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1 o h{�! X ∈ R fWKQFq� (��( p.d.f.) f e X1, X2, · · · , Xn ( X >SÆ�H_D> x ∈ R, Loftsgarden t Quesenberry[1] 0�*A f(x) >t2D�>�!Fd	�
fn(x) =

kn

2nan(x)
, (1.1)_� k = kn ( 1 ; n |�>v�e

an(x) = min{a | [x − a, x + a] ~z	p X1, X2, · · · , Xn > kn^SÆC}.P��QFd	
/��'�b>W^�Ua(�I�!FQFd	
iM`b>WKQFd	NK�� fn(x) -�Y5�H_5SÆF�>P$_aANt>�5Bm�n.C&W=9hP$'n�HgE<SÆhD�Quesenberry[1], Wagner[2] t Chen[3]Q�yTA fn(x) >w9wF�9wFt�!w�F�Hg α-}wSÆhD� Liu t
Zhang[4] P$A fn(x) >�!w�F�9Of_*�!N�>5��3��Æ*�LP$ α-}wSÆhD fn(x) >�!w�F�.P=;A�!N�>5��3��d.boA α-}wSÆ2WKQF f(x) >�!��j��n��Æ�b�.P4_* α-}wKC>D℄�%m 1.1 { {ηi, i > 1} (����KC (��( r.v.s.), F t

s ( {ηi, s 6 i 6 t} (s 6 t)�'> σ-7��tn: n → ∞ ��
α(n) = sup

k>1
sup

A∈Fk

1

B∈F∞

k+n

|P (AB) − P (A)P (B)| → 0,�+ 2013 [ 11 l 13 r�<� 2015 [ 6 l 13 r�<IV\�
1j/�L6O�O1�j/�kE 541004. E-mail: ysqin@gxnu.edu.cn; qzlei@gxnu.edu.cn
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464 � O [ - 37 ) A �q&����KC {ηi, i > 1} (}w�t α-}w����KC[5], α(n) &( α-}w0��
α-}w
$�>W=}w�b��iM>W9}w�b��	p φ, ρ t β-}w�b�}w�b>�nS>�M�* [6]. I'� Chen t Tang[7] _*A}wKCn#��Hj>`b>W^�r>���Æ*_h�Q>�bt2�B 2 �_*AÆ*>�U�n�B 3 �_*AÆ*�*> f(x) >�!��j�nf8SÆ2><n>WZ�n�B 4 �_*AyT�U�n�JU>W=_:�B 5 �_*A�U�n>yT�

2 z l A 3(A=; fn(x) >�!Q��.PJUt2wq#��;V 2.1 (A1) (i) ����KC X1, X2, · · · , Xn (\,KCe f ( X1 >QFq�
(hg7�℄�F).

(ii) {Xi, 1 6 i 6 n} ( α-}wKC�_}w0�( α(·).
(iii) Hq\ j > 1, X1, Xj+1 >=wQFq� f1,j 2nen (x, x)′ >X^FjYN�

|f1,j(u, v) − f(u)f(v)| 6 C.

(iv) f(x) > 0, 2nv� r > 2, �= f (r) n x >X^FjY2n�e f (2)(x) =

f (3)(x) = · · · = f (r−1)(x) = 0 (: r = 2 ��#� f (2)(x) = f (3)(x) = · · · = f (r−1)(x) = 0l:).

(A2) (i) k → ∞ e k = o
(
n

2r

2r+1

)
.

(ii) { p = p(n) t q = q(n) +(wv�� p + q 6 n, q
p

→ 0, pk
n

→ 0, p2

k
→

0,
(

n
k

) ∞∑
s=q

α(s) → 0 e k̃α(q) → 0, _� k̃ =
[

n
p+q

]
, .- [t] �� t >v��Q�{ 2.1 d (A2) {� p

n
→ 0, pek

n
→ 1 e (

n
k

) ∞∑
s=p

α(s) → 0, u=�M�nz*��Æ~TA_b�{ 2.2 #� (A1)(iv) t (A2)(i) nE<SÆhDV_b[3].{ 2.3 J p = [na], q = [nb], k = [nc], _� 0 < a, b, c < 1. {2n τ0 > 1, �=
α(m) 6 Cm−τ0 ,q

∞∑

s=q

α(s) 6 Cq−(τ0−1).Z{2�#� (2.1)–(2.2) ( (A2) >)Q#��
max{2a, 1 − b(τ0 − 1)} < c < min

{ 2r

2r + 1
, 1 − a

}
, (2.1)

a > max{b, 1 − bτ0}, b > 0. (2.2)
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?�"x�G 465n2�#�21= (2.1) �> c: a t b N� b > 1
(τ0−1)(2r+1) e

max{b, 1 − bτ0} < a < min
{1

3
,

r

2r + 1
, b(τ0 − 1)

}
. (2.3)
\; r > 2, n2�#�21= (2.3) �> a:

max
{ 1

(τ0 − 1)(2r + 1)
,

2

3τ0
,

1

2τ0 − 1

}
< b <

1

3
. (2.4)m0
\; r > 2, fn τ0 > 2 >#�21=x��> b, #� τ0 > 2 T5wg Boenett Fraiman[8] � Chen t Tang[7] _b>�v α-}wo(�|R|�tn2n τ0 > 2, �= α(m) 6 Cm−τ0 N��q1Y�:Ml p, q t k, �=#� (A2) N��7n_*Æ*>�U�n�%G 2.1 {#� (A1) t (A2) N��q

√
k

fn(x) − f(x)

f(x)

d−→ N(0, 1). (2.5){ 2.4 n* [4] ��,#� (A1) �> (i), (ii), (iv) '�2�#�Vb;�
(A3) 2n 1

2 < a0 < 2r+1
2r+2 , �= k = O(na0) e2n δ > 0, �= ∞∑

n=1
α

δ

2+δ (n) < ∞.Z{�#� (A3) � (A2) w�9* [4] `b α-}wo(>W^�?�8D:5yT
fn(x) >�!w�F�f)_*�!N�>5��3��Æ*q;bQ3��5yT fn(x)>�!w�F�.NK1�rA;bd	�>�F�d.=;A�!N�>�3��Hq\ 0 < α < 1, { uα N�

P (|N(0, 1)| 6 uα) = 1 − α,qd (2.5) {� θ = f(x) >�!RYWK( 1 − α >�gw��!>��j�(
[
fn(x) − uαfn(x)√

k
, fn(x) +

uαfn(x)√
k

]
. (2.6)

3 P R A 3Æ�$oWZ℄d��j� (2.6) nf8SÆ2>D�(.�.PMlt2?�
AR WC�

Xt =
1

2
Xt−1 + ǫt (3.1)Y�

Xt =
3

4
Xt−1 −

1

8
Xt−2 + ǫt, (3.2)_� {ǫt}(E<%Q�����KC�Z{�x�?���o(+(\,o(�WC (3.1)� X1 ∼ N

(
0, 4

3

)
, WC (3.2) � X1 ∼ N

(
0, 32

17

)
..P1x�WC�"�SÆs�Q�( n = 100, 150, 200, 350, 500t 1, 000 >��SÆ {Xi, i = 1, · · · , n} ��S0�( 2, 000 0� k >Ml
W^~�Ofyr�*>�U2 �f8)5 E|uP$�X'E<SÆhD[3, � 2], k 1l( [n

4
5 ]. n.P>WZ



466 � O [ - 37 ) A �P$��l k = [n
3
5 ] t [n

7
10 ], uSMl> k n [n

4
5 ] T!9� [n

4
5 ] ;�.PJ7�nuS> k |2���j�><n� k = [n

4
5 ] yr�b f � X1 >WKQF�MlV℄RY�\( 1−α = 0.95, ;bWZSÆ�.PQ�/� f(x) n x = 0 t 1 ->��j�>RYWK (��( CP) t\+j�%F (��( AL). � 1 t� 2 Q�_*AWC (3.1) t

(3.2) 2>WZ�n�%��.P{WZP$AE<%Q�SÆ2>��j�>h4�bgi α-}wh42>�n E���u=WZ�nVn� 1–2 ��1WZ�n1Y.*��ÆSÆs�>rÆ�RYWK���!V℄RY�\�e��j�>\+RY%F���;�I'�nSÆs��;��E<SÆhD>��j�><nrg α-}wSÆ�9u��^�ÆSÆs�>rÆIk5k�T5�� 1 Of (3.1) ` f(x) "veU<"-/.K (=:℄ CP) 6SCU< ( (=:℄ AL) (E4w"W|℄'I[+�i�`"OQ�2)

CP AL

x n k = [n
3
5 ] k = [n

7
10 ] k = [n

3
5 ] k = [n

7
10 ]

x = 0 100 0.9090 0.9146 0.3716 0.2771

(0.9650) (0.9684) (0.3725) (0.2772)

150 0.9164 0.9256 0.3163 0.2398

(0.9648) (0.9664) (0.3169) (0.2402)

200 0.9346 0.9360 0.2874 0.2169

(0.9634) (0.9628) (0.2874) (0.2175)

250 0.9590 0.9576 0.2692 0.2002

(0.9583) (0.9568) (0.2689) (0.1998)

350 0.9584 0.9570 0.2421 0.1764

(0.9577) (0.9564) (0.2415) (0.1762)

500 0.9582 0.9548 0.2159 0.1553

(0.9578) (0.9547) (0.2158) (0.1549)

1000 0.9520 0.9530 0.1728 0.1218

(0.9510) (0.9535) (0.1726) (0.1215)

x = 1 100 0.9112 0.9236 0.2550 0.1917

(0.9690) (0.9734) (0.2550) (0.1914)

150 0.9360 0.9310 0.2183 0.1656

(0.9616) (0.9716) (0.2185) (0.1660)

200 0.9380 0.9370 0.1978 0.1502

(0.9606) (0.9666) (0.1964) (0.1496)

250 0.9402 0.9384 0.1846 0.1376

(0.9594) (0.9622) (0.1865) (0.1383)

350 0.9430 0.9386 0.1663 0.1214

(0.9574) (0.9612) (0.1667) (0.1217)

500 0.9431 0.9390 0.1485 0.1070

(0.9528) (0.9600) (0.1488) (0.1068)

1000 0.9444 0.9434 0.1186 0.0836

(0.9544) (0.9538) (0.1189) (0.0837)
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CP AL

x n k = [n
3
5 ] k = [n

7
10 ] k = [n

3
5 ] k = [n

7
10 ]

x = 0 100 0.9098 0.9126 0.3172 0.2370

(0.9708) (0.9726) (0.3144) (0.2341)

150 0.9188 0.9336 0.2710 0.2051

(0.9626) (0.9678) (0.2653) (0.2019)

200 0.9324 0.9604 0.2451 0.1855

(0.9620) (0.9670) (0.2417) (0.1825)

250 0.9610 0.9596 0.2297 0.1707

(0.9606) (0.9650) (0.2275) (0.1686)

350 0.9596 0.9534 0.2097 0.1505

(0.9568) (0.9618) (0.2026) (0.1478)

500 0.9586 0.9528 0.1845 0.1330

(0.9565) (0.9606) (0.1816) (0.1307)

1000 0.9540 0.9511 0.1472 0.1036

(0.9541) (0.9530) (0.1449) (0.1019)

x = 1 100 0.9296 0.9142 0.2436 0.1822

(0.9632) (0.9706) (0.2395) (0.1796)

150 0.9368 0.9260 0.2062 0.1564

(0.9626) (0.9676) (0.2047) (0.1554)

200 0.9370 0.9265 0.1862 0.1414

(0.9614) (0.9654) (0.1863) (0.1405)

250 0.9418 0.9380 0.1753 0.1299

(0.9606) (0.9614) (0.1735) (0.1291)

350 0.9426 0.9386 0.1577 0.1150

(0.9604) (0.9606) (0.1566) (0.1140)

500 0.9442 0.9408 0.1402 0.1007

(0.9594) (0.9580) (0.1394) (0.1001)

1000 0.9468 0.9444 0.1122 0.0788

(0.9538) (0.9536) (0.1117) (0.0785)

4 o � H.Pb C ���X6g n >w$��_n�%>#w1Y���%>}�Hq\v� s > 1 tN� E|ξ|s < ∞ >������ ‖ξ‖s = {E|ξ|s} 1
s . (yTÆ*>�U�n�.PJUt2_:�nG 4.1 { {ηi, i > 1} ( α-}wo(�H s 6 t, b F t

s ��d {ηi, s 6 i 6 t} �'> σ-7��{ ξ t η Q�( Fk
1 t F∞

k+m 1�>�����e ‖ξ‖p1
< ∞, ‖η‖q1

< ∞,



468 � O [ - 37 ) A �_� p1, q1 > 1, p−1
1 + q−1

1 < 1, q
|E(ξη) − E(ξ)E(η)| 6 10{α(m)}1−p

−1

1
−q

−1

1 ‖ξ‖p1
‖η‖q1

. W�A�tn ξ t η Q�(f������q
|E(ξη) − E(ξ)E(η)| 6 Cα(m),_� C (w$��r �* [9] �>_: 1.nG 4.2 { {ηi, i > 1} ( α-}wo(�H s 6 t, b F t

s ��d {ηi, s 6 i 6 t} �'> σ-7��{ {ξi, 1 6 i 6 n} Q�( F j1
i1

, · · · ,F jn

in
1�>�_� 1 6 i1 < j1 < i2 · · · <

jn, il+1 − jl > m, e |ξl| 6 1 (l = 1, · · · , n), q
∣∣∣E

( n∏

l=1

ξl

)
−

n∏

l=1

E(ξl)
∣∣∣ 6 16(n − 1)α(m). (4.1)r �* [10] �>_: 1.1. 
\; (4.1) HS���� {ξi, 1 6 i 6 n} ['<�_�

|a| bS� a >W7"�Hq\gD> x, y ∈ R, 2*�b;t2�s�
bn =

k

2nf(x)(1 + yk− 1
2 )

, pn =

∫ x+bn

x−bn

f(t)dt, qn = 1 − pn, (4.2)

ξni =

{
1, v Xi ∈ [x − bn, x + bn],

0, _�,
(4.3)

ηni =
ξni − pn√

npnqn

, i = 1, 2, · · · , n. (4.4)nG 4.3 nD: 2.1 >#�2�: n → ∞ ��f2��M'<�
n∑

i=1

ηni
d−→ N(0, 1). (4.5)r .P�bQ�NKyT_: 4.3. �b#� (A2) �%S> p, q t k̃, J Zni =

ξni − pn, 1 6 i 6 n, e
Sn =

n∑

i=1

ηni =
1√

npnqn

n∑

i=1

Zni,q Sn 1!Q't2D��
Sn = S′

n + S′′
n + S′′′

n ,_�
S′

n =

ek∑

m=1

enm, S′′
n =

ek∑

m=1

e′nm, S′′′
n = e′

n,ek+1
,
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enm =

1√
npnqn

rm+p−1∑

i=rm

Zni, e′nm =
1√

npnqn

lm+q−1∑

i=lm

Zni,

e′
n,ek+1

=
1√

npnqn

n∑

i=ek(p+q)+1

Zni,

rm = (k̃ − 1)(p + q) + 1, lm = (k̃ − 1)(p + q) + p + 1, m = 1, · · · , k̃.tn1YyT2S> 3 ^�M'<�q (4.5) '<�
S′

n

d−→ N(0, 1), (4.6)

S′′
n = op(1), (4.7)

S′′′
n = op(1). (4.8)�(��.P4yT

Var(S′
n) = 1 + o(1). (4.9)d (4.2), f(x) > 0 t f n x ->L�1{

pn → 0, npnqn = k + o(k). (4.10)d\,F�#� (A1)(iii), bn = O
(

k
n

)
, (4.10),

ekp
n

→ 1, pk
n

→ 0 Y� Var(Zn1) = pnqn, 1{
k̃

npnqn

∑

16i<j6p

|Cov(Zni, Znj)|

=
k̃

npnqn

∑

16i<j6p

∣∣∣
∫ x+bn

x−bn

∫ x+bn

x−bn

{f1,j−i(u, v) − f(u)f(v)}dudv
∣∣∣

6
Ck̃p2b2

n

npnqn

→ 0e
ek∑

m=1

Var(enm) =
k̃p

npnqn

Var(Zn1) +
2k̃

npnqn

∑

16i<j6p

Cov(Zni, Znj) → 1. (4.11)d\,F1YyT
∑

16i<j6ek

|Cov(eni, enj)| =

ek−1∑

l=1

(k̃ − l)|Cov(en1, en,l+1)| 6 k̃

ek−1∑

l=1

|Cov(en1, en,l+1)|

6
k̃p

npnqn

ek−1∑

l=1

l(p+q)+p∑

s=l(p+q)−p

|Cov(Zn1, Zn,s+1)|.fd_: 4.1, (4.10),
ekp
n

→ 1 t (
n
k

) ∞∑
s=q

α(s) → 0, 1{
∑

16i<j6ek

Cov(eni, enj) 6
Ck̃p

npnqn

∞∑

s=q

α(s) → 0. (4.12)



470 � O [ - 37 ) A �d (4.11)–(4.12) { (4.9) '<�9�A�1y
ek∑

m=1

Var(e′nm) =
k̃q

npnqn

Var(Zn1) +
2k̃

npnqn

∑

16i<j6q

Cov(Zni, Znj)

6
Ck̃q

n
+

Ck̃q2b2
n

npnqn

→ 0 (4.13)�
∑

16i<j6ek

|Cov(e′ni, e
′
nj)| =

ek−1∑

l=1

(k̃ − l)|Cov(e′n1, e
′
n,l+1)| 6 k̃

ek−1∑

l=1

|Cov(e′n1, e
′
n,l+1)|

6 k̃q

ek−1∑

l=1

l(p+q)+(q−1)∑

r=l(p+q)−(q−1)

|Cov(Zn1, Zn,r+1)|,1I
E(S′′

n)2 6
Ck̃q

n
+

Ck̃q2b2
n

npnqn

+
Ck̃q

npnqn

∞∑

s=p

α(s) → 0, (4.14)f (4.7) '<�
\; n − k̃(p + q) 6 p, 1y
E(S′′′

n )2 6
Cp

n
+

Cp2b2
n

npnqn

→ 0, (4.15)f (4.8) '<�2y (4.6). d_: 4.2 {
∣∣∣Ee

it
ekP

m=1

enm −
ek∏

m=1

Eeitenm

∣∣∣ 6 C(k̃ − 1)α(q) → 0, (4.16)f {enm, 1 6 m 6 k̃} �!E<�J
Xnm =

enm

τn

, τ2
n =

ek∑

m=1

Var(enm).d |Xn1| 6
Cp√

npnqn
τn, a.s., Var(Xn1) = Var(en1)

τ2
n

= 1
ek {�Hq\ ε > 0, f

ek∑

m=1

EX2
nmI{|Xnm|>ε} 6

Cp2k̃

npnqnτ2
n

P (|Xn1| > ε) 6
Cp2k̃

npnqnτ2
n

Var(Xn1)

ε2

=
C

ε2τ2
n

p2

npnqn

6
C

ε2τ2
n

p2

k
→ 0,.-b;At2	�� τ2

n → 1, (4.10)–(4.11) e p2

k
→ 0. fd Feller-Lindeberg �?�8D:{ (4.6) '<�d (4.6)–(4.8) t Cramer-Wold D:{� (4.5) '<�_: 4.3 =y�
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5 & H 2.1 $ s N;b (4.2)–(4.4) �>�s�Hq\gD> y ∈ R, f
P

(
k

fn(x) − f(x)

f(x)
< y

)
= P (an(x) > bn) = P

( n∑

i=1

ηni <
k − npn√

npnqn

)
. (5.1)d (A1)(iv) t�7s,�Z{

pn = 2f(x)bn +
2

(r + 1)!
{f (r)(x) + o(1)}br+1

n . (5.2)d (5.2) t k = o(n
2r

2r+1 ), ;b* [3] �>�M�1{
k − npn = y

√
k + o(

√
k). (5.3)d (5.3) t npnqn = k + o(k), 1&*

k − npn√
npnqn

= y + o(1). (5.4)d (5.1), (5.4) t_: 4.3 {D: 2.1 '<�ud �t�?Z>}[p�*>
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