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1 s�l�;i�HH\P^1t`�-�l[J�5(B='
∂tu+∇x · f(u, t, x)−∇x · (A(u, t, x)∇xu) = g(u, t, x), (1.1)

u(0, x) = u0(x), (1.2)d% (t, x) ∈ R+ × Rn, f(u, t, x) = (f1(u, t, x), f2(u, t, x), · · · , fn(u, t, x)) �TD�g�,

g(u, t, x) ��R, A(u, t, x) = (aij(u, t, x))n×n ��:B��, ~Btv5
λ = (λ1, λ2, · · · , λn) ∈ Rn,?~

n∑

i,j=1

aijλiλj > 0,d��+tV8
aij(u, t, x) = σ⊤(u, t, x)σ(u, t, x) =

K∑

k=1

σik(u, t, x)σjk(u, t, x),�: σ(u, t, x) = (σij(u, t, x)) � A(u, t, x) 5bJX"�, D3�� K � A 56*#. &Æ8, . A = 0 �J�!g1t8�l[J�.J� (1.1) 
oCI�?~)m5{|. =y, C/�$5CQKJ�[1−3]

∂tu+∇x · (k(x, t)f(u)) −∇x · (A(u, x)∇xu) = 0, (1.3)�< 2017 ^ 9 � 3 v�2, 2018 ^ 3 � 28 v�2`PR.
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∂tu+ ∂x(l(t)u + f(u))− ∂2x(A(u)) = 0, (1.4)
�w�e%o~�6J�[6].}� (1.1) #~`HE)m5{|, C℄3�6J�p��1
C℄., �|�.℄�5��JG3i�$[2,7−16]. E78i�5x", d�5�:^��Jm'L5. }�J� (1.1) +t1t8�l[J�, $5�w~�A, (E�b
�.5g�-�g�6p5{�. 
 1969 ℄, Volpert l Hugjaev[17]6J
 BV -�31F9�5)
^, -d6p^5�Vp�;FÆ���. B�p:5j℄, Zhao[18], Bénilan l Touré [19]MÆ�VF BV l L1 9�56p^. B�C:5j℄, Carrillio[20]
 1999 ℄�VFUR.^J�5 L∞ 9�56p^, B�URx^5j℄, Pertham l Chen[21]<|=?e�h�'31F=?e�5�:^.t~�
?�
J� (1.1) % f l A �Le (t, x), E
��5{|%, $T55�
(t, x) ~℄, �y (1.3) l (1.4) pl, y&, (1.1)–(1.2)5i�Y~��vwlp�vw. 
�JU, Chen l Karlsen[22]�VF9�56p^, Li lWang[23]�31F?�)�t�6p^. �U�
?��,��
DJG[24−25]315, 78 (1.1)–(1.2) Yp��5=?e�, d6p^uqR~�
.78i��F0PJ�5=?e�, Ns
�l[J�%31{|[26−27]. 
; [21]%, Chen l Perthame ��'JG{|1E��Le (t, x) 51t`�-�l[J�%. #T,dzz`�j|���B�G�, ,NF�6J�i�%52[. �;�<|; [21]%5JG, �Vp�℄�51t`� - �lJ�5(B=' (1.1)–(1.2) =?e�56p^. 8&, �JmV (1.1)–(1.2) 5=?eZ��B�G�. !&�3vm2G#8E���5�R.
�H359 2 �M, �NV =?e�5:w�*m:8. 
9 3 �M�V*m:8.

2 EVkPACqt{mNJ�J, �,�� (1.1) 59�5:w. J
f ′
i =

∂fi(u, ·, ·)
∂u

, fixi
=
∂fi(·, ·, x)

∂xi
, ∂xi

fi(u, t, x) =
∂fi

∂u
· ∂u
∂xi

+
∂fi(·, ·, x)

∂xi
,

ηi(u, t, x) =

∫ u

0

S′(ξ)f ′
i(ξ, t, x) dξ, rij(u, t, x) =

∫ u

0

S′(ξ)aij(ξ, t, x) dξ,

ηixi
=

∫ u

0

S′(ξ)f ′
ixi

(ξ, t, x) dξ, rijxj
=

∫ u

0

S′(ξ)aijxj
(ξ, t, x) dξ,

i, j = 1, · · · , n,
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 iZ< 4�% 2uaA-�mK�>�f�67q_ 231d% S �9, $�pT C2 5/g�. (S, ηi, rij) �9 - 9KB. �
κik(u, t, x) =

∫ u

0

σik(ξ, t, x) dξ, (2.1)

κ
ψ
ik(u, t, x) =

∫ u

0

ψ(ξ)σik(ξ, t, x) dξ, ψ ∈ C(R). (2.2)

(1.1)–(1.2) 59�:wyH.Bp 2.1 +�g� u ∈ L∞(R+ ×Rn) �8 (1.1)–(1.2) 59�, y

(1)

n∑

i=1

(∂xi
κik − κikxi

)(u, t, x) ∈ L2(R+ ×Rn), k = 1, 2, · · · ,K;

(2) Btv5 k ∈ {1, 2, · · · ,K} lLOg� ψ ∈ C(R), HH7��>:
n∑

i=1

(∂xi
κ
ψ
ik − κ

ψ
ikxi

)(u, t, x) = ψ(u)
n∑

i=1

(∂xi
κik − κikxi

)(u, t, x) ∈ L2(R+ ×Rn),

(3) Btv5^r/g� S(u), )
pT`�j|��
nS

′′

(t, x) =
K∑

k=1

S
′′

(u)
( n∑

i=1

(∂xi
κik − κikxi

)(u, t, x)
)2

,t}BXpTV:5�� m(ξ, t, x) > 0, )
pT9j|��
mS ′′

(t, x) =

∫

R

S
′′

(ξ)m(ξ, t, x) dξ, (2.3)�3Btv5 u ∈ D′(R+ ×Rn), ~
∂tS(u) +

n∑

i=1

(∂xi
ηi − ηixi

) +

n∑

i=1

S′(u)fixi
(u, t, x)−

n∑

i,j=1

∂xi
(∂xj

rij − rijxj
)

= S′(u)g(u, t, x)− (mS′′

+ nS
′′

)(t, x), (2.4)

S(u)|t=0 = S(u0). (2.5)} 2.1 y
�`�j|�� nS
′′

(t, x) V� (C0(R);M(R)) B_5℄�, �
nS

′′

(t, x) =

∫

R

S′′(ξ)n(ξ, t, x) dξ, S′′ ∈ C0(R),d% n �8`�1!��, #~℄�
n(ξ, t, x) = δ(ξ − u)

K∑

k=1

( n∑

i=1

(∂xi
κik − κikxi

)(ξ, t, x)
)2

. (2.6)} 2.2 y
dn&�59g�
S(u) =





(u− ξ)+, ξ > 0,

(u− ξ)−, ξ < 0,�d� +�)
XT µ(ξ) ∈ L∞
0 (R), �3

∫ ∞

0

∫

Rn

(m(ξ, t, x) + n(ξ, t, x)) dxdt 6 µ(ξ). (2.7)



232 � f ^ & A | 39 $y; [21, 26–27] pl, zz R2 ~5g� χ(ξ, u)

χ(ξ, u) =






1, 0 < ξ < u,

−1, u < ξ < 0,

0, d$, (2.8)$#~yH^$
(i) y
 u ∈ L∞(R+;L1(Rn)), YQ

χ(ξ, u) ∈ L∞(R+;L1(Rn+1));

(ii) Btv5 S(u) ∈ C1(R), ~
S(u) =

∫

R

S′(ξ)χ(ξ, u) dξ + S(0);

(iii) ∂ξχ(ξ, u) = δ(ξ) − δ(ξ − u), ∂uχ(ξ, u) = δ(ξ − u).<| χ(ξ, u) 5^$ (ii) } (2.4), +t31 (1.1)–(1.2) 5=?eZ�, ~
∂tχ(ξ, u) +

n∑

i=1

f ′
i(ξ, t, x)∂xi

χ(ξ, u)−
n∑

i,j=1

aijxi
∂xj

χ(ξ, u)−
n∑

i,j=1

aij∂
2
xixj

χ(ξ, u)

= (g(ξ, t, x)−
n∑

i=1

fixi
(ξ, t, x))∂uχ(ξ, u) + ∂ξ(m+ n)(ξ, t, x) (2.9)
 D′(R+ ×Rn+1) ~�>, �O5��

χ(ξ, u)|t=0 = χ(ξ, u0). (2.10)�l, (1.1)–(1.2) 5=?e�+:wyH.Bp 2.2 g� u ∈ L∞(R+;L1(Rn+1)) �8 (1.1)–(1.2) 5=?e�, y
$O5:

(1′)

n∑

i=1

(∂xi
κ
ψ
ik − κ

ψ
ikxi

)(u, t, x) ∈ L2(R+ ×Rn);

(2′) BtvCTLOg� ψ1, ψ2 ∈ D(R),

√
ψ1(u)

n∑

i=1

(∂xi
κ
√
ψ2

ik − κ
√
ψ2

ikxi
)(u, t, x) =

n∑

i=1

(∂xi
κ
√
ψ1ψ2

ik − κ
√
ψ1ψ2

ikxi
)(u, t, x); (2.11)

(3′) BLO91!�� m(ξ, t, x) l`�1!�� n(ξ, t, x), �=?eZ� (2.9) 

D′(R+ ×Rn+1) �>. n(ξ, t, x) ,dH�V 

∫

R

ψ(ξ)n(ξ, t, x) dξ =

K∑

k=1

( n∑

i=1

(∂xi
κ
√
ψ

ik − κ
√
ψ

ikxi
)(u, t, x)

)2

, (2.12)d% ψ ∈ D(R) i ψ > 0;

(4′)

∫ ∞

0

∫

Rn

(m(ξ, t, x) + n(ξ, t, x)) dxdt 6 µ(ξ) ∈ L∞
0 (R).} 2.3 g� χ(ξ, u) ∈ D′(R+ ×Rn+1) � (2.9)–(2.10) 5pT�, ��Btv5Ækg� φ(ξ, t, x) ∈ C∞

c (R+ ×Rn+1), ?~∫

R+

∫

Rn+1

χ(ξ, u)∂tφ(ξ, t, x) dξ dxdt+

∫

Rn+1

χ(ξ, u0)φ(ξ, 0, x) dξ dx
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+
n∑

i=1

∫

R+

∫

Rn+1

χ(ξ, u)[f ′
i∂xi

φ(ξ, t, x) + f ′
ixi
φ(ξ, t, x)] dξ dxdt

+

n∑

i,j=1

∫

R+

∫

Rn+1

χ(ξ, u)[aij∂
2
xixj

φ(ξ, t, x) + aijxj
∂xi

φ(ξ, t, x)] dξ dxdt

=

∫

R+

∫

Rn+1

( n∑

i=1

fixi
− g

)
∂uχ(ξ, u)φ(ξ, t, x) + (m+ n)∂ξφ(ξ, t, x) dξ dxdt. (2.13)N
V f , σik l g O55*	. $T?�� L1(R ×R+ ×Rn). !&�3, Btv+�g� u(t, x), g� f O5:

fi(·, t, x) ∈ W 1,1(R) ∩W 1,∞(R) B (t, x) ∈ R+ ×Rn p!�>,

fi(u, t, ·) ∈ W 1,∞(Rn) ∩W 1,1(Rn) B (u, t) ∈ R×R+ p!�>,

f ′
i(u, ·, ·) ∈W 1,1(R+ ×Rn) ∩W 1,∞(R+ ×Rn) B u ∈ R p!�> ."� A 5�� σik mO5:

σik(·, t, x) ∈W 1,1(R) ∩W 1,∞(R) B (t, x) ∈ R+ ×Rn p!�> ,

σik(u, ·, ·) ∈W 1,∞(R+ ×Rn) B u ∈ R p!�> ,

σik(u, t, ·) ∈W 1,∞(Rn) B (u, t) ∈ R×R+ p!�> .�R g O5:

g(·, t, x) ∈W 1,1(R) ∩W 1,∞(R) B (t, x) ∈ R+ ×Rn p!�> ,

g′(u, ·, ·) ∈ W 1,∞(R+ ×Rn) ∩W 1,1(R+ ×Rn) B u ∈ R p!�> ,

g(u, ·, ·) ∈ L1(R+ ×Rn) ∩ L∞(R+ ×Rn) B u ∈ R p!�> .y
 u0(x) ∈ L1(Rn) i f , σik l g O5~�5*	, YQ(B=' (1.1)–(1.2) )
pT=?e� u ∈ C(R+, L1(Rn)). d�V+tS; [17, 21] 7pl�dpT�/5d�31, 
&qM. �;5*m�
�H�:8.BS 2.1 � u, v �MÆO5�� u0 l v0 5CT=?e�, i u0, v0 ∈ L1(Rn) ∩
L∞(Rn) ∩ BV (Rn), g� f , σik l g MÆO5~�5*	, �Btv5 T > 0, )
��
C(r4� T l g), �3

||u(t, ·)− v(t, ·)||L1(Rn) 6 C||u0(·)− v0(·)||L1(Rn). (2.14)}&+3 (1.1)–(1.2) =?e�56p^.

3 CT 2.1 AwX� u(ξ, t, x), v(ξ, t, x) �CT=?e�, m(ξ, t, x), p(ξ, t, x) MÆ�$T591!��,E n(ξ, t, x), q(ξ, t, x) �$TB{5`�1!��. 8FpU{|5J	, �JzzpU



234 � f ^ & A | 39 $��. J ϕj > 0 (j = 1, 2) MÆ�℄���l-�5^r3, ~ ϕj > 0 (j = 1, 2) O5
∫
ϕj = 1, suppϕ1 ⊆ (−1, 0) i suppϕ2 ⊆ (−1, 1). BtvV:5�� ε1 l ε2, :w

ϕε(t, x) = ϕ1,ε1(t)ϕ2,ε2 (x) =
1

ε1
ϕ1

( t

ε1

) 1

εn2
ϕ2

( x
ε2

)
.� ψ(ξ) �℄� ξ 5^r3, J

ψδ(ξ) =
1

δ
ψ
(ξ
δ

)
, ϕε,δ = ϕε(t, x)ψδ(ξ).J ρj(·) (j = 1, 2, 3) MÆ�℄���, -�l ξ 5�Ag�, $T?�~���5LO^rg�, O5

(i) 0 6 ρj(s) 6 1, s ∈ (−∞,+∞);

(ii) ρj(0) = 1;

(iii) ρj(s) = 0, |s| > 1;

(iv) sgn(s)ρ′j(s) 6 0.J
ρ(ξ, t, x) = ρ1

( t

R1

)
ρ2

( x

R2

)
ρ3

( ξ

R3

)
,

ρ(ξ, x) = ρ2

( x

R2

)
ρ3

( ξ

R3

)
,

ρ(t, x) = ρ1

( t

R1

)
ρ2

( x

R2

)
,

ρ(ξ, t) = ρ1

( t

R1

)
ρ3

( ξ

R3

)
.u�. Ri → +∞ (i = 1, 2, 3) �,

ρi

( ·
Ri

)
→ 1 (i = 1, 2, 3), ρ(ξ, t, x) → 1..�o�|1tH�k

χu(ξ) := χ(ξ, u), χuε (ξ) := χ(ξ, u) ∗ ϕε, χuε,δ(ξ) := χuε ∗ ψδ,.8, χv(ξ), χvε(ξ), χ
v
ε,δ(ξ) +t6�8:w. H;%, 
: Θε,δ ?
	g� Θ �~�J�:w. u� χuε #~HH^$:

(1) sgnξ · χuε = |χu| ∗ ϕε = |χuε | = |χu|2 ∗ ϕε 6 1,

(2) |χuε |2 6 |χuε |.
(3.1)Y^ 3.1 B χuε ∈ D′(R+ ×Rn+1), H��>

∂tχ
u
ε +

n∑

i=1

∂xi
(χuf ′

i) ∗ ϕε −
n∑

i=1

(χuf ′
ixi

) ∗ ϕε −
n∑

i,j=1

∂2xixj
(aijχ

u) ∗ ϕε

+

n∑

i,j=1

∂xi
(aijxj

χu) ∗ ϕε =
[(
g −

n∑

i=1

fixi

)
∂uχ

u
]
∗ ϕε + ∂ξ(mε + nε). (3.2)
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 iZ< 4�% 2uaA-�mK�>�f�67q_ 235v 
 (2.13) %n φ(ξ, t, x) = ϕε(t− s, x− y)ϕ(ξ, t, x), zMp� +3
∫

R+

∫

Rn+1

ϕ(ξ, t, x)∂tχ
u
ε dξ dxdt+

∫

R+

∫

Rn+1

ϕ(ξ, t, x)

n∑

i=1

∂xi
(χuf ′

i) ∗ ϕε dξ dxdt

−
∫

R+

∫

Rn+1

ϕ(ξ, t, x)
( n∑

i=1

(χuf ′
ixi

) ∗ ϕε +
n∑

i,j=1

∂2xixj
(aijχ

u) ∗ ϕε
)
dξ dxdt

+

∫

R+

∫

Rn+1

ϕ(ξ, t, x)

n∑

i,j=1

∂xi
(aijxj

χu) ∗ ϕε dξ dxdt

=

∫

R+

∫

Rn+1

ϕ(ξ, t, x)
[(
g −

n∑

i=1

fixi

)
∂uχ

u
]
∗ ϕε dξ dxdt

+

∫

R+

∫

Rn+1

ϕ(ξ, t, x)∂ξ(mε + nε) dξ dxdt,&�~ (3.2), ��.'LLOg�
Qε(ξ, t, x) = |χuε |+ |χvε | − 2χuεχ

v
ε . (3.3)d� ρ(ξ, t, x) 78�kg�. Btv5 T > 0, } (3.2) +3

∫

Rn+1

(|χuε (ξ, T, x)|ρ(ξ, T, x)− |χuε (ξ, 0, x)|ρ(ξ, 0, x)) dξ dx

−
∫ T

0

∫

Rn+1

{ 1

R1
|χuε |ρ′1

( t

R1

)
ρ(ξ, x) + ρ(ξ, t)

[ 1

R2

n∑

i=1

(|χu|f ′
i) ∗ ϕερ′2

( x

R2

)

+
1

R2
2

n∑

i,j=1

(|χu|aij) ∗ ϕερ′′2
( x

R2

)
+

1

R2

n∑

i,j=1

(|χu|aijxj
) ∗ ϕερ′2

( x

R2

)]}
dξ dxdt

−
∫ T

0

∫

Rn+1

n∑

i=1

(
|χu|f ′

ixi
) ∗ ϕερ(ξ, t, x) dξ dxdt

=

∫ T

0

∫

Rn+1

[(
g −

n∑

i=1

fixi

)
∂u|χu|

]
∗ ϕερ(ξ, t, x) dξ dxdt

− 2

∫ T

0

∫

Rn

(mε + nε)(0, t, x)ρ(t, x) dxdt

− 1

R3

∫ T

0

∫

Rn+1

sgn(ξ)(mε + nε)ρ
′
3

( ξ

R3

)
ρ(t, x) dξ dxdt. (3.4)}�

∫ T

0

∫

Rn+1

|χuε |ρ′1
( t

R1

)
ρ(ξ, x) dξ dxdt 6 c

∫ T

0

∫

Rn+1

|χuε | dξ dxdt <∞,. R1 → +∞ �, +3
1

R1

∫ T

0

∫

Rn+1

|χuε |ρ′1
( t

R1

)
ρ(ξ, x) dξ dxdt → 0.



236 � f ^ & A | 39 $.8, J R2,R3 → +∞, � (3.4) 
8
∫

Rn+1

|χuε (ξ, T, x)| dξ dx−
∫

Rn+1

|χuε (ξ, 0, x)| dξ dx

= −2

∫ T

0

∫

Rn

(mε + nε)(0, t, x) dxdt+

∫ T

0

∫

Rn+1

g′|χuε | dξ dxdt+ T uε , (3.5)6�8
∫

Rn+1

|χvε(ξ, T, x)| dξ dx−
∫

Rn+1

|χvε(ξ, 0, x)| dξ dx

= −2

∫ T

0

∫

Rn

(pε + qε)(0, t, x) dxdt+

∫ T

0

∫

Rn+1

g′|χvε | dξ dxdt+ T vε , (3.6)d%
T uε =

∫ T

0

∫

Rn+1

((g′|χu|) ∗ ϕε − g′|χuε |) dξ dxdt,

T vε =

∫ T

0

∫

Rn+1

((g′|χv|) ∗ ϕε − g′|χvε |) dξ dxdt.rS 3.1 . εi → 0(i=1, 2) �, T u � T v 5{O?8 0.v �CT{O5�V6�,  b�V T uε → 0. 
�~
T uε =

∫ T

0

∫

Rn+1

((g′|χu|) ∗ ϕε − g′|χuε |) dξ dxdt

6

∫ T

0

∫

Rn+1

∫

Rn×R+

|g′(ξ, s, y)− g′(ξ, t, x)| |χ(ξ, u(s, y))|ϕε(t− s, x− y) dy ds dξ dxdt

6

∫

Rn×R+

∫ T

0

∫

Rn+1

|g′(ξ, t− ε1s, x− ε2y)− g′(ξ, t, x)|ϕ(s, y) dξ dxdt dy ds.}�
∫ T

0

∫

Rn+1

|(g′(ξ, t− ε1s, x− ε2y)− g′(ξ, t, x))| dξ dxdt 6 2||g||L1(Rn+1×R+),. εi → 0(i = 1, 2) �, }5�S0"�A:8, +3
∫

Rn×R+

∫ T

0

∫

Rn+1

|g′(ξ, t− ε1s, x− ε2y)− g′(ξ, t, x)|ϕ(s, y) dξ dxdt dy ds → 0,��.HU� (3.3) 59 3 R. }W' 3.1 +�
∂tχ

u
ε,δ +

n∑

i=1

∂xi
(χuf ′

i) ∗ ϕε,δ −
n∑

i=1

(χuf ′
ixi

) ∗ ϕε,δ −
n∑

i,j=1

∂2xixj
(aijχ

u) ∗ ϕε,δ

+

n∑

i,j=1

∂xi
(aijxj

χu) ∗ ϕε,δ =
[(
g −

n∑

i=1

fixi

)
∂uχ

u
]
∗ ϕε,δ + ∂ξ(mε,δ + nε,δ). (3.7)
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∂tχ

v
ε,δ +

n∑

i=1

∂xi
(χvf ′

i) ∗ ϕε,δ −
n∑

i=1

(χvf ′
ixi

) ∗ ϕε,δ −
n∑

i,j=1

∂2xixj
(aijχ

v) ∗ ϕε,δ

+

n∑

i,j=1

∂xi
(aijxj

χv) ∗ ϕε,δ =
[(
g −

n∑

i=1

fixi

)
∂vχ

v
]
∗ ϕε,δ + ∂ξ(pε,δ + qε,δ). (3.8)
�H35� %, r'J δ → 0, Ri → ∞, ε1 → 0, ε2 → 0. u�HH7��>:

∂ξχ
u
ε,δ = ψδ − δ(ξ − u) ∗ (ϕεψδ),

∂ξχ
v
ε,δ = ψδ − δ(ξ − v) ∗ (ϕεψδ),

(∂uχ
u) ∗ (ϕεψδ) = ψδ − ∂ξχ

u
ε,δ,

(∂vχ
v) ∗ (ϕεψδ) = ψδ − ∂ξχ

v
ε,δ.� (3.7) �t χuε,δ, (3.8) �t χvε,δ, Q�p�
V�yH℄�

I + II + III + IV + V = VI + VII + VIII.HU�V �T7�%5SpR, �r'� $T.

I =

∫ T

0

∫

Rn+1

∂t(χ
u
ε,δχ

v
ε,δ)ρ(ξ, t, x) dξ dxdt

=

∫

Rn+1

(χuε,δχ
v
ε,δ)(ξ, T, x)ρ(ξ, T, x) dξ dx−

∫

Rn+1

(χuε,δχ
v
ε,δ)(ξ, 0, x)ρ(ξ, 0, x) dξ dx− Rχ,d%

Rχ =
1

R1

∫ T

0

∫

Rn+1

(χuε,δχ
v
ε,δ)ρ

′
( t

R1

)
ρ(ξ, x) dξ dxdt.. δ → 0 l Ri → +∞ �, u� Rχ → 0, �l

I →
∫

Rn+1

(χuεχ
v
ε)(ξ, T, x) dξ dx−

∫

Rn+1

(χuεχ
v
ε)(ξ, 0, x) dξ dx. (3.9)B� II, ~

II =

∫ T

0

∫

Rn+1

n∑

i=1

[∂xi
(χuf ′

i) ∗ ϕε,δχvε,δ + ∂xi
(χvf ′

i) ∗ ϕε,δχuε,δ]ρ(ξ, t, x) dξ dxdt

= −
n∑

i=1

∫ T

0

∫

Rn+1

[(χuf ′
i) ∗ ϕε,δ∂xi

χvε,δ + (χvf ′
i) ∗ ϕε,δ∂xi

χuε,δ]ρ(ξ, t, x) dξ dxdt

− 1

R2

n∑

i=1

∫ T

0

∫

Rn+1

[(χuf ′
i) ∗ ϕε,δχvε,δ + (χvf ′

i) ∗ ϕε,δχuε,δ]ρ′2
( x

R2

)
ρ(ξ, t) dξ dxdt

=

n∑

i=1

∫ T

0

∫

Rn+1

[f ′
ixi

(ξ, t, x)χuε,δχ
v
ε,δ]ρ(ξ, t, x) dξ dxdt+Rf1 +Rf2 +Rf3 +Rf4 ,d%

Rf1 =

n∑

i=1

∫ T

0

∫

Rn+1

[f ′
i(ξ, t, x)χ

u
ε,δ∂xi

χvε,δ − (f ′
iχ
u) ∗ ϕε,δ∂xi

χvε,δ]ρ(ξ, t, x) dξ dxdt,



238 � f ^ & A | 39 $
Rf2 =

n∑

i=1

∫ T

0

∫

Rn+1

[f ′
i(ξ, t, x)χ

v
ε,δ∂xi

χuε,δ − (f ′
iχ
v) ∗ ϕε,δ∂xi

χuε,δ]ρ(ξ, t, x) dξ dxdt,

Rf3 = − 1

R2

n∑

i=1

∫ T

0

∫

Rn+1

[(χuf ′
i) ∗ ϕε,δχvε,δ + (χvf ′

i) ∗ ϕε,δχuε,δ]ρ′2(
x

R2
)ρ(ξ, t) dξ dxdt,

Rf4 =
1

R2

n∑

i=1

∫ T

0

∫

Rn+1

[f ′
i(ξ, t, x)χ

u
ε,δχ

v
ε,δ]ρ

′
2

( x

R2

)
ρ(ξ, t) dξ dxdt.rS 3.2 . δ → 0 i Ri → +∞, Rf3 ,R

f
4 → 0, Rf1 , R

f
2 �A1g� L

f
1 , L

f
2 . �p�,. ε1, ε2 → 0 �, Lfi → 0 (i = 1, 2).v Rf3 ,R

f
4 → 0 +toxu31�V,  b�V Rf1 l Rf2 5�N.

Rf1 =
n∑

i=1

∫ T

0

∫

Rn+1

[ ∫

Rn+1×R+

(f ′
i(ξ, t, x)− f ′

i(η, s, y))χ
u(η, s, y)

· ϕε(t− s, x− y)ψδ(ξ − η) dη dy ds
]
∂xi

χvε,δρ(ξ, t, x) dξ dxdt

= Rf11 +Rf12,�:
Rf11 =

n∑

i=1

∫ T

0

∫

Rn+1

[ ∫

Rn+1×R+

(f ′
i(ξ, t, x)− f ′

i(ξ, t, y))χ
u(η, s, y)

· ϕε(t− s, x− y)ψδ(ξ − η) dη dy ds
]
∂xi

χvε,δρ(ξ, t, x) dξ dxdt

+
n∑

i=1

∫ T

0

∫

Rn+1

[ ∫

Rn+1×R+

(f ′
i(ξ, t, y)− f ′

i(ξ, s, y))χ
u(η, s, y)

· ϕε(t− s, x− y)ψδ(ξ − η) dη dy ds
]
∂xi

χvε,δρ(ξ, t, x) dξ dxdt,

Rf12 =

n∑

i=1

∫ T

0

∫

Rn+1

[ ∫

Rn+1×R+

(f ′
i(ξ, s, y)− f ′

i(η, s, y))χ
u(η, s, y)

· ϕε(t− s, x− y)ψδ(ξ − η) dη dy ds
]
∂xi

χvε,δρ(ξ, t, x) dξ dxdt.}5�S0"�A:8, Rf12 → 0, (δ → 0), E δ → 0, Ri → +∞ �, Rf11 �A1g� Lf1 .�l ε1 → 0 �,

lim
ε1→0

Lf1

=
n∑

i=1

∫ T

0

∫

Rn+1

[ ∫

Rn

(f ′
i(ξ, t, x)− f ′

i(ξ, t, y))χ
u(ξ, t, y)ϕε2 (x− y) dy

]
∂xi

χvε2 dξ dxdt..v1y
 v0 ∈ BV (Rn), �
||v||L∞(R+;BV (Rn)) 6 ||v0||BV (Rn)
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(� [17]). �d� , +3
lim
ε1→0

Lf1 =

n∑

i=1

∫ T

0

∫

Rn

∫

Rn

∫

Rn

(f ′
i(v, t, x)− f ′

i(v, t, y))χ(v(t, ỹ), u(t, y))vỹi

· ϕε2(x− y)ϕε2(x − ỹ) dy dỹ dxdt

6 ε2

n∑

i=1

||f ′
xi
||L∞

∫ T

0

∫

Rn

∫

Rn

∫

Rn

vỹiϕε2(x− y)ϕε2(x − ỹ) dy dỹ dxdt

6 cε2

n∑

i=1

||f ′
xi
||L∞ ||v0||BV (Rn)."t. ε→ 0 �, Lf1 → 0. |Q.5JG+t�V Rf2 .�H3� III.

III = −
n∑

i=1

∫ T

0

∫

Rn+1

[(f ′
ixi
χu) ∗ ϕε,δχvε,δ + (f ′

ixi
χv) ∗ ϕε,δχuε,δ]ρ(ξ, t, x) dξ dxdt

= −2

n∑

i=1

∫ T

0

∫

Rn+1

[f ′
ixi

(ξ, t, x)χuε,δχ
v
ε,δ, ]ρ(ξ, t, x) dξ dxdt+Rf5 ,�:

Rf5 =

n∑

i=1

∫ T

0

∫

Rn+1

[f ′
ixi

(ξ, t, x)χuε,δχ
v
ε,δ − (f ′

ixi
χu) ∗ ϕε,δχvε,δ]ρ(ξ, t, x) dξ dxdt

+

n∑

i=1

∫ T

0

∫

Rn+1

[f ′
ixi

(ξ, t, x)χvε,δχ
u
ε,δ − (f ′

ixi
χv) ∗ ϕε,δχuε,δ]ρ(ξ, t, x) dξ dxdt.rS 3.3 . δ → 0, Ri → +∞, (i = 1, 2, 3) �, ~�V 5 Rf5 �A1 Lf5 , �:

Lf5 =

n∑

i=1

∫ T

0

∫

Rn+1

[f ′
ixi

(ξ, t, x)χuεχ
v
ε − (f ′

ixi
χu) ∗ ϕεχvε ] dξ dxdt

+

n∑

i=1

∫ T

0

∫

Rn+1

[f ′
ixi

(ξ, t, x)χvεχ
u
ε − (f ′

ixi
χv) ∗ ϕεχuε ] dξ dxdt.�p�, . ε→ 0 �, Lf5 → 0.�pz8+t6�5�V, �Mdd�. HU� VI. $+tV�

VI = −
n∑

i=1

∫ T

0

∫

Rn+1

[(fixi
∂uχ

u) ∗ ϕε,δχvε,δ + (fixi
∂vχ

v) ∗ ϕε,δχuε,δ]ρ(ξ, t, x) dξ dxdt

= −
n∑

i=1

∫ T

0

∫

Rn+1

[f ′
ixi
χuε,δχ

v
ε,δ]ρ(ξ, t, x) dξ dxdt+Rf6 +Rf7 +Rf8 ,�:

Rf6 =
n∑

i=1

∫ T

0

∫

Rn+1

[fixi
∂uχ

u
ε,δ − (fixi

∂uχ
u) ∗ ϕε,δ]χvε,δρ(ξ, t, x) dξ dxdt

+

n∑

i=1

∫ T

0

∫

Rn+1

[fixi
∂vχ

v
ε,δ − (fixi

∂vχ
v) ∗ ϕε,δ]χuε,δρ(ξ, t, x) dξ dxdt,
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Rf7 = −

n∑

i=1

∫ T

0

∫

Rn+1

[fixi
ϕδχ

v
ε,δ + fixi

ϕδχ
u
ε,δ]ρ(ξ, t, x) dξ dxdt,

Rf8 = − 1

R3

n∑

i=1

∫ T

0

∫

Rn+1

[f ′
ixi
χuε,δχ

v
ε,δ]ρ

′
( ξ

R3

)
ρ(t, x) dξ dxdt.rS 3.4 . δ → 0 } Ri → +∞, (i = 1, 2, 3) �, Rf7 ,R

f
8 → 0. Rf6 �A1g� Lf6 . �p�, 
 ε→ 0 �$k� 0.v u�. δ → 0 l Ri → +∞, (i = 1, 2, 3) �, Rf7 ,R

f
8 → 0.  am�V Rf6 5�N.8&�dV� Rf6 = Rf61 +Rf62,

Rf61 =
n∑

i=1

∫ T

0

∫

Rn+1

[fixi
∂uχ

u
ε,δ − (fixi

∂uχ
u) ∗ ϕε,δ]χvε,δρ(ξ, t, x) dξ dxdt

=

n∑

i=1

∫ T

0

∫

Rn+1

χvε,δ

[ ∫

Rn×R+

fixi
(ξ, t, x)ψδ(ξ − u(s, y))ϕε(t− s, x− y) dy ds

−
∫

Rn×R+

(fiyi(u(s, y), s, y))ϕε(t− s, x− y)ψδ(ξ − u(s, y)) dy ds
]
ρ(ξ, t, x) dξ dxdt

→
n∑

i=1

∫ T

0

∫

Rn

[ ∫

Rn×R+

χ(u, v) ∗ ϕε(fixi
(u(s, y), t, x)− (fiyi(u(s, y), s, y)))

ϕε(t− s, x− y) dy ds
]
dxdt, (δ → 0 i Ri → +∞(i = 1, 2, 3)).. ε→ 0 �, ~�5{O8 0. Rf62 +t6�5#8. (Ez8 3.4 3�.HU� VII.

VII =

∫ T

0

∫

Rn+1

[∂ξ(mε,δ + nε,δ)χ
v
ε,δ + ∂ξ(pε,δ + qε,δ)χ

u
ε,δ]ρ(ξ, t, x) dξ dxdt

= RM1 +RM2 +RM3 ,d%
RM1 = −

∫ T

0

∫

Rn+1

[(mε,δ + nε,δ)ϕδ + (pε,δ + qε,δ)ϕδ ]ρ(ξ, t, x) dξ dxdt,

RM2 =

∫ T

0

∫

Rn+1

[(mε,δ + nε,δ)δε,δ(ξ − v) + (pε,δ + qε,δ)δε,δ(ξ − u)]ρ(ξ, t, x) dξ dxdt,

RM3 = − 1

R3

∫ T

0

∫

Rn+1

[(mε,δ + nε,δ)χ
v
ε,δ + (pε,δ + qε,δ)χ

u
ε,δ]ρ

′
( ξ

R3

)
ρ(t, x) dξ dxdt.. δ → 0 i Ri → +∞ �, 3

RM3 → 0, RM1 → −
∫ T

0

∫

Rn

[(mε + nε) + (pε + qε)](0, t, x) dxdt. (3.10)B RM2 , }� m l p LO, n l q O5 (2.12), 3
RM2 >

∫ T

0

∫

Rn+1

[nε,δδ(ξ − v) ∗ ϕε,δ + qε,δδ(ξ − u) ∗ ϕε,δ]ρ(ξ, t, x) dξ dxdt
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=

∫ T

0

∫

Rn+1

K∑

k=1

[ ∫

R+×Rn

∫

R+×Rn

(( n∑

i=1

(
∂yiκ

√
ψδ(ξ−u(s,y))

ik − κ

√
ψδ(ξ−u(s,y))

ikyi

))2

· ψδ(ξ − v(s̃, ỹ)) +
( n∑

j=1

(
∂ỹjκ

√
ψδ(ξ−v(s̃,ỹ))

jk − κ

√
ψδ(ξ−v(s̃,ỹ))

jkỹj

))2

ψδ(ξ − u(s, y))
)

· ϕε(t− s, x− y)ϕε(t− s̃, x− ỹ) dy ds dỹ ds̃
]
ρ(ξ, t, x) dξ dxdt

>2

∫ T

0

∫

Rn+1

K∑

k=1

n∑

i,j=1

∫

R+×Rn

∫

R+×Rn

[(
∂yiκ

√
ψδ(ξ−u(s,y))

ik − κ

√
ψδ(ξ−u(s,y))

ikyi

)

·
(
∂ỹjκ

√
ψδ(ξ−v(s̃,ỹ))

jk − κ

√
ψδ(ξ−v(s̃,ỹ))

jkỹj

)√
ψδ(ξ − v(s̃, ỹ))

√
ψδ(ξ − u(s, y))

· ϕε(t− s, x− y)ϕε(t− s̃, x− ỹ) dy ds dỹ ds̃
]
ρ(ξ, t, x) dξ dxdt

= 2

∫ T

0

∫

Rn+1

( ∫

Rn×R+

∫

Rn×R+

K∑

k=1

[( n∑

i=1

(∂yiκ
ψδ(ξ−u(s,y))
ik − κ

ψδ(ξ−u(s,y))
ikyi

)
)

·
( n∑

j=1

(∂ỹjκ
ψδ(ξ−v(ỹ,s̃))
jk − κ

ψδ(ξ−v(ỹ,s̃))
jkỹj

)
)]

· ϕε(t− s, x− y)ϕε(t− s̃, x− ỹ) dy ds dỹ ds̃
)
ρ(ξ, t, x) dξ dxdt.}�

∂yiκ
ψδ(ξ−u(s,y))
ik − κ

ψδ(ξ−u(s,y))
ikyi

= ∂yi

∫

R

σik(η, s, y)χ(η, u)ψδ(ξ − η) dη −
∫

R

σikyi(η, s, y)χ(η, u)ψδ(ξ − η) dη,(E
RM2 > 2

∫ T

0

∫

Rn+1

ρ(ξ, t, x)
(∫

Rn+1×R+

∫

Rn+1×R+

Φijkdη dη̃ dy ds dỹ ds̃
)
dξ dxdt, (3.11)d%

Φijk =
K∑

k=1

n∑

i,j=1

[(σik(η, s, y)σjk(η̃, s̃, ỹ))∂yiϕε(t− s, x− y)∂ỹjϕε(t− s̃, x− ỹ)

+ (σik(η, s, y)σjkỹj (η̃, s̃, ỹ))∂yiϕε(t− s, x− y)ϕε(t− s̃, x− ỹ)

+ (σikyi (η, s, y)σjk(η̃, s̃, ỹ))ϕε(t− s, x− y)∂ỹjϕε(t− s̃, x− ỹ)

+ (σikyi (η, s, y)σjkỹj (η̃, s̃, ỹ))ϕε(t− s, x− y)ϕε(t− s̃, x− ỹ)]

· χ(η, u)χ(η̃, v)ψδ(ξ − η)ψδ(ξ − η̃).B�e aij 5R,

IV + V

=

n∑

i,j=1

∫ T

0

∫

Rn+1

(−∂2xixj
(aijχ

u) ∗ ϕε,δχvε,δ − ∂2xixj
(aijχ

v) ∗ ϕε,δχuε,δ)ρ(ξ, t, x) dξ dxdt
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+

n∑

i,j=1

∫ T

0

∫

Rn+1

(∂xi
(aijxj

χu) ∗ ϕε,δχvε,δ + ∂xi
(aijxj

χv) ∗ ϕε,δχuε,δ)ρ(ξ, t, x) dξ dxdt

= Ra1 +Ra2 +Ra3 +Ra4 ,d%
Ra1 =

n∑

i,j=1

∫ T

0

∫

Rn+1

(∂xj
(aijχ

u)ε,δχ
v
ε,δ + ∂xj

(aijχ
v)ε,δχ

u
ε,δ)∂xi

ρ(ξ, t, x) dξ dxdt,

Ra2 = −
n∑

i,j=1

∫ T

0

∫

Rn+1

((aijxj
χu)ε,δχ

v
ε,δ + (aijxj

χv)ε,δχ
u
ε,δ)∂xi

ρ(ξ, t, x) dξ dxdt,

Ra3 =

n∑

i,j=1

∫ T

0

∫

Rn+1

(∂xj
(aijχ

u)ε,δ∂xi
χvε,δ + ∂xj

(aijχ
v)ε,δ∂xi

χuε,δ)ρ(ξ, t, x) dξ dxdt,

Ra4 = −
n∑

i,j=1

∫ T

0

∫

Rn+1

((aijxj
χu)ε,δ∂xi

χvε,δ + (aijxj
χv)ε,δ∂xi

χuε,δ)ρ(ξ, t, x) dξ dxdt.�fU5%Npl, . δ → 0 i Ri → +∞(i = 1, 2, 3) �+3 Ra1 � Ra2 ?k� 0. �d� , +3
Ra3 =

∫ T

0

∫

Rn+1

[ K∑

k=1

n∑

i,j=1

∫

Rn+1×R+

∫

Rn+1×R+

(σik(η, y, s)σjk(η, y, s)

+ σik(η̃, ỹ, s̃)σjk(η̃, ỹ, s̃))χ(η, u)χ(η̃, v)∂yjϕε(t− s, x− y)∂ỹiϕε(t− s̃, x− ỹ)

· ψδ(ξ − η)ψδ(ξ − η̃) dη dy ds dη̃ dỹ ds̃
]
ρ(ξ, t, x) dξ dxdt, (3.12)}

Ra4 =

∫ T

0

∫

Rn+1

K∑

k=1

n∑

i,j=1

(∫

Rn+1×R+

∂yj (σik(η, s, y)σjk(η, s, y))χ(η, u)ϕε(t− s, x− y)

· ψδ(ξ − η) dη dy ds

∫

Rn+1×R+

χ(η̃, v)∂ỹiϕε(t− s̃, x− ỹ)ψδ(ξ − η̃) dη̃ dỹ ds̃

+

∫

Rn+1×R+

∂ỹi(σik(η̃, s̃, ỹ)σjk(η̃, s̃, ỹ))χ(η̃, v)ϕε(t− s̃, x− ỹ)ψδ(ξ − η̃) dη̃ dỹ ds̃

·
∫

Rn+1×R+

χ(η, u)∂yjϕε(t− s, x− y)ψδ(ξ − η) dη dy ds
)
ρ(ξ, t, x) dξ dxdt. (3.13)} (3.11)–(3.13), +3

Ra3 +Ra4 − RM2 6 Ra5 +Ra6 +Ra7 .d%5 Ra5 , R
a
6 , R

a
7 
HU�r'V �� $T.

Ra5 =

∫ T

0

∫

Rn+1

[ K∑

k=1

n∑

i,j=1

∫

Rn+1×R+

∫

Rn+1×R+

(χ(η, u)χ(η̃, v)ψδ(ξ − η)ψδ(ξ − η̃)

· σik(η, s, y)σjk(η, s, y)− 2σik(η, s, y)σjk(η̃, s̃, ỹ) + σik(η̃, s̃, ỹ)σjk(η̃, s̃, ỹ))

· ∂yjϕε(t− s, x− y)∂ỹiϕε(t− s̃, x− ỹ) dη dy ds dη̃ dỹ ds̃
]
ρ(ξ, t, x) dξ dxdt



3 
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→
∫ T

0

∫

Rn+1

[ K∑

k=1

n∑

i,j=1

∫

Rn×R+

∫

Rn×R+

χ(ξ, u)χ(ξ, v)

· (σik(ξ, s, y)σjk(ξ, s, y)− 2σjk(ξ, s, y)σik(ξ, s̃, ỹ) + σik(ξ, s̃, ỹ)σjk(ξ, s̃, ỹ))

· ∂yjϕε(t− s, x− y)∂ỹiϕε(t− s̃, x− ỹ) dy ds dỹ ds̃
]
dξ dxdt

= −
∫ T

0

∫

Rn+1

[ K∑

k=1

n∑

i,j=1

∫

Rn×R+

∫

Rn×R+

(−2σjk(ξ, s, y)σikỹi(ξ, s̃, ỹ)

+ ∂ỹi(σik(ξ, s̃, ỹ)σjk(ξ, s̃, ỹ)))

· ∂yjϕε(t− s, x− y)ϕε(t− s̃, x− ỹ) dy ds dỹ ds̃
]
dξ dxdt

−
∫ T

0

∫

Rn

[ K∑

k=1

n∑

i,j=1

∫

Rn×R+

∫

Rn×R+

χ(v, u)vỹi(σik(v, s, y)σjk(v, s, y)

− 2σik(v, s, y)σjk(v, s̃, ỹ) + σik(v, s̃, ỹ)σjk(v, s̃, ỹ))

∂yjϕε(t− s, x− y)ϕε(t− s̃, x− ỹ) dy ds dỹ ds̃
]
dξ dxdt

= La5 + La8 .E
Ra6 =

∫ T

0

∫

Rn+1

( K∑

k=1

n∑

i,j=1

∫

Rn+1×R+

χ(η, u)ϕε(t− s, x− y)ψδ(ξ − η)

(∂yj (σik(η, s, y)σjk(η, s, y))−2σjkyj (η, s, y)σik(η̃, s̃, ỹ)) dη dy ds

·
∫

Rn+1×R+

χ(η̃, v)∂ỹiϕε(t− s̃, x− ỹ)ψδ(ξ − η̃) dη̃ dỹ ds̃

+

K∑

k=1

n∑

i,j=1

∫

Rn+1×R+

χ(η̃, v)ϕε(t− s̃, x− ỹ)ψδ(ξ−η̃)

· (∂ỹi(σik(η̃, s̃, ỹ)σjk(η̃, s̃, ỹ))−2σjk(η, s, y)σikỹi (η̃, s̃, ỹ)) dη̃ dỹ ds̃

·
∫

Rn+1×R+

χ(η, u)∂yjϕε(t−s, x−y)ψδ(ξ−η) dη dy ds
)
ρ(ξ, t, x) dξ dxdt

→
∫ T

0

∫

Rn+1

( K∑

k=1

n∑

i,j=1

∫

Rn×R+

(∂yj (σik(ξ, s, y)σjk(ξ, s, y))−2σjkyj (ξ, s, y)σik(ξ, s̃, ỹ))

· χ(ξ, u)ϕε(t− s, x− y) dy ds

∫

Rn×R+

χ(ξ, v)∂ỹiϕε(t− s̃, x− ỹ) dỹ ds̃

+

K∑

k=1

n∑

i,j=1

∫

Rn×R+

(∂ỹi(σik(ξ, s̃, ỹ)σjk(ξ, s̃, ỹ))−2σjk(ξ, s, y)σikỹi (ξ, s̃, ỹ))

· ϕε(t− s̃, x− ỹ)χ(ξ, v) dỹ ds̃

∫

Rn×R+

χ(ξ, u)∂yjϕε(t−s, x−y) dy ds
)
dξ dxdt

=

∫ T

0

∫

Rn+1

(∫

Rn×R+

∫

Rn×R+

2

K∑

k=1

n∑

i,j=1

(σjkyj (ξ, s, y)σikỹi(ξ, s̃, ỹ))χ(ξ, u)χ(ξ, v)
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· ϕε(t− s, x− y)ϕε(t− s̃, x− ỹ) dy ds dỹ ds̃

+

K∑

k=1

n∑

i,j=1

∫

Rn×R+

∫

Rn×R+

(∂ỹi(σik(ξ, s̃, ỹ)σjk(ξ, s̃, ỹ))−2σjk(ξ, s, y)σikỹi (ξ, s̃, ỹ))

· ϕε(t− s̃, x− ỹ)χ(ξ̃, v)χ(ξ, u)∂yjϕε(t−s, x−y) dy ds dỹ ds̃
)
dξ dxdt

−
∫ T

0

∫

Rn

K∑

k=1

n∑

i,j=1

∫

Rn×R+

∫

Rn×R+

(∂yj (σik(v, s, y)σjk(v, s, y))

− 2σjkyj (v, s, y)σik(v, s̃, ỹ))

· χ(v, u)vỹiϕε(t− s, x− y)ϕε(t− s̃, x− ỹ) dy ds dỹ ds̃ dξ dxdt

= La6 + La9 .~C�?nF δ → 0,Ri → +∞(i = 1, 2, 3) �5{O. .�
Ra7 =−2

∫ T

0

∫

Rn+1

∫

Rn×R+

∫

Rn×R+

∫

R2

K∑

k=1

n∑

i,j=1

Ψijkdξ dxdtdη dη̃ dy ds dỹ ds̃,�:
Ψijk = σikyi (η, s, y)σjkỹj (η̃, s̃, ỹ)ϕε(t−s, x−y)ϕε(t−s̃, x−ỹ)

· χ(η, u)χ(η̃, v)ψδ(ξ−η)ψδ(ξ−η̃)ρ(ξ, t, x).u�. δ → 0,Ri → +∞, Ra7 �A1g� La7 , d%
La7 = −2

∫ T

0

∫

Rn+1

∫

Rn×R+

∫

Rn×R+

( K∑

k=1

n∑

i,j=1

σjkyj (ξ, s, y)σikỹi (ξ, s̃, ỹ)
)
χ(ξ, u)χ(ξ, v)

· ϕε(t− s, x− y)ϕε(t− s̃, x− ỹ) dy ds dỹ ds̃ dξ dxdt, (3.14)}� La5 + La6 + La7 = 0, (E
Ra5 +Ra6 +Ra7 → La8 + La9 (δ → 0,Ri → +∞).E

|La8 | 6
∫ T

0

∫

Rn

[ K∑

k=1

n∑

i,j=1

∫

Rn×R+

∫

Rn×R+

∣∣∣χ(v, u)vỹi(σik(v, s, y)σjk(v, s, y)

− 2σik(v, s, y)σjk(v, s̃, ỹ) + σik(v, s̃, ỹ)σjk(v, s̃, ỹ))

· ∂yjϕε(t− s, x− y)ϕε(t− s̃, x− ỹ)
∣∣∣ dy ds dỹ ds̃

]
dξ dxdt

6 c
(ε1
ε2

+ ε1 + ε2

)
||v0||BV ((Rn) → 0, ε→ 0. (3.15)}

|La9 | 6
∫ T

0

∫

Rn

K∑

k=1

n∑

i,j=1

∫

Rn×R+

∫

Rn×R+

∣∣∣χ(v, u)vỹi

(∂yj (σik(v, s, y)σjk(v, s, y))−2σjkyj (v, s, y)σik(v, s̃, ỹ))
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ϕε(t− s, x− y)ϕε(t− s̃, x− ỹ)
∣∣∣ dy ds dỹ ds̃ dξ dxdt

6 c(ε1 + ε2)||v||BV ((Rn) → 0, ε→ 0. (3.16)6p, 'L VIII.

VIII =

∫ T

0

∫

Rn+1

[(g∂uχ
u) ∗ ϕε,δχvε,δ + (g∂vχ

v) ∗ ϕε,δχuε,δ]ρ(ξ, t, x) dξ dxdt

= Rg1 +Rg2 +Rg3 +Rg4,d%
Rg1 =

∫ T

0

∫

Rn+1

[gϕδχ
v
ε,δ + gϕδχ

u
ε,δ]ρ(ξ, t, x) dξ dxdt,

Rg2 =

∫ T

0

∫

Rn+1

[g′χuε,δχ
v
ε,δ]ρ(ξ, t, x) dξ dxdt,

Rg3 =
1

R3

∫ T

0

∫

Rn+1

[gχuε,δχ
v
ε,δ]ρ

′
( ξ

R3

)
ρ(t, x) dξ dxdt,

Rg4 =

∫ T

0

∫

Rn+1

[(g∂uχ
u) ∗ ϕε,δ−g∂uχuε,δ]χvε,δρ(ξ, t, x) dξ dxdt

+

∫ T

0

∫

Rn+1

[(g∂vχ
v) ∗ ϕε,δ−g∂vχvε,δ]χuε,δρ(ξ, t, x) dξ dxdt.rS 3.5 J δ → 0, Ri → +∞ (i = 1, 2, 3), 3

Rg1 → 0, Rg3 → 0,

Rg2 →
∫ T

0

∫

Rn+1

[g′χuεχ
v
ε ] dξ dxdti Rg4 �A1g� Lg4, . ε→ 0 �, $k� 0.�Tz85�V6��z8 3.4, (EMoG�. <|z8 3.2–3.5 } (3.10), 3∫

Rn+1

(χuεχ
v
ε(ξ, T, x)−χuεχuε (ξ, 0, x)) dξ dx

>

∫ T

0

∫

Rn+1

g′χuεχ
v
ε dξ dxdt−Lf1 − Lf2−Lf5 + Lf6 − La8 − La9

+ Lg4−
∫ T

0

∫

Rn

(mε + nε)(0, t, x) + (pε + qε)(0, t, x) dxdt. (3.17)� (3.5)–(3.6) l (3.17) n
pe, 31∫

Rn+1

(|χuε |+ |χvε | − 2χuεχ
v
ε)(ξ, T, x) dξ dx−

∫

Rn+1

(|χuε |+ |χvε | − 2χuεχ
v
ε)(ξ, 0, x) dξ dx

6

∫ T

0

∫

Rn+1

(g′(|χuε |+ |χvε | − 2χuεχ
v
ε))(ξ, t, x) dξ dxdt

+ 2Lf1 + 2Lf2 + 2Lf5 − 2Lf6 + 2La8 + 2La9 − 2Lg4 + T uε + T vε .�JJ ε1 → 0, qpJ ε2 → 0, <|z8 3.1–3.5 } (3.15)–(3.16), 3∫

Rn

|u(T, x)− v(T, x)| dx
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6

∫

Rn

|u(0, x)− v(0, x)| dx +M

∫ T

0

∫

Rn

|u(t, x)− v(t, x)| dxdt.,d Gronwall �7�, 6p31
||u(T, ·)− v(T, ·)||L1(Rn) 6 eMT ||u0(·)− v0(·)||L1(Rn),���"m5�
.yh &XQW9h%
�
N;V7d�%V�5�X�0.= � Q � 
 � f

[1] Chavent G, Jaffre J. Mathematical models and finite elements for reservoir simulation

[M]. Amsterdam: North Holland, 1986.

[2] Espedal M S, Karlsen K H. Numerical solution of reservoir flow models based on large

time step operator splitting algorithms [M]//Filtration in Porous Media and Industrial

Applications (Cetraro, Italy, 1998), Lecture Notes in Mathematics, vol 1734, Berlin:

Springer-Verlag, 2000, 9–77.

[3] Juan L V. The porous medium equation: mathematical theory [M]. New York: Oxford

University Press, 2006.

[4] Bürger R , Evje S, Karlsen K H. On strongly degenerate convection-diffusion problems

modeling sedimentation-Consolidation processes [J]. J Math Anal Appl, 2000, 247:517–

516.

[5] Bustos M C, Concha F, Bürger R, et al. Sedimentation and thickening: phenomenologi-

cal foundation and mathematical theory [M]. Dordrecht Netherlands: Kluwer Academic

Publishers, 1999.

[6] Antonelli F, Barucci E, Mancino M E. A comparison result for FBSDE with applications

to decisions theory [J]. Math Meth Oper Res, 2001, 54:407–423.

[7] Chen G Q, Karlsen K H. L1 framework for continuous dependence and error estimates

for quasilinear degenerate parabolic equations [J]. Trans Amer Math Soc, 2004, 3:937–

963.

[8] Droniou J, Eymard R. A mixed finite volume scheme for anisotropic diffusion problems

on any grid [J]. Numerische Mathematik, 2006, 105(1):35–71.

[9] Evje S, Karlsen K H. Monotone difference approximations of BV solutions to degenerate

convection-diffusion equations [J]. SIAM J Numer Anal, 2000, 37(6):1838–1860.
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Abstract This paper deals with the uniqueness of the kinetic solutions to Cauchy prob-

lem of general anisotropic degenerate parabolic-hyperbolic equations. Kinetic formulation

is extended to such general degenerate parabolic-hyperbolic equations with coefficients de-

pending on time-spatial variables. Contraction property of kinetic solutions is established

under appropriate conditions on diffusion and convection functions.
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