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4 �Kh> 5 �K). p�!�, F �|�x�� 2 h 3 9i, Hom(W,V ) �|*33$�
W 633$� V 9.�^qu 933$�.

2 (�H3
3-,.��i Fn933$� A, �
 3-j.�n� [ , , ] , BfV x1, x2, x3, y2, y3 ∈

A, ^=�HB��, |;{
[[x1, x2, x3], y2, y3] =

3∑

i=1

[x1, [xi, y2, y3], x3], (2.1)r f ∈Hom(A,A), ha=�)D;{
[f(x), y, z] + [x, f(y), z] + [x, y, f(z)] = f([x, y, z]), x, y, z ∈ A,s� f � 3-,.� A 94�, ` Der(A) �|4�{j. ��O	.�,.� gl(A) 9�.�.Bf x1, x2 ∈ A, �W.�^q ad(x1, x2) : A → A, BfV x ∈ A, ad(x1, x2)(x) =

[x1, x2, x], �� A 9�"n�. +
, �"n��4�. �"n�9.��j��N4�,` ad(A) �|.r B1, B2, B3 � A 9�$�, ` [B1, B3, B3] �|b [x1, x2, x3], xi ∈ Bi, 1 6 i 6 3 u 9 A 9�$�. ha [B,A,A] ⊆ B s� B � A 9*0. ha [B,B,B] ⊆ B, s��$� B ��.�. b33 [x1, x2, x3], x1, x2, x3 ∈ A u 9�.��� A 94.�, ` A1�|. ha A1 = 0, L?� A �Abel .�.

A 9�8` Z(A) = {x ∈ A | [x,A,A] = 0} �|. l+
 Z(A) � A 9 Abel *0.r f � A 9.�^q, k f(A) ⊆ Z(A) ^ f(A1) = 0, s f ∈ Hom(A,A) ���84�[16], 

�84�9{j` ZDer(A) �|, �� Der(A) 9*0.!B 2.1 r A � 3-,.�, f1 � A n9.�^q. ha+p A 9.�^q f2, f3, f
′=�

[f1(x), y, z] + [x, f2(y), z] + [x, y, f3(z)] = f ′([x, y, z]), x, y, z ∈ A, (2.2)s f1 �� A 9℄W4�. ` ∆(A) �|

=�;{ (2.2) 9 (f1, f2, f3, f
′) 9	jD�,` GDer(A) �|

℄W4�9{j. ha f1 = f2 = f3 = f, s�.�^q f � A 9P4�, 

P4�{j` QDer(A) �|.BffV 3-,.� A, /`n�9HB��, "8 ad(A) ⊆ Der(A) ⊆ QDer(A) ⊆

GDer(A). k (f1, f2, f3, f
′) ∈ ∆(A), s


[f2(x), y, z] + [x, f1(y), z] + [x, y, f3(z)] = f ′([x, y, z]). (2.3)f�, #A86 f1, f2, f3 ∈ GDer(A), (fi1 , fi2 , fi3 , f
′) ∈ ∆(A), [� (i1, i2, i3) �fVOR

3 jW6.

3-,.� A 9;8[16]�=�h)��9.�f� f � 9Æj.� Γ(A),

[f(x), y, z] = [x, f(y), z] = [x, y, f(z)] = f([x, y, z]), x, y, z ∈ A. (2.4)
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[f(x), y, z] = [x, f(y), z] = [x, y, f(z)], x, y, z ∈ A. (2.5)

3 &D�M�tH� 3-,.� A � GDer(A), QDer(A), Der(A), QΓ(A) h Γ(A) ��9Z&,�^|G 3-,.� A 9fVP4�"S%u 9OR�
�,��9 3-,.�94�.!, 3.1 r A � 3-,.�, s GDer(A), QDer(A), QΓ(A) h Γ(A) �O	.�,.� gl(A) 9�.�. ha Z(A) = 0, s QΓ(A) h Γ(A) � Abel 9.G BfV f, g ∈ GDer(A), (f, f ′, f ′′, f ′′′), (g, g′, g′′, g′′′) ∈ ∆(A), V� (2.2), 86;{
[[f, g](x), y, z] + [x, [f ′, g′](y), z] + [x, y, [f ′′, g′′](z)] = [f ′′′, g′′′][x, y, z], x, y, z ∈ A,s [f, g] = gf − fg ∈ GDer(A), ([f, g], [f ′, g′], [f ′′, g′′], [f ′′′, g′′′]) ∈ ∆(A). 
S GDer(A) h

QDer(A) � gl(A) 9�.�. BfV f, g ∈ QΓ(A), x, y, z ∈ A,

[[f, g](x), y, z] = [(fg − gf)(x), y, z)] = [g(x), f(y), z]− [f(x), g(y), z]

= [x, f(y), g(z)]− [f(x), y, g(z)] = [x, y, fg(z)]− [x, y, fg(z)] = 0.Y� Z(A) = 0, 
S [f, g] = 0. Æ<8|.E, 3.1 r A � 3-,.�, s)DÆ< 1
QΓ(A) ⊆ GDer(A), (3.1)

Γ(A) ⊆ QDer(A) ∩QΓ(A), (3.2)

[Der(A),Γ(A)] ⊆ Γ(A), (3.3)

[QDer(A), QΓ(A)] ⊆ QΓ(A). (3.4)G Y�BfV f ∈ QΓ(A), x, y, z ∈ A, )6;{ 1:

[f(x), y, z] +
[
x,

−1

2
f(y), z

]
+
[
x, y,

−1

2
f(z)

]
= 0,
S (

f, −1
2 f, −1

2 f, 0
)
∈ ∆(A), f ∈ GDer(A). )
<, "8 (3.2)–(3.4)  1.ha A � Abel 9 3-,.�, s Der(A) = QDer(A) = GDer(A) = gl(A).r A � 3-� 3-,.�, ^ A1 6= 0, s+pO�v {x1, x2, x3}, z8 A 9"F�

[x1, x2, x3] = x1. r f � A 9fV.�^q, =� f(xi) =
3∑

j=1

aijxj , aij ∈ F, �W A 9.�^q f ′, f ′(xi) =
3∑

j=1

bijxj , [� bij =� b11 = a11 + a22 + a33, b12 = b13 = 0. s
(f, f, f, f ′) ∈ ∆(A), Der(A) 6= gl(A), 
S Der(A)  QDer(A) = gl(A).r B � 4-� 3-,.�, {x1, x2, x3, x4} � B 9O�v, "F�� [x1, x2, x3] = x1.s Z(B) = Fx4 6= 0, r f(xi) =

4∑
k=1

aikxk. k (f, f, f, f ′) ∈ ∆(A), s [xi, xj , f(x4)] =
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[
xi, xj ,

4∑
k=1

a4kxk

]
= 0. 86 a41 = a42 = a43 = 0. 
S QDer(A) 6= gl(A), Der(A) 6=

QDer(A). Y) Der(A)  QDer(A)  gl(A).!, 3.2 r A �i F n9 3-,.�, s
(1) GDer(A) = QDer(A)⊕QΓ(A) (�$�9�h),

(2) QΓ(A) � GDer(A) 9*0. ha Z(A) = 0, s QΓ(A) � GDer(A) 9 Abel *0.G BfV g ∈ GDer(A), | (g, g′, g′′, g′′′) ∈ ∆(A),

(g, g′, g′′, g′′′) =
(g + g′ + g′′

3
,
g + g′ + g′′

3
,
g + g′ + g′′

3
, g′′′

)

+
(2g − g′ − g′′

3
,
2g′ − g − g′′

3
,
2g′′ − g − g′

3
, 0
)
.,p|G g+g′+g′′

3 ∈ QDer(A), 2g−g′−g′′

3 , 2g′−g−g′′

3 , 2g′′−g−g′

3 ∈ QΓ(A).V� (2.2),86 [
g+g′+g′′

3 (x), y, z
]
+
[
x, g+g′+g′′

3 (y), z
]
+
[
x, y, g+g′+g′′

3 (z)
]
= g′′′([z, y, z]).
S g+g′+g′′

3 ∈ QDer(A). b;{ (2.2)–(2.3),
[2g − g′ − g′′

3
(x), y, z

]
−
[
x,

2g − g′ − g′′

3
(y), z

]

= −
1

3
[x, y, g′′(z)] +

1

3
[x, y, g(z)]−

1

3
[x, g(y), z] +

1

3
[x, g′′(y), z]

=
1

3
([x, y, (g − g′′)(z)] + [x, (g′′ − g)(y), z]),

g′′′([x, y, z]) = [g′(x), y, z] + [x, g(y), z] + [x, y, g′′(z)],

g′′′([x, y, z]) = [g′(x), y, z] + [x, g′′(y), z] + [x, y, g(z)],"8
[2g − g′ − g′′

3
(x), y, z

]
=

[
x,

2g − g′ − g′′

3
(y), z

]
=

[
x, y,

2g − g′ − g′′

3
(z)

]
,

[2g′ − g − g′′

3
(x), y, z

]
=

[
x,

2g′ − g − g′′

3
(y), z

]
=

[
x, y,

2g′ − g − g′′

3
(z)

]
,

[2g′′ − g − g′

3
(x), y, z

]
=

[
x,

2g′′ − g − g′

3
(y), z

]
=

[
x, y,

2g′′ − g − g′

3
(z)

]
.b)86Æ< (1). bZ* 3.1 "8Æ< (2).r A �"K�9 3-,.�, } A = H ⊕K (*09�h), 86h)Æ<.!, 3.3 r A � 3-,.�, K,H � A 9*0, ^ A = H ⊕K, k Z(A) = 0. sBfV9 g ∈ GDer(A), g =� g(H) ⊆ H, g(K) ⊆ K, ^

GDer(A) = GDer(H)⊕GDer(K), QDer(A) = QDer(H)⊕QDer(K).G b (2.3)–(2.4) "86Æ<.�t�m, #A'F� 3-,.�9P4�"S���
W,��9 3-,.�94�.�)#ABK 3-,.�9u3x9ÆX[17].r A �i F n9 3-,.�, t ��3, sm.� tF[t]/(t4) � 3-��sÆj.�. :
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Ã = A⊗ (tF[t]/(t4)), )D#A� a⊗ t, a⊗ t2 h a⊗ t3 K��6 at, at2 h at3, s Ã �)D"xX 3-,.�,

[a1t
l, a2t

1, a3t
1] = [a1, a2, a3]t

3, a1, a2, a3 ∈ A. (3.5)+
, 3 l,m, n �
OR,f 1 x, [a1t
l, a2t

m, a3t
n] = 0.r U � A 9�$�, =� A = U ⊕A1, }�$� U �4�.� A1 = [A,A,A] 9�$�, f� Ã "K��̃

A = At⊕At2 ⊕At3 = At⊕At2 ⊕A1t3 ⊕ Ut3. (3.6)�W.�^q lu : QDer(A) → Hom(Ã, Ã),B (f, f, f, f ′) ∈ ∆(A), a, b ∈ A, c ∈ A1, u ∈

U ,

lu(f)(at+ bt2 + ct3 + ut3) = f(a)t+ f ′(c)t3, (3.7)s lu �0q, ^ lu(f) �Q( f ′ 9Er.!, 3.4 r A � 3-,.�. s lu(QDer(A)) ⊆ Der(Ã). ha Z(A) = 0, s Der(Ã) =

lu(QDer(A)) ⊕ Z(Der(Ã)).G BfV ait+ bit
2 + cit

3 + uit
3 ∈ Ã, i = 1, 2, 3, V� (3.6)–(3.7),

[lu(f)(a1t+ b1t
2 + c1t

3 + u1t
3), a2t+ b2t

2 + c2t
3 + u2t

3, a3t+ b3t
2 + c3t

3 + u3t
3]

+ [a1t+ b1t
2 + c1t

3 + u1t
3, lu(a2t+ b2t

2 + c2t
3 + u2t

3), a3t+ b3t
2 + c3t

3 + u3t
3]

+ [a1t+ b1t
2 + c1t

3 + u1t
3, a2t+ b2t

2 + c2t
3 + u2t

3, lu(f)(a3t+ b3t
2 + c3t

3 + u3t
3)]

= [f(a1), a2, a3]t
3 + [a1, f(a2), a3]t

3 + [a1, a2, f(a3)]t
3 = f ′([a1, a2, a3])t

3,

lu(f)([a1t+ b1t
2 + c1t

3 + u1t
3, a2t+ b2t

2 + c2t
3 + u2t

3, a3t+ b3t
2 + c3t

3 + u3t
3])

= lu(f)([a1, a2, a3]t
3) = f ′([a1, a2, a3])t

3.
S lu(f) ∈ Der(Ã). k Z(A) = 0, V� (3.5), 3-,.� Ã �8"�|�
Z(Ã) = At2 +At3, (3.8)^BfV9 D ∈ Der(Ã), D(Z(Ã)) ⊆ Z(Ã), |.�^q

f : At⊕At2 ⊕ Ut3 7→ At2 ⊕At3,ha f(A1t3) = 0, s f ∈ Z(Der(Ã)). BfV g ∈ Der(Ã) h a ∈ A, r
g(at) = a′t+ b′t2 + c′t3 + u′t3, a′, b′ ∈ A, c′ ∈ A1, u′ ∈ U. (3.9)�W.�^q f : Ã → Ã, a, b ∈ A, c ∈ A1, u ∈ U,

f(at) = b′t2 + c′t3 + u′t3, f(ct3) = 0, f(bt2 + ut3) = g(bt2 + ut3).V� (3.8), "8 f ∈ Z(Der(Ã)), ^
(g − f)(at) = a′t, (g − f)(ct3) = c′t3.V� (3.9), +p.�^q h, h′ z8BfV9 a ∈ A, c ∈ A1, u ∈ U, h(a) = a′, h′(c) =

c′, h′(u) = 0, 
S (h, h, h, h′) ∈ ∆(A), 86 h ∈ QDer(A), g − f = lu(h). Æ<8|.
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4 3-.�5 2�M�r 3-,.�
dB	qD T . BfV x, y, z ∈ A,` µ(x, y, z)�|"xn� [x, y, z].r (A, µ) � 3-,.�, �{j Ker(µ) � µ 9g, [�

Ker(µ) = {v ⊗ w ⊗ u | µ(v, w, u) = 0, v, w, u ∈ A}, (4.1)r f � A n9.�^q, �W79.�^q f∗ : A⊗A⊗A → A⊗A⊗A,

f∗(v ⊗ w ⊗ u) = f(v)⊗ w ⊗ u+ v ⊗ f(w) ⊗ u+ v ⊗ w ⊗ f(u), v, w, u ∈ A. (4.2)!, 4.1 r (A, µ) � 3-,.�, f ∈ Hom(A,A). s f ∈ QDer(A, µ) 9%K���
f∗(Ker(µ)) ⊆ Ker(µ), (4.3)}, B v, w, u ∈ A, ha µ(v, w, u) = 0, s µ(f(v), w, u) + µ(v, f(w), u) + µ(v, w, f(u)) = 0.G ha f ∈ QDer(A),r (f, f, f, f ′) ∈ ∆(A),b (4.1), (4.2),BfV v⊗w⊗u ∈ Ker(µ),

µ(f∗(v ⊗ w ⊗ u)) = µ(f(v), w, u) + µ(v, f(w), u) + µ(v, w, f(u)) = f ′(µ(v, w, u)) = 0. 
S
f∗(Ker(µ)) ⊆ Ker(µ).H�, r U � A1 9�$�. k f ∈ Hom(A,A) =� (4.3), �W.�^q f ′ : A → A,B u ∈ U, f ′(u) = 0, B z =

m∑
i=1

µ(vi, wi, ui) ∈ A1, f ′(z) =
m∑
i=1

µ(f∗(vi ⊗ wi ⊗ ui)).~yn, ha z =
m∑
i=1

µ(vi, wi, ui) ^ z =
l∑

j=1

µ(v′j , w
′
j , u

′
j), vi, wi, ui, v

′
i, w

′
i, u

′
i ∈ A, 1 6

i 6 m, 1 6 j 6 l. V� (4.3),
m∑
i=1

(vi⊗wi⊗ui)−
l∑

j=1

(v′j⊗w′
j⊗u′

j) ∈ Ker(µ),} µ
(
f∗

( m∑
i=1

(vi⊗

wi ⊗ ui)
))

= µ
(
f∗

( l∑
j=1

(v′j ⊗ w′
j ⊗ u′

j)
))
. s f ′ 
VW. ^
 µ(f(v), w, u) + µ(v, f(w), u) +

µ(v, w, f(u)) = µ(f∗(v ⊗ w ⊗ u)) = f ′(µ(v, w, u)).v, w, u ∈ A. 
S f ∈ QDer(A).p! [17–19]�,/(�p4 3-,.�9Ihn�?*<. V�P4�9F�, r A�
3-,.�, V �33$�,ha+p.�^q α : A∧A → End(V ), BfV9 x, y, z, w ∈ A,

α([x, y, z], w) = α(y, z)α(x,w) + α(z, x)α(y, w) + α(x, y)α(z, w),

α(z, w)α(x, y) − α(x, y)α(z, w) + α([x, y, z], w) + α(z, [x, y, w]) = 0,s (V, α) �� A 9�|, u V �� A-I. ha α(x, y) = 0 , x, y ∈ A, L? V ��XGI.k V = A ^ α(x, y) = ad(x, y), x, y ∈ A, s�� A 9
�I.
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δ0(f)(x1, x2, x3) = f([x1, x2, x3])− [f(x1), x2, x3]− [x1, f(x2), x3]

− [x1, x2, f(x3)], (4.4)

δ1(f)(x1, x2, x3, x4, x5) =

3∑

i=1

f(x1, · · · , [xi, x4, x5], · · · , x3])− f([x1, x2, x3], x4, x5)

+

3∑

i=1

([x1, · · · , f(xi, x4, x5), · · · , x3])

− [f(x1, x2, x3), x4, x5]. (4.5)� Ker δi = Zi(A,A) ⊆ Ci(A,A), Bi+1(A,A) = Im(δi) ⊆ Ci+1(A,A), i = 0, 1. b (4.4)–

(4.5), δ1δ0 = 0.r Ȧ � A 9ORXGI, ^ C0(A, Ȧ) = Hom(A, Ȧ), C1(A, Ȧ) = Hom(A ⊗ A ⊗

A, Ȧ), C2(A, Ȧ) = H(A⊗5, Ȧ). �W δ̇0 : C0(A, Ȧ) → C1(A, Ȧ), δ̇1 : C1(A, Ȧ) → C2(A, Ȧ)

, xi ∈ A, 1 6 i 6 5,

δ̇0(f)(x, y, z) = f([x, y, z]), (4.6)

δ̇1(f)(x1, x2, x3, x4, x5) =

3∑

i=1

f(x1, [xi, x4, x5], x3)− f([x1, x2, x3], x4, x5), (4.7)L? δ̇1δ̇0 = 0.!, 4.2 r A � 3-,.�, f, f ′ � A 9.�^q, s
(1) f ∈ QDer(A) 3^�3 δ0(f) ∈ B1(A, Ȧ), (f, f, f, f ′) ∈ ∆(A) 3^�3 δ0(f) =

δ̇0(f − f ′).

(2) r δ̇0(f) ∈ Z1(A,A), x, y, z, u, v ∈ A, s
[f([x, y, z]), u, v] = [f([x, u, v]), y, z] + [x, f([y, u, v]), z] + [x, y, f([z, u, v])]. (4.8)ha (f, f, f, f ′) ∈ ∆(A), s

[(f − f ′)([x, y, z]), u, v]

= [(f − f ′)([x, u, v]), y, z] + [x, (f − f ′)([y, u, v]), z] + [x, y, (f − f ′)([z, u, v])].G r f ∈ QDer(A) , (f, f, f, f ′) ∈ ∆(A), V� (4.4), "8
δ0(f)(x, y, z) = (f − f ′)([x, y, z]) = δ̇0(f − f ′)(x, y, z).
S δ0(f) ∈ B1(A, Ȧ) ^ δ0f = δ̇0(f − f ′).H�, k δ0(f) ∈ B1(A, Ȧ), s+p f ′ ∈ C0(A, Ȧ) =� δ0(f) = δ̇0f

′, x, y, z ∈ A,

δ0(f)(x, y, z) = f [x, y, z]− [f(x), y, z]− [x, f(y), z]− [x, y, f(z)] = δ0f
′[x, y, z] = f ′[x, y, z],
S (f ′ − f)([x, y, z]) = [f(x), y, z] + [x, f(y), z] + [x, y, f(z)]  1.r f ∈ Hom(A,A)=� δ̇0f ∈ Z1(A,A),s δ1δ̇0(f) = 0. V� (4.5),BfV x, y, z, u, v ∈

A, δ1δ̇0(f)(x, y, z, u, v) = [f([x, u, v]), y, z] + [x, f([y, u, v]), z] + [x, y, f([z, u, v])]− [f [x, y, z],

u, v] = 0. "8 (4.8).



454 �GS A z 38 �r (f, f, f, f ′) ∈ ∆(A). /`Æ< (1), "8 δ0(f) = δ̇0(f − f ′). Y� δ̇0(f) ∈ Z1(A,A)^ δ0(f) ∈ Z1(A,A), 86 f − f ′ =� (4.8).r A ��x�79.��i F n9 3-,.�, 
d"B	o9qD T , ^ A Zf T9�xV�$��
A =

∑

γ∈Ω

Aγ , Aγ = {x ∈ A | t1, t2 ∈ T, ad(t1, t2)(x) = γ(t1, t2)x, }, A0 = T, (4.9)[� Ω ⊆ (T ∧ T )∗ − {0} � T ∧ T 9BV$�. k Aα 6= 0, s� α � A Zf T 9a.0h, r A �M�i F n9 4-� 3-,.�[20, [+3.1], (` (b1) h (c2) 9_=, A 9B	oqD�b e3, e4 u 9.�$�.r A �
dB	qD T 9 3-,.�, �W.�^q
(d(t1, t2)f)(x) = [t1, t2, f(x)]− f([t1, t2, x]) = (ad(t1, t2)f − fad(t1, t2))(x). (4.10)BfV t1, t2 ∈ T, f ∈ Hom(A,A), ` (t1, t2)f .� d(t1, t2)f, A0 = T.E, 4.1 r A �i F n9 3-,.�. sBfV t1, t2, t3, t4 ∈ T, f ∈ QDer(A),

(1) (t1, t2)f ∈ QDer(A), } (T, T )QDer(A) ⊆ QDer(A),

(2) (t1, t2)(t3, t4)f − (t3, t4)(t1, t2)f = 0,

(3) ((t1, t2)
n · f)(x) =

n∑

k=0

(−1)k+1Ck
nad

n−k(t1, t2)fad
k(t1, t2)(x). (4.11)G r f ∈ QDer(A), (f, f, f, f ′) ∈ ∆(A), BfV t1, t2 ∈ T, x, y, z ∈ A, V� (4.10),

[(t1, t2)f(x), y, z] + [x, y, (t1, t2)f(y), z] + [x, y, (t1, t2)f(z)]

= [ad(t1, t2)f(x), y, z] + [f(x), ad(t1, t2)(y), z] + [f(x), y, ad(t1, t2)(z)]

+ [ad(t1, t2)(x), f(y), z] + [x, ad(t1, t2)f(y), z] + [x, f(y), ad(t1, t2)(z)]

+ [ad(t1, t2)(x), y, f(z)] + [x, ad(t1, t2)(y), f(z)] + [x, y, ad(t1, t2)f(z)]

− ([f(ad(t1, t2)(x)), y, z] + [ad(t1, t2)(x), f(y), z] + [ad(t1, t2)(x), y, f(z)])

− ([f(x), ad(t1, t2)(y), z] + [x, f(ad(t1, t2)(y)), z] + [x, ad(t1, t2)(y), f(z)])

− ([f(x), y, ad(t1, t2)(z)] + [x, f(y), ad(t1, t2)(z)] + [x, y, f(ad(t1, t2)(z))])

= ad(t1, t2)f
′([x, y, z])− f ′ad(t1, t2)([x, y, z]).
S ((t1, t2)f, (t1, t2)f, (t1, t2)f, ad(t1, t2)f

′ − f ′ad(t1, t2)) ∈ ∆(A). Æ< (1) 8|.* (4.10) "8Æ< (2). )D|G (4.11).ha n = 2, s

((t1, t2)

2f)(x) = [t1, t2, ((t1, t2)f)(x)]− ((t1, t2)f)([t1, t2, x])

= ad2(t1, t2)f(x)− 2ad(t1, t2)fad(t1, t2)(x) + fad2(t1, t2)(x).�r (4.11) p n 9_= 1. 
S
((t1, t2)

n+1f)(x) =
n+1∑

k=0

(−1)k+1Ck
n+1ad

n+1−k(t1, t2)fad
k(t1, t2)(x).
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QDer(A) = QDer(A)0 ⊕

∑

α∈Λ

QDer(A)α, (4.12)[� Λ ⊆ (T ∧ T )∗ − {0},

QDer(A)0 = {f | f ∈ QDer(A), t1, t2 ∈ T , +pzy� m z8 (t1, t2)
mf = 0},

QDer(A)α = {f | f ∈ QDer(A) B

9 t1, t2 ∈ T , +pzy� m z8 ((t1, t2)−

α(t1, t2)Id)
mf = 0}.r α ∈ Λ, ha QDer(A)α 6= 0, s� α �� T 9ORa.E, 4.2 r A � 3-,.�, α ∈ Λ, γ ∈ Ω, s QDer(A)α(Aγ) ⊆ Aα+γ .G B f ∈ QDer(A)α, xγ ∈ Aγ , | t1, t2 ∈ T , 
 f(xγ) =

∑
β∈(T∧T )∗

xβ , xβ ∈ Aβ . V�
(4.9)–(4.11) hZ* 4.1, +py� m, z8 ((t1, t2)− α(t1, t2)Id)

mf = 0. Y�
(((t1, t2)− α(t1, t2)Id)

mf)(xγ) =

m∑

s=0

(−1)(m−s)Cs
mα(t1, t2)

m−s((t1, t2)
sf)(xγ)

=
∑

β∈(T∧T )∗

m∑

s=0

(−1)(m−s−1)Cs
mα(t1, t2)

m−s(β − γ)(t1, t2)
sxβ

= −
∑

β∈(T∧T )∗

(β − γ − α)(t1, t2)xβ

= (γ + α)(t1, t2)f(xγ)− (t1, t2)f(xγ),
S f(xγ) ∈ Aα+γ .!, 4.3 r A � 3-,.�. s T p QDer(A) n9�`�B	o9, }
QDer(A)α = {f | f ∈ QDer(A), t1, t2 ∈ T, (t1, t2)f = α(t1, t2)f}. (4.13)B f ∈ QDer(A)0, ha t1, t2 ∈ T , s (t1, t2)f = 0. k f ∈ QDer(A)0 ∩ Der(A), sBfV

t1, t2 ∈ T, γ ∈ Ω, 
 γ(f(t1), t2) + γ(t1, f(t2)) = 0.G V� (4.10) hZ* 4.2, r f ∈ QDer(A)α, xγ ∈ Aγ ^ t1, t2 ∈ T, ((t1, t2)f)(xγ) =

(α+ γ)(t1, t2)f(xγ)− γ(t1, t2)f(xγ) = α(t1, t2)f(xγ). ;{ (4.13) 8|.r f ∈ Der(A) ∩ QDer(A)0, γ ∈ Ω, xγ ∈ Aγ , xγ 6= 0, V�Z* 4.2 [f(t1), t2, xγ ] +

[t1, f(t2), xγ ] +[t1, t2, f(xγ)] = γ(t1, t2)f(xγ). Y) γ(f(t1), t2) + γ(t1, f(t2) = 0, Æ<8|.

5 3-.�5 2?>V��* 3.2, 3-,.�9℄W4�"K��P4�hP;89�h, p�t�, #AH� 3-,.�P;89ÆX. b> 3 t"~, QDer(A) 
d Γ(A), ^ Γ(A) h QΓ(A) �Æj.�. ha Z(A) = 0, Γ(A) h QΓ(A) �"�s9.E, 5.1 r A � 3-,.�, s
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(1) [Γ(A), QΓ(A)] ⊆ Hom(A,Z(A)),

(2) ha f ∈ Γ(A), s Ker(f) h Im(f) � A 9*0,

(3) ha A �"K�, �^Bf f ∈ Γ(A), x2 �Oy( f 9�4E2{, s f �"R9,

(4) ha A ��"K�, ^ Γ(A) b�0jX , s Γ(A) �Ri.G �
�>��"86Æ<, t;��
#.V�Z* 3.1, P;8 QΓ(A) � 3-,.� A-I, [�`h)
((x, y)f)(z) = (ad(x, y)f − fad(x, y))(z), f ∈ QΓ(A), x, y, z ∈ A, (5.1)Y) QΓ(A) � T -I.E, 5.2 r A �i F n9 3-,.�, ^ chF 6= 2. sB f ∈ QΓ(A), x, y ∈ A, 


[x, f(x), y] = 0, ad(x, y)ad(f(x), y) = ad(f(x), y)ad(x, y),

((x, y)f)(z) = ((y, z)f)(x) = ((z, x)f)(y), adm(f(x), y) = adm(x, y)fm,

adm+1(x, y)f = ad(f(x), y)adm(x, y),[� m �zy�.G BfV f ∈ QΓ(A), x, y, z ∈ A, Y� [x, f(x), y] = [f(x), x, y] ^ chF 6= 2, s
[x, f(x), y] = 0. eY�

[ad(x, y), ad(f(x), y)] = ad([x, y, f(x)], y) + ad(f(x), [x, y, y]) = 0,
S ad(x, y) h ad(f(x), y) �"�s9, 8;{ ((x, y)f)(z) = ((y, z)f)(x) = ((z, x)f)(y).3 m = 2 x, ad2(f(x), y)(z) = ad(f(x), y)ad(f(x), y)(z) = [f(x), y, [x, y, f(z)]] =

[[f(x), y, x], y, f(z)] + [x, [f(x), y, y], f(z)] + [x, y, [f(x), y, f(z)]] = ad2(x, y)f2(z). 
S m 9_=86 adm(f(x), y)(z) = adm−1(x, y)([x, y, fm])(z) = adm(x, y)fm(z).r A ��x�7.��i F n9 3-,.�, ^
dB	qD T . �
> 4 t9�<,

A 
K� (4.9), �^ QΓ(A) �� T -I�
 Fitting K�
QΓ(A) = QΓ(A)0 +QΓ(A)1, QΓ(A)1 =

∑

α∈Π

QΓ(A)α, (5.2)

Π ⊆ (T ∧ T )∗ − {0}, ^ m �zy�,

QΓ(A)α = {f ∈ QΓ(A) | t1, t2 ∈ T, (t1, t2)f = ((t1, t2)− α(t1, t2)Id)
mf = 0}.r A �.��i F n�x�79 3-,.�, �^
d"B	o9qD T , } A0 = T .!, 5.1 r A � 3-,.�, s

(1) �� T -I, QΓ(A) K� (5.2) "SB	o, }
QΓ(A)α = {f | f ∈ QΓ(A), (t1, t2)f = α(t1, t2)f, t1, t2 ∈ T }. (5.3)

(2) BfV9 α ∈ Π ^ γ ∈ Ω, QΓ(A)α(Aγ) ⊆ Aα+γ , QΓ(A)(T ) ⊆ T.G V�Z* 4.2 h�* 4.3 "8Æ< (1).



4 Z �jY -\_ v�� 3--/�:^X5� 457V�Z* 5.2, BfV9 f ∈ QΓ(A), x, y, z ∈ T, adm+1(x, y)f(z) = ad(f(x), y)

adm(x, y)(z) = 0. 
S f(T ) ⊆ T .!, 5.2 r A � 3-,.�, s
(1) QΓ(A)0(A1) ⊆ A1, (2) QΓ(A)1(T ) = 0,

(3) QΓ(A)1(A1) ⊆ ZA(T ) = {x ∈ A | [x, T,A] = 0}, Y) QΓ(A)1(A) ⊆ ZA(T ),

(4) α, β ∈ Ω, k α+ β 6= 0, s
(Aα, Aβ)QΓ(A)0 = 0, (Aα, A−α)QΓ(A)0 ⊆ QΓ(A)0,

(Aα, A−α)QΓ(A)0(A1) = 0,

(5) ((T,A1)QΓ(A)0)(T ) = 0,G �W.�^q σ : QΓ(A)⊗ A → A, B f ∈ QΓ(A), z ∈ A, σ(f ⊗ z) = f(z). V�
(5.1), σ((x, y)f ⊗z +f ⊗ad(x, y)z) = ad(x, y)σ(f ⊗z),} σ �I�X. 
S QΓ(A)0(A1) ⊆

A1, Æ< (1)  1.V��* 5.1, QΓ(A)1(T ) ⊆ T, QΓ(A)1(T ) ⊆ A1, 
S QΓ(A)1(T ) ⊆ A1 ∩ T = 0. Æ< (2)  1. V�Æ< (2) "8 (3).r α, β ∈ Ω, xα ∈ Aα, yβ ∈ Aβ , z ∈ A, h1, h2 ∈ T, f0 ∈ QΓ(A)0.ha α+ β 6= 0, s ((h1, h2)(xα, xβ)f0)(z) = (α+ β)(h1, h2)((xα, xβ)f0)(z), "8
(xα, xβ)f0 ∈ QΓ(A)α+β ⊆ QΓ(L)1. (5.4)V��* 5.1 hÆ< (3), δ ∈ Ω, ^

(xα, xβ)QΓ(A)0(Aδ) ⊆ QΓ(A)α+β(Aδ) ⊆ Aα+β+δ, (5.5)

(xα, xβ)QΓ(A)0(Aδ) ⊆ T. ha α+ β + δ 6= 0, s (xα, xβ)QΓ(A)0(Aδ) = 0.r ((xα, xβ)QΓ(A)0)(A1) 6= 0, +p δ, λ, µ ∈ Ω, |J7 zδ ∈ Aδ,mλ ∈ Aλ, nµ ∈

Aµ, f ∈ QΓ(A)0 =� [((xα, yβ)f)(zδ), mλ, nµ] 6= 0. s [((xα, xβ)f)(zδ), mλ, nµ] =

[zδ, ((xα, xβ)f)(mλ), nµ] = [zδ,mλ, ((xα, xβ)f)(nµ)] 6= 0. V�nD9�<, #A86 α +

β + δ = α+ β + λ = 0, α+ β + µ = 0, λ + µ = δ + µ = δ + λ, "8 δ = λ = µ = 0, >D.
S α+ β 6= 0, (Aα, Aβ)QΓ(A)0 = 0.ha α+β = 0, h1, h2 ∈ T, f0 ∈ QΓ(A)0, (h1, h2)(xα, x−α)f0 = (xα, x−α)(h1, h2)f0+

[(h1, h2), (xα, x−α)]f0 = 0. } (Aα, A−α)QΓ(A)0 ⊆ QΓ(A)0. V�Z* 5.2 h�* 5.1,

f0 ∈ Γ(A)0, δ ∈ Ω, xδ ∈ Aδ, (xα, xα)f0(xδ) = (xα, xδ)f0(xα) = (xδ, xα)f0(x−α) = 0. Y)
((xα, x−α)f0)(A1) = 0. Æ< (4) 8|.V�Z* 5.2h�* 5.1, (T, T )QΓ(L)0 = 0, ((T,A1)QΓ(A)0)(T ) = ((T, T )QΓ(A)0)(A1) =

0. Æ< (5)  1.!, 5.3 r A ��
XG�89 3-,.�, s
QΓ(A) = Γ(A)⊕QΓ(A)1, QΓ(A)1QΓ(A)1 = 0.G �*|G Γ(A) = QΓ(A)0. U� Γ(A) ⊆ QΓ(A)0. V�Z* 5.2, BfV f0 ∈
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QΓ(A)0 , t1, t2 ∈ T,

(t1, t2)f0 = 0, x ∈ A, t ∈ T,

[t1, t2, f0(x)] = f0([t1, t2, x]), [t1, t2, f0(t)] = f0([t1, t2, t]) = 0.b�* 5.2, BfV α, β ∈ Ω, xα ∈ Aα, xβ ∈ Aβ , x ∈ A, f0 ∈ QΓ(A)0, α + β 6=

0, ((xα, xβ)f0)(x) = 0, f0([xα, xβ , x]) = [xα, xβ , f0(x)].k α+β = 0,s t ∈ T, δ ∈ Ω, xδ ∈ Aδ, ((xα, x−α)f0)(xδ) = 0.Y) f0([xα, x−α, xδ]) =

[xα, x−α, f0(xδ)]− ((xα, x−α)f0)(xδ) = [xα, x−α, f0(xδ)].Y� ((xα, x−α)f0)(t) ∈ T , 
S [((xα, x−α)f0)(t), T, T ] = 0, [((xα, x−α)f0)(t), xδ , A] =

[t, ((xα,�x−α)f0)(xδ), A] = 0, } ((xα, x−α)f0)(t) ∈ Z(A) = 0, ((xα, x−α)f0)(T ) = 0. 
S
f0([xα, x−α, t]) = [xα, x−α, f0(t)].�n
�, f0 ∈ Γ(A),Γ(A) = QΓ(A)0, QΓ(A)1QΓ(A)1(A) ⊆ QΓ(A)1(T ) = 0, Æ<8|. !, 5.4 r 3-,.� A =� A = A1 ⊕A2, [A1, A2, A] = 0. s

QΓ(A) = QΓ(A1) +QΓ(A2) + Γ1 + Γ2,[� Γi = {f ∈ Hom(Ai, Aj) | f(Ai) ⊆ Z(Aj), 1 6 i 6= j 6 2}.G bnD9�<"~ QΓ(A1) +QΓ(A2) + Γ1 + Γ2 ⊆ QΓ(A).r pi ∈ Hom(A,Ai), i = 1, 2 ��℄^q, }B x = x1 + x2 ∈ A, xi ∈ Ai, pi(x) =

xi, i = 1, 2. B f ∈ QΓ(A), �W fi ∈ Hom(Ai, Ai), i = 1, 2, f3 ∈ Hom(A1, A2), f4 ∈

Hom(A2, A1),

f1(x) = p1f(x), f2(y) = p2f(y), f3(x) = p2f(x), f4(y) = p1f(y), x ∈ A1, y ∈ A2.�vO	�, r f1(A2) = f3(A2) = 0, f2(A1) = f4(A1) = 0. sBfV x = x1 + x2 ∈

A, x1 ∈ A1, x2 ∈ A2, f(x) = f(x1) + f(x2) = (f1 + f2 + f3 + f4)(x).Y� [A,A1, A2] = 0, f1 ∈ QC(A1), f2 ∈ QC(A2), sBfV x ∈ A1, y, z ∈ A2,

[f3(x), y, z] = [f(x), y, z] = [x, f(y), z] = 0, [f3(A1), A2, A2] = 0,} f3 ∈ Γ1. )
�<, 86 f4 ∈ Γ2, QΓ(A) ⊆ QΓ(A1) +QΓ(A2) + Γ1 + Γ2. �Æ<8|.V��* 5.4, "8)D�<.9/ 5.1 r A� 3-,.�^�
K� A = A1⊕· · ·⊕Am,[� [Ai, Aj , A] = 0, 1 6 i 6=

j 6 m. s QΓ(A) = QΓ(A1) + · · ·+QΓ(Am) +
∑

16i6=j6m

Γij , [� Γij = {f ∈ Hom(Ai, Aj) |

f(Ai) ⊆ Z(Aj), 1 6 i 6= j 6 m}. ��*�:�<
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Abstract The authors introduce generalized derivations, quasiderivations and quasicen-

troid of 3-Lie algebras, and studied their relations. They also investigate the structure of

quasiderivations and quasicentroid of 3-Lie algebras that contains a maximal diagonalized

torus. It is proved that (1) the generalized derivation algebraGDer(A) of a 3-Lie algebra A is

the direct sum of quasiderivation algebraQDer(A) and quasicentroidQΓ(A); (2) quasideriva-

tions of A can be embedded as derivations in a larger algebra; (3) quasiderivation algebra

QDer(A) normalizes quasicentroid, that is, [QDer(A), QΓ(A)] ⊆ QΓ(A); (4) if A contains a

maximal diagonalized torus T , then QDer(A) and QΓ(A) are diagonalized T -modules, that

is, as T -modules, (T, T ) semi-simplely acts on QDer(A) and QΓ(A), respectively.

Keywords 3-Lie algebra, Derivation, Generalized derivation, Quasiderivation, Qua-

sicentroid
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