9,D�5g<{bBm Y , 3�
|X | > |Y |, ,!� X X G ,�Cj$<{bm��9� ω(G) �s G ,j$<{bm,V�t�;��� ν(G) �s G ,j$ Abel B?,V��C�� p-? G X�j℄,�GP G′ = ζG �9g$3X p }?�vP G X�C�j℄ p-?�95}X p2n+1, +7`};�|� Chin[3] =1� ω(G) ,M|�X

np + 1 6 ω(G) 6
p(p − 1)n − 2

p − 2
.u [4] �N�' p = 2 T� Isaacs +) ω(G) = 2n + 1.+!g�M�w$+u [5] 9�����j℄ p-?GL,���� p-?�pL��j℄ p-?�+u [1] 9��C�� p-?�tL��j℄,�GPg,9	X�`?9g,(?X p }?�����+u [6] 9�(?t p },�`?��. Abel ?9	�.,�� p-?9j$<{bm,V�=1�p|&,)k�eh 1.1[6] P G X�C< Abel p-?��9�|&,9	�.

1 → Zpm → G → Zp × · · · × Zp → 1f=1�9 |G′| = p, |G/ζG| = p2n, ,
(1) ' p X7e`T� np + 1 6 ω(G) 6

p(p−1)n
−2

p−2 ;

(2) ' p = 2 T� ω(G) = 2n + 1.Æv 2014 0 1 ) 21 FZ*� 2014 0 7 ) 12 FZ*�AB�
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452 a Æ 0 � 37 	 A luz=1 Frattini B?�`,�� p-?9j$<{bmVj$ Abel B?,V�t��8"�8e��[}E�9	i,'_�P G1 V G2 XD��C?��9 Z1V Z2 >�X G1 V G2 ,9	B?�vP Z1 V Z2 XnI,�P
θ : Z1 → Z2XnI�O�� G1 ∗G2 X G1 V G2 �5" Z1, Z2 V θ ,9	i�p G1 ∗G2 X G1 ×G2K"2MB?

{(z1, θ(z1)
−1 | z1 ∈ Z1},L?�j�/�P G XD��C?� Z 6 ζG, 9	i G ∗ G X�=" Z M,[.�Of+�5"D� l > 1, � G∗l �s9	i G∗(l−1) ∗ G, G∗1 = G 9 G∗0 = 1.t�+)w$,~P���|&qC���ub 1.1[7] P p X�C7e`�G X�C< Abel p-?�GP Φ(G) X�`,�,!

Φ(G) X9	B?�ub 1.2 P G X�C< Abel p-?�GP Φ(G) X�`�99	,B?�,! G′ X
p }?�y �" G X�C< Abel p-?��! G′ X<3:,��9 G′ 
S+�`, FrattiniB? Φ(G) 9��+7�b( G′ X p }?pÆ��myÆ4 G′ 6 Φ(G) 6 ζG, J5"D� x, y ∈ G, 3�

[x, y]p = [xp, y].�q��t xp ∈ Φ(G) 6 ζG, f� [xp, y] = 1. Æ+5"D� x, y ∈ G, � [x, y]p = 1.ub 1.3[8] P GX�C< Abel 2-?�Φ(G) X�`?�9 Φ(G) � ζG, |Φ(G)| = 2m,, m > 1, �9 G nI"6i E × (D∗n
8 ∗ H), 59 E X�C�. Abel 2-?� n > 0, HX�C<3:, 2-?�89 H X|&nI�
5��

D2m+2 , Q2m+2 , SD2m+2, D2m+2 ∗ C4, SD2m+2 ∗ C4, D
+
2m+3 , Q

+
2m+3 , D

+
2m+3 ∗ C4,59

D+
2m+2 := 〈x, y, z | x2 = y2 = z2m+1

= 1, yx = y, zx = z2m+1, zy = z−1〉V
Q+

2m+2 := 〈x, y, z | x2 = z2m+1

= 1, y2 = z2m

, yx = y, zx = z2m+1, zy = z−1〉.ub 1.4[9−10] G X�9	�.
1 → Zpm = N → G → Zp × · · · × Zp → 1f
1,�C< Abel p-?��9 |G′| = p, ,#+�CL��j℄ p-? E, U+ G = EAV E ∩ A = ζE = N , 59 A = ζG. ���� G nI"|&,9	i�

(i) E1A1; (ii) E1A2; (iii) E2A1,59 A1 V A2 >�nI" Zp × · · · × Zp × Zpm V Zp × · · · × Zp × Zpm+1 . GP m = 1 �9 p = 2, ,! E1 X�� 8 }9&l? D8 ,9	i� E2 X�� 8 }9&l? D8 V



4 4 s'� �YO xId  � p-�:-=|nWk% Abel C� 453�C(`? Q8 ,9	i�GP m > 2, ,! E1 X�� Nm(p) ,9	i� E2 X��
Nm(p) V�C Mm(p) ,9	i�1�

Mm(p) = 〈x, y | xpm+1

= yp = 1, xy = x1+pm

〉V
Nm(p) = 〈x, y, z | xp = yp = zpm

= 1, [x, z] = [y, z] = 1, [x, y] = zpm−1

〉.

2 ~ t _ VQb 2.1 P G X�C< Abel p-?��9 Φ(G) X�`?� |G/ζG| = p2n,

(i) ' p X7e`T�
np + 1 6 ω(G) 6

p(p − 1)n − 2

p − 2
, ν(G) = pn|ζG|.

(ii) ' p = 2 T�GP Φ(G) 6 ζG, ,!
ω(G) = 2n + 1, ν(G) = 2n|ζG|.y ' p X7e`T�F��� 1.1 Æ+ Φ(G) X9	B?���� 1.2 Æ+ G′ ,}X p; ' p = 2 T�GP Φ(G) 6 ζG, F��� 1.2 Æ+ G′ X 2 }?�F5� G X�C�`?��C�. Abel ?9	�.,�� p-?��9 G ,(?X p },��)k 1.1Æ+�' p X7e`T�
np + 1 6 ω(G) 6

p(p − 1)n − 2

p − 2
,' p = 2 T� ω(G) = 2n + 1. |&�� G 9j$ Abel B?,V��" G ,(?X p },�9 G X�C�`?��C�. Abel ?9	�.,�� p-?�F��� 1.4Æ+ G = EA,59 E X�CL��j℄ p-?�A = ζG�9 E∩A = ζE,

G/ζG ∼= E/ζE Æ�I��C��w�*�" |G/ζG| = p2n, �!Æ�vP
E = 〈x1, x2, · · · , x2n−1, x2n, ζE〉,�9g$ G
[x2i−1, x2i] 6= 1, i = 1, 2, · · · , n,

[x2i−1, xj ] = 1, j 6= 2i,

[x2i, xk] = 1, k 6= 2i − 1,

xp
i ∈ ζE.[}�vP n = 1, E �nI� D8, Q8, Nm(p) f0 Mm(p). ~A�GP E ∼= D8 f0 Q8, ,! ν(G) = 2|ζG|. vP E ∼= Mm(p), ,!

G = 〈x1, x2, ζG | xpm+1

1 = xp
2 = 1, xx2

1 = x1+pm

1 〉?�)
G = ζG ∪

(

p−1
⋃

r=1

xr
1ζG

)

∪
(

p−1
⋃

s=1

xs
2ζG

)

∪
(

p−1
⋃

i=1

p−1
⋃

j=1

xi
1x

j
2ζG

)

,



454 a Æ 0 � 37 	 A l�9 CG(xr
1) = 〈x1, ζG〉, CG(xs

2) = 〈x2, ζG〉, 59 r, s = 1, 2, · · · , p− 1, ~A� p−1
⋃

r=1

xr
1ζG V

p−1
⋃

s=1
xs

2ζG 3X{bm��"
[(xr1

1 xs1

2 )(xr2

3 xs2

4 ) · · · (xrn

2n−1x
sn

2n)] · [(x
r′

1

1 x
s′

1

2 )(x
r′

2

3 x
s′

2

4 ) · · · (x
r′

n

2n−1x
s′

n

2n)]

= [(x
r′

1

1 x
s′

1

2 )(x
r′

2

3 x
s′

2

4 ) · · · (x
r′

n

2n−1x
s′

n

2n)] · [(xr1

1 xs1

2 )(xr2

3 xs2

4 ) · · · (xrn

2n−1x
sn

2n)]'9�'
r1s

′

1 + r2s
′

2 + · · · + rns′n ≡ s1r
′

1 + s2r
′

2 + · · · + snr′n (mod p),59 0 6 ri, r
′

i, si, s
′

i 6 p − 1, i = 1, 2, · · · , n. �!5"D� i ∈ {1, 2, · · · , p − 1}, �
CG(xi

1x2) = {(xij
1 xj

2)z | z ∈ ζG, j = 0, 1, 2, · · · , p − 1}."8|& p − 1 CmXX℄��n,{bm�
{x1x2, x

2
1x

2
2, · · · , xp−1

1 xp−1
2 },

{x2
1x2, x

4
1x

2
2, · · · , x

2(p−1)
1 xp−1

2 },

...

{xp−1
1 x2, x

2(p−1)
1 x2

2, · · · , x
(p−1)(p−1)
1 xp−1

2 },�91 p − 1 CmX9�nmX�,(e℄�{b��"
p−1
⋃

r=1

xr
1ζG,

p−1
⋃

s=1

xs
2ζG V p−1

⋃

i=1

p−1
⋃

j=1

xi
1x

j
2ζG1 3 CmX,(e5w�{b��9g$#C,j${bm,V3X (p− 1)|ζG|, *uM9	 ζG �,(e��! G ,�Cj$ Abel B?Æ�<t 〈x1, ζG〉, J ν(G) = p|ζG|.5" E ∼= Nm(p), n�Æ+ ν(G) = p|ζG|.vP n > 2, P dn := ν(G), CG(x1) 6= CG(x2). � K := CG(x1) ∩ CG(x2), ,

K = CG(x1, x2) = 〈x3, x4, · · · , x2n−1, x2n, ζG〉.~A� K X�C�`?��. Abel ?9	�.,�� p-?��9 |K/ζG| = p2(n−1),

G = 〈x1, x2〉 ∗ K. � dn−1 := ν(K).GP p = 2, ,!
G = K ∪ x1K ∪ x2K ∪ x1x2K,�!

dn = 2dn−1 = 4dn−2 = · · · = 2n−1d1 = 2n−1 · 2|ζG| = 2n|ζG|.vP p X�C7e`�?�)
G = K ∪

(

p−1
⋃

i=1

xi
1K

)

∪
(

p−1
⋃

j=1

xj
2K

)

∪
(

p−1
⋃

i=1

p−1
⋃

j=1

xi
1x

j
2K

)

.~A�p−1
⋃

i=1

xi
1K V p−1

⋃

j=1

xj
2K 1�CmX9,j${bm,V3X (p−1)dn−1. |&�� p−1

⋃

i=1

p−1
⋃

j=1

xi
1x

j
2K 9,j${bm,V�P K ,�Cj$ Abel B?t {v1, v2, · · · , vdn−1

},



4 4 s'� �YO xId  � p-�:-=|nWk% Abel C� 455?�)|& p − 1 CmX3X{bm�
{x1x2vi, x

2
1x

2
2vi, · · · , xp−1

1 xp−1
2 vi, i = 1, 2, · · · , dn−1},

{x2
1x2vi, x

4
1x

2
2vi, · · · , x

2(p−1)
1 xp−1

2 vi, i = 1, 2, · · · , dn−1},

...

{xp−1
1 x2vi, x

2(p−1)
1 x2

2vi, · · · , x
(p−1)(p−1)
1 xp−1

2 vi, i = 1, 2, · · · , dn−1},�95g p − 2 CmX9,#C(e3$mX
{x1x2vi, x

2
1x

2
2vi, · · · , xp−1

1 xp−1
2 vi, i = 1, 2, · · · , dn−1},*C(e�Æ{b��!Æ�<

{x1x2vi, x
2
1x

2
2vi, · · · , xp−1

1 xp−1
2 vi, i = 1, 2, · · · , dn−1}X p−1

⋃

i=1

p−1
⋃

j=1

xi
1x

j
2K 9,�Cj${bm�F5� G ,�Cj$ Abel B?Æ� K 9,�Cj${bmVmX p−1

⋃

i=1

xi
1K f0

p−1
⋃

j=1

xj
2K 9�Cj${bm,�m��! dn = pdn−1, F��0oKz�Æ+

ν(G) = dn = pdn−1 = p2dn−2 = · · · = pn−1d1 = pn−1p|ζG| = pn|ζG|.P G X�C< Abel p-?�Φ(G) X�`?�1� 2.1 i�� p X7e`��o p = 2�9 Φ(G) 6 ζGT�G 9j$<{bmVj$ Abel B?,V�|&7�i� Φ(G) � ζGT�1;�� 2-?,j$<{bmVj$ Abel B?,V�Qb 2.2 P G X�C Frattini B?�`,�� 2-?��9 |Φ(G)| = 2m, Φ(G) � ζG,, G nI" E × (D∗n
8 ∗ H), 59 H �/�� 1.3 9f1�� ν(G) = 2m+n|ζG|, �9

(i) GP H X9&l? (D2m+2), L�(`? (Q2m+2), 	9&l? (SD2m+2),

D2m+2 ∗ C4 f0 SD2m+2 ∗ C4, ,! ω(G) = (2m−1 + 1)(2n + 1) + 2m−1.

(ii)GPH XD+
2m+3 , Q+

2m+3 f0D+
2m+3∗C4,,! ω(G) = (2m−1+1)(2n+1)+2m−1+2.y �" Φ(G) � ζG, , m > 2, 89F��� 1.3 Æ4� G nI" E × (D∗n

8 ∗ H),59 E X�C�. Abel 2-?� n > 0, H X|&nI�
5��
D2m+2 , Q2m+2 , SD2m+2, D2m+2 ∗ C4, SD2m+2 ∗ C4, D

+
2m+3 , Q

+
2m+3 , D

+
2m+3 ∗ C4.

(1) ��
H1 := D2m+2 = 〈x, y | x2 = y2m+1

= 1, yx = y−1〉,~A ζH1 = 〈y2m

〉 X�C 2 }?�GP (xyi) · (xyj) = (xyj) · (xyi), 59 0 6 i, j 6 2m − 1, ,!
x2yj−i = (xyi) · (xyj) = (xyj) · (xyi) = x2yi−j ,�! 2(i − j) ≡ 0 (mod 2m+1), p i − j ≡ 0 (mod 2m), "8 i = j. �!Æ+mX

{x, y, xy, · · · , xy2m
−1}X H1 ,�Cj$<{bm�"8 ω(H1) = 2m + 1.



456 a Æ 0 � 37 	 A l' n > 0 T�� K1 := E · D∗n
8 , , ω(K1) = ω(D∗n

8 ) = 2n + 1, vP K1 ,�Cj$<{bmX {wi | i = 1, 2, · · · , 2n + 1}. "8 [ws, wt] X D∗n
8 ,9	B?��!Æ+

[ws, wt] = y2m

. G K"2MB? K1 �|&,2m>��
G = K1 ∪ xK1 ∪

(

2m
−1

⋃

i=1

yiK1

)

∪
(

2m
−1

⋃

j=1

xyiK1

)

.5"D� 0 6 i < j 6 2m−1 − 1, s 6= t, �
[xyiws, xyjwt] = [xyi, wt]

ws [ws, wt][xyi, xyj ]wswt [ws, xyj ]wt

= [ws, wt][xyi, xyj ]wswt

= y2m

y2(j−i)

= y2(2m−1+j−i)

6= 1,�! xyiws $ xyjwt �{b��q�5" 0 6 j 6 2m−1 − 1, s 6= t, �
[xy2m−1+jws, xyjwt] = [xy2m−1+j , wt]

ws [ws, wt][xy2m−1+j , xyj ]wswt [ws, xyj ]wt

= [ws, wt][xy2m−1+j , xyj ]wswt

= y2m

y2m

= 1,�!Æ�< G ,�Cj$<{bmt
{xwi, ywi, xywi, xy2wi, · · · , xy2m−1

−1wi, xy2m−1

, xy2m−1+1, · · · , xy2m
−1, i = 1, 2, · · · , 2n+1},"8 ω(G) = (2m−1 + 1)(2n + 1) + 2m−1.�"

H1 = ζH1 ∪ xζH1 ∪
(

2m
−1

⋃

i=1

yiζH1

)

∪
(

2m
−1

⋃

j=1

xyjζH1

)

,�! ν(H1) = 2m|ζH1|, !�" D∗n
8 X�C�j℄ 2-?��! ν(D∗n

8 ) = 2n|ζD∗n
8 |. �

ζH1 = ζD∗n
8 , ζG = E × ζH1 V G/ζG = H1ζG/ζG × D∗n

8 ζG/ζG Æ+ ν(G) = 2m+n|ζG|.

(2) ��
H2 := Q2m+2 = 〈x, y | x4 = 1, y2m

= x2, yx = y−1〉.~A ζH2 = 〈y2m

〉 = 〈x2〉 X 2 }?�GP (xyi) · (xyj) = (xyj) · (xyi), 59 0 6 i, j 6 2m − 1, ,!
x2yj−i = (xyi) · (xyj) = (xyj) · (xyi) = x2yi−j ,�! 2(i − j) ≡ 0 (mod 2m+1), p i − j ≡ 0 (mod 2m), "8 i = j. F� (1) ,~��n�Æ+mX {x, y, xy, · · · , xy2m

−1} X H2 ,�Cj$<{bm� G ,�Cj$<{bmt
{xwi, ywi, xywi, xy2wi, · · · , xy2m−1

−1wi, xy2m−1

, xy2m−1+1, · · · , xy2m
−1, i = 1, 2, · · · , 2n+1},

ω(G) = (2m−1 + 1)(2n + 1) + 2m−1, ν(G) = 2m+n|ζG|.

(3) ��
H3 := SD2m+2 = 〈x, y | x2 = y2m+1

= 1, yx = y−1+2m

〉.



4 4 s'� �YO xId  � p-�:-=|nWk% Abel C� 457GP (yk)x = yk, 59 0 < k < 2m+1, ,! y−k+2mk = yk, �!Æ+ 2k − 2mk ≡ 0

(mod 2m+1), "8 (1 − 2m−1)k ≡ 0 (mod 2m). !�" 0 < k < 2m+1, �! k = 2m, ~PÆ+ ζH3 = 〈y2m

〉.GP (xyi) · (xyj) = (xyj) · (xyi), 59 0 6 i, j 6 2m − 1, ,!
x2y(2m

−1)i+j = (xyi) · (xyj) = (xyj) · (xyi) = x2yi+(2m
−1)j ,�!Æ+ 2(2m−1 − 1)(i − j) ≡ 0 (mod 2m+1), �! i − j ≡ 0 (mod 2m), "8 i = j. F�

(1) ,~��n�Æ+mX {x, y, xy, · · · , xy2m
−1} X H3 ,�Cj$<{bm�

ω(G) = (2m−1 + 1)(2n + 1) + 2m−1, ν(G) = 2m+n|ζG|.

(4) ��
H4 := D2m+2 ∗ C4 = 〈x, y, z | x2 = y2m+1

= 1, yx = y−1, z2 = y2m

, [x, z] = 1, [y, z] = 1〉.~A ζH4 = 〈z〉, �!
H4 = ζH4 ∪ xζH4 ∪

(

2m
−1

⋃

i=1

yiζH4

)

∪
(

2m
−1

⋃

j=1

xyjζH4

)

.F� (1) ,~��n�Æ+mX {x, y, xy, · · · , xy2m
−1} X H4 ,�Cj$<{bm��

K4 := E · D∗n
8 · C4, K4 �d (1) 9, K1, n�Æ+

ω(G) = (2m−1 + 1)(2n + 1) + 2m−1, ν(G) = 2m+n|ζG|.

(5) ��
H5 := SD2m+2∗C4 = 〈x, y, z | x2 = y2m+1

= 1, yx = y−1+2m

, z2 = y2m

, [x, z] = 1, [y, z] = 1〉.~A ζH5 = 〈z〉, �!
H5 = ζH5 ∪ xζH5 ∪

(

2m
−1

⋃

i=1

yiζH5

)

∪
(

2m
−1

⋃

j=1

xyjζH5

)

.F� (1) ,~��n�Æ+mX {x, y, xy, · · · , xy2m
−1} X H5 ,�Cj$<{bm�

ω(G) = (2m−1 + 1)(2n + 1) + 2m−1, ν(G) = 2m+n|ζG|.

(6) ��
H6 := D+

2m+3 = 〈x, y, z | x2 = y2 = z2m+1

= 1, yx = y, zx = z2m+1, zy = z−1〉.P xiyjzk ∈ ζH6,59 0 6 i < 2, 0 6 j < 2 �9 0 6 k < 2m+1, , (xiyjzk)x = xiyjzk,�!Æ+ z2mk+k = zk, �! 2mk ≡ 0 (mod 2m+1), p k ≡ 0 (mod 2). � (xiyjzk)y =

xiyjzk Æ+ z−k = zk, �! 2k ≡ 0 (mod 2m+1), p k ≡ 0 (mod 2m). � (xiyjzk)z =

xiyjzk, �o (xi)z = xiz−2mi V (yj)z = yjz(−1)j+1+1, Æ+
(−1)j+12mi + (−1)j+1 + 1 ≡ 0 (mod 2m+1),,
(−1)j+12mi + (−1)j+1 + 1 ≡ 0 (mod 2m),J (−1)j+1 + 1 ≡ 0 (mod 2m), �! j = 0. � j = 0 &IÆ+ i = 0. EM~PÆ+

ζH6 = 〈z2m

〉.
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H6 K"9	 ζH6 ,2m>�t

(

2m
−1

⋃

s=0

zsζH6

)

∪
(

2m
−1

⋃

i=0

xziζH6

)

∪
(

2m
−1

⋃

j=0

yzjζH6

)

∪
(

2m
−1

⋃

k=0

xyzkζH6

)

.

H6 ,<{bm+K"9	,2m�H7/<�C(e��! H6 ,<{bm9fS(eC`��R|&mXfS(e,C`�
{y, z, xz, xz2, xz3, · · · , xz2m

−1, yz, yz2, yz3, · · · , yz2m
−1, xyz, xyz2, xyz3, · · · , xyz2m

−1}.P (xzi) · (xzj) = (xzj) · (xzi), 59 1 6 i < j 6 2m − 1, , z(2m+1)i+j = z(2m+1)j+i,J j − i ≡ 0 (mod 2).P (xzi) · (yzj) = (yzj) · (xzi), 59 0 6 i, j 6 2m − 1, ,
xyzj−i = (xzi) · (yzj) = (yzj) · (xzi) = xyz(1+2m)j ,J zj−i = z(1+2m)j. �!Æ+ 2mj + i ≡ 0 (mod 2m+1), , 2mj + i ≡ 0 (mod 2m), �!

i ≡ 0 (mod 2m), !F� 0 6 i 6 2m − 1, , i = 0, J j ≡ 0 (mod 2). �! x $ yz2k Æ{b�59 k = 0, 1, 2, · · · , 2m−1 − 1.P (xzi) · (xyzj) = (xyzj) · (xzi), 59 0 6 i, j 6 2m − 1, ,
x2yzj−(1+2m)i = (xzi) · (xyzj) = (xyzj) · (xzi) = x2yz(1+2m)j+i,J zj−(1+2m)i = z(1+2m)j+i, �!Æ+ 2mj + (2 + 2m)i ≡ 0 (mod 2m+1), , 2mj + (2 +

2m)i ≡ 0 (mod 2m), �! i ≡ 0 (mod 2m−1). "8 i = 0 f0 2m−1. GP i = 0, ,!
j ≡ 0 (mod 2), �! x $ xyz2k Æ{b�59 k = 0, 1, 2, · · · , 2m−1 − 1; GP i = 2m−1, ,! 2mj + 2m + 22m−1 ≡ 0 (mod 2m+1), �! j + 1 ≡ 0 (mod 2). "8 xz2m−1 $ xyz2k+1Æ{b�59 k = 0, 1, 2, · · · , 2m−1 − 1.P (yzi) · (yzj) = (yzj) · (yzi), 59 1 6 i < j 6 2m − 1, , zj−i = zi−j , J 2(j − i) ≡ 0

(mod 2m+1), "8 j = i.P (yzi) · (xyzj) = (xyzj) · (yzi), 59 0 6 i, j 6 2m − 1, ,
xy2zj−(1+2m)i = (yzi) · (xyzj) = (xyzj) · (yzi) = xy2zi−j,J zj−(1+2m)i = zi−j, �!Æ+ (2 + 2m)i − 2j ≡ 0 (mod 2m+1), , (2 + 2m)i − 2j ≡ 0

(mod 2m), �! i − j ≡ 0 (mod 2m−1). "8 i = j, i = j + 2m−1 f0 j = i + 2m−1. GP
i = j,,! j ≡ 0 (mod 2),�!Æ+ yz2k $ xyz2k XÆ{b,�59 k = 0, 1, · · · , 2m−1−1;GP i = j + 2m−1, ,! 2mj + 2m ≡ 0 (mod 2m+1), �! j + 1 ≡ 0 (mod 2). �!Æ+
yz2k+1+2m−1 $ xyz2k+1 XÆ�{b,�59 k = 0, 1, 2, · · · , 2m−2 − 1; GP j = i + 2m−1,,! 2mi−2m ≡ 0 (mod 2m+1). �! i−1 ≡ 0 (mod 2). �!Æ+ yz2k+1 $ xyz2k+1+2m−1XÆ�{b,�59 k = 0, 1, 2, · · · , 2m−2 − 1.EMf_� H6 ,�Cj$<{bmÆ�<mX

{y, z, xz, xz2, yz, yz2, yz3, · · · , yz2m
−1},"8 ω(H6) = 2m + 3.� K6 := E · D∗n

8 , , ω(K6) = ω(D∗n
8 ) = 2n + 1, vP K6 ,�Cj$<{bmX

{wi | i = 1, 2, · · · , 2n + 1}. "8 [ws, wt] X D∗n
8 ,9	B?��!Æ+ [ws, wt] = z2m

. GK"2MB? K6 �|&,2m>��
G =

(

2m
−1

⋃

s=0

zsK6

)

∪
(

2m
−1

⋃

i=0

xziK6

)

∪
(

2m
−1

⋃

j=0

yzjK6

)

∪
(

2m
−1

⋃

k=0

xyzkK6

)

.
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[yws, zwt] = z2m

−2 6= 1,

[yws, xziwt] = z2m+2i 6= 1,59 1 6 i 6 2m − 1 �9 i 6= 2m−1;

[yws, yziwt] = z2m+2i 6= 1,59 1 6 i 6 2m − 1 �9 i 6= 2m−1;

[zws, xziwt] = 1,59 1 6 i 6 2m − 1;

[xziws, xzjwt] = z2m(i−j+1) 6= 1,59 1 6 j < i 6 2m − 1 �9 i, j 6= 2m−1, i − j X1`�
[xziws, yzjwt] 6= 1,59 1 6 i 6 2m − 1 �9 i 6= 2m−1, 1 6 j 6 2m − 1;

[yziws, yzjwt] = z2m+2(j−i) 6= 1,59 1 6 i < j 6 2m−1 − 1. �!Æ�< G ,�Cj$<{bmt
{ywi, zwi, xz, xz2, yzwi, yz2wi, · · · , yz2m−1

−1wi, yz2m−1

, yz2m−1+1, · · · , yz2m
−1,

i = 1, 2, · · · , 2n + 1},"8 ω(G) = (2m−1 + 1)(2n + 1) + 2m−1 + 2.�"
H6 = ζH6 ∪ xζH6 ∪ yζH6 ∪ xyζH6

∪
(

2m
−1

⋃

i=1

ziζH6

)

∪
(

2m
−1

⋃

i=1

xziζH6

)

∪
(

2m
−1

⋃

i=1

yziζH6

)

∪
(

2m
−1

⋃

i=1

xyziζH6

)

,�!Æ�< H6 ,�Cj$ Abel B?X 〈z, ζH6〉, J ν(H6) = 2m|ζH6|, !�" D∗n
8 X�C�j℄ 2-?��! ν(D∗n

8 ) = 2n|ζD∗n
8 |. �

ζH6 = ζD∗n
8 , ζG = E × ζH6, G/ζG = H6ζG/ζG × D∗n

8 ζG/ζGÆ+ ν(G) = 2m+n|ζG|.

(7) ��
H7 := Q+

2m+3 = 〈x, y, z | x2 = z2m+1

= 1, y2 = z2m

, yx = y, zx = z2m+1, zy = z−1〉.P xiyjzk ∈ ζH7,59 0 6 i < 2, 0 6 j < 4 �9 0 6 k < 2m+1, , (xiyjzk)x = xiyjzk,�!Æ+ z2mk+k = zk, �! 2mk ≡ 0 (mod 2m+1), p k ≡ 0 (mod 2). � (xiyjzk)y =

xiyjzk Æ+ z−k = zk, �! 2k ≡ 0 (mod 2m+1), p k ≡ 0 (mod 2m). � (xiyjzk)z =

xiyjzk, �o (xi)z = xiz−2mi V (yj)z = yjz(−1)j+1+1 Æ+
(−1)j+12mi + (−1)j+1 + 1 ≡ 0 (mod 2m+1),p
(−1)j+12mi + (−1)j+1 + 1 ≡ 0 (mod 2m),



460 a Æ 0 � 37 	 A l, (−1)j+1 + 1 ≡ 0 (mod 2m), �! j = 0 f0 2. � j = 0 f0 2 &IÆ+ i = 0. EMf_Æ+ ζH7 = 〈z2m

〉.

H7 K"9	 ζH7 ,2m>�t
(

2m
−1

⋃

s=0

zsζH7

)

∪
(

2m
−1

⋃

i=0

xziζH7

)

∪
(

2m
−1

⋃

j=0

yzjζH7

)

∪
(

2m
−1

⋃

k=0

xyzkζH7

)

.

H7 ,<{bm+K"9	,#C2m�H7/<�C(e��! H7 ,<{bm9fS(eC`��R|&mXfS(e,C`�
{y, z, xz, xz2, xz3, · · · , xz2m

−1, yz, yz2, yz3, · · · , yz2m
−1, xyz, xyz2, xyz3, · · · , xyz2m

−1}.F� (6) ,~��n�Æ+ H7 ,�Cj$<{bmÆ�<mX
{y, z, xz, xz2, yz, yz2, yz3, · · · , yz2m

−1},"8 ω(H6) = 2m + 3, 89
ω(G) = (2m−1 + 1)(2n + 1) + 2m−1 + 2, ν(G) = 2m+n|ζG|.

(8) ��
H8 := D+

2m+3 ∗ C4

= 〈x, y, z, w | x2 = y2 = z2m+1

= 1, yx = y, zx = z2m+1, zy = z−1, w2 = z2m

,

[x, w] = [y, w] = [z, w] = 1〉.P xiyjzkwt ∈ ζH8, 59 0 6 i < 2, 0 6 j < 2, 0 6 k < 2m+1 �9 0 6 t < 4, ,
(xiyjzkwt)x = xiyjzkwt, �!Æ+ z2mk+k = zk, �! 2mk ≡ 0 (mod 2m+1), p k ≡ 0

(mod 2). � (xiyjzkwt)y = xiyjzkwt Æ+ z−k = zk, �! 2k ≡ 0 (mod 2m+1), p k ≡ 0

(mod 2m). � (xiyjzkwt)z = xiyjzkwt, �o (xi)z = xiz−2mi V (yj)z = yjz(−1)j+1+1 Æ+
(−1)j+12mi + (−1)j+1 + 1 ≡ 0 (mod 2m+1),p
(−1)j+12mi + (−1)j+1 + 1 ≡ 0 (mod 2m),, (−1)j+1 + 1 ≡ 0 (mod 2m), �! j = 0. � j = 0 &IÆ+ i = 0. EMf_Æ+

ζH8 = 〈w〉.

H8 K"9	 ζH8 ,2m>�t
(

2m
−1

⋃

s=0

zsζH8

)

∪
(

2m
−1

⋃

i=0

xziζH8

)

∪
(

2m
−1

⋃

j=0

yzjζH8

)

∪
(

2m
−1

⋃

k=0

xyzkζH8

)

.F� (6) ,~��n�Æ+
ω(G) = (2m−1 + 1)(2n + 1) + 2m−1 + 2, ν(G) = 2m+n|ζG|.5"L��j℄ p-? E, J E′ = 〈c〉, , E/ζE �M1

f(x̄, ȳ) = r, 59 x̄ = xζE, ȳ = yζE V [x, y] = cr, 0 6 r < p,J� GF (p)M,�C<p_��w��="���w,j$%�B�wÆ�+) FrattiniB?�`,�� p-?,j$ Abel B?�k 2.1 P G X�C Frattini B?�`,�� p-?��9 |Φ(G)| = pm.
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(i) GP p X�C7e`�f0 p = 2 �9 Φ(G) 6 ζG, ,! G = E · ζG, 59 E X�CL��j℄ p-?��9 G ,�Cj$ Abel B?t
〈x1, x2, · · · , xn, ζG〉,59 L(x1ζE, x2ζE, · · · , xnζE) X��w E/ζE ,�Cj$%�B�w�

(ii) GP p = 2 �9 Φ(G) � ζG, ,! G nI" E × (D∗n
8 ∗H), 59 H �/�� 1.39f1���9 G ,�Cj$ Abel B?t

〈y, x1, x2, · · · , xn, ζG〉,59 y X H ,�C 2m+1 }R�(� L(x1ζE, x2ζE, · · · , xnζE) X��w D∗n
8 /ζD∗n

8 ,�Cj$%�B�w�y GP p X�C7e`�f0 p = 2 �9 Φ(G) 6 ζG, ��� 1.1 V�� 1.2 Æ+� G ,(?X p },�9 G X�C�`?��C�. Abel ?9	�.,�� p-?���� 1.4 4 G = E · ζG V E ∩ ζG = ζE, 59 E X�CL��j℄ p-?�GP L(x1ζE, x2ζE, · · · , xnζE)X��wE/ζE ,�Cj$%�B�w�,! [xi , xj ] =

1, 59 i, j = 1, 2, · · · , n. �!
G1 := 〈x1, x2, · · · , xn, ζG〉X�C Abel B?��9 |G1/ζG| = pn. �1� 2.1 Æ4� G1 X G ,j$ Abel B?�vP p = 2 �9 Φ(G) � ζG, F��� 1.3 Æ4� G nI" E × (D∗n

8 ∗ H), 59 H�/�� 1.3 9f1��~A
G2 := 〈y, x1, x2, · · · , xn, ζG〉X�C Abel 2-?��9 |G2/ζG| = 2m+n. �1� 2.2 Æ+�G2 X G ,j$ Abel B?�M � ` � m � o
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On Non-commuting Sets and Maximal Abelian

Subgroups in a Finite p-Group with a

Cyclic Frattini Subgroup
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Abstract Let G be a group. A subset X in G is said to be non-commuting if xy 6= yx for

any x, y ∈ X with x 6= y. Further, if |X | > |Y | for any other non-commuting subset Y in

G, then X is said to be a maximal non-commuting set. In this paper, the cardinalities of

a maximal non-commuting set and a maximal abelian subgroup in a finite p-group with a

cyclic Frattini subgroup are determined.

Keywords Finite p-groups, Frattini subgroups, Non-commuting sets, Maxi-
mal abelian subgroups
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