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1 Æ�	T B 
`CnS,$�C, H(B) 
` B So9I�Xg,Iv. T dv 
` B R.a v(B)=1 ,S9a Lebesgue �2, dσ 
` B ,�� Sn R.a σ(Sn)=1 ,!Y��S9a�2.T p > 0 [ α > −1, rH Bergman �t Ap
α(B) = Lp

α(B) ∩H(B), ?S
Lp
α(B) =

{

f : ‖f‖p,α =
(

∫

B

|f(z)|p dvα(z)
)

1
p

< ∞
}

,

dvα(z) = cα(1 − |z|2)α dv(z), �g cα .a ∫

B
dvα(z) = 1. ' α = 0 \, Ap

α(B) �a
Bergman �t Ap(B).4; a ∈ B, 1/ B R,4℄^|M

ϕa(z) =

a−
〈z, a〉a

|a|2
−
√

1− |a|2
(

z −
〈z, a〉a

|a|2

)

1− 〈z, a〉
, a 6= 0[ ϕ0(z) = −z, .a ϕa(0) = a, ϕa(a) = 0, ϕa = ϕ−1

a .T p > 0, s > 0, q + s > −1, q + n > −1. f ���f;+�Xg�t F (p, q, s) aQ
f ∈ H(B) A.axw

‖f‖F (p,q,s) =
{

|f(0)|p + sup
a∈B

∫

B

|∇f(z)|p (1− |z|2)q gs(z, a) dv(z)
}

1
p

< ∞ ,?S�t2 ∇f [HXg g >Æ� ∇f(z) =
(

∂f
∂z1

(z), · · · , ∂f
∂zn

(z)
)

, g(z, a) = log 1
|ϕa(z)|
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 A i 38 	$��;R, F (p, q, s) �t
Æa8INY{dC� [1] S4O,, ^� 6g#JdJC$��;[CnS$�C B R��$R;/'�[2−12] , |\"#=��Q,Xg�t*�'�[13−19] . F (p, q, s) �t�W"#Xg�t, �N Bergman �t�Besov �t�Dirichlet ��t�H2 �t�BMOA �t�Bloch ��t�Lipschitz ��t[ Qs �t.. 4; f ∈ H(B), f ,��(g1/� Rf(z) = 〈∇f(z), z〉 =
n
∑

j=1

zj
∂f
∂zj

(z).

2013 9, G#
{d.C� [10] SG�$ F (p, q, s) �t,lU.s6, ?S+Ua
‖f‖p

F (p,q,s) [ I2 a.s,, ?S
I2 = |f(0)|p + sup

a∈B

∫

B

|Rf(z)|p (1− |z|2)q(1− |ϕa(z)|
2)s dv(z).zVLU.s�`, 
04�(+F= F (p, q, s) �t2��Q,Xg�t A(p, q, s).T p > 0, s > 0, q + s > −1, q + n > −1. f �j�f; L(p, q, s) �taQ f a B R, Lebesgue ��XgA.a

‖f‖L(p,q,s) =
{

sup
a∈B

∫

B

|f(z)|p (1− |z|2)q (1− |ϕa(z)|
2)s dv(z)

}
1
p

< ∞,�t A(p, q, s) = L(p, q, s) ∩H(B).

1974 9, Forelli-Rudin C� [20] S4�$~6m\:

Ttf(z) =

∫

B

f(w)

(1 − 〈z, w〉)n+1+t
dvt(w), t > −1.8;C Hardy �tR!C=9�~6, Lj4$ Bergman �t[ Hardy �tPt,�2�. &a, (+<3, m\ Tt ( t 6= 0) C Hilbert �t L2(B) R�a+FMz~6. �$��LF, 1979 9, Kolaski C� [21] S��t Lp(dvα) (α > −1) RÆ*$m\ Tt, pN4$L�m\a9�,A' p = 2 \ Tt �Mz~6,�)xw� t = α. 19919, V�[{dC� [22] S'�$I+�, Bergman �m\:

Tδ,tf(z) =

∫

B

(1− |z|2)δ f(w)

(1− 〈z, w〉)n+1+t+δ
dvt(w), t > −1, t+ δ > −n− 1.f;"F?3, +a Bergmanm\,Lfm\aLU�_, (+FaL�m\8N�7d�`�N (1 − |z|2)|α|Dαf ,Xg. 8; Bergman �m\57,R;�, o-9 6g#JdJC�5Xg�tR�}/r,V?9��xw. �N, V�[{dC� [23]S��t Lp(B, dvα) (p > 1) Rr,$9���G�$�)xw; LR�{dC� [24] S�

Lebesgue ��
℄6�t Lp,q(ϕ) (1 6 p 6 ∞, 1 6 q 6 ∞) Rr,$|(,	u. ��S, 
0
Æqr �t A(p, q, s) ) L(p, q, s) , Bergman �m\ Tδ,t ,9��xw, 4o9 p > 0 G�$�>xw[
)xw. �+�, 
0C F (p, q, s) RG�$m\ Pt [ Tt,9��xw.��S, 
07?Z c, c′, c′′, c′′′ 
`�,��# z, w, u, a ,M,�g, �|,/<�-
`�|,g. (�, NU!CM,�g A1 [ A2, ^+ A1E 6 F 6 A2E, 
0�"F# E [ F a.s,, o� E ≈ F .
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2 ��Æzr�|�$N4W)}U, 
ÆG�lF4�.
y 2.1 T p > 0, s > 0, q + n > −1, q + s > −1.

(1) P f ∈ F (p, q, s), E!C= f �Q,�g c, ^+
(1− |z|2)

q+n+1
p |Rf(z)| 6 c‖f‖F (p,q,s) 4o9 z ∈ B � .

(2) P f ∈ A(p, q, s), E!C= f �Q,�g c, ^+
(1− |z|2)

q+n+1
p |f(z)| 6 c‖f‖L(p,q,s) 4o9 z ∈ B � .� (1) P s > 0, �}Ua� [3, 4� 2.1] ,},; P s = 0, �}Ua� [11, 4� 2.1],},.

(2) �l (1) ,N4.
&4�a=�97,, L9 11 UB�, &
& 8 Uaf�,.
y 2.2 T w ∈ B, a ∈ B, δ > −1, r > 0, t > 0, r + t − δ > n + 1. o Iw,a =
∫

B

(1−|z|2)δ

|1−〈z,w〉|t |1−〈z,a〉|r dv(z), E
&}U� :

(1) ' r + t− δ < n+ 1 \, Iw,a ≈ 1.

(2) ' r + t− δ = n+ 1 \, Iw,a ≈ log
e

|1− 〈w, a〉|
.

(3) ' r + t− δ > n+ 1 [ t− δ < n+ 1 -j r − δ < n+ 1 \,

Iw,a ≈
1

|1− 〈w, a〉|t+r−δ−n−1
.

(4) ' t− δ = n+ 1 > r − δ \,

Iw,a ≈
1

|1− 〈w, a〉|r
log

e

|1− 〈w,ϕw(a)〉|
.

(5) ' t− δ = n+ 1 = r − δ \,

Iw,a ≈
1

|1− 〈w, a〉|δ+n+1
log

e

1− |ϕw(a)|2
.

(6) ' t− δ > n+ 1 > r − δ \,

Iw,a ≈
1

(1− |w|2)t−δ−n−1 |1− 〈w, a〉|r
.

(7) ' t− δ > n+ 1 A r − δ > n+ 1 \,

Iw,a ≈
1

(1− |w|2)t−δ−n−1 |1− 〈w, a〉|r
+

1

(1− |a|2)r−δ−n−1 |1− 〈w, a〉|t
.

(8) ' t− δ > n+ 1 = r − δ \,

Iw,a ≈
1

(1 − |w|2)t−δ−n−1 |1− 〈w, a〉|r
+

1

|1− 〈w, a〉|t
log

e

1− |ϕa(w)|2
.� �$N4b3, “ > ” �>, 
Æ
0G�+�Om.
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Æ)j4,a: Iw,a +1";+F= w [ a �Q,Mg. ℄pR, H�� [23, 4�
1.8], �+

Iw,a > 2−r−t

∫

B

(1− |z|2)δ dv(z) = n2−t−rβ(n, δ + 1) > 0, (2.1)?S β(·) a Beta Xg.zV�#wb z = ϕw(u), �}℄� [23, 4� 1.2–1.3, 1.7], �+
Iw,a =

∫

B

(1− |ϕw(u)|
2)δ(1− |w|2)n+1|1− 〈w, u〉|−2n−2

|1− 〈ϕw(u), w〉|t |1− 〈ϕw(u), a〉|r
dv(u)

=
(1− |w|2)δ+n+1−t

|1 − 〈w, a〉|r

∫

B

(1− |u|2)δ

|1− 〈w, u〉|2δ+2n+2−t−r |1− 〈u, ϕw(a)〉|r
dv(u). (2.2)P |u| 6 1

2 , E (1−|u|2)δ

|1−〈w,u〉|2δ+2n+2−t−r|1−〈u,ϕw(a)〉|r
≈ 1.3�, H� (2.2) �9

Iw,a >

∫

|u|6 1
2

(1 − |w|2)δ+n+1−t|1− 〈w, a〉|−r(1 − |u|2)δ

|1− 〈w, u〉|2δ+2n+2−t−r |1− 〈u, ϕw(a)〉|r
dv(u)

>
c

(1− |w|2)t−δ−n−1|1 − 〈w, a〉|r
. (2.3)P
�#wb z = ϕa(u), �+

Iw,a =
(1− |a|2)δ+n+1−r

|1− 〈w, a〉|t

∫

B

(1− |u|2)δ

|1− 〈a, u〉|2δ+2n+2−t−r|1− 〈u, ϕa(w)〉|t
dv(u).3�9

Iw,a >
c

(1 − |a|2)r−δ−n−1|1− 〈w, a〉|t
. (2.4)|
�Æ*Xg f(w, a) =

∫

B

(1−|z|2)δ

(1−〈w,z〉)t (1−〈z,a〉)r dv(z), w, a ∈ B.4Xg f(w,w) 
wb z = ϕw(u), 8� [23, 4� 1.2–1.3, 1.7], 9
f(w,w) =

1

(1 − |w|2)t+r−δ−n−1

∫

B

(1 − |u|2)δ dv(u)

(1− 〈w, u〉)δ+n+1−t(1− 〈u,w〉)δ+n+1−r
.H�6���+�1�[25, p.326, 26, p.1022], �+ f(w, a) = h(w,a)

(1−〈w,a〉)t+r−δ−n−1 , ?S
h(w, a) =

∫

B

(1−|u|2)δ dv(u)
(1−〈w,u〉)δ+n+1−t(1−〈u,a〉)δ+n+1−r >ÆQ; w [ a aI�,.' t− δ < n+ 1 [ r − δ < n+ 1 \, H�� [23, (1.21), 4� 1.11], 9

g(w, a) =

∞
∑

k=0

n!Γ(δ + 1)Γ(k + δ + n+ 1− t)Γ(k + δ + n+ 1− r) 〈w, a〉k

Γ(δ + n+ 1− t)Γ(δ + n+ 1− r)Γ(k + δ + n+ 1)Γ(k + 1)
.

(i) NU t+ r − δ > n+ 1, 8 Stirling K_, �+
∞
∑

k=0

Γ(k + δ + n+ 1− t)Γ(k + δ + n+ 1− r)

Γ(k + δ + n+ 1)Γ(k + 1)
≈

∞
∑

k=1

1

kt+r−δ−n
≈ 1.3�, !C�g c0 > 0 [ 0 < r0 < 1 , ^+ |1 − 〈w, a〉| 6 r0 \, 9 |h(w, a)| > c0. P

|1− 〈w, a〉| > r0, zV (2.1) �+ Iw,a > n2−t−rβ(n, δ + 1) >
n2−t−rβ(n,δ+1)rt+r−δ−n−1

0

|1−〈w,a〉|t+r−δ−n−1 .L.�Z`!C�g c > 0, ^+
Iw,a > |f(w, a)| >

c

|1− 〈w, a〉|t+r−δ−n−1
. (2.5)
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(ii)NU t+r−δ = n+1,o γ� Euler�g. T log Jk = log kΓ(k+δ+n+1−t)Γ(k+t)Γ(n+δ+1)
Γ(δ+n+1−t)Γ(t)k! Γ(k+δ+n+1) .E9

log Jk =

k
∑

l=1

log
(

1 +
t− 1

l

)

+

k
∑

l=1

log
(

1−
t

n+ δ + l

)

+ log k

⇒ lim
k→∞

log Jk = −γ +

∞
∑

l=1

{

log
(

1 +
t− 1

l

)

−
t− 1

l

}

+ t

∞
∑

l=1

(1

l
−

1

n+ δ + l

)

+

∞
∑

l=1

{

log
(

1−
t

n+ δ + l

)

+
t

n+ δ + l

}

= q0 (9�℄g) [
log Jk − q0 = O

( 1

k

)

⇒ Jk = eq0
{

1 +O
(1

k

)}

.L
4 ∣

∣

Γ(k+δ+n+1−t)Γ(k+t)Γ(n+δ+1)
Γ(δ+n+1−t)Γ(t)k! Γ(k+δ+n+1) −

eq0

k

∣

∣ =
∣

∣

Jk

k
− eq0

k

∣

∣ 6 c
k2 .3�
09: ' 1− 〈w, a〉 → 0 \,

Γ(n+ δ + 1)

n!Γ(δ + 1)
h(w, a)− eq0 log

e

1− 〈w, a〉
→

1− eq0 +

∞
∑

k=1

{Γ(k + δ + n+ 1− t)Γ(k + t)Γ(n+ δ + 1)

Γ(δ + n+ 1− t)Γ(t)k! Γ(k + δ + n+ 1)
−

eq0

k

}

= p0,�� p0 a+F9�℄g. 3�, !C�g 0 < r1 < 1, ' |1 − 〈w, a〉| 6 r1 \, 9
∣

∣

Γ(n+δ+1)
n!Γ(δ+1) h(w, a) − eq0 log e

1−〈w,a〉

∣

∣ < |p0|+ 1.T ξ a�<3R.a |ξ| > 1 ,0, E9 log |ξ| 6 | log ξ| 6 log |ξ|+ π.F 0 < r0 = min
{

r1, e
1−

2(|p0|+1)

eq0

}

. P |1− 〈w, a〉| 6 r0, E
∣

∣

∣
log

e

1− 〈w, a〉

∣

∣

∣
> log

e

|1− 〈w, a〉|
>

2(|p0|+ 1)

eq0

⇒
Γ(n+ δ + 1)

n!Γ(δ + 1)
|h(w, a)| > eq0

∣

∣

∣
log

e

1− 〈w, a〉

∣

∣

∣
− |p0| − 1 >

eq0

2

∣

∣

∣
log

e

1− 〈w, a〉

∣

∣

∣
.P |1− 〈w, a〉| > r0, zV (2.1) �9

Iw,a > n2−t−rβ(n, δ + 1) > n2−t−rβ(n, δ + 1)
(

log
e

r0
+ π

)−1∣
∣

∣
log

e

1− 〈w, a〉

∣

∣

∣
.L.�Z

Iw,a > |f(w, a)| = |h(w, a)| > c
∣

∣

∣
log

e

1− 〈w, a〉

∣

∣

∣
> c log

e

|1− 〈w, a〉|
. (2.6)LF<�?<,N4Y+.
3
0N4(+F<�,Om, k “ 6 ” �>.' r− δ < n+1 < t− δ \, � n = 1 ,B�, INY{dC� [27] S�7�,+U=>8NV “ 6 ” �>. 
3
07?p<8N4+�B�,}U.NU t+ r − 2δ − 2n− 2 > 0, H�� [28, 5u 1.4.10], �+

∫

B

(1− |u|2)δ

|1− 〈w, u〉|2δ+2n+2−t−r |1− 〈u, ϕw(a)〉|r
dv(u)

6 2t+r−2δ−2n−2

∫

B

(1− |u|2)δ

|1− 〈u, ϕw(a)〉|r
dv(u) 6 c.
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 A i 38 	NU t+ r − 2δ − 2n− 2 < 0, 
0F 1 < δ+n+1
t+r−δ−n−1 < p1 < δ+n+1

r
, 1

p1
+ 1

q1
= 1 ^+

p1r − δ − n− 1 < 0 [ q1(2δ + 2n+ 2− t− r) − δ − n− 1 < 0. H� Holder �._-j�
[28, 5u 1.4.10], 9

∫

B

(1 − |u|2)δ

|1− 〈w, u〉|2δ+2n+2−t−r |1− 〈u, ϕw(a)〉|r
dv(u)

6

{

∫

B

(1− |u|2)δ dv(u)

|1− 〈w, u〉|q1(2δ+2n+2−t−r)

}
1
q1
{

∫

B

(1− |u|2)δ dv(u)

|1− 〈u, ϕw(a)〉|p1r

}
1
p1

6 c. (2.7)8 (2.2) [ (2.7), �+
Iw,a 6

c

(1− |w|2)t−δ−n−1 |1− 〈w, a〉|r
. (2.8)8 (2.3) [ (2.8), �+

Iw,a ≈
1

(1− |w|2)t−δ−n−1|1− 〈w, a〉|r
.4L. z1 ∈ B, z2 ∈ B [ z3 ∈ B, T=1��iE2#

d(z1, z2) = |〈z1 − z2, z1〉|+ |〈z1 − z2, z2〉|,EH�� [29] �+, !C�g cd > 0, ^+
d(z1, z3) 6 cd{d(z1, z2) + d(z2, z3)}-j

|1− 〈z1, z2〉| ≈ 1− |z1|
2 + d(z1, z2) ≈ 1− |z2|

2 + d(z1, z2).4L. w ∈ B [ a ∈ B, T
Ω1 =

{

z : z ∈ B A d(z, w) 6
d(w, a)

2cd

}

.H�� [29] S,4� 3.3, P z ∈ Ω1, E
|1− 〈z, w〉| 6 c|1− 〈w, a〉| 6 c′|1− 〈z, a〉|.L.�Z
|1− 〈z, a〉| > c′′{1− |z|2 + |1− 〈w, a〉|}, (2.9)

|1− 〈z, w〉| >
1

4
{(1− |w|2) + |1− 〈z, w〉|}. (2.10)P z ∈ B − Ω1, E

|1− 〈z, w〉| > c′′{|1− 〈w, a〉| + 1− |z|2}, (2.11)

|1− 〈z, a〉| >
1

4
{(1− |a|2) + |1− 〈z, a〉|}. (2.12)' t − n > δ + 1 > 0 [ r − n > δ + 1 > 0 \, 8 (2.9)–(2.12) -j� [29] S4� 2.2
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(s = 0 B�, dJ�7� [28] S,5u 1.4.10), �+
Iw,a 6

∫

Ω1

c(1− |z|2)δ

|1− 〈z, w〉|t(|1− 〈w, a〉|+ 1− |z|2)r
dv(z)

+

∫

B−Ω1

c(1− |z|2)δ

(|1− 〈w, a〉| + 1− |z|2)t|1− 〈z, a〉|r
dv(z)

6

∫ 1

0

2nc′ρ2n−1(1 − ρ2)δ

(|1− 〈w, a〉| + 1− ρ2)r

{

∫

Sn

1

(|1− ρ〈ξ, w〉| + 1− |w|2)t
dσ(ξ)

}

dρ

+

∫ 1

0

2nc′ρ2n−1(1− ρ2)δ

(|1− 〈w, a〉| + 1− ρ2)t

{

∫

Sn

1

(|1− ρ〈ξ, a〉|+ 1− |a|2)r
dσ(ξ)

}

dρ

6

∫ 1

0

c′′ρ(1− ρ2)δ

(|1− 〈w, a〉| + 1− ρ2)r(1− |w|2 + 1− ρ2|w|2)t−n
dρ

+

∫ 1

0

c′′ρ(1 − ρ2)δ

(|1 − 〈w, a〉|+ 1− ρ2)t(1− |a|2 + 1− ρ2|a|2)r−n
dρ

6

∫ 1

0

c′′′xδ

(|1− 〈w, a〉| + x)r(1 − |w|2 + x)t−n
dx

+

∫ 1

0

c′′′xδ

(|1 − 〈w, a〉|+ x)t(1− |a|2 + x)r−n
dx

6
1

|1− 〈w, a〉|r(1− |w|2)t−n

∫ 1

0

c′′′xδ dx

(1 + x(1− |w|2)−1)t−n

+
1

|1− 〈w, a〉|t(1− |a|2)r−n

∫ 1

0

c′′′xδ dx

(1 + x(1 − |a|2)−1)r−n

6
c′′′B(δ + 1, t− δ − n− 1)

|1− 〈w, a〉|r(1− |w|2)t−δ−n−1
+

c′′′B(δ + 1, r − δ − n− 1)

|1− 〈w, a〉|t(1 − |a|2)r−δ−n−1
, (2.13)8 (2.13) [ (2.3)–(2.4), 9

Iw,a ≈
1

(1− |w|2)t−δ−n−1 |1− 〈w, a〉|r
+

1

(1− |a|2)r−δ−n−1 |1− 〈w, a〉|t
.?<B�,N4L�+G. LF4�,N4��.
y 2.3 P α > −1 A f ∈ A1

α, E
f(z) =

∫

B

f(w)

(1− 〈z, w〉)n+1+α
dvα(w) 4o9 z ∈ B � .� La� [23] S,1� 2.2.

3 �
upr�| � [23] S,1� 2.10 �O: ' p > 1 \, Tδ,t C L(p, q, 0) R9�,�)xw�
−pδ < q + 1 < p(t+ 1). 3�, ��S A(p, q, s) ) L(p, q, s) \R�Æ* s > 0 ,B�.ly 3.1 T p > 0, s > 0, q + s > −1, q + n > −1.
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(1) NU�g δ [ t .a

δ > max
{

−
q + s+ 1

p
,−

q + n+ 1

p

}A
t−max{p− 1, 0}δ > max

{

1,
1

p

}

max{q + s, q + n}+max
{1

p
− 1, 0

}

(n+ 1),E Tδ,t a A(p, q, s) ) L(p, q, s) ,9�m\.

(2) NU Tδ,t a L(p, q, s) R,9�m\, E
δ > max

{

−
q + s+ 1

p
,−

q + n+ 1

p

}

.� (1) ' g ∈ A(p, q, s) \, H�4� 2.1, �+
|g(z)| 6

c‖g‖L(p,q,s)

(1− |z|2)
q+n+1

p

4o9 z ∈ B � . (3.1)P p > 1, uTxw t− (p− 1)δ > q + s [ pδ > −q − s− 1 .�Z�-")
0 < σ <

t+ δ + 1

p′
=

(t+ δ + 1)(p− 1)

p
. (3.2)zV (3.2), Holder �._-j� [28] S,5u 1.4.10, �+

|Tδ,tg(z)|
p
6 c(1− |z|2)pδ

{

∫

B

(1 − |w|2)−p′σ

|1− 〈z, w〉|n+1+δ+t
dvt+δ(w)

}

p

p′

×

∫

B

|g(w)|p(1− |w|2)pσ−pδ

|1− 〈z, w〉|n+1+t+δ
dvt+δ(w)

6 c′(1− |z|2)pδ−pσ

∫

B

|g(w)|p(1− |w|2)pσ−pδ

|1− 〈z, w〉|n+t+1+δ
dvt+δ(w). (3.3)P 0 < s < q+ n+ 1+ pδ, uTxw q+ n+1+ pδ > 0 [ q+ s+ 1+ pδ > 0 .�Z�-") σ, .a

0 < σ < min
{q + s+ 1

p
+ δ ,

q + n+ 1− s

p
+ δ

}

. (3.4)37 q + s − pσ + pδ > −1 A 2s − (q + s − pσ + pδ) < n + 1. (+<3, uTxw
t − (p − 1)δ > q + s 
4 (n + 1 + t + δ) − (q + s − pσ + pδ) > n + 1 + pσ > n + 1. 8
(3.3)–(3.4) [ Fubini 1�-j4� 2.2, �+

∫

B

|Tδ,tg(z)|
p (1− |z|2)q+s(1 − |a|2)s

|1− 〈z, a〉|2s
dv(z)

6 c′
∫

B

|g(w)|p(1− |w|2)pσ−pδ
{

∫

B

(1− |z|2)q+s−pσ+pδ(1− |a|2)s dv(z)

|1− 〈z, w〉|n+t+1+δ|1− 〈z, a〉|2s

}

dvt+δ(w)

≈

∫

B

|g(w)|p
(1− |w|2)q+s(1− |a|2)s

|1− 〈w, a〉|2s
dv(w) 6 ‖g‖p

L(p,q,s).uTxw
pδ > max{−q − s− 1,−q − n− 1}
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4�") σ, .a
0 < σ < min

{q + s+ 1

p
+ δ,

q + n+ 1

p
+ δ

}

. (3.5)xw
t− (p− 1)δ > max{q + s, q + n}.�Z

(n+ t+ 1+ δ)− (q + s− pσ + pδ) > n+ 1A
t+ pσ + δ − pδ − q − n− 1 > −1.'

s > q + n+ 1 + pδ\, 9
2s− (q + s− pσ + pδ) > n+ 1.8 (3.3) [ (3.5), Fubini 1�, 4� 2.2, (3.1) j� [28] S,5u 1.4.10, �+

∫

B

|Tδ,tg(z)|
p (1− |z|2)q+s(1 − |a|2)s

|1− 〈z, a〉|2s
dv(z)

6 c′
∫

B

|g(w)|p(1− |w|2)pσ−pδ
{

∫

B

(1− |z|2)q+s−pσ+pδ(1− |a|2)s dv(z)

|1− 〈z, w〉|n+t+1+δ|1− 〈z, a〉|2s

}

dvt+δ(w)

≈

∫

B

|g(w)|p
(1− |w|2)q+s(1− |a|2)s

|1− 〈w, a〉|2s
dv(w)

+

∫

B

|g(w)|p
(1− |a|2)q+n+1+pδ−pσ

|1− 〈w, a〉|n+t+1+δ
dvt+pσ+δ−pδ(w)

6 ‖g‖p
L(p,q,s) + c′′‖g‖p

L(p,q,s)

∫

B

(1− |w|2)t+pσ+δ−pδ−q−n−1

(1 − |a|2)pσ−q−n−1−pδ |1− 〈w, a〉|n+t+1+δ
dv(w)

6 c′′′‖g‖p
L(p,q,s).' 0 < p 6 1 \, uTxw

t >
q + s+ 1

p
+

n

p
− (n+ 1) >

n

p
− (n+ 1).�Z t′ = p(n+ 1 + t)− n− 1 > −1. Æ*Xg G(w) = g(w)
(1−〈w,z〉)n+t+1+δ .H�� [23] S,4� 2.15, �+

∫

B

|G(w)|(1 − |w|2)t dv(w) 6
‖G‖p,t′

ct′
.L
4

|Tδ,tg(z)|
p
6 c(1− |z|2)pδ

{

∫

B

|g(w)|

|1− 〈z, w〉|n+t+1+δ
dvt(w)

}p

6 c′(1− |z|2)pδ‖G‖pp,t′ = c′
∫

B

(1 − |z|2)pδ|g(w)|p

|1− 〈w, z〉|pn+pt+p+pδ
dvt′(w). (3.6)
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 A i 38 	' 0 < s < q + n+ 1 + pδ \, zVuTxw, 9 q + s+ 1 + pδ > −1 [ p(n+ t+ 1 +

δ)− (q + s+ pδ) > n+ 1 > 2s− (q + s+ pδ). H� (3.6) [ Fubini 1�-j4� 2.2, 9
∫

B

|Tδ,tg(z)|
p (1 − |z|2)q (1− |ϕa(z)|

2)s dv(z)

6 c′
∫

B

(

∫

B

|g(w)|p (1− |z|2)q+pδ

|1− 〈w, z〉|p(n+t+1+δ)
dvt′(w)

)

(1− |ϕa(z)|
2)s dv(z)

= c′
∫

B

|g(w)|p
(

∫

B

(1− |z|2)q+s+pδ (1 − |a|2)s

|1− 〈w, z〉|p(n+t+1+δ) |1− 〈z, a〉|2s
dv(z)

)

dvt′(w)

≈

∫

B

|g(w)|p
(1 − |a|2)s

(1− |w|2)pt+pn+p−q−s−1−n |1− 〈w, a〉|2s
dvt′(w)

= ct′

∫

B

|g(w)|p (1 − |w|2)q (1− |ϕa(w)|
2)s dv(w) 6 ct′‖g‖

p

L(p,q,s).�l/, ' s > q + n+ 1 + pδ \, 8;
q + s+ 1 + pδ > 0[

pn+ pt+ p > max{q + s+ n+ 1, 2n+ q + 1},zV (3.1), (3.3), Fubini 1�, 4� 2.2 -j� [28] S,5u 1.4.10, �+
∫

B

|Tδ,tg(z)|
p (1 − |z|2)q (1− |ϕa(z)|

2)s dv(z)

6 c

∫

B

|g(w)|p
(1− |a|2)s

(1 − |w|2)pt+pn+p−q−s−1−n |1− 〈w, a〉|2s
dvt′ (w)

+ c

∫

B

|g(w)|p
(1− |a|2)s

(1− |a|2)s−q−n−1−pδ |1− 〈w, a〉|pt+pn+p+pδ
dvt′(w)

6 c‖g‖p
L(p,q,s) + c′‖g‖p

L(p,q,s)

∫

B

(1− |a|2)q+n+1+pδ (1− |w|2)pt+pn+p−q−2n−2

|1− 〈w, a〉|pt+pn+p+pδ
dv(w)

6 c′′‖g‖p
L(p,q,s) .' s = q + n+ 1 + pδ \, �7uTxw, 9

pn+ pt+ p− q − 2n− 2 > −1,

q + s+ pδ > −1, (pn+ pt+ p+ pδ)− (q + s+ pδ) > n+ 1 = 2s− (q + s+ pδ),

(pn+ pt+ p− pδ − 2q − 2n− 2)− (pn+ pt+ p− q − 2n− 2) < n+ 1.8 (3.1), (3.6), 4� 2.2, � [23, 5u 1.13, 4� 1.2–1.3] -j� [28] S,5u 1.4.10,
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∫

B

|Tδ,tg(z)|
p (1− |z|2)q (1− |ϕa(z)|

2)s dv(z)

6 c′
∫

B

|g(w)|p
(

∫

B

(1− |z|2)q+s+pδ(1 − |a|2)s

|1− 〈w, z〉|p(n+t+1+δ)|1− 〈z, a〉|2s
dv(z)

)

dvt′(w)

≈

∫

B

|g(w)|p (1− |a|2)s

(1− |w|2)pt+pn+p−q−s−1−n |1− 〈w, a〉|2s
dvt′(w)

+

∫

B

|g(w)|p (1− |a|2)s

|1− 〈w, a〉|pt+pn+p+pδ
log

e

1− |ϕa(w)|2
dvt′(w)

6 ct′‖g‖
p

L(p,q,s) + ct′

∫

B

|g(ϕa(u))|
p(1− |a|2)q+n+1(1− |u|2)t

′

|1− 〈u, a〉|pt+pn+p−pδ
log

e

1− |u|2
dv(u)

6 ct′‖g‖
p

L(p,q,s) + c‖g‖p
L(p,q,s)

∫

B

(1− |u|2)pn+pt+p−q−2n−2

|1− 〈u, a〉|pt+pn+p−pδ−2q−2n−2
log

e

1− |u|2
dv(u)

6 c′′‖g‖p
L(p,q,s).P

‖Tδ,tg‖L(p,q,s) 6 c‖g‖L(p,q,s),k Tδ,t a A(p, q, s) ) L(p, q, s) ,9�m\.

(2) NU Tδ,t a L(p, q, s) R,9�m\, 
0r, δ [ t 
�.a,xw.F f(z) = (1− |z|2)
q+n+1

p , 8� [28] S,5u 1.4.10, �+ ‖f‖p
L(p,q,s) 6 c.(+<3, 8 t+ q+n+1

p
> −1, 9

Tδ,tf(z) = ct(1 − |z|2)δ
∫

B

(1− |w|2)t+
q+n+1

p

(1− 〈z, w〉)n+1+t+δ
dv(w) =

ct(1− |z|2)δ

ct+ q+n+1
p

.L.�Z
c‖Tδ,t‖

p
>

∫

B

|Tδ,tf(z)|
p(1− |z|2)q(1− |ϕ0(z)|

2)sdv(z)

=
c
p
t

c
p

t+ q+n+1
p

∫

B

(1− |z|2)q+s+pδ dv(z),37
�9 q + s+ 1 + pδ > 0. (+<3,

c‖Tδ,t‖
p
>

c
p
t

c
p

t+ q+n+1
p

∫

B

(1 − |z|2)q+s+pδ(1− |a|2)s

|1− 〈z, a〉|2s
dv(z) 4o9 a ∈ B � .37H�� [28] S,5u 1.4.10 �O

q + n+ 1 + pδ > 0.
3N4._�� .4L. w ∈ B, F
gw(z) =

1

(1− 〈z, w〉)
q+n+1

p

.
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 A i 38 	H�� [12] S,4� 2.2, �+
∫

B

|gw(z)|
p(1− |z|2)q(1 − |ϕa(z)|

2)s dv(z)

6

∫

B

(1− |z|2)q+s(1− |a|2)s

|1− 〈z, a〉|2s|1− 〈z, w〉|q+n+1
dv(z)

6 c. (3.7)(+<3, 8mm�+
Tδ,tgw(z) =

∫

B

(1− |z|2)δ dvt(u)

(1− 〈z, u〉)n+t+1+δ(1− 〈u,w〉)
q+n+1

p

= (1− |z|2)δ Hw(z).NU
δ = −

q + n+ 1

p
,F

w = z = a,8
n+ t+ 1−

q + n+ 1

p
> 0,

Taylor F�-j� [23] S, (1.21) [ (1.23) �}℄ Stirling K_, �+
Ha(a) =

∑

|α|>0

Γ(|α|+ q+n+1
p

)Γ(n+ t+ 1− q+n+1
p

+ |α|)

(α!)2Γ( q+n+1
p

)Γ(n+ t+ 1− q+n+1
p

)
|aα|2

∫

B

|uα|2 dvt(u)

=
Γ(n+ t+ 1)

Γ( q+n+1
p

)Γ(n+ t+ 1− q+n+1
p

)

∞
∑

k=0

Γ(k + q+n+1
p

)Γ(n+ t+ 1− q+n+1
p

+ k)

k!Γ(n+ t+ 1 + k)
|a|2k

≈

∞
∑

k=0

|a|2k

k + 1
≈ log

2

1− |a|2
. (3.8)4 a ∈ B [ r > 0, T

D(a, r) = {z : z ∈ B [ γ(z, a) < r}
` a 0, Bergman C, ?S γ(·) a Bergman ��.



4 > �W! H$� ��k CnT F (p, q, s) ��uS- Bergman �n℄ 3878 (3.7)–(3.8), Tδ,t ,9��-j� [23] S,4� 2.20 [4� 2.24, �+
c‖Tδ,t‖

p
> ‖Tδ,tga‖

p

L(p,q,s)

>

∫

B

|Tδ,tga(z)|
p(1 − |z|2)q(1 − |ϕa(z)|

2)s dv(z)

=

∫

B

|Ha(z)|
p(1− |z|2)−n−1(1− |ϕa(z)|

2)sdv(z)

>

∫

D(a,1)

|Ha(z)|
p(1− |z|2)−n−1(1− |ϕa(z)|

2)s dv(z)

≈ (1− |a|2)−n−1

∫

D(a,1)

|Ha(z)|
p dv(z)

> c′|Ha(a)|
p ≈ logp

2

1− |a|2
.' |a| → 1− \ k(�/5. L
4

q + n+ 1 + pδ > 0.A1�+N.4; t > −1, 
3Æ*m\
Ptg(z) =

∫

B

(1 − |w|2)t Rg(w)

(1 − 〈z, w〉)n+t
dv(w), z ∈ B, g ∈ H(B).�l;1� 3.1 ,N4, �+N
}U.ly 3.2 T p > 0, s > 0, q + s > −1, q + n > −1. NU

t > max
{

1,
1

p

}

max{q + s, q + n}+max
{1

p
− 1, 0

}

(n+ 1),E Pt C F (p, q, s) R9�.
3
0Æ* Tt C F (p, q, s) R,9��.ly 3.3 T p > 0, s > 0, q + s > p− 1, q + n > p− 1. NU
t+ 1 > max

{

1,
1

p

}

max{q + s, q + n}+max
{1

p
− 1, 0

}

(n+ 1),E Tt C F (p, q, s) R9�.� P f ∈ F (p, q, s), H�4� 2.1, �+
|Rf(z)| 6

c‖f‖F (p,q,s)

(1− |z|2)
q+n+1

p

, z ∈ B. (3.9)3�, R)
β >

q + n+ 1

p
− 1,E

f ∈ A1
β .H�4� 2.3, �+

Rf(z) =

∫

B

f(w)

(1− 〈z, w〉)n+1+β
dvβ(w), z ∈ B.
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f(z)− f(0) =

∫ 1

0

Rf(ρz)

ρ
dρ =

∫ 1

0

Rf(ρz)−Rf(0)

ρ
dρ

=

∫ 1

0

{

∫

B

Rf(w)
( 1

(1− 〈ρz, w〉)n+β+1
− 1

)

dvβ(w)
}1

ρ
dρ.

=

∫

B

Rf(w)
{

∫ 1

0

( 1

(1− 〈ρz, w〉)n+β+1
− 1

)1

ρ
dρ

}

dvβ(w).L
4
|f(z)− f(0)| 6 c

∫

B

|Rf(w)|

|1− 〈z, w〉|n+β
dvβ(w). (3.10)8;

Ttf(z) =

∫

B

f(u) dvt(u)

(1− 〈z, u〉)n+t+1
=

∫

B

f(u)− f(0)

(1− 〈z, u〉)n+t+1
dvt(u) + f(0), z ∈ B,H� (3.10), Fubini 1�[4� 2.2 �O, ' β > t+ 1 \, 9

|RTtf(z)| = (n+ 1 + t)
∣

∣

∣

∫

B

{f(u)− f(0)}〈z, u〉

(1− 〈z, u〉)n+t+2
dvt(u)

∣

∣

∣

6 c

∫

B

|Rf(w)|
{

∫

B

dvt(u)

|1− 〈z, u〉|n+t+2|1− 〈u,w〉|n+β

}

dvβ(w)

6 c′
∫

B

|Rf(w)|
{ (1− |w|2)−β+t+1

|1− 〈z, w〉|n+t+2
+

(1− |z|2)−1

|1− 〈z, w〉|n+β

}

dvβ(w). (3.11)|
�, 
0"D�>", β, �7 (3.9) [ (3.11), <
,N4�l;1� 3.1 ,N4. �1�+N.�� C�XDK,90y1�i�v����
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Abstract Let p > 0, s > 0, q + s > −1, q + n > −1. In the paper, the conditions of

boundedness for the Bergman type operators on F (p, q, s) space or from A(p, q, s) space to
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