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1 u�pb~2��dVT�Æq:

min f(x), (1.1)�	 x ∈ R
n, f(x) ∈ R KHvE��X.W�ZeadKItjÆq, k
z K��ea, z
�=HvR7:x {xk}, FC	v(�K x∗ K
TK, - g(x∗) = 0 #s lim inf

k→∞

‖g(xk)‖ = 0, �	 g(x) K���X
f(x) DnV. ,[, <�6Vu,�P^�KzTD, !_fea!+�H+Æq. 1hDK, McCormick[1] 4pv Armijo �n�o+H�℄E Armijo �!�n, i!_f	��v℄E>X-�. hRl&���_fe&, nea�I℄�6Vu�zTD#f, FC
a�=DR7:xOr?��℄Ew<D
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392 Y?�` A * 38 \MlK. ��eaJR�%�IQR?x�T�Æq<	, �h��2��h�FIÆq[13−20].$YK8D$a, �
o+vf9P��&�!_f
aI�dVf�T�Æq. �
DeaWK�/v�D2�:

(1) _pv℄�!Df9P0T[21]�l&�e&If�Æq.

(2) hR��℄$, FC
a|1LDRMlK.

(3) [K�D
a[8, 22]#�, i�6E7;(�K2iD#f�, ,
aZWxsOr2.�qH�2�. J 2 q9U,D℄E!_f
a; J 3 q{

aDxsOr2; J
4 q>n
aDU�"!2Ora�; J 5 qy+X�EBH�; J 6 q�H
�D�E}��H�.

2 7-/N�SLn[`^4b~2�R7uI:

xk+1 = xk + α2
ksk + αkdk,�	 sk � dk K_fe&, αk K�!.1s 2.1 2� H(x) �:WHvflmw�,��K x KHv�TK. OH�, 2�

x KHv�TK, ��, < dTH(x)d < 0 C, d KHvl&�e&.1s 2.2 2� sTg(x) 6 0, dTg(x) 6 0, dTH(x)d < 0, �� (s, d) i�TK x -�$�KHv��W; 2� x �KHv�TK, |C, sTg(x) < 0, dTg(x) 6 0, dTH(x)d = 0,�� (s, d) �$�{&�e&8D��W.TN yk(i) = xk + sk2
−i+dk2

−
i

2 . MoCormickD℄E Armijo�!�nM�1 0, 1, · · ·	r?�'flxX i(k), ��
f(yk(i)) 6 f(xk) + ρ2−i

(
sTk gk +

1

2
dkHkdk

)
, (2.1)�	 0 < ρ < 1 KHv`;D X. �� Hk Kj�T, �
dKi	H0R7	lR�n (2.1), O�< Hk KzTC, �
��| dk KHv{&u. �[L;, < Hk zTC, ℄E�!�n (2.1) TKRMD Armijo �!�n. �vFW�xX i(k) �� (2.1), K�#fK
,D: < gk 6= 0 C,

sTk gk < 0,< gk = 0 C,

dTkHkdk < 0.t���W (sk, dk) �W< xk KHv℄E
TKC��2i. �℄�!Df9P!_f
a[21]. _fe& sk �1
~�, +T�! αk, FC
f(xk + αksk) 6 max

[
f(xk),

τ(k)−1∑

r=0

λkrf(xk−r)
]
+ αkδ1g

T
k sk, (2.2)



4 � ��# �B{ g:Q��'�"`gdbJ�eWg�U� 393�	 0 < δ1 < δ2 < 1, τ(0) = 0, 0 6 τ(k) 6 min{τ(k − 1) + 1,M}, M KHvxX,
τ(k)−1∑
r=0

λkr = 1, λkr ∈ (0, 1) � λkr > λ > 0. ℄�!)Ow<
‖sk‖ 6 c1‖gk‖,�	 c1 > 0, �>nv Or2H�
lim
k→∞

‖gk‖ = 0.OH�, [�+KMD� ∇f(x) D Lipschitz q<2t+w<U�6E.? (2.2) ��?f9P&�!_f#/
f(xk + α2

ksk + αkdk) 6 max
[
f(xk),

τ(k)−1∑

r=0

λkrf(xk−r)
]
+ α2

kδ1

(
sTk gk +

1

2
dkHkdk

)
, (2.3)�	 (sk, dk) KHv��W. ��eaD$
℄$dKkI�?HvT�Æqa%KHv�'����X f(x) �dV�
V θ(x) (θ(x) = ‖g(x)‖ + |min{λ̃, 0}|) DZ��T�Æq, �	 λ̃ K Dk D�'mw�, dKV (2.6) C?. i
a_H~*, *H����

Fk = {(θ, f) ∈ R
2 : θ = θ̃},�	 θ̃ ∈ (θ0,+∞).1s 2.3 <

θ1 6 θ2 � f1 6 f2C, K x1 u�K x2.1s 2.4 �� F K/I� (θi, fi) DHv:x, ��
θi 6 θj # fi 6 fj ,W i 6= j.[.~D��℄$�|, HvMlK

xk(αk,l) = xk + α2
k,lsk + αk,ldk�f9P��DR, <!N<

θ(xk(αk,l)) 6 (1− γθ)max
[
θ(xj),

τ(k)−1∑

r=0

λkrθ(xj−r)
]

(2.4a)#
f(xk(αk,l)) 6 max

[
f(xj),

τ(k)−1∑

r=0

λkrf(xj−r)
]
− γfθ(xj), (2.4b)WhWD (h(xj), f(xj)) ∈ Fk. 2�MlK� (2.4) DR, n��z
K�f9P(z�IO0o�

Fk+1 = Fk ∪ {(θ, f) ∈ R
2 : θ > (1− γθ)θk, f > fk − γfθ(xk)}, (2.5)



394 Y?�` A * 38 \�	
θk = max

[
θ(xk),

τ(k)−1∑

r=0

λkrθ(xk−r)
]
, fk = max

[
f(xk),

τ(k)−1∑

r=0

λkrf(xk−r)
]
.2� (2.3) W�!%n, n�o���.Æ�e[11]P3vH���
ThIH�W$VuDea, nea�kV Bunch �

Parlett[23]o+. t�ea?�6Vu Hk hI�2�/I:

PHkP = LDkL
T,�	 P KHv��u, L KHv9
�5BVu, Dk KHveWBVu, �� 1 × 1 �

2× 2 WBe. 2� Hk KzTD, �� Dk KWBD. t�hIW2�2�.Pb 2.1 Dk � Hk W|DD�2.Pb 2.2 2izX a1, a2, a3 � a4, [ Hk ��, ��
a1 6 ‖L‖ 6 a2, a3 6 ‖L−1‖ 6 a4.Pb 2.3 7; Hk �KzTD, | µk � λk h�K Hk � Dk D�5Dlmw�, n

λk‖L‖
2
6 µk 6

λk

‖L−1‖2
.$Y Bunch-Parlett hI, dKC? Dk D�hI:

Dk = UΛkU
T, (2.6)�	 Λk = diag(λk

1 , λ
k
2 , · · · , λ

k
n), U KHvzAVu. ��|

λ
k

j = max{|λk
j |, εn max

16i6n
|λk

i |, ε}, Λk = diag(λ
k

1 , λ
k

2 , · · · , λ
k

n),�	 ε KHv&�QV, |
Dk = UΛkU

T.e& sk z
K�e&C?:

(PTLDkL
TP )s = −gk.| zk K Dk D�'mw� λ̃k D9
mw&u. �[L;, e&

tk = |min{λ̃k, 0}|
1

2PTL−Tzk�� tTkHktk = λ̃k|min{λ̃k, 0}| 6 0. tT\
 tk KHvfz&�e&. �v�lHvf?e&, =m
dk =




−tk, 2� gTk tk > 0,

tk, jn.
(2.7)<!N< λk KflD, Vu Hk K�zTD, �aOK Bunch-Parlett hID�q 2.1. O/, < Hk K�zTD, dk V (2.7) +T�KHv{&u.�
zI9Uf9P��&�!_f
aI�dVf�T�Æq.\2 2.1 yT: *HK x0;  X θ̃ ∈ (θ0,+∞); γθ, γf ∈ (0, 1); 0 < δ1 < 1; 0 < τ1 6

τ2 < 1; ǫ > 0; M > 0.
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(1) 1
 f(x0), g(x0), H(x0), R71X k ← 0.

(2) 2�y��n%n, 
a��.

(3) 1
��W (sk, dk).

(4) | αk,0 = 1 � l← 0.

(5) 1
 xk(αk,l) = xk + α2
k,lsk + αk,ldk, f(xk(αk,l)), g(xk(αk,l)), θ(xk(αk,l)).

(6) 2� xk(αk,l) /∈ Fk, � (9). jn, � (7).

(7) 2� xk(αk,l) ��f9P℄E�n (2.3), � (9).

(8) =m αk,l+1 ∈ [τ1αk,l, τ2αk,l], | l← l + 1, � (5).

(9) DR xk+1 = xk(αk,l), 2� xk+1 �<���DR, R (2.5) o���. jn, |
Fk+1 = Fk. 1
 f(xk+1), g(xk+1), H(xk+1), | k← k+1, m(k) = min{m(k−1)+1,M},�� (2).

3 ydVJo
G	, ?i�6E(�K2iD#f�, {

aDxsOr2. ��y+xsOr2{
D
E7;.?T G (G1) �X f(x) : Rn → R ℄0q<d�.

(G2) f(x) i_+ N 8�WK, ! N ��[�+ L = {x : f(x) 6 f(x0)}, �	 x0 KR7*HK.Pk 3.1 �1LV� [11] 	DTkC?.tI 3.1 7; G %n, !��W (sk, dk) V (2.6) � (2.7) C?, ��
dTkHkdk = λ̃k|min{λ̃k, 0}|,2i X 0 < c1 6 1, c2 > 0 � c3 > 0, ��

−
sTk gk
‖sk‖‖gk‖

> c1, < gk 6= 0 C,

c3‖gk‖ > ‖sk‖ > c2‖gk‖.tI 3.2 f9P&�!_f
&��Y.z 
{a. 7;���W���W��. it�#f�, <������w<?H�X^MlK, >� αk,l → 0. ht�#f.QG 1 2� xk(αk,l) �f9P��DR, n xk+1 = xk(αk,l), R (2.5) o���. PkDH�%n.QG 2 2� xk(αk,l) �f9P��X^, �� xk(αk,l) ����f9Pw< (2.3).VY gTk dk 6 0, gTk sk +
1
2d

T
kHkdk < 0 � 0 < δ1 < 1, W

f(xk + α2
k,lsk + αk,ldk)

= f(xk) + gTk (α
2
k,lsk + αk,ldk) +

1

2
(α2

k,lsk + αk,ldk)
THk(α

2
k,lsk + αk,ldk) + o(α2

k,l)

6 f(xk) + α2
k,lg

T
k sk +

1

2
α2
k,ld

T
kHkdk + o(α2

k,l)
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6 max

[
f(xk),

τ(k)−1∑

r=0

λkrf(xk−r)
]
+ α2

k,lδ1

(
sTk gk +

1

2
dkHkdk

)
+ o(α2

k,l),��, f9P&�w< (2.3) < l (h5C%n. PkDH�%n.tI 3.3 | {xk} Vf9P&�w< (2.3) �=. ��K��FI%n:

f(xk) 6 f(x0) + λδ1

k−2∑

r=0

α2
r

(
sTr gr +

1

2
dTr Hrdr

)
+ δ1α

2
k−1

(
sTk−1gk−1 +

1

2
dTk−1Hk−1dk−1

)

< f(x0) + λδ1

k−1∑

r=0

α2
r

(
sTr gr +

1

2
dTr Hrdr

)
.z X>
�a. 2� k = 1, W

f(x1) 6 f(x0) + α2
0δ1

(
sT0 g0 +

1

2
dT0 H0d0

)
< f(x0) + λα2

0δ1

(
sT0 g0 +

1

2
dTkHkdk

)
.7;H�i k C%n.QG a 2� max

[
f(xk),

τ(k)−1∑
r=0

λkrf(xk−r)
]
= f(xk), L}

f(xk+1) 6 f(xk) + α2
kδ1

(
sTk gk +

1

2
dTkHkdk

)

6 f(x0) + λδ1

k−1∑

r=0

α2
r

(
sTr gr +

1

2
dTr Hrdr

)
+ α2

kδ1

(
sTk gk +

1

2
dTkHkdk

)

< f(x0) + λδ1

k∑

r=0

α2
r

(
sTr gr +

1

2
dTr Hrdr

)
.QG b 2� max

[
f(xk),

τ(k)−1∑
r=0

λkrf(xk−r)
]
=

τ(k)−1∑
r=0

λkrf(xk−r), | u = τ(k) − 1. V
u∑

t=0
λkt = 1, λ 6 λkt < 1, dC

f(xk+1) 6

u∑

t=0

λktf(xk−t) + α2
kδ1

(
sTk gk +

1

2
dTkHkdk

)

6

u∑

t=0

λkt

[
f(x0) + λδ1

k−t−2∑

r=0

α2
r

(
sTr gr +

1

2
dTr Hrdr

)
+ δ1α

2
k−t−1

(
sTk−t−1gk−t−1

+
1

2
dTk−t−1Hk−t−1dk−t−1

)]
+ α2

kδ1

(
sTk gk +

1

2
dTkHkdk

)

= f(x0) + λδ1

k−t−2∑

r=0

( u∑

t=0

λkt

)
α2
r

(
sTr gr +

1

2
dTr Hrdr

)
+ δ1

u∑

t=0

λktα
2
k−t−1

·
(
sTk−t−1gk−t−1 +

1

2
dTk−t−1Hk−t−1dk−t−1

)
+ α2

kδ1

(
sTk gk +

1

2
dTkHkdk

)

6 f(x0) + λδ1

k−t−2∑

r=K

α2
r

(
sTr gr +

1

2
dTr Hrdr

)
+ λδ1

k−1∑

r=k−t−1

α2
r

(
sTr gr +

1

2
dTr Hrdr

)

+ α2
kδ1

(
sTk gk +

1

2
dTkHkdk

)
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= f(x0) + λδ1

k−1∑

r=0

α2
r

(
sTr gr +

1

2
dTr Hrdr

)
+ α2

kδ1

(
sTk gk +

1

2
dTkHkdk

)

< f(x0) + λδ1

k∑

r=0

α2
r

(
sTr gr +

1

2
dTr Hrdr

)
.1I 3.1 2���o�W�0, ��, R7:xD	Hv(�K x∗ UKHv℄E
TK, GTK\, g(x∗) = 0 ��6Vu H(x∗) �:K�zTD.z V7;}, 2i K ∈ N, WhWDR7 k > K, ���o�. �
C?, WhWD

k > K, R7K {xk} Vf9P&�w< (2.3) �=. [Pk 3.3 D{
HD, �
C?
f(xk+1) 6 fK + λδ1

k∑

r=K

α2
r

(
sTr gr +

1

2
dTr Hrdr

)
.1Pk 3.1 }A

f(xk+1) 6 fK + λδ1

k∑

r=K

α2
r

(
− c1c2‖gr‖

2 +
1

2
λ̃r |min{λ̃r, 0}|

)
.VY {fk} K�WKD, < i→∞ C, W

k∑

r=K

α2
r

(
− c1c2‖gr‖

2 +
1

2
λ̃r|min{λ̃r, 0}|

)
<∞,{Y αr > 0, −c1c2‖gr‖

2 6 0 � λ̃r|min{λ̃r, 0}| 6 0, dC
lim
k→∞

α2
k‖gk‖

2 = 0, lim
k→∞

α2
kλ̃k|min{λ̃k, 0}| = 0,�


lim
k→∞

αk‖gk‖ = 0, lim
k→∞

α2
kλ̃k|min{λ̃k, 0}| = 0.Wt�#f6Eb~.QG 1 2� {αk} KH��WK, n

lim
k→∞

‖gk‖ = 0, lim
k→∞

λ̃k|min{λ̃k, 0}| = 0. (3.1)tM	�, < k →∞ C, λ̃k → 0, #sW(h5D k, W λ̃k > 0. ��R
{a. 7;2iHv���:x {ki}, W�v ǫ > 0, ��̃
λki

6 −ǫ.O[
lim
i→∞

λ̃ki
|min{λ̃ki

, 0}| = lim
i→∞

−λ̃2
ki

6 −ǫ2,[ (3.1) �Y. {Y�q 2.1, dC
lim
k→∞

λmin(Hk) > 0. (3.2)O/, H(x∗) �:K�zTD.QG 2 2� {αk} �KH��WK, 2iHv�:x {αki
}, ��

lim
i→∞

αki
= 0.
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DTN, ���X^D�!

αki,li ∈
[αki

τ2
,
αki

τ1

]��
f(xki

+ α2
ki,li

ski
+ αki,lidki

) > max
[
f(xki

),

τ(ki)−1∑

r=0

λkrf(xki−r)
]

+ α2
ki,li

δ1

(
sTki

gki
+

1

2
dki

Hki
dki

)

> f(xki
) + α2

ki,li
δ1

(
sTki

gki
+

1

2
dki

Hki
dki

)
. (3.3)p_ (3.3) D�Æ, W

f(xki
+ α2

ki,li
ski

+ αki,lidki
)

= f(xki
) + α2

ki,li
sTki

gki
+ αki,lid

T
ki
gki

+
1

2
(α2

ki,li
ski

+ αki,lidki
)T

·Hki
(α2

ki,li
ski

+ αki,lidki
) + o(α2

ki,li
)

= f(xki
) + α2

ki,li
sTki

gki
+ αki,lid

T
ki
gki

+
1

2
α2
ki,li

dTki
Hki

dki
+ o(α2

ki,li
)

6 f(xki
) + α2

ki,li

(
sTki

gki
+

1

2
dTki

Hki
dki

)
+ o(α2

ki,li
). (3.4)H� (3.3)–(3.4), dC

α2
ki,li

δ1

(
sTki

gki
+

1

2
dki

Hki
dki

)
6 α2

ki,li

(
sTki

gki
+

1

2
dTki

Hki
dki

)
+ o(α2

ki,li
),

α2
ki,li

(δ1 − 1)
(
sTki

gki
+

1

2
dki

Hki
dki

)
6 o(α2

ki,li
),

(δ1 − 1)
(
sTki

gki
+

1

2
dki

Hki
dki

)
6

o(α2
ki,li

)

α2
ki,li

,

(δ1 − 1)
(
− c1c2‖gki

‖2 +
1

2
λ̃ki
|min{λ̃ki

, 0}|
)
6

o(α2
ki,li

)

α2
ki,li

.< i→∞ C, ((���
lim
i→∞

‖gki
‖ = 0, lim

i→∞

λ̃ki
|min{λ̃ki

, 0}| = 0.[ (3.2) D{
j^, C?�6Vu H(x∗) �:K�zTD.1I 3.2 2���o���0, ��, R7:x�:2iHv(�KKHv℄E
TK, GTK\, g(x∗) = 0 ��6Vu H(x∗) �:K�zTD.z Wt�#f.QG 1 2�2i�v K ∈ N, FC��WhWDR7 k > K UE(z, �
?{
,:xD	Hv(�K x∗ KHv℄E
TK. {
R?
{a. 7;2iHv���:x
{ki}, ��

θki
= ‖gki

‖+ |min{λ̃ki
, 0}| > ǫ, (3.5)W�v ǫ > 0. 	H0R7 ki, (θki

, fki
) �63?��, tM	��W�iD (θ, f) �v6
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[θki
− γθǫ, θki

]× [fki
− γf ǫ, fki

].t+ze/D�'�:K γnon
θ γnon

f ǫ2. 7;WhWD k,

fmin
6 fk 6 fmax � 0 6 θk 6 θmax,�	 fmin, fmax � θmax K X. O/, ��	D (θ, f) W���i
B = [0, θmax]× [fmin, fmax].L; B D�'KW�D.O[, B !�W�vtDDze/�*ks,[�� (3.5) D��:x�Y.QG 2 2�WhWD K ∈ N, 2i k1, k2 > K, FC xk1

Vf9P&�_fw< (2.3)�=� xk2
Vf9P�� (2.4) �=. [#f 1 #^, dK{
, R7:x�:2iHv(�K x∗ K℄E
TK.

4 E'VJo�vh�
aDU�Or2, 6E|ZD7;w<.?T H (H1) :x {xk} Or?K x∗ �� g∗ = 0 � H∗ zT, �	 g∗ = g(x∗) �
H∗ = ∇2f(x∗).

(H2) Hk � sk V
a 2.1 �=, ��K�w<
lim
k→∞

‖(Hk −∇
2f(x∗))sk‖

‖sk‖
= 0. (4.1)tI 4.1 7; H %n. ��, 2i K ∈ N, WhWD k > K, �� αk = 1.z z
7;} ∇2f(xk) W(h5D k KzTD, tT�
, λ̃ > 0, dk = 0 �

θ(xk) = ‖gk‖. 1��DH�dKa+ (θ(xk), f(xk)) /∈ Fk, GTK\,

θ(xk) 6 (1− γθ)max
[
θ(xj),

τ(j)−1∑

r=0

λjrθ(xj−r)
]#

f(xk) 6 max
[
f(xj),

τ(j)−1∑

r=0

λjrf(xj−r)
]
− γfθ(xj),WhWD (θ(xj), f(xj)) ∈ Fk.QG 1 2� f(xk) 6 max

[
f(xj),

τ(j)−1∑
r=0

λjrf(xj−r)
]
− γfθ(xj), dC

f(xk + sk)−max
[
f(xj),

τ(j)−1∑

r=0

λkrf(xj−r)
]
+ γfθ(xj)

= gTk sk +
1

2
sTk∇

2f(xk)sk + o(‖sk‖
2) + f(xk)−max

[
f(xj),

τ(k)−1∑

r=0

λkrf(xj−r)
]
+ γfθ(xj)

6 −sTk (P
TLDkL

TP )sk +
1

2
sTk∇

2f(xk)sk + o(‖sk‖
2)
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= −

1

2
sTk∇

2f(xk)sk − sTk [(P
TLDkL

TP )−∇2f(xk)]sk + o(‖sk‖
2)

6 −
1

2
ω‖sk‖

2 + o(‖sk‖
2),�	 ω KHvzX. W(h5D k, (2.4b) %n.QG 2 2� θ(xk) 6 (1− γθ)max

[
θ(xj),

τ(j)−1∑
r=0

λjrθ(xj−r)
]
, dC

θ(xk + sk)− (1− γθ)max
[
θ(xj),

τ(j)−1∑

r=0

λjrθ(xj−r)
]

= ‖gk +∇
2f(xk)sk +O(‖sk‖

2)‖ − (1− γθ)max
[
θ(xj),

τ(j)−1∑

r=0

λjrθ(xj−r)
]

= ‖gk +Hksk + (∇2f(xk)−Hk)sk +O(‖sk‖
2)‖ − (1− γθ)max

[
θ(xj),

τ(j)−1∑

r=0

λjrθ(xj−r)
]

= ‖(∇2f(xk)−Hk)sk +O(‖sk‖
2)‖ − (1− γθ)max

[
θ(xj),

τ(j)−1∑

r=0

λjrθ(xj−r)
]

= o(‖sk‖)− (1− γθ)max
[
θ(xj),

τ(j)−1∑

r=0

λjrθ(xj−r)
]
.O/ (2.4a) W(h5D k %n. tM	� xk+1 W(h5D k ?���DR.1I 4.1 7; H %n, 2i x∗ DHvz_ N(x∗, ε) = {x ∈ R

n | ‖x − x∗‖ < ε}, �� ∇2f(x) i N(x∗, ε) 8K Lipschitz q<D, GTK\, 2iHv X L > 0, ��
‖∇2f(x)−∇2f(y)‖ 6 L‖x− y‖, ∀x, y ∈ N(x∗, ε).�� {xk} ℄0OrY x∗.z VY ∇2f(xk) W(h5D k KzTD, W PTLDkL

TPk = ∇2f(xk) � dk = 0. tTK\ sk KHv�X�. TkDH�%n.

5 Y|Uq
G	, �
?y+f9P��&�!_f
aDX�H�, �R HP (i5 CPU) v.N�, �2� 2G. �X=m: δ1 = 0.3; τ1 = τ2 = 0.5; ǫ = 10−6; M = 8. i (2.3) 	=(
λkr = 1

τ(k) , �	 r = 0, · · · , τ(k) − 1. m2, 2� τ(k) = 3, W λk0 = λk1 = λk2 = 1
3 . <��w< ‖gk‖ 6 ǫ %n, 1
y�.

Fail 7�
aB�. NIT, NF � NFI h�7�R70X,�X1
0X���o�0X. �vO0�C, �
��vf9P!_f
a (2.2), �FRl&���� (R NLA �J). NLA D�X=m[
a 2.1HD. MBH��Ji� 1	.�v�C
a 2.1� NLADX���, FR Dolan � Moré i� [24] 	o+D��a. �
D��$YR70X��X1
0X. :�H�z
h04<1
H��Mq, 3}W�D-�, �2�X1
0X. | S KH�6E�CD4<. W	vÆq p �	v
a s, TN
tp,s =
a s 1
Æq p h6ED�X1
0X.
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a9D�Cz
EB��iTN
rp,s =

tp,s
min{tp,s : s ∈ S}

.2�TN
ρs(τ) =

1

np

size{p ∈ P : rp,s 6 τ},�� ρs(τ) K
a s ∈ S %�Dr�. ρs(1) D�K
a�
�i
aDr�.& 1 X{B:
a 2.1 NLA

Function NIT NF NFI NIT NF

Rosenbrock 51 62 13 58 81

Freudenstein and Roth 10 17 9 10 22

Brown badly scaled 16 29 15 18 60

Beale 18 22 10 18 25

Helical vally 36 48 15 42 72

Bard 12 17 8 18 26

Bard 2 5 6 4 4 7

Meyer 85 173 15 Fail

Gulf research and development 1 2 1 6 13

Box three-dimensional 26 36 11 30 39

Powell singular 38 49 13 38 59

Wood 99 125 23 115 174

Kowalik and Osborne 33 34 8 29 32

Brown and Dennis 40 68 19 42 95

Biggs EXP 6 14 17 10 14 19

Watson (n=12) 36 47 16 31 52

Watson (n=6) 36 47 16 31 52

Broyden banded 32 56 14 57 101

Raydan 2 7 8 7 7 8

Raydan 1 138 166 23 140 202

Extended Penalty 43 55 18 38 60

Perturbed Quadratic 19 30 8 20 39

Diagonal 2 94 95 24 94 95
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f 1 0+*X#A

 

 

f 2 ;X>\*X#A1� 1–2 dKa+, 
a 2.1 iyTD�Mq	�
 NLA, �EbY���l&�e&DhR. VY��FC
a|1LDRMlK, 
a 2.1 � NLA |W). <�TD Hki1
	+�, 
a 2.1 ���ll&�e&, 4<R7. ;K, 
a NLA !B�. �2,
a 2.1 %�I%I�Mq Function Meyer,�	�TD Hk +�v 130. ,[
a NLAB�. O/,
a��|�, |W�Pp.

6 ��C
�	, �
_pvf9P��0T�l&�e&%I�dVf�T�Æq; i�k7;�, >nvxsOr2�U�Or2k�; X�MBH��
,
aK
TD�W)D.
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A Nonmonotone Filter Curvilinear Line Search
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Nonconvex Optimization

GU Chao1 ZHU Detong2

1School of Statistics and Mathematics, Shanghai Lixin University of Accounting

and Finance, Shanghai 201620, China. E-mail: guchao@lixin.edu.cn
2Department of Mathematics, Shanghai Normal University, Shanghai 200234,

China. E-mail: dtzhu@shnu.edu.cn

Abstract Yu and Pu [Yu Z S, Pu D G. A new nonmonotone line search technique for

unconstrained optimization [J]. J Comput Appl Math, 2008, 219:134–144] introduced a non-

monotone line search algorithm for unconstrained optimization. Different from their work,

the authors propose a nonmonotone filter curvilinear line search algorithm when a problem

may be nonconvex. By using the negative curvature information of the Hessian, the gener-

ated sequence is shown to converge to stationary points that satisfy second-order optimality

conditions. Global convergence is established even without requiring a priori the existence

of a limit point. Moreover, the authors analyze the convergence rate of the new algorithm.

The numerical experiments are reported to show the effectiveness of the proposed algorithm.

Keywords Nonconvex optimization, Nonmonotone, Curvilinear line search,

Filter, Convergence
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