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O+ V- flu,t,x) — Vg - (Alu, t,2)Vau) = g(u, t, ), (1.1)
u(0, z) = up(x), (1.2)

Hr (t,2) € RT x R", f(u,t,x) = (fi(u,t,z), fo(u, t,x), -, fulu,t,z)) S E{EE L,
glu, t,x) BRI, A(u,t,z) = (aij(u,t,2))nxn FIEEXTFREE, BIXHEZH

A= (Alv)\27"' 7)\n)€Rn7

E
Z aij)\i)\j 2 0,
ij=1
HIERTUER
K
aij(u, t,z) = UT(u, t,x)o(u,t,z) = Z oir(u, t,x)ojk (u, t, ),
k=1

KH o(ut,z) = (0 (u,t, @) & Alu, t,z) BTIARME, BIMETR K 2 A fRKk 5
HH, 4 A = 0 W7 R ERIE AL X AT R
FRE (1.1) EMREFIRE A BRA . 040, 274 A HAR Rl
Ou+ Vg - (k(z,t) f(u)) — Vg - (Alu, 2)Vyu) =0, (1.3)
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Opu + 0: (I(t)u + f(u)) — 97 (A(w)) = 0, (1.4)

TES R P A X KRR

BT (11) BATEMEENNH, 24 RXRFBR—EZIFL0E, FHARFE
RHBE T s w2716 WA sT i Seal, S e e RS RN, i T
FE (1.1) T LGB XU B A2, T A R 237 TR1T, AT A0 200 7638 24 1 b 450 2 (7] 4R e
— Wy 8. 7E 1969 4, Volpert Ml Hugjaevl! " J57E BV 25 [A1153] T WA A7, (H3
ME— PRI TE R IR T 8], 3T —4ER 78, Zhaol'®!, Bénilan 1 Touré 9143 FINE
BT BV M L' e —4E. 3T 240, Carrillio7E 1999 4FER T & I [H ¥ 7
TR L AR ME—1E, X 0 401678, Pertham A1 Chen®UR f 3 J7 %5 75 Bk
GEINEIPIE S ATy el

VL EZE SRR (1.1) 1 f M A RBE (to), MAELRMNAS, EilEss
(t,x) AR, IEM (1.3) A1 (1.4) —He, I, (1.1)-(1.2) R E A b B SN — & . 78
X J7TE, Chen fl Karlsen?2ER T A0 M —1, Li A1 Wang IS8 T A B0
— . X AR B T AU B PR B, BN (1.1)-(1.2) BB — ARy 3h 12
i, HME— PRI RIEH 4R

VERBIFFT I /R 2% B 7 RE R B 1 2 A, B0 E e XU L AR v A5 3 3 2027 e [21]
H1, Chen fl Perthame ¥FiX Fy ik FHEI REA B (¢, ) FRALIEY- S ARy R . b
@R T A RERON B 5 8 20R 0, 5E IR T X 287 BB 55 M R HE. 2 SORERIF 3C (21
Hr 7%, SRR — BB AR - ST R AR R (1.1)-(1.2) 3 1= i —
P ORI, BRBESH (1.1)-(1.2) B 122 AR GEREN. BRI SR EAT A HE R 5L
7 A B AR T

HBTORME 290, BRAH B 1 fme e LS FEEH. 7858 3 FoMEH EEE

il
2 BHFMHUEXSERER

HE FEASE (1.1) Wi E X 2

D fi(u, Dfi(-s ofi o Ofise
f - M? f’LI - féx aj)? aﬂ?if’i(uvtva:) = 8.]’; ' a;t +#a
ni(u,t,x) = / S'(&) fig t,x) de, rij(u,t, ) :/0 S'(&)aij (&, t, x) dE,
- / SE) [ (6,1, 2) dE, Fige, = / ' (€)aise, (6,1, 2) de,
0 0

’L,]:l,"',n,
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Hrr S B, BR—N O MEEL (S,n:,7i;) 2 - WX 10
’{ik(uvtax) = / Uik(fvtax) dga (21)
0

ﬁﬁ(u,t,x) = /Ou Y(€)oik(§,t,w)dE, v € C(R). (2.2)
(1.1)-(1.2) Wy LT

FX 2.1 FMEE ue LoRT x R™) Fh (1.1)~(1.2) BIfie, R

(1) Y (Oaikiik — Kike,)(u,t,x) € L*(RT xR"), k=12, K;
=1

(2) XEREH k€ {1,2,-, K} MAERSRE o € C(R), THIFERMAL:

> O,y — Ky, st ) = 1) (u) Z(a Kik — Kike,)(u b, 3) € L2(RT x R™),

i=1 i=1

(3) XMERL BTG M BREL S (), AF7E— 1P REHON BE

n

n® iS (Z (0 fiik—mkmi)(u,t,x))Q,

k=1 =1
AR F— A5 @B BE m(€, ¢, @) > 0, FFAE— TR RE RN B
s
m”> (t,z) /RS x) dg, (2.3)
FEEMEEN ve D'(RT xR"),
S u) + Z(amﬂ?z - 771’%) + Z Sl(u)qu (u, t, x) - Z aﬂcqz (aﬂcjrij - rijwj)
i=1 i=1 i,j=1
= S'(w)g(u,t,x) — (m"" +nS")(t, z), (2.4)
S(u)|i—o = S(uo). (2.5)

2.1 KRR nY (¢, 1) BAL (Co(R); M(R)) XHEATE, M
nS" (t,2) = / S"(En(E t,x)dE, 8" € Co(R),
R
Hob o BRI S BN E, BAEER

K n
n(& t,x) =0(¢ Z (Z (Op, ik — Kika; ) (€, t,a:))Q. (2.6)

k=1 =1

i 2.2 QR EURRRR Y I R L

S(U)Z (’U/—g)-y-, §>07
(u - f)—v f < O,
it BT 1) € LER), #15

/ /n & tyx) +nE t,x))dedt < u(€). (2.7)
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mse 21, 26-27] —#E, 5IA R* LR EE x(&,v)

1, 0<€&<u,
x@Eu) =< -1, wu<€E<0, (2.8)
07 ﬁ'_‘t_:ﬂ

ERBAW TR
() W v e LR LYR)), 4
x(&,u) € L®(RT; LY R™);
(it) XMEEM S(u) € Cl( ), B
/ S'(€)x (€, u) dé + S(0);
(iil) Oex(§,u) = d(8) — (€ —w),  Gux(§u) = (8 —u).
FIH x(&, )E’J@Fg (ii) X (2.4), EILM%@J (1.1)—(1.2) W33 153X, Bl

Oex (& u +Zfz &, t,7)0z, X (6, u) Z Qija,; O x; X x(& u) Z ai;j0y, zj x(& u)

7,j=1 7,j=1

g6 t,x) me (&t 2))Dux (&, u) + D(m +n) (€, ¢, ) (2.9)
7E D'(RT x R J:EJZ_L, FE R WIE

X(& u)le=0 = x(§, uo)- (2.10)
BORE, (11)-(1.2) WyZ 1T i ST T
EX 2.2 WM € L¥(RY LR By (11)(1.2) M3II1A0, ML E 2

(1) Z(aﬂcq“j;c - ﬁﬁm,)(u,t, ) € LQ(R+ x R™);
=1

(2 Xﬂfiﬁ/\ﬂl%ﬁﬁj%ﬁ ¥1,92 € D(R),

Vb (u )Z(a BN = Rt x) = Y (O = KO (ut ) (2.11)

zkw
=1 i=1

(3") MARTIE T HIMEE m(&, ¢, ) NP5 HME n(é t, ), E3FERK (2.9) 1E
D'(Rt x R") 3L, n(€,t, x) iﬁﬂ“Tﬂ"bﬂ
/ Y(E)n(E, t,z)dE = Z (Z Oz K, —ﬁﬁi)(u,t,x))z, (2.12)

k=1 =1
Hrh v e DR) B0 > 0;
) / / (m(E,t,2) + (6, 1,)) dw dt < u(€) € LE(R).
o Jmn

2.3 EE ((Eu) € D(RY x R 2 (2.9) (2.10) f— M RAEAHER 1A%
FH 66,1, 2) € C(RF x R, #A
/ / V(EWB(E, 1, 2) A durdt + / (€ u0) (€, 0, ) de da
R+ JRn+! Rn+1
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+Z/ /R+1 (& W[ fi020(&, t @) + fi, &€ t,2)] dE dz dt

i Z /+ /R 11 X(& w)lai; 0 T ¢(&,1,x) + aijzjazid)(gatax)] dédxdt

7,j=1

N /m /R+ (Z fizi = 9)3ux(£ Ju)P(E,tx) + (m+n)deg (&, t,x)dEdudt. (2.13)
=1

BAEL f, on M1 g WERBIZM. ENTEJBRT L'(R x RY x R"). BRILZIN, XHERE
AN PR E w(t, ), BREL f TR
fi(ht,r) e WHHR)NWE(R) X (¢,2) € RT x R —Fia7,
filu,t,-) € WE2R") nWEHR™) X (u,t) € R x RY —8Ular,
fllu,- ) € WH R x R NWE R x R") % u e R —FUH L.
FEFE A WTTR ou BT E:
oi(t,x) e WHHR)NWE(R)  *t (t,2) € RT x R* —3 .,
oir(u,-,-) € WH2(RT x R") Xt ue R —FH,
oi(u,t,-) € Wh(R™) X (u,t) € R x RY —F ML .
T g W2
g(- t,x) e WHYR)NWE2(R) Xt (t,2) € RT x R —8Uf 57,
Jd(u,-,-) e WHeRT x R ) NWH(RT xR") ¥ ueR —FW,
g(u,-,-) e LYRT x R NL2RY xR") Xt ueR —FUL..

MR uo(x) € LYR™) H f, o Ml g W2 LIRS, IR2RTPEIRIE (1.1)-(1.2) 276

— MBI v e CRY,LYR™)). HAEHI AT LGS (17, 21] F—Fanl — MRy 2
R, TR AR, ASCH FEGRZ TR E .

EIE 2.1 B/ u, v AR RVIE vo M1 vo BTSN 1%, B uo,v0 € LHR™) N
L>=(R™) N BV (R™), BREL f, ou M g 2350 2 BRS04, MXHERR T > 0, FEF I
CHBT T # g), #45

u(t, ) —v(t, L1 @n) < Clluo(-) = vo()||Lrmn)- (2.14)
RIS (1.1)—(1.2) h 72 fnmE—Pk.

3 EHE 2.1 B

Bu(é t, ), (& t, ) EPADIER, m(Et, ), p&t,x) AR ENTHR - 00 E,
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R 2 ;>0 () =1,2) SRIERTHRERZEEHET, Bl o, >0 (G =1,2) BE
;i =1,supppr C (—1,0) H suppps C (—1,1). ML ERIIEE &1 Fl e2, B X
eelt:2) = o1 (Dp2es(@) = — () o2 (Z)
W (E) BRT EHEHET, 2
Vs(§) = %w(%), Pe,5 = pe(t, 2)Ps(§).

2 pi(-) (G = 1,2,3) 23R& TIFE], 22 & poBsT %L, NS A B XENIETOE
WA R

(1) 0 < pj(s) <1, s € (—o0,+00);

(i) p;(0) = 1;

(iii) pj(s) =0, [s] 2 1L

(iv) sgu(s)el(s) < 0.
N

P2
p(t,x) = pl(Ril)pQ(Rig)7
p(&:t) = pl(il)%(i).

SiEY R, — +oo (i =1,2,3) B,
pi(R;i) S1(i=1,2,3), pl&t.a) — 1.
F R R LTS
X“(€) == x(&u), XE(€) = x(§u) *pe, XE5(8) = X * Vs,

FIBE, xV(€), x2(6), xLs(&) ATLAZSMIME L. T30, 295E O, 5 MEB/REEL © e Lk
KEX. G0 ¢ BB THMHER:
(1) sgné - x¥ = X" * e = [X¥| = X" * e <1,
(3.1)
(2) X4 < Ixél-
& 3.1 X Xs € D'(RT x R*Y), FRAL
dexe + Zaﬂcq( ) * e — Z ufzm * Pe — Z agq;m]- (aijx™) * pe

i=1 ij=1

+ Z Oz, (Qije; X ) % e = [( i ) X } * e + Og(me + ng). (3.2)

1,j=1
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W 7E (2.13) L G(E tw) = 0 (t = 5,2 —y)p(S, 4 ), BUNRIH A

" 1 Rnt1
t rEe 0 7 e dédx dt
/R+~/R"1 i Z fwﬁ E: mm]aJX)*SO) éCE

=1

i,7=1
n

+/ / 90(5775 CE Z az]w X * e dfdil'dt
Rt JRnt1

/R+/Rn+1 gtx wa) uX }*%dﬁdxdt

Oe (me +n.) dé da dt,
+»/I;L+/Rn+1(p(€7t’$) f(m +7’L) f xdt
WRED (3.2), IEEE.

F AR TR AL

Q:(&,t, ) = X2+ Ix2| — 2xexe-
He¥ p(&,t,x) ENLREE. MEEW T >0, i (3.2) W5

/ (X6 T pl€, T 2) — X6, 0,2) (€, 0,)) de d
//R ol (7 )ol6 ) + 0(60) - ;mf rerh ()

Ry
RQ Z (Ix“ Iazg)*soapz(RQ) +Ri2 Z(Ix“laijwj)*soap'z(R%)Hd&dwdt
i,5=1 ]

j=1

_/ / Z |Xu|fi/zi)*‘Pap(fat,x)dfdxdt
/ /R - ;fm 8 Ix" |} * pep(E,t,x) dE dr dt

_2// ma+na Otx (tx)dxdt

//Rﬂsgn (me + ne)ph (é) (t,z)d¢ dx dt. (3.4)
T

n

//R el (g o )dgdxdt<c// Il dgdedt < oo,

% Ry — +oo I, A5
// |u|p1 ,x)d¢ dxdt — 0.
R+
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W2, 4 Ro,Rs — +oo, Nl (3.4) A K
[ eraldcan- [ o) dsds
n+1 Rn+1

T T
:—2/0 /n(ma—l—ng)(o,t,x)dxdt—i—/o /Rnﬂg Ix¥|d¢ dedt + T, (3.5)
Kl
/ e Tar)ldfdar—/ XU(E0,2)] dé de
n Rn

:—2// (Pe + g2 )( Otxdxdt—i—// g|xa|d§dxdt+ (3.6)

%

T
- / / (g X"]) * 0 — /1)) dé dedt,
0 Rn+1

T
Y = "IN]) * 0o — g'|x°]) d€ da dt.
: /O/Rm((glx ) *@e —g'|x2]) d€ da dt
513 3.1 Y e — 0(i=1, 2) B, T 5 T° RIRFRHAH 0.

I XPARERAIERIRMRL, RAGER T2 — 0. F5L b

T
— [ [ s - gD dg s
0 Jrnt
T
<L 1) = (6 ) € a9 et = s = ) dydsd

T
< / / / (6t — ers,0 — ay) — /(61 2) (s, y) dé ded dy ds.
R xR+ Jo JRn+1

T
/ /Rn+1|(g’(§, t— 18, —e2y) — g (€, ¢,x))|dé dz dt < 2||g]| L1 mr+1xRt)s
2 e; — 000 = 1,2) B, B DU HE WS E B, 15
/ / / g (&t —e18,2 —eay) — g (&,t,2)|p(s,y) dE de dt dy ds — 0,
R*xR+ R"+1
IEEE.
THERE (3.3) M5 3 . mand 3.1 ATA
Oixts+ D O, (X“F]) % pess — Z(x Flod) * 95 — Z 2, (@i X") % Pes

=1 =1 1,j=1

£ 3 Ot ) 5 9es = (=30 Fin)0ux?] s + Oclmes £ cg). BT)

i,j=1 =1
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BT x2 5 A F UL

n

DXl + D O (X f1) ¥ o5 = D (X" fuy) % oo — Z 2 e, (@i X") * 025

i=1 i=1 i,j=1

+ Z Oz, (ija; X") * Pe,s = [(9 - i fm)&;x”} * Pe5 + Og(Deys + Gey0)- (3-8)
i=1

i,j=1

TEHE T ORI A, HKIKS 6 = 0, Ry = 00, e1 = 0, 2 — 0. HRITFEF ML
Iexe,s = s — 6(§ — u) x (peths),
Iexes = Vs — 6(§ —v) * (pets),
(Oux") * (perbs) = 1bs — Oex2. s,
(OuX") * (peths) = ths — Ocx 5
K (3.7) LA XL 5, (3.8) FLL x5, MHIE SR T RN TIE A
I+II4+II+1V+V=VI+ VII 4 VIIL

T EHAE XA T, RO REAT.
T
= /o /Rnﬂat(xg,axg,a)f’(& t,x)dé dz dt
= / (XEsx25) (& T, x)p(€, T, ) dE da —/ (xe,6x2,5)(&,0,2)p(¢, 0, 2) A€ dw — R,
Rn+1 -
o

//Rn+ Xz 6Xz,6)P ) (&, ) d¢ da dt.

B § 0 f R; — +oo B, ZH RX — 0, IXHE
I—>/ (xEx2) (&, T,x)dfdx—/ +1(ngg)(f,O,gc)dfdgc. (3.9)

R”

XHFIL A
T n
U [ STl e+ 0n (6T # e alpl6s ) gl
"=t

n_T
= — Z/ /Rn+1[(X“fz/) * @s,éang,g + (vaz/) * %,éamixgj]p(&, t,x) d¢ dz dt
Z/ /Rn+1 uf *@EéXaé'i‘(X f)*(p€5xaé]p2(R) (5 t)dfdl‘dt

3 [ et dpte ) dgdrar s R+ R+ R 4
Hrp
n LT
R{ = Z/ /R N [fi(&t,2)XE 50u X2 5 — (FIX") * Pe,600, X 5]p(&, 8, @) dE da dt,
i=1 70 JRnH!
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n. T
Rg = Z~/O ~/R +1[fil(€7 L, x)xls),éawi Xg,é - (fz/XU) * 906,5817',)(?,6]/)(57 i, CL‘) d§ dz dta
i=1 "

1 «— [T T
f_ = w el v vl w 1,00
Rp =y D [ S0 et (600 = el oles

1 & T x
Rf = — // &t )X x5 1o (= ) p(€, 1) d¢ da dt.
1 RZ); ; RM[fl(é“ x)xg,axg,(s]pz(RZ))p(S )dé dz

5|38 3.2 46— 0 H R, — +o0, R}, R, — 0, RY, RS ek smsc LY, L. #—2,
Yo = 0B L -0 (1=1,2).

iE R{R] — 0 ATLMBZ 5 BEEN, RAGEH R A RS B4546.
n T
f_ / _ f! u
Rl - ;/{; /R.”+1|:/R,"+1><R+(fl(€7t’x) fz(nvsvy))x (nasay)
et = 5,2 — y)ibs(§ — ) dipdy ds| e, X2 5 (€, 1) dE dar
=R{, + R,
XH
n T
Re=S [ [ [ (ete) - detnt sy
=1 /0 JRAHIEJRnEKRE

et = 5,2 — y)is(€ — ) didy ds| D, X2 5(E, ) dE dardlt

+izj;/OT/RMUmﬂxm(f{(f,t,y) — 11 5, 0)X" (1, 5,y)

et — 5,2 = y)is(€ — ) didy ds| O, X2 (€t 2) dE dard,
n T
RS, = ! _f u
12 ;/{; /R,"+1|:/R"+1><R+(f1(€757y) fl(na Say))x (777579)

Pt = 5,2 — y)is(€ — ) dipdy ds| D, X2 5p(E,t, 2) A€ dardl,

H 3 DU RS B BUE B, RS, — 0,(6 — 0), T 6 — 0, Ry — +oo BF, RY, Wesd® % L.
:“X*‘Eﬁ &1 — 0 ETJ‘,

lim L/

51—)0

n .7
=3[ L e - et - v afou acarar
EBEEWR v € BV(R), N

[[v]| Lo m+;Bv®R™) < V0l BV (R
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(W (17)). &8, W5
Jim L = Z / / [ ) - R et )
) — Y)pe, (x — y) dy dy da dt

6zz||wa||Loc// / / U, e (& — )0y (z — 7) dy dF dz dt

< ey Z Szl lvoll By ®en)-

i=1
FFLA4 & — 0 i, L — 0. FHARIFIHJ7 3 AT AR RY.
TR TIL

n_ooT
I = — Z/ / ) [(fizX") % PeoXes + (fin,X") * 0e8XE 5]p(E, T, 2) dE dardt
— R+
n_ooT
= _22/ /R, +[fi/mi(fat@)X;aX;aJﬂ(fJ@) ddeEdt—FRg,
i—1 0 n+1
XH
n_ooT
R{ = Z/ / i (€t XX — (Flox®) * wesxt slo(€ 1) dE dardt
— Jo Jrn+
nooT
30 [ Nt s = (hex) # el ) dé da
i—1 n+1

513 3.3 46— 0,R; — +oo, (i = 1,2,3) Wh, £ AT R desk®) L, Xl
n T
Lf: ! u, v (gl m ; v dé de d
’ 12_;»/0 ‘/Rn+1[fm7"(€’t’aj)X‘SX‘S (quix )*<,0 Xa] Edxdt

n T
./ v U / v 3 g d d d .
+;/0 /RnJrl[fzwqy(gat;ZU)XaXa (fmix )*(p X ] Edxdt
HE—H, Y e — 01, L — 0.
3 BATLU A, A0S, TRV BT S
n_o,T
- Z/ /R"H[(fmauxu) * 0e,5Xe,5 T (fiasOuX") * pesxe slp(, 1 ) d§ dar dt

n T
=3 [ [ fcatsele tayddodi+ R+ RE + R,
— Jo JrRntt
&
n T
RE=S [ [nns = (i) s apl6s ) de
i—1 0 n+1

n T
+> / / Miwoxe s = (fia,0uX") * = slxe 5p(6, 1 w) dE dadt,
: 0 n+1
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n LT
=-3 / / Uir ool + i oo alp(E, ) de

=——Z// Fextxtale! () plt.) d ot

B 3.4 460 R — +oo, (i =1,2,3) B, RI,R] — 0. R Wesi®mm@% LY. 3
—4, e > OREBT 0.

E S 6 — 0 M Ry — +o0, (i = 1,2,3) B, RI, R, — 0. HEEIEH R) M4
MK HE A R = R, + R,

noLT
RO =3 [ s = (in0ux®) e esliC (e t0) d o
=1

n T
= ;‘/0 ‘/Rn+1xls).,6 |:~/l:l"><R+ fiwi(fataff)%(f - U(S,y))ﬁpg(t — 5T y) dy ds

_/R" R+(fiyi(u(s,y),s,y))tps(t—s,x—y)wg(ﬁ—u(s,y))dyds p(ﬁ,t,x)dfdxdt

- Z»/ / /R ><R+ U U) * 4105(.]0”1 (U(S,y)a t,ZE) - (fzyl (U(Sa y)v Svy)))
et — s, —y) dyds} dzdt, (6 —0 H R; = +oo(i =1,2,3)).
% e — 0 B, EREWIEN 0. RY, FTRAZSLIAGLIE. NTT3I2E 3.4 FHE.
THEHE VIL
T
VII = / / [Oe (M5 +1e.6)X2 5 + O (Ders + de5) X glp(E, 1, ) de da dt
Rnt!
=R + Ry + Ry,
H

T
R} = —/ / . [(Mme,s +nes)ps + (Pe,s + e,5)ps)p(€,t, x) dE dx dt,
Rn 1
T
RY = [ [ (mes  mes)es(€ = 0) + (s + 0e5)ds(€ — wlpl€tix) d dad,
Rn 1
M 1 r v u / 5
RY = ——/ / [(Mes +ne,s)XE 5+ (Pess + €e8)XE5)P (—)P(tﬂ?) d¢ dz dt.
Rs 0o JRnt1 Rs
W50 Ry — oo B, 75
T
RY 50, R - _/ / (e +12) + (e + ¢)](0,, 7) da dt. (3.10)
O n
X RM, BT m A p Ef, n Ml g BERE (2.12), 5

T
RY > [ [ nesbl6 ) < oo+ aB€ — 0) * puslp(€s b de du e
0 JRnt1



3 4 WM ERE BRI RS AR — 241

'%(5_”(8’@”(2(% Yk%(g o ﬁ%;ff“_”(m))%(g—u<s,y>>)
=1

et — 5,0 — y)soa(t ~ S mdydsdﬂdg]p(m,m dé dz dt

Ys(E—u(sy)) w (E—u(s,y))
ST o BN B (O S S
Rn+1 Rt xR" R+><R"

k=114,5=1

(8~ Vs (E—v(5,7) \/wa(ﬁ v(5,9)) )\/71’6 G.9) /s (€

Yj jk gky

£ —u(s,y))
e (t - s,x—y)ws(t—ix—@dydsdﬂdg]p(&t,z)didxdt

_2// / / (a%%(s e _ s(Eue))
R"+1 nx R+ "><R+ i:

1

(Z(&L Rl E0 @) _ }Z}?f v<u,~>>))}

7j=1

et — s,x—y)ws(t—ix—?3)dydsdﬂdg)p(&t,x)dﬁdxdt-

¥
0, KL EUs) _ (e uls)
—a, /R ot (1,8, 9)X 1, W) (€ — )y — /R ity (1, 5,9 (1, w) s (€ — ) dn,
P Ni]
T
2/ / p(g,t,x)(/ / @ijkdndﬁdydsdﬂdg)dfdxdt, (3.11)
0 Rnt+1 Rr+t1xRtJR*HIxRT
Hr

K n
(I)ijk = Z Z [(Ulk (777 S, y)ajk(ﬁa ga g))ayl Pe (t —S5T — y)aﬂj ¢€(t - gv xr — g)

k=11i,j=1
+ (i (0,8, Y)jng; (1,5, 9)) 0y, 0= (t — 8, — y)pe(t — 5,2 — y)
+ (Tiky: (0,5, 9)0jk (17, 8, ) pe (t — 5,0 — y) Oy, 0 (t — 5,2 — ¥)
+ (Oiky (1, 8, Y)0jkg; (7,8, 9)) e (t — 5,2 — y)pe(t — 5,2 — 7)]
= X(n, w)x (1, 0)¥s (§ — n)s (€ — 7).
X ag W,
IV +V

Z wbw (aUX )*906 5X56 Bwbw (a’lJX )*506 5X6 6) (5 t 1’) dgdi’dt
R"+1 J J

i,j=1



242 B o¥ £ FlAH 39 &

// +1 O, amJ )*‘»0659656"'817(@1]% )*9065X56) (¢, t,x)dE dadt
= 1 Rn

= R{ +R3 + R3 + R,

/\l:ij
Ry = Zl/ /RM o (@i X" )e.sXE 5 + O, (Aig X" )e,sXE )0, p(€, 1, ) A dar dt,
i,
Zl/ ~/R"+1 QAijz; X )6 6Xa6+(a1jw] )a 5 Xe, 5) wbp(f t, x)didxdt
1]
Z1~/ /Rn+1 *i (a”X )6 6817)(55—’—6% (G‘UX )5 5817X6 5)p(§:t, ) d§ de dt,
i,
Zl/ ~/Rn+1 Gijeg X )E 56$LX€5+ (a”% )5 5817X€ 5) (&t x) d§dz dt.
i,j

AT —FE, % 6 — 0 HLRi — +oo(i = 1,2,3) BAIS RY 5 RY A-T 0. Gt
. T
e / /R"“ Z Z ~/R"+1XR+ /Rnﬂxfw(am(n Y,8)05k (0, Y, 5)

k=11,j=1

+ Oik (ﬁa Y, E)Ujk (777 Y, :;))X(’I% U)X(ﬁa ’U)Byj Pe (t -5 — y)a‘vjﬁ@a (t - ,57 T — m

5 (€ — s (€ — )y dy ds A F] (€, 1, 2) dE . (3.12)
K
K n
=/ ) ([ dlou s ot sm)ximnue - sz =y
~¥s(§ —n)dndyds S X(1,0)05, 0= (t = 5,2 = y)s(§ — 1) dipdy ds

+ ~/13{."+1 R+ aﬂz (Uik (ﬁa gﬂ g)o'jk(ﬁa gﬂ m)X(ﬁa ’U)QOE(t - ’§7 T — @1#6(5 - m dﬁdgdg
o X000, (= s = )s( — ) dndyds) (€ ) dg et (313

1 (3.11)-(3.13), A 4%
RY 4+ R — RY < RZ + R¢ + R4
HAy RE, RE, Rf TTEHH@U\%%#rﬁ fi].

=[] Z Z s Sy (OB E

* Ok (777 S, y)%k(ﬂa S, y) - 20ik (777 S, y)ojk(ﬁa ,57 ,g) + Oik (ﬁa ,57 ,:J)O-jk (ﬁa ,57 g))
Oy, et — 5,2 —y)05,0:(t — 5,0 — y)dndy dsdndy ds| p(§, ¢, x) d§ da dt



3 M ERE BB 7R S S AR E— 243

- /OT/R[i > L] e

k=1i,j=1
: (Uik (57 S, y)%‘k(& S, y) - 2Ujk(£a S, y)alk (57 ga g) + oik (65 ga g)a'jk (65 ga g))
Oy, 0 (t — 8,2 — y)0y,0:(t — 5,2 — y) dy dsdy ds| d{ da dt

+ 8@71 (Uik (57 §7 37)0—]]@(57 §7 @))
<Oy, 0 (t — 5,2 —y)p-(t — 5,2 —y)dyds dfy‘dg} dédxdt

_/OT/ ”[i Xn: /RWIH /mXR+ X (v, wvg, (i (v, s,y)ojx (v, s, Y)

k=11,j=1

- 2aik (Uv S, y)Ujk(U, ga @ + ok (Ua ga g)a’jk(vv gv @)
Oy, et — 8,0 —y)p(t — 5, —y)dydsdy ds| d{ dz dt
=Lg+Lg.
11}
T K n
- [ f [ A= s —yusle -
= R(;Z_ R (A0 s =)
(8yj (Uik (773 S, y)C’jk (773 S, y))_zajkyj (777 S, y)Uik (773 ga g)) d77 dy ds
X0l ~ S~ Dvs(e -~ 7) AT
R+ R+
K n
+ / X(M,v)pe(t — 5,2 — y)bs (=7
S0 [ X0 75 (€—7)

' (8777 (Uik (77? g? @/)Ujk (773 ga g)) - 2Ujk (777 S, y)gikzﬁ (777 gv @) dﬁdgdg

./Rn“ . X0, 1)y, pe(t—s, 3~y )5 (E—1) dndyds)p(g,t,x) ¢ dz dt

T K n
_>/0 ‘/Rn+1(;i7jz_r/Ran+(ayj(oik(§,S,y)Ujk(gaSay))_QUjkyj (fasay)aik(&g’@)

x(&u)pe(t — 5,2 —y) dyds/ X(&,v)05,0:(t — 5,2 —y)dyds
R™R*

K n
+ Z Z / (8177 (Uik(ﬁaga@C’jk(ﬁaga@)—%fjk(fa S,y)az’kgﬁ, (5757@)
R™ Rt

k=11,j=1

et — 5,2 — () dgdg/

R™R*

:/OT/RnH(/Rnxm/Rnmei Xn:(Ujkyj(gaSay)aikﬂqz(&gv@)X(fvu)X(gav)

k=11i,j=1

X&)y, e (t— 5, 7—y) dy ds) d€ de dt



244 B o¥ £ FlAH 39 &

et —s,x —y)pe(t — 5,2 —y)dydsdyds

K
+> 0> /R . /R o 05 0(E 5. D)o (6 5.9) = 200(6 5, D) (6,5,)

k=14,j=1
cp(t—5,x — mx(g, v)X(&, )0y, e (t—s,2—y) dyds dﬂdfs‘) dédz dt
T K n
S D35 SN N BN e )
0 " k=14,j=1 R"xRTJR"XRt
- 2Ujkyj (Uv S, y)aik (Uv gv (77))
“x(v, u)vg, et — s, — ) (t — 5,z —y) dydsdy dsd de dt
=Lg§ + Lg.
EPRHIT 0 — 0,R; — +oo(i = 1,2,3) BFHIHRFR. [A]Hf

T K n
R?:—2/O /Rn+1/1wm /Rnxm A];;l U;,d€ dz dtdn dij dy ds dj 3,
A
Wik = Oiky: (1, 8,9)0jkg; (1, 8, Y)pe (t =5, 2=y ) pe(t— 5, 2—Y)
X, w)x (1, )5 (E=m)s (E—mp(S, T, ).
B2 6 — 0,R; — +oo, R ISEI A% Ly, H

L7 = _2~/0T/Rn+l/R”><R+~/Rn><R+ (i Zn: Ty, (& 8, Y)oikg, (§7§,§))x(§,u)x(§,v)

k=11,5=1

c@e(t — s,z —y)p:(t — S,z —y) dy ds dy ds d¢ dz dt, (3.14)
T Lg + Lg +Lg = 0, AT
RE§+R§+R7 = Lg+Ly (0 —=0,R; = +00).

T K n
[ Ixs [ [

k=11i,j=1

i}

X(U7 U)U@L (O-ik (vﬂ S, y)ajk (Ua S, y)

=200 (v, 8, 9) 0k (v, 5,9) + oir (v, 5,9)0ji (v, 5, 7))
<Oy, et — 8,2 — y)pe(t — 5,0 — @‘ dydsdﬂd’sv} d¢dx dt

<C(Z—1 +51+52)||U0||BV((R") —0, —0. (3.15)
2

T K n
Lg| <
| 9| </0 /R"Z Z/R"XR+/R"><R+

=11,j=1

X (v, u)vg,

(83/]‘ (Uik (Uv S, y)O'jk(U, S, y))_zajkyj (Uv S, y)Uik (Uv ga g))



3 M ERE BB 7R S S AR E— 245

we(t —s,2 —y)pe(t — 5,2 — y)| dy ds dydsd¢ dae dt
< cler +e2)||vllpv(rny) = 0, €—0. (3.16)
&5, % VIIL
VIII = /OT/RM[(g‘?“XU) * e Xz 0 T (90uX") * =,5X2 s]p(€, T, 2) A€ dardt
=R{ +Rj +Rj + RY,
Hrp

T
R{ = /0 /R H[gsaaxﬁ,a + 995Xt slp(&,t, ) d§ do dt,

T
Rg = / / [Q/Xg,éxg,é]P(fatax) d§ dx dta
0 JRnt1

! ! u v / 5
- R_3/0 /}Wl[gxs,axs,a]p (R—B)p(t,a:) dé dz dt,

T
RE = [ [ [(00") * pus - g0 apl6.t ) de ot
O n

T
] 000 = =00t s anlé ta) dg .
5|3 3.5 40 —0,R; — +oo (i =1,2,3), 1%
R{ — 0, R — 0,
R 'XUx2] dé da dt
—>/ /ng xexgldgdz
H R{ WeSBIR % LY, %4 e — 0 B, BT 0.
AT BRHHE IS T8 3.4, TR 254047, T8 3.2-3.5 & (3.10), 14
/n OExe (6 T 2) —x2xe (€,0,2)) d dw

// +gfxgxgclgclxdt—L-{—L§—L§+L§—L§—Lg
R'n.

e / (me +12)(0,1,2) + (p- + ¢)(0, t,) dar . (3.17)
o Jrn
¥ (3.5)-(3.6) fl (3.17) HE—i, 57
/m (Ix?|+|x2|—2x?x3)(€,T,x)d£dx—/ (hET+ Il = 2xaxe) (€, 0, 2) dE da

R” +

< [ [ et - 2eeen sara
+ 2L +2Lf + 21! —oLf 4 2Lg + 2L¢ — 2L + T + T,
BE% e1 =0, RIFL e2 — 0, FIAIFIHE 3.1-3.5 & (3.15)-(3.16), 1%
. |u(T, z) — v(T, z)| dz



246

¥ow # AR 39 %

< |w(0,2) —v(0,2)| dz +M/ |u t,x) —v(t, z)| da dt.
Rn

@ Gronwall AR, HIFHEE

(T, ) = o(T e ey < T luo() = vo()llLrmn),

KIEZPTER 4R

1]

2]

Bist ORISR ABRER GRS BTS TR O
2 £ X ®W

Chavent G, Jaffre J. Mathematical models and finite elements for reservoir simulation
[M]. Amsterdam: North Holland, 1986.

Espedal M S, Karlsen K H. Numerical solution of reservoir flow models based on large
time step operator splitting algorithms [M]//Filtration in Porous Media and Industrial
Applications (Cetraro, Italy, 1998), Lecture Notes in Mathematics, vol 1734, Berlin:
Springer-Verlag, 2000, 9-77.

Juan L V. The porous medium equation: mathematical theory [M]. New York: Oxford
University Press, 2006.

Biirger R , Evje S, Karlsen K H. On strongly degenerate convection-diffusion problems
modeling sedimentation-Consolidation processes [J]. J Math Anal Appl, 2000, 247:517—
516.

Bustos M C, Concha F, Biirger R, et al. Sedimentation and thickening: phenomenologi-
cal foundation and mathematical theory [M]. Dordrecht Netherlands: Kluwer Academic

Publishers, 1999.

Antonelli F, Barucci E, Mancino M E. A comparison result for FBSDE with applications
to decisions theory [J]. Math Meth Oper Res, 2001, 54:407-423.

Chen G Q, Karlsen K H. L! framework for continuous dependence and error estimates
for quasilinear degenerate parabolic equations [J]. Trans Amer Math Soc, 2004, 3:937—
963.

Droniou J, Eymard R. A mixed finite volume scheme for anisotropic diffusion problems

on any grid [J]. Numerische Mathematik, 2006, 105(1):35-71.

Evje S, Karlsen K H. Monotone difference approximations of BV solutions to degenerate

convection-diffusion equations [J]. STAM J Numer Anal, 2000, 37(6):1838-1860.

Eymard R, Gallouét T, Herbin R, et al. Convergence of a finite volume scheme for

nonlinear degenerate parabolic equations [J]. Numer Math, 2002, 92(1):41-82.



3 M ERE BB 7R S S AR E— 247

[11] Eymard R, Gallouét T, Herbin R. A finite volume scheme for anisotropic diffusion
problems [J]. C' R Acad Sci Paris, 2004, 339(4):299-302.

[12] Eymard R, Gallouét T, Herbin R. A new finite volume scheme for anisotropic diffusion
problems on general grids: convergence analysis [J]. Comptes Rendus Mathematique,
2007, 344(6):403-406.

ymard R, Gallouét T, Herbin R. A cell-centred finite-volume approximation for
13] E d R, Gallouét T, Herbin R. A cell-centred finite-vol imation f
anisotropic diffusion operators on unstructured meshes in any space dimension [J].

SIMA J Numer Anal, 2005, 26(2):326-353.

[14] Karlsen K H, Risebro N H. Convergence of finite difference schemes for viscous and
inviscid conservation laws with rough coeffients [J]. Math Model Numer Anal, 2001,
35(2):239-269.

[15] Michel A, Vovelle J. Entropy formulation for parabolic degenerate equations with gen-

eral Dirichlet boundary conditions and application to the convergence of FV methods

[J). SIAM J Numer Anal, 2003, 41:2262-2293.

[16] Ohlberger M, A posteriori error estimates for vertex centered finite volume approxi-
mations of convection-diffusion-reaction equations [J]. Math Model Numer Anal, 2001,

35(2):355-387.

[17] Volpert A I, Hugjaev S I. Cauchy’s problem for degenerate second order quasilinear
parabolic equation [J]. Transl Math USSR Sb, 1969, 7:365-387.

[18] Zhao J, Cauchy problem for second order quasilinear degenerate equation [J]. Acta

Scientiarum Naturalism Universitatis Jilinensis, 1983, 2:33-38.

[19] Bénilan P, Touré H. Sur l'équation générale u; = a(-,u,¢d(-,u)z), + v dans L1. IL
Leprobléme d’évolutions [J]. Ann Inst H poincaré Anal Non Lineairé, 1995, 12:727—
761.

[20] Carrillo J. Entropy solutions for nonlinear degenerate problems [J]. Arch Rational Mech
Anal, 1999, 147:269-361.

[21] Chen G Q, Perthame B. Well-posedness for non-isotropic degenerate parabolic-
hyperbolic equation [J]. Analyse Non-lineaire, 2003, 20:645-668.

[22] Chen G Q, Karlsen K H. Quasilinear anisotropic degenerate parabolic equations with
time-space dependent diffusion coefficients [J]. Comm Pure Appl Anal, 2005, 20:241—
266.



248 ¥ o¥ F flAH 39 %

[23] Wang Z, Wang L, Li Y C. Renormalized entropy solutions for degenerate parabolic-
hyperbolic equations with time-space dependent coefficients [J]. Comm Pure Appl Anal,
2013, 12(3):1163-1182.

[24] Kruzkov S N, First order quasilinear equation in several independent variables [J]. Math
USSR Sb, 1970, 10:217-243.

[25] Kuznetsov N N. Accuracy of some approximate methods for computing the weak solu-
tion of first-order quasi-linear equation [J]. USSR Comput Math and Math Phys, 1976,
10:105-119.

[26] Lions P L, Perthame B, Tadmor E. A kinetic formulation of multidimensional scalar

conservation laws and related equations [J]. J Amer Math Soc, 1994, 7:169-191.

[27] Perthame B. Uniqueness and error estimates in first order quasilinear conservation laws

via the kinetic entropy defect measure [J]. J Math Pures Appl, 1998, 77:1055-1064.

Uniqueness of Kinetic Solutions to Quasilinear
Anisotropic Degenerate Parabolic-Hyperbolic

Equation

HAO Xingwen'! WANG Zejun?

LCorresponding author. School of Mathematics and Information, Weifang University,
Weifang 261061, Shandong, China. E-mail: wfhxw@163.com
2Department of Mathematics, Nanjing University of Aeronautics and Astronautics,

Nanjing 210016, China. E-mail: wangzejun@gmail.com

Abstract This paper deals with the uniqueness of the kinetic solutions to Cauchy prob-
lem of general anisotropic degenerate parabolic-hyperbolic equations. Kinetic formulation
is extended to such general degenerate parabolic-hyperbolic equations with coefficients de-
pending on time-spatial variables. Contraction property of kinetic solutions is established

under appropriate conditions on diffusion and convection functions.

Keywords Degenerate parabolic-hyperbolic equation, Kinetic solutions,
Entropy solutions, Uniqueness
2000 MR Subject Classification 22E46, 22E47, 35A05

The English translation of this paper will be published in
Chinese Journal of Contemporary Mathematics, Vol.39 No.3, 2018
by ALLERTON PRESS, INC., USA



