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1 D�FOA&,	!�IF�m*F�iN?(�1Q[K�1#h<:

ẍ+ V ′(t, x) = 0, (1.1)

x(0) = 0 = x(1). (1.2)8O Hilbert )�: E = H1
0 ([0, 1];R

n) := {x : [0, 1] → R
n | x(t) h [0, 1] o7C, I	

(1.2), b x′ ∈ L2((0, 1);Rn)}. 8O E 1M� ‖x‖ :=
( ∫ 1

0 |x′(t)|dt
)

1

2 . V�SI(w, P�
(1.1)–(1.2) 1�1F�(�t�F�m*Nl1>�5:

I(x) =
1

2

∫ 1

0

|x′|2dt−

∫ 1

0

V (t, x)dt, I(x) ∈ C2(E,R). (1.3)=[ (1.1) �1Q1<5 V , �rm*1
�1<��:

(V∞) V ∈ C2([0, 1]× R
n,R), b#h A1, A2 ∈ Ls(R

n), x0
A1(t) 6 V ′′(t, x) 6 A2(t), |x| > M > 0,

(V0) V
′(t, 0) ≡ 0, A0(t) = V ′′(t, 0).h	!�, =[kN1 A1, A2 ∈ Ls(R

n), n A2 − A1 �u8, l� A1 6 A2; n
A2 − A1 u8, l� A1 < A2. �r A1, A2 ∈ L∞((0, 1);Ls(R

n)), n=[}s��1
t ∈ (0, 1), A1(t) 6 A2(t), l� A1 6 A2; n A1 6 A2, b=[ (0, 1) �1JYQA�zW
A1(t) < A2(t), l� A1 < A2.��
;*%M� (V∞) �
�1<��. h	!�, %MÆF�'W_q1
�1<��. 4m: A1, A2 {�tx1
;.
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�, Landesman-Lazer h! [1] �2T Schauder �:58/F�_q#Æ, �
�;�T1 Landesman-Lazer_q��. 2TpJ��, Rabinowitzh! [2]�m^dh! [3]�S�gTx7x%PIo Morse /GF�;_q#Æ. � Lr�B�D�2TZ.PIF�;p.#Æ. 4m, ! [4–5] o! [6] S�2T Morse /Go*�C��z1PIF�;�`_q#Æ.ho�!.�, �$p.#Æ1
%1+Wh[vR Palais-Smale A<1W�<.  �, ho�!.�<gTJ9C�1���ThQ1<5o, x0Q1<5h&eb�\1<��1℄�3�v�"W+HW�<.h	!�, %M'�0-hLW/}��
;v, _q#ÆQ[K�1#h<. h	!�, �1#h<{�gQ1<5h_5�o&eb�1Z�,w-1. yÆ{Q�Z�<��18:℄". h! [7–9] �, Conley, Zehnder oDLR3�5;:/Eo1yÆ/G. ! [10–11]�5;F�iN?(�1yÆ/G, ! [11–12]�5;J�iN?(�1yÆ/G.�;Q�	!1�I�G, �+QT! [10, 12] �1J98O: =[kJ n× n 1=� sl� B(t), %M(LÆ)� E S�� 3 Y�)� E = E−(B) ⊕ E0(B) ⊕ E+(B),x0���� A = − d2

dt2 − B h E−(B) o E+(B) �S�U8ou8, b E0(B) { A 1�)�. 8O i(B) = dimE−(B) b ν(B) = dimE0(B).*P18/{%M1�I�G.�+ 1.1 �r�� (V∞) I	 i(A1) + ν(A1) = i(A2), ν(A1) 6= 0, ν(A2) = 0, b�� (V0) I	 ν(A0) = 0. mf (1.1)–(1.2) I	Z��� i(A1) − i(A0) > 2, UKP�
(1.1)–(1.2) {pWJYQ[K�.h	!�, �+�g_W(�1���,ak Palais-Smale A<, hr�g*}���1 Morse yÆ0�pJA<1+HW�<. pJ4I
j_a['W�F!�1iN?(�1F�� (� [13]). hp1%M[�m^do Rabinowitz1! [3, 14]���'. ?I��y�1{h! [15–16]�, Bn/3S�F�;Q1<�`P�oJ�iN?(�,�h&eb����kp_qv�_q��, ��4, 
Mf�Q1<5o℄h&eb�WkN13�<.�o�!.L{! [17] 1`H, h	!�, h_WNl (1.3) 1w�o, F�J<i:Nl1>�5 (p9>�5(�&����1 Palais-Smale A<). RT Morse /G, Æ*}p9>�51 Morsey�. 
�, �gÆp9>�51 Morsey�1
~oZ�<��3�q, Æ�5pJ�� Palais-Smale A<1W�<, "DY,�JY}8�<, �vRpJ�<1x/{_W#Æ1Q[K�.

2 �1�(��H?RT! [10, <~ 2.1.3, 2.5.2, 8O 2.5.1], Xb0-m*<~.



4 ^ *�
 (X`r2G�jO�)�R\L�2$i= 471=M 2.1 (i) =[ B1, B2 ∈ L∞((0, 1), Ls(R
n)), n B1 6 B2, W i(B1) 6 i(B2); n

B1 < B2, lW i(B1) + ν(B1) 6 i(B2).

(ii) =[kN1 B ∈ L∞((0, 1), Ls(R
n)), #h ǫ0 > 0, x0=[kN ǫ ∈ (0, ǫ0], W

ν(B + ǫ) = 0 = ν(B − ǫ),

i(B − ǫ) = i(B),

i(B + ǫ) = i(B) + ν(B).�	�w, h8/ 1.1 �, n i(A1) = i(A2) b ν(A2) 6= 0, UK (V∞) ���Q_q��. h! [10] �, �o2T Morse /GvR;m*18/.�+ 2.1 ([10, 8/ 3.3]) �r
(i) V ∈ C2([0, 1]× R

n,R), A1(t) 6 V ′′(t, x) 6 A2(t), |x| > M > 0 b i(A1) + ν(A1) =

i(A2), ν(A2) = 0.

(ii) V ′(t, 0) ≡ 0, A0(t) = V ′′(t, 0) b i(A1) /∈ [i(A0), i(A0) + ν(A0)].UKP� (1.1)–(1.2) {pkWJYQ[K�.  �, mf�r
(iii) ν(A0) = 0, |i(A1)− i(A0)| > n,UKP� (1.1)–(1.2) {pkW9YQ[K�.r X { Banach )�b f ∈ C1(X,R). r K = {x ∈ X | f ′(x) = 0}, fa =

{x ∈ X | f(x) 6 a}. =[kNJYd51>�5 x0, 8Om*1>�g Cq(f, x0) =

Hq(f
c ∩ U, (f c\{x0} ∩ U);G), p1 U { x0 1�^bI	 U ∩ {x0} = {x0}, c = f(x0).=[kN1 a < b, n K ∩ F−1[a, b] = {z1, · · · , zl}, 8O Mq =

l
∑

i=1

rankCq(f, zi) b
βq =rankHq(f

b, fa;G).\!! [10, 8/ 3.3] 1vR, Wm*<~.=M 2.2 V�� (i), m*zw�5:

Hq(I, f
−c;R) ∼= δqγR, (2.1)p1 c > −Φ(θ) �S%, b γ = i(A2).'Fm*1i:Nl:

Iǫ(x) =
1

2

∫ 1

0

|ẋ|2dt−

∫ 1

0

Vǫ(t, x)dt, ∀x ∈ E, (2.2)p1 Vǫ(t, x) = V (t, x) + 1
2ǫ|x|

2. ,h, (2.2) =R1i:(�{
ẍ+ V ′

ǫ (t, x) = 0, (2.3)p1 (V ′
ǫ (t, x), u) = V ′(t, x)x + ǫ(x, u), ∀u ∈ E, �b V ′

ǫ I	:
(V ǫ

∞) A1(t) 6 V ′′
ǫ (t, x) 6 A2(t), �v

i(A1 + ǫ) = i(A2 + ǫ), ν(A2 + ǫ) = 0.

(V ǫ
0 ) V

′
ǫ (t, 0) = 0, V ′′

ǫ (t, 0) = A0 + ǫ, ν(A0 + ǫ) = 0.



472 �EY% A y 38 # �, uW i(A1 + ǫ)− i(A0 + ǫ) = i(A2)− i(A0) > i(A1)− i(A0) > 2. "D i(A1 + ǫ) /∈

[i(A0 + ǫ), i(A0 + ǫ) + ν(A0 + ǫ)] = i(A0). \!8/ 2.1, + ǫ �S7v, Iǫ h E �{pkWJYQ[K�.\!o��G, (L0-, + ǫ �S7v,

I ′ǫ(xǫ) = 0, xǫ 6= 0, (2.4)�b(L0-, mf xǫ h E �kWJY}8�< xǫ → x, UK x 6= 0 L{
I ′(xǫ)v = I ′ǫ(xǫ)v + ǫ(xǫ, v) → 0,

I(xǫ) → I(x).UK x {#Æ (1.1) o (1.2) 1JYQ[K�.C+ 2.1 {xǫ} {JYW�A<.K n {xǫ} &�, l ‖xǫ‖ → ∞. r yǫ =
xǫ

‖xǫ‖
. UK ‖yǫ‖ = 1 bh E � yǫ ⇀ y. �r

wǫ = yǫ − y, z?IvRh E � wǫ → 0.\!�� (V∞), #h�� M > 0, x0 ∣

∣

V ′(t,x)
x

∣

∣ < M b ∫ 1

0
V ′(t,xǫ)

xǫ

ywǫdt → 0.

0 =
I ′ǫ(xǫ)

‖xǫ‖
wǫ

= (yǫ, wǫ)−

∫ 1

0

V ′(t, xǫ)

‖xǫ‖
wǫdt

= o(1) + ‖wǫ‖
2 −

∫ 1

0

V ′(t, xǫ)

xǫ

yǫwǫdt

= o(1) + ‖wǫ‖
2 −

∫ 1

0

V ′(t, xǫ)

xǫ

wǫwǫdt

> o(1) + ‖wǫ‖
2 −M‖wǫ‖

2
2.�r P1, P2 S�=R- [0, b) o [b,∞) o1�q, (L0- ‖P2u‖2 6

1
b
‖P2u‖, p1 ‖ · ‖2y L2 )��1M�, UK P1 W/ b P2wǫ → 0.V~�, M0

0 > o(1) +
(

1−
M

b

)

‖P2wǫ‖
2. (2.5)V (0h E � ‖P2wǫ‖ → 0. "Dh E � yǫ → y b ‖y‖ = 1.

{yǫ} I	
ÿǫ +

V ′
ǫ (t, xǫ)

‖xǫ‖
= 0, (2.6)|

ÿǫ +
V ′(t, xǫ)

xǫ

yǫ + ǫyǫ = 0.\! (V∞), (L�,�
V ′(t, x) = B∞(t, x)x + h(t, x),



4 ^ *�
 (X`r2G�jO�)�R\L�2$i= 473p1 B∞(t, x) + h(t, x) 7C, b h(t, x) W�.

ÿǫ +B∞(t, xǫ)yǫ + ǫyǫ + eǫ = 0, (2.7)p1h C(0, 1) �, eǫ = V ′(t,xǫ)−B∞(t,xǫ)xǫ

‖xǫ‖
→ 0. �rh L2(0, 1) �, bǫij ⇀ bij , p1

B∞(t, xǫ) = (bǫij)n×n(t) (�uJ�<, r�<� �n). 8O B0(t) = (bij)n×n(t), h3y
(2.7) 19�fx/, (0

ÿ(t) +B0(t)y(t) = 0. (2.8)ZV (V∞) (0 A1 6 B0 6 A2.2< 1 A1 < B0 < A2. VyÆ1)7<(w ν(B0) = 0. pJ�G\ y 6= 0 JA.2< 2 B0 = A1.P� y 6= 0,L{�J7C8/, (0 y(t) 6= 0, ∀t ∈ (0, 1),"D xǫ(t) → ∞, ∀t ∈ (0, 1).=[kN1 z ∈ E−(A1), (0
(I ′′ǫ (xǫ)z, z) = ‖z‖2 −

∫ 1

0

V ′′(t, xǫ)zzdt. (2.9)V Fatou Q/, W
lim inf
ǫ→0

∫ 1

0

V ′′(t, xǫ)zzdt >

∫ 1

0

lim inf
ǫ→0

V ′′(t, xǫ)zzdt

>

∫ 1

0

A1(t)zzdt,p��R;
lim sup

ǫ→0
(I ′′ǫ (xǫ)z, z) 6

∫ 1

0

|ż|2dt−

∫ 1

0

A1(t)zzdt. (2.10)P , n ǫ �S7, W
(I ′′ǫ (xǫ)z, z) < 0. (2.11)"D, + ǫ �S7v, Morse yÆ µ(xǫ) > i(A1).

Cq(Iǫ, xǫ) = 0, q < i(A1) (2.12)b
Mq =

{

1, q = i(A0),

0, q ∈ {0, 1, 2, · · · , i(A0)− 1} ∪ {i(A0) + 1}.V! [10] �1 (3.16), (0
Hq(E, Iaǫ , G) ∼= δqγG, (2.13)p1 γ = i(A2). P 
βq = 0, q < i(A2). (2.14)



474 �EY% A y 38 #\! i(A0) + 1 �1 Morse �3y, (0
i(A0)+1
∑

j=0

(−1)i(A0+1−j)Mj >

i(A0)+1
∑

j=0

(−1)i(A0+1−j)βj , (2.15)V (0 −1 > 0, ,hJA.C+ 2.2 + ǫ �S7v, >�x 0 h Iǫ 1>�xzq�J|d5, |#h δ > 0, x0h�<1NO*, Iǫ 1>�5 xǫ 6= 0, I	
‖xǫ‖ > δ > 0.K mf ‖xǫ‖ W�, lW

xǫ ⇀ x h E �.gTQ/ 2.1 1g�- xǫ − x o, (0h E � xǫ − x → 0. *PvR x 6= 0. \! (V0) o
(V∞), =[kN1 ρ > 0, #h�� Cρ > 0, x0

|r(t, x)| 6 ρ|x|+ Cρ|x|
p−1. (2.16)r xǫ { Iǫ 1JY>�5, Wm*1S�: xǫ = x+

ǫ + x−
ǫ , S�=R-)� E+(A0) o

E−(A0) �, bW
∫ 1

0

ẋǫẋ
±
ǫ dt =

∫ 1

0

V ′
ǫ (t, xǫ)x

±
ǫ dt

=

∫ 1

0

(A0(t)xǫ, x
±
ǫ )dt+

∫ 1

0

ǫ(xǫ, x
±
ǫ )dt+

∫ 1

0

r(t, xǫ)x
±
ǫ dt. (2.17)P 

±qA0
(x±

ǫ , x
±
ǫ ) = ±ǫ

∫ 1

0

xǫx
±
ǫ dt±

∫ 1

0

r(t, xǫ)x
±
ǫ dt

6 (ǫ+ ρ)

∫ 1

0

|xǫ||x
±
ǫ |dt+ Cρ

∫ 1

0

|xǫ|
p−1|x±

ǫ |dt

6 (ǫ+ ρ)C1‖xǫ‖‖x
±
ǫ ‖+ C2‖xǫ‖

p−1‖x±
ǫ ‖, (2.18)p11 C1, C2 { Sobolev ��.  � qA0

(x+
ǫ , x

+
ǫ ) o −qA0

(x−
ǫ , x

−
ǫ ) S�{)� E+(A0)o E−(A0) �13�M�. Æoy9�3�, (0

‖xǫ‖
2 = ‖x+

ǫ ‖
2 + ‖x−

ǫ ‖
2

6 C3(qA0
(x+

ǫ , x
+
ǫ )− qA0

(x−
ǫ , x

−
ǫ ))

6 2(ǫ+ ρ)C1C3‖xǫ‖‖x
±
ǫ ‖+ 2C2C3‖xǫ‖

p−1‖x±
ǫ ‖, (2.19)p1 C3 �\ A0 We. V[ p > 2, (w#h δ > 0, x0 ‖xǫ‖ > δ =[kN1 ǫ <�5.�+ 1.1 �K/ \!Q/ 2.1, 0- {xǫ} W�. "D, h E �, xǫ ⇀ x, �bRTQ/ 2.1 1vRg�{ xǫ − x o, (0 {xǫ} 1a}8<. Z\!Q/ 2.2, (0 ‖xǫ‖ > δ. P , x {#Æ (1.1)–(1.2) 1Q[K�.
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The Existence of Nontrivial Solutions to Second Order

Hamiltonian Systems Which Are Resonant at Infinity

SHAN Yuan1

1School of Science, Nanjing Audit University, Nanjing 211815, China.

E-mail: shannjnu@gmail.com

Abstract In this paper, the author considers nontrivial solutions to the second

order Hamiltonian system. Nontrivial solutions are obtained under the assumption that

the asymptotically linear nonlinearity V ′ is resonant at infinity. The arguments are varia-

tional. The author constructs the Palais-Smale sequence from a sequence of exact critical

points of nearby functionals, possessing extra properties which help to insure its boundness.

Different from the existing results in the literature, we do not make any Landesman-Lazer

resonance conditions on V ′.

Keywords Second-order Hamiltonian system, Resonant condition, Morse theory,

Nontrivial solution
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