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DOI: 10.16205/j.cnki.cama.2018.0025*>T9:�.$ Abel 9�JCO.�539∗_[Z1 a\`2 ^�℄3;G �w7f92l"�h��"H Abel h4a2�"$F6h4�S, {J2-H49).v G �a2�4"$F6h, o G 4l"�h��"H Abel h-a�- G′ = Q o Qp/Z a
G "VHÆ� G = S ×D, ℄�- G′ = Q z,
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- G′ = Qp/Z z, S a��sHÆ S = S1 ∗ S2 ∗ · · · ∗ Sr , �a"V� S B~h7=�
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,

℄� D ∼= Q⊕ Q⊕ · · · ⊕Q
︸ ︷︷ ︸

s

⊕ t⊕

k=1

(Qπk
/Z), ~� s, t ;�FLw�, Q �a)��h, πk (k =

1, 2, · · · , t) �M;��4wb, =� π1 ⊆ π2 ⊆ · · · ⊆ πt, Qπk
= {m

n
| (m, n) = 1, m ∈

Z, n �y4 πk-�}. �T�7, - G′ = Q z, (r; s;π1, π2, · · · , πt) �h G 4�S�Æ0; -
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1 IE)QF,'�#�^# [1] 3�g`J_.u A �SO`1w�3 Abel g, n A !UG
�

A = Z⊕ Z⊕ · · · ⊕ Z︸ ︷︷ ︸
r

⊕Zn1
⊕ Zn2

⊕ · · · ⊕ Zns
,\� 1 < n1 | n2 | · · · | ns, �` (r;n1, n2, · · · , ns) � A 3�R�
/. t�g:*E�p�38(, Æ�F?�R8(3px. l# [2]�, %Be81k!�g�&1Hig3`1w�E5g3�R�
/, zI1n,3K�.u G �`1w�E5g, Æ3k!�g�&1Hig, n G !U�S6G
� G =

SG · ζG, \� ζG � G 3�?, Æ�`1w�3 Abel g,
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,

\� d1, d2, · · · , dr :�xv�, <� d1 | d2 | · · · | dr. 
{
ζG = F ⊕ Zm1

⊕ Zm2
⊕ · · · ⊕ Zmu

, ζG/G′ = F1 ⊕ Zn1
⊕ Zn2

⊕ · · · ⊕ Znv
,\� F ��� s 3
_ Abel g (_%!2 F1 
��� s− 1 3
_ Abel g). m1, m2,

· · · , mu :�)d 13xv�, <� m1 | m2 | · · · | mu. n1, n2, · · · , nv Q:�)d 13xv�, <� n1 | n2 | · · · | nv. s�t:�/ (d1, d2, · · · , dr; s;m1,m2, · · · ,mu;n1, n2, · · · , nv)�g G 3�R�
/.I/6, s�K��v6#f1k!�g�&1Hig3`1w�E5g3Rm, Æ�V1`1w� Abel g3�R8(.%B|1, `1w� Abel gf`1�3
_ Abel g�D4-, l Abel g', �tg��
_ Abel g. f%4=X3�:�, l Abel g', Ttg��!#g (�SO Abelg A �!#3, n[= A 3kXh� a `kX
i� n, a = nx l A *�!
), !#
Abel g�`b)3�R. u D �SO!# Abel g, n D !UG
�

D = Q⊕Q⊕ · · · ⊕Q︸ ︷︷ ︸
s

⊕ t⊕

i=1

(Qπi
/Z),}� s, t:�EKv�, Q �`(��g, πi(i = 1, 2, · · · , t) �L:��3va, <� π1 ⊆

π2 ⊆ · · · ⊆ πt, Qπi
= {m

n | (m,n) = 1,m ∈ Z, n �x3 πi-�}. �S�6, (s;π1, π2, · · · , πt)�g D 3�R�
/.!# Abel gl Abel g(:*�L	�O3	r. %B|1, AO Abel g�!_o/SO!# Abel g D *, \� “�93” OO Abel g D �� A 3Tt�;; n[!#
Abel g D � Abel g G 3SO�g, O? D S8� G 3SO~`6. t:v^3�:
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A. 0l, %BO�!# Abel g3�R8(�V/S'`1�3!#E5g.%B�SOg G �!#3, n[= G 3kXh� g `kXxv� n, g = xn l G *d`
.�#3�ON3�zI,G38(.!0 1.1 u G �`1�3!#E5g, n G 3k!�g��!G Abel g,`�,
G′ = Q n Qp/Z ` G !UG
� G = S ×D, \�, G′ = Q y,

S =
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,

, G′ = Qp/Z y, S `�?rG
 S = S1 ∗ S2 ∗ · · · ∗ Sr, Si
∼= Sp, �`!U� S A}g6<�
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,

\� D ∼= Q⊕Q⊕ · · · ⊕Q︸ ︷︷ ︸
s

⊕ t⊕
k=1

(Qπk
/Z), }� s, t :�EKv�, Q �`(��g,

πk(k = 1, 2, · · · , t) �L:��3va, <� π1 ⊆ π2 ⊆ · · · ⊆ πt, Qπk
= {m

n | (m,n) =

1,m ∈ Z, n �x3 πk-�}. �S�6, , G′ = Q y, (r; s;π1, π2, · · · , πt) �g G 3�R�
/; , G′ = Qp/Z y, (p, r; s;π1, π2, · · · , πt) �g G 3�R�
/, ypg H Q�`1�3!#E5g, Æ3k!�g��!G Abel g, O? G �Rd H 3 G
O���ÆB`4�3�
/.%B�SOg G ���Hig, n[ G 3AO`1w�3�g:�Hig. Ud��Hig G, SOp��{� G 6 Q nr G 6 Q/Z. �SOg G �!G, n[ G �UG
�Æ3.Ou�g3~r.

2 "1 1.1  M7%B.zI.O[(.



290 � G W � A u 39 �H0 2.1 uG�`1�!#E5g, G = γ1(G) > γ2(G) > · · · > γc(G) > γc+1(G) = 1� G 3,�?4, n γi(G)/γi+1(G) :�`1�!# Abel g.L { Gab = G/G′, Z G �`1�3!#E5g, T Gab �`1�3!# Abel g,Æ!UG
�
Gab = Q⊕Q⊕ · · · ⊕Q︸ ︷︷ ︸

r

⊕(Qπ1
/Z)⊕ (Qπ2

/Z)⊕ · · · ⊕ (Qπs
/Z)._d(l' Gab ⊗Z Gab / γ2(G)/γ3(G) 3<��

ε1 : Gab ⊗Z Gab −→ γ2(G)/γ3(G)

xγ2(G)⊗ yγ2(G) 7−→ [x, y]γ3(G),Z� γ2(G)/γ3(G) � Gab ⊗Z Gab 3��7. �X/ Q ⊗Z Q = Q, Q ⊗Z (Qπi
/Z) = 0,

(Qπi
/Z)⊗Z (Qπj

/Z) = 0 Ux
Gab = Q⊕Q⊕ · · · ⊕Q︸ ︷︷ ︸

r

⊕(Qπ1
/Z)⊕ (Qπ2

/Z)⊕ · · · ⊕ (Qπs
/Z),n

Gab ⊗Z Gab = Q⊕Q⊕ · · · ⊕Q︸ ︷︷ ︸
r2

.d� γ2(G)/γ3(G) �`1�!# Abel g._d(l' γi(G)/γi+1(G)⊗Z Gab / γi+1(G)/γi+2(G) 3<��
εi : γi(G)/γi+1(G)⊗Z Gab −→ γi+1(G)/γi+2(G)

xγi+1(G) ⊗ yγ2(G) 7−→ [x, y]γi+2(G).XQ6�u γi(G)/γi+1(G) �`1�!# Abel g, �(!z γi(G)/γi+1(G) ⊗Z Gab 3��7 γi+1(G)/γi+2(G) �`1�!# Abel g.H0 2.2 pE5g G �!#3��Hig���Hig3%p, n G � Abel g.L u 1 < A < G, \� A �!#3��Hig, G/A �SO��Hig. mW�/
A ∼= Q n A 6 Q/Z, '��|, , A 6 Q/Z y, A 3AOEYB3 Sylow p-�g:�VHi p-g.

(1) , A ∼= Q y, u A = {au | u ∈ Q} = A 3LOh a �,. %B<K A � G 3�?�g. �{s, kd x ∈ G, x Q��^l A s, _%b." A 3SO
�R αx = Cx|A,

αx _ a37 αx(a)�Se8, y αx(a
u) = (αx(a))

u =AO u ∈ Q�,. , αx(a) = av 6= a,y v 6= 1 y,

[a, x] = a−1ax = a−1αx(a) = av−1,_%2/=AOxv� c,

[a, cx] = [a, x, x, · · · , x︸ ︷︷ ︸
c

] = a(v−1)c 6= a0 = 1,tf G �E5g>>. Z%, A � G 3�?�g, �X/ G/A ���Hig, G �SO
Abel g.
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(2) , A 6 Q/Z y, A !G
�\ Sylow �g3~r, A =
∏

P , P � A 3 Sylow

p-�g. _��|, P ��SOVHi p-g. %B<K A � G 3�?�g, �%�EzIAO P :� G 3�?�gy!. mW�/ P � G 3SOxW�g. kd y ∈ G, {
H := 〈P, y〉 = P 〈y〉. H �OE5g, ` P ⊳H . ,GzI H �O Abel g.p y �O`1
h, { Y = 〈y〉, ,z [P, Y ] = 1. 8Y℄t:

ϕ : P × Y −→ [P, Y ]/[P, Y, Y ],

(a, yi) 7−→ [a, yi][P, Y, Y ]._d [ab, yi] = [a, yi]b[b, yi] = [a, yi][b, yi], [a, yiyj] = [a, yj ][a, yi]y
i

= [a, yj ][a, yi][a, yi, yj ],n ϕ �	3C3. Z% ϕ b.SO�� ϕ̃ : P ⊗Z Y −→ [P, Y ]/[P, Y, Y ]. 
 ϕ̃ �<�t, `
P ⊗Z Y = 1, 
U [P, Y ] = [P, Y, Y ]. XQ!2, [P, Y ] = [P, Y, Y, · · · , Y︸ ︷︷ ︸

c

] = 1, y [P, y] = 1.

y YB6�^l P s, H ,i�O Abel g.p y �SO&1
h, P ∩ 〈y〉 = 1, H/P = P 〈y〉/P ∼= 〈y〉 �O&1Hig. �X/
H ′ 6= P , In, H/H ′ �&1Hig, _ [1, 5.2.5], | H <�t)��, >>. �u H ��
Abel g, n P > H ′ 6= 1, H ′ �O`1Hig, %y H/H ′ = 〈y〉 ⊕ P/H ′, P/H ′ ∼= P �VHi p-g. , H ′ 6= 1 y, P �� H 3�?�g, In, _ H/P �Hig| H �SO Abelg. P ∩ ζ(H) � H 3EYB`1Hi�g. n[ ζ(H) �SOSg, y ζ(H) < P , O? H��SOSg, tf y � H 3&1
h>>, d� ζ(H) 
\`&1
h, tN ζ(H) !G
� ζ(H) = (ζ(H) ∩ P )× 〈z〉, 〈z〉 �&1Hig.P� Jordan Hölder 8(, .OxW4 1 < P < H f 1 < ζ(H) < H �`5�3�+.

H/ζ(H) �SOSg, `
ζ(H)P/ζ(H) ∼= P/P ∩ ζ(H) ∼= P�SOVHi p-g, 


H/ζ(H)P ∼=
H/P

ζ(H)P/P�SO`1Hig, T H/ζ(H) �SO�`&1E��3Sg. u
ζ2(H)/ζ(H) = ζ (H/ζ(H))� H/ζ(H) 3�?, !UMz(l
i3+��:

ϕ : ζ2(H)/ζ(H) −→ HomZ (H/H ′, ζ(H)) ,

ωζ(H) 7−→ ϕ (ωζ(H)) : H/H ′ −→ ζ(H),

tH ′ 7−→ [ω, t].t�I Abel Sg ζ2(H)/ζ(H) � HomZ (H/H ′, ζ(H)) 3SO�g.

HomZ (H/H ′, ζ(H))

= HomZ (〈y〉 ⊕ P/H ′, (P ∩ ζ(H)) × 〈z〉)

= HomZ (〈y〉, (P ∩ ζ(H))× 〈z〉)⊕HomZ (P/H
′, (P ∩ ζ(H))× 〈z〉)

= (P ∩ ζ(H))× 〈z〉.



292 � G W � A u 39 �Z%, ζ2(H)/ζ(H) �Rd P ∩ ζ(H) 3SO�g, Æ�SO`1Hi p-g, tNE5g
H/ζ(H) �``13E��, >>. t�I, A 6 Q/Z y, A � G 3�?�g, k� G/A���Hig| G S8� Abel g.�}, %BzI1 G �SO Abel g.��Hig���5d 13g. ,G3g+�I, pE5g G �!# Abel g A �SOHig3%p, , A 3�)d 1 y, G �S8� Abel g.2 2.1 d A = Q⊕Q⊕ · · · ⊕Q︸ ︷︷ ︸

m

= Qm, Æ3
�Rg Aut(A) = GL(m,Q), d γ ∈

Aut(A),

γ =




1 1

1 1

. . .
. . .

1 1

1




,

〈γ〉 E56�^l A s, G = A⋊ 〈γ〉 �SOE5'5d m 3E5g.2 2.2 d A = Zp∞ ⊕ Zp∞ ⊕ · · · ⊕ Zp∞

︸ ︷︷ ︸
n

= Zn
p∞ , Æ3
�Rg Aut(A) = GL(n,Zp),

Zp � p-adic vi, d δ ∈ Aut(A),

δ =




1 1

1 1

. . .
. . .

1 1

1




,

δ �SO&1
h, ÆE56�^l A s. G = A⋊ 〈δ〉 �SOE5'5d n 3E5g.l+ 2.2 *, G 3�? ζ(G) �SOVHi p-g, tOg+Q�I, =SOE5g X &
, y|\�? ζ(X) �SOSg, X �S8�Sg.2 2.3 u Gi = {xu
i | u ∈ Q} ∼= Q (i = 1, 2). u G = G1 ∗ G2 � G1 ` G2 3
_r. u π �L:��3va, =xv� n `G
 n = nπnπ′ , \� nπ � n 3 π-�G. 7

N = 〈γ3(G), [x1, x
1

n

2 ]nπ | n ∈ N〉G � G 3xW�g. u Sπ = G/N , n Sπ � Qπ/Z �
Q⊕Q 3�?%p, ` S′

π = ζ(Sπ) ∼= Qπ/Z.��3, , π = {p} y, { Sπ = Sp. %y Sp � Qp/Z � Q ⊕ Q 3�?%p, `
S′

p = ζ(Sp) ∼= Qp/Z.!0 1.1 �L6 0u G �SO`1�!#E5g,Æ3k!�g��!G Abel g.�.%B!U<K G 3k!�g G′ �!#3. �{s, u
G = γ1(G) > γ2(G) > · · · > γc+1(G) = 1� G 3,�?4. Z� G �`1�!#E5g, _[( 2.1, γi(G)/γi+1(G) !#. tNl G′ = γ2(G) > γ3(G) > · · · > γc+1(G) = 1 *, _�u G′ � Abel g. γc(G) �!#3,
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γc(G) � Abel g γc−1(G) 3SO!#�g, d� γc−1(G) = γc(G) ⊕ (γc−1(G)/γc(G)). Z%, γc−1(G) �!#3. �^XQA!z G′ = γ2(G) = γ3(G)⊕ (γ2(G)/γ3(G)) �!#3.\&%B<K G′ 6 ζ(G). �{s, kd g ∈ G, u H = 〈G′, g〉 = G′〈g〉. _d G′ ��!G!# Abel g, '��!#��Hig, ` H/G′ = G′〈g〉/G′ ∼= 〈g〉/〈g〉 ∩G′ �Hig,_[( 2.2 |, H � Abel g. n [G′, g] = 1, '� G′ 6 ζ(G).,z ζ(G) �!#3�` G/ζ(G) �&Sg. u z ∈ ζ(G), n �SOv�. Z� G !#, T(l x ∈ G, <� xn = z. =dkX3 g ∈ G, (l h ∈ G, |2 hn = g. Z%
[x, g] = [x, hn] = [x, h]n = [xn, h] = [z, h] = 1, n x ∈ ζ(G), 
U ζ(G) �!#g, �`
G/ζ(G) �&Sg. ��3, u T � G 3S�g, n T 6 ζ(G).Z� G′ 6 ζ(G), ` G′ !#, 
U(l ζ(G) 3SO�g D, |2 ζ(G) = G′ ⊕D. 
_ ζ(G) !#, n` D �!# Abel g. u πi �L:��3va, � n �SO πi-�, n[
n � πi ���DE3�r. { Qπi

= {m
n | (m,n) = 1,m ∈ Z, n �x3 πi-�}, n(l s Ux π1 ⊆ π2 ⊆ · · · ⊆ πt, |2

D ∼= Q⊕Q⊕ · · · ⊕Q︸ ︷︷ ︸
s

⊕ t⊕

i=1

(Qπi
/Z),\� Q �`(��g. �S�6, (s;π1, π2, · · · , πt) �g D 3�R�
/.Z ζ(G)/G′ � G/G′ 3!#�g, T(l S 6 G, | G/G′ = (S/G′)⊕ (ζ(G)/G′), '�

G/G′ = (S/G′)⊕ (ζ(G)/G′)

= (S/G′)⊕
G′ ⊕D

G′

= (S/G′)⊕D,n G = S ×D. 
_ S/G′ ∼=
G/G′

ζ(G)/G′

∼= G/ζ(G) �!#3&S Abel g, n`Æ� Q s3`1 8/$�.8D 1 G′ = Qp/Z.p G′ �Sg, O?Æ�!#S Abel g, n G′ �VHig Qp/Z 3~`. _d G′ �!G, n(lLO�� p, |2 G′ = Qp/Z.�X/ S′ = ζ(S) = G′. d�(l' S/ζS×S/ζS /Qp/Z3℄t f ,|2 f(xζS, yζS) =

[x, y], f �E�g3C=�	3C℄t. �{s, S �'� 2 3E5g, kd x, y, xi, yi ∈

S, i = 1, 2, mWMz [x1x2, y] = [x1, y][x2, y] ` [x, y1y2] = [x, y1][x, y2], '� f �	3C3. 
_ [x, x] = 1 ` [x, y] = [y, x]−1, n` f �C=�3. , x �� S 3�?hy, (l
y ∈ S |2 [x, y] 6= 1, t�I f(xζS, yζS) 6= 0 + Z, f �E�g3.u x ∈ S \ ζ(S), {

〈(xζ(S))Q〉⊥ = {yζ(S) ∈ S/ζ(S) | [xQ, y] = 0 + Z},n 〈(xζ(S))Q〉⊥� S/ζ(S)3!#�g,Z%� S/ζ(S)3�$�. u S/ζ(S) = 〈(xζ(S))Q〉⊥⊕

X ,n X 3�S85d 1. �u X 3�)d 1,d y1, y2 ∈ S,|2 〈(y1ζ(S))
Q, (y2ζ(S))

Q〉 =

〈(y1ζ(S))
Q〉 ⊕ 〈(y2ζ(S))

Q〉 6 X , ` [x, y1] =
1
p + Z, [x, y2] = − 1

p + Z, n [xr , (y1y2)
s] =

[xr, ys1] + [xr , ys2] + Z = 1
p (rs)p − 1

p (rs)p + Z = 0 + Z. Z% y1y2 ∈ 〈(xζ(S))Q〉⊥, f
S/ζ(S) = 〈(xζ(S))Q〉⊥⊕X >>, 
U, X 3�� 1. u S/ζ(S) = 〈(xζ(S))Q〉⊥⊕〈(yζ(S))Q〉,
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S/ζ(S) = 〈(xζ(S))Q, (yζ(S))Q〉 ⊕ 〈(xζ(S))Q, (yζ(S))Q〉⊥.{ S1 = 〈(xζ(S))Q, (yζ(S))Q, ζS〉, T1 = 〈〈(xζ(S))Q, (yζ(S))Q〉⊥, ζS〉. n` [S1, T1] = 1,

S1 ∩ T1 = ζS ` ζS1 = ζS = ζ(T1). T S � S1 ` T1 3�?r, y S = S1 ∗ T1., T1/ζ(S) 6= 0 y, T1 �!#E5g. _d T ′

1 6 S′ �!#g, Z� T ′

1 = S′ = Qp/Z.
_ rank(T1/ζ(T1)) = rank(S/ζS)− 2, nXQ6�u T1 !UG
��?r T1 = S2 ∗S3 ∗

· · · ∗ Sr, '� S `�?rG
 S = S1 ∗ S2 ∗ · · · ∗ Sr, tN!U� S A}g6<�
S =









1 a12 a13 a14 · · · a1 r+1 b1 r+2

0 1 0 0 · · · 0 a2 r+2

...
...

. . .
. . .

...
...

...
...

...
. . .

. . .
...

...
...

0 0 0 · · · 1 0 ar r+2

0 0 0 · · · 0 1 ar+1 r+2

0 0 0 · · · 0 0 1




∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

aij ∈ Q

b1 r+2 ∈ Qp/Z






,

\� Si
∼= Sp, �` (p, r) � S 3�R�
/.�X/ G = S ×D, \� D ∼= Q⊕Q⊕ · · · ⊕Q︸ ︷︷ ︸

s

⊕ t⊕
k=1

(Qπk
/Z).�S�6, (p, r; s;π1, π2, · · · , πt) �g G 3�R�
/. u G1 �`1�!#E5g`\k!�g��!G Abel g, ` (p1, r1; s1;π

′
1, π

′
2, · · · , π

′
t1) �4\3��. n[

(p, r; s;π1, π2,

· · · , πt) = (p1, r1; s1;π
′

1, π
′

2, · · · , π
′
t1), /i` G ∼= G1. C}, n[ α : G −→ G1 �SOg�R,O? α(G′) = G′

1, α(ζ(G)) = ζ(G1), 
U` G/ζ(G) ∼= G1/ζ(G1), ζ(G)/G′ ∼= ζ(G1)/G
′

1.Z% p = p1, r = r1, (s;π1, π2, · · · , πt) = (s1;π
′

1, π
′

2, · · · , π
′

t1).8D 2 G′ = Q.n[ G′ �&S3, O?Æ�!#&S Abel g. Z% G′ �`(�Ag Q 3~`. _d G′ �!G, 
U G′ = Q.�X/ G = Sζ(G), G′ = S′ = ζ(S) = Q. �D�{, u G′ = S′ = {au | u ∈ Q} =LO a ∈ G′ �,. kd xG′, yG′ ∈ S/G′, �X/ G′ 6 ζ(G), [xG′, yG′] = [x, y] = au(x,y). 8Y S/S′ s3SO℄� φ � φ(xS′, yS′) = u(x, y), n φ � S/S′ × S/S′ / Q 3SOE�g3C=�	3C℄�. 
U S/S′ �SO>$�. Z%(lS�>x�p ε1, ε−1, · · · , εr,

ε−r, u Si/S
′ = 〈εQi , ε

Q
−i〉, n

Si
∼=









1 a12 a13

1 a23

1




∣∣∣∣∣∣∣∣
aij ∈ Q





,

S′

i = ζ(Si) = S′ = ζ(S) = Q, �` Si/S
′ = Q ⊕ Q. /i S = S1S2 · · ·Sr, �`, i 6= j y,

[Si, Sj ] = 1, Si ∩ Sj = ζ(S). Z%, S `�?rG
 S = S1 ∗ S2 ∗ · · · ∗ Sr, T S !UA}g
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S =









1 a12 a13 a14 · · · a1 r+1 a1 r+2

0 1 0 0 · · · 0 a2 r+2

...
...

. . .
. . .

...
...

...
...

...
. . .

. . .
...

...
...

0 0 0 · · · 1 0 ar r+2

0 0 0 · · · 0 1 ar+1 r+2

0 0 0 · · · 0 0 1




∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

aij ∈ Q






,

n G = S ×D, \� D ∼= Q⊕Q⊕ · · · ⊕Q︸ ︷︷ ︸
s

⊕ t⊕
k=1

(Qπk
/Z).�S�6, (r; s;π1, π2, · · · , πt)� G3�R�
/. u G1 �`1�!#E5g`\k!�g��!G Abelg,4\3��� (r1; s1;π

′

1, π
′

2, · · · , π
′

t1). n[ (r; s;π1, π2, · · · , πt) =

(r1; s1;π
′

1, π
′

2, · · · , π
′

t1), /i` G ∼= G1. C}, n[ α : G −→ G1 �SOg�R, n
α(G′) = G′

1, α(ζ(G)) = ζ(G1), 
U` G/ζ(G) ∼= G1/ζ(G1), ζ(G)/G′ ∼= ζ(G1)/G
′

1. Z%
r = r1, (s;π1, π2, · · · , πt) = (s1;π

′

1, π
′

2, · · · , π
′

t1).S 2.1 8(��E�u G/G′ �!#g, %ymWzI G �!#g.� � - � ? � A
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Abstract The structure of the radicable nilpotent groups of finite rank with indecompos-

able abelian commutator subgroups is completely determined. More exactly, the following

theorem is proved.
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Let G be a radicable nilpotent group of finite rank. Then the commutator subgroup of

G is indecomposable and abelian if and only if G′ = Q or Qp/Z and G has a decomposition

G = S ×D, where

S =









1 a12 a13 a14 · · · a1 r+1 a1 r+2

0 1 0 0 · · · 0 a2 r+2

...
...

. . .
. . .

...
...

...
...

...
. . .

. . .
...

...
...

0 0 0 · · · 1 0 ar r+2

0 0 0 · · · 0 1 ar+1 r+2

0 0 0 · · · 0 0 1




∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

aij ∈ Q






,

if G′ = Q and S = S1 ∗ S2 ∗ · · · ∗ Sr, Si
∼= Sp if G′ = Qp/Z. Write S formally as

S =








1 a12 a13 a14 · · · a1 r+1 b1 r+2

0 1 0 0 · · · 0 a2 r+2

...
...

. . .
. . .

...
...

...
...

...
. . .

. . .
...

...
...

0 0 0 · · · 1 0 ar r+2

0 0 0 · · · 0 1 ar+1 r+2

0 0 0 · · · 0 0 1




∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

aij ∈ Q

b1 r+2 ∈ Qp/Z





.

Here D is a divisible abelian group such that D ∼= Q⊕Q⊕ · · · ⊕Q︸ ︷︷ ︸
s

⊕ t⊕
k=1

(Qπk
/Z), where

s and t are nonnegative integers, and Q is the additive group of the rational number field,

where πk (k = 1, 2, · · · , t) are the sets of some prime numbers such that π1 ⊆ π2 ⊆

· · · ⊆ πt, and Qπk
= {m

n | (m,n) = 1, m ∈ Z, n is a positive πk-number}. Moreover,

(p, r; s;π1, π2, · · · , πt) is an isomorphic invariant of G, that is to say, if H is also a radicable

nilpotent group of finite rank with indecomposable abelian commutator subgroup, then G

is isomorphic to H if and only if they have the same invariants.

Keywords Nilpotent group, Locally cyclic group, center, Commutator sub-

group, Radicable group
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