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1 �℄5"RV/DI�^�u C |. �pF���^i�>%�Y2RFVk~�S�. Hacon � McKernan[1], Takayama[2], Tsuji[3] Y�LJ�ZM1�^i�`Bs n���� rn, �?PstdS" m > rn ��� m, �td^i^�P n 1�J~i4�/, gRFVk~ ϕm ��pFk~. Ps�� rn �5'pÆ, _i�p� n 6 3����&k=. l4oF�FR;� r1 = 3; Bombieri[4] �ZM r2 = 5; !w8�!X[5−8]�ZM r3 6 57. .sx+, rsz14�/RFVk~�S�urp�R3�7%.���g pg > 2 �z1/�RFVk~S�~s pg < 2 �z1/�RFVk~. S" pg > 2 �^�Pz1�J~i4�/�RFVk~ ϕm, px�a�(R:

pg > 4 ϕ5 ��pF�[9]; ϕ4 a�=	[10−11]

pg = 3 ϕ6 ��pF�[9]; ϕ5 a�=	[12]

pg = 2 ϕ8 ��pF�[9]; ϕ6 a�=	[12]xy pg > 2, Ps m > 4 � m �FVk~�(oa0&0k)[9−14] . 8�PszFVk~ ϕ3 `rp�R3�7%. W/�[15]��'q[16]��C[17]Y�Y2M#�m?�
ϕ3 �S�.5�_��Y2 pg > 2 �^�Pz14�/ ϕ3 �S�.xy pg > 2 �j ϕm ���pFk~, � ϕm pK�;b: ϕm �^�pDk~��B1P. PsoY�m?, Beauville[18] �ZMx�(R:

(1) xy ϕ1 �^�pDk~, � deg(ϕ1) 6 36;Æ6 2018  3 | 27 v�>, 2018  7 | 11 v�>Ubf.
1_73X}|�X�O, }| 200433. E-mail: kanwu13@fudan.edu.cn
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(2) xy ϕ1 �B1P, �^�B1�^��;zY	����gp+.^i�r�7%�z1mR��\pD�(R. �A9WIe^id “B1��L”: : ϕm �B1P�, B1��L�^�B1�^��;zY	����g. Ps^�P�Jz14�/ ϕ1 �p+S, _ipx�(R:

S1 S2

dim(ϕ1) = 3 deg(ϕ1) �p+�[19−21] deg(ϕ1) �:+�[19]

0 < dim(ϕ1) < 3 B1��Lp+[22−23] B1��L:+[24]g� S1 �5p�OhE�^�P�J Gorenstein ~iz1/��, S2 �^�P�Jz1/��.�s|�^?OY2$y, !X�#�[24]$'Mx�n77%.WQ P m > 1 � n > 3 �Ki���. xy^�P n 1~i4�/� m �FVk~ ϕm ���pF�, : ϕm �^�pDk~�, deg(ϕm) �\p+? : ϕm �B1P�,^�B1�^��;zY	����g�\p+?5�Y2Ma7%, �ZMPs pg > 2 �^�Pz14�/, xy ϕ3 ���pF�, � ϕ3 �k~,���B1��Lp^i|+. 5'(Rx�.4D 1.1 P X 0^�P�J~iz14�/, pg(X) > 2, M > 0 �^i�`Bs
X �qI���. : ϕ3 �B1P�, P F 0^�B1�^��;zY	. 9Wp�O(R:

(1) xy pg(X) > 4, � dimϕ3(X) = 3, �j deg(ϕ3) 6 9.

(2) xy pg(X) = 3, � dimϕ3(X) > 2,

(i) : dimϕ3(X) = 2 �, p g(F ) 6 3;

(ii) : dimϕ3(X) = 3 �, p deg(ϕ3) 6 M;

(3) xy pg(X) = 2, �p�O(R:

(i) : dimϕ3(X) = 1 �, p pg(F ) = 1;

(ii) : dimϕ3(X) = 2 �, p g(F ) 6 940276;

(iii) : dimϕ3(X) = 3 �, p deg(ϕ3) 6 M.

2 n*:o
2.1 ?<OG5�n����4���Gr�*��;�:5 [25]. P V �^i�v4�/,xy V 5p�OhE�jgFV(�� nef, �9W# V ��J� ( [25, Ie 2.13]).5(#��Z, X �^�P�Jz1~i4�/, KX � X �FV(�, ωX = OX(KX)�gFV�. P Pm := h0(X,OX(mKX)). �� pg(X) := h0(X,OX(KX)) > 2.zIx���:

(1) “ ∼ ” �
FSB�;
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(2) “ ∼Q ” �
 Q-FSB�;

(3) “ ≡ ” �
�ÆB�;

(4) “A >num B” �
 A−B �ÆB�s^ipK Q-(�;

(5) “|M1| � |M2|” �
FS? |M1| � |M2|, S"r? |M1| ⊇ |M2|+ (pK(� );

(6) “Mov|D|” �
FS? |D| ��J�Y;

(7) “Φ|D| = ΦMov|D|” �
FS? |D| <'�pFk~;

(8) “ϕm,X = Φ|mKX |” �
 X � m �FVk~.

2.2 27dLY2FVk~ ϕ1 : X 99K Ppg−1. qI^i Weil (� K1 ∼ KX . l4 Hironaka �*IIF, 9W;p^i�pF�� π : X ′ → X, �?
(1) X ′ �t�~i�;

(2) FS? |KX′ | ��J�YVp�E;

(3) π∗(K1) �	"�Y��6��$.9W� g �k~ ϕ1 ◦ π ��$k~, � g : X ′ → Σ. ~Pk~ g �n Stein Y*, ;?=�Y�$�*:

X

X ′

Σ ⊂ Ppg−1

Γ
-

? ?

@
@
@
@
@R

- - - - - - - - - - --

f

sπ

ϕ1

g

P |M | � |KX′ | ��J�Y, Z �gqI�Y, �p
KX′ = π∗(KX) + Eπ = M + Z,g� Eπ �pK π-I- Q-(�. xyP E′ := Z − Eπ , �p π∗(KX) = M + E′. +-, Ptd��� m, !p ⌈mπ∗(KX)⌉ 6 mKX′ .� S � |M | �^i^��;zv. xy dimΓ > 2, S � |M | �^i^�$x; g�m?�, S � f �^�B1, p M ≡ aS, g� a > pg(X)− 1. Ie

p :=

{

1, xy dim(ϕ1(X)) > 2;

a, g�m? .

2.3 >Nm)4D 2.1 [10] 	%|5�n℄����, xy d = dimΣ = 1, g(Γ) > 0, �p
π∗(KX)|S ∼ σ∗(KS0

), g� σ : S → S0 �oY S =�J℄P��pFk~, S0 �g�J℄P.



4 � X  9 A � 40 64D 2.2 (Kawamata-ViehwegI�IF) P X 0t�~i4�/, D ∈ Div(X)⊗Q.xy D � nef � big �(�, �j D �Y	�Y�	"���6��$, �P�p i > 0,p�Y�(R:

Hi(X,OX(KX + ⌈D⌉)) = 0.�� m > 3,
∣

∣

∣
KX′ + p(m− 1)π∗(KX)−

1

p
E′q

∣

∣

∣
� |mKX′ |.P S1, S2 � |M | �Ki^��;zv, g0

KX′ + p(m− 1)π∗(KX)−
1

p
E′

q > KX′ + p(m− 2)π∗(KX)q > M.xy dimΓ > 2, �� dimΓ = 1 j g(Γ) = 0, � |KX′ + p(m− 1)π∗(KX)− 1
p
E′q| ;nY

S1 � S2. xy dimΓ = 1 j g(Γ) > 0, +� p > 2,

(m− 1)π∗(KX)−
2

p
E′ − S1 − S2 ≡

(

m− 1−
2

p

)

π∗(KX)� nef � big �, l4 Kawamata-ViehwegI�IFpS~
H0

(

X ′,KX′ + p(m− 1)π∗(KX)−
2

p
E′q

)

→ H0
(

S1,KS1
+ p(m− 1)π∗(KX)−

2

p
E′q|S1

)

⊕H0
(

S2,KS2
+ p(m− 1)π∗(KX)−

2

p
E′q|S2

)

.os H0(Si,KSi
+ p(m− 1)π∗(KX)− 2

p
E′q|Si

) 6= 0, � |KX′ + p(m− 1)π∗(KX)− 1
p
E′q|;YE�)� S1 � S2.�� |G| �oY S ��^i�JFS?, �j C � |G| ��^i^��;zv,

π∗(KX)|S ≡ βC + E′|S . xy C1 � C2 � |G| �Ki�)^���;zv, �
(m− 2)π∗(KX)

∣

∣

∣

S
− C1 − C2 −

2

β
E′

∣

∣

∣

S
≡

(

m− 2−
2

β

)

π∗(KX)
∣

∣

∣

S
.xy m− 2− 2

β
> 0, l4 Kawamata-ViehwegI�IF, ;?=S~

H0
(

S,KS + p(m− 2)π∗(KX)|S −
2

β
E′|Sq

)

→ H0(C1,KC1
+D1)⊕H0(C1,KC1

+D1),g� Di := p(m − 2)π∗(KX)|S − 2
β
E′|Sq|Ci

, i = 1, 2, deg(Di) > 0. � |KS + p(m −

2)π∗(KX)|S − 2
β
E′|Sq| ;YE�)� C1 � C2.|Y<;!(0x�hF.bD 2.1 	%|5�n℄����, xy m > 3, �p�O(R:

(1) |mKX′ | ;nY�)� S;

(2) xy β > 2, � |mKX′ | ;nY^i^�� S |�)�^�$x C.4a 2.1 P |M |0�v~i4�/ Z |^i�JFS?,xy Z ��)�/W1,W2



1 f ;�& _�Q{20A{GWl� 5K��}�FS? |M | ��E��, �jS"�Or?
Φ|M|(W1) " Φ|M|(W2), Φ|M|(W2) " Φ|M|(W1),�#pFk~ Φ|M| nY Z ��)�/ W1,W2. m-^�, xyP�)�KE P,Q ∈ Z,� Bs|M| �FS? |M | ��E�, S" P,Q /∈ Bs|M| � Φ|M|(P ) 6= Φ|M|(Q), �# Φ|M|nY P,Q KE.4D 2.3 [26−27] (Matsuki-Tankeev w�) P X 0t�~i4�/, M � D � X (�, FS? |M | Vp�E, �j |D| 6= ∅, �

(1) xy dimΦ|M|(X) > 2, p |M | �^�v Y . xy Φ|D+M| � Y |�D���pF�, `U Φ|D+M| ℄��pF�.

(2) xy dimΦ|M|(X) = 1, px�� Stein Y*: Φ|M| : X
f
−→ C → W ⊂ PN , g� W� X � Φ|M| ��H, f �=t�oF C |�B1
. P F 0 f �^�B1, xy Φ|D+M|;nY f �^�B1, j� F |�D���pF�, `U Φ|D+M| ℄��pF�.m-^�, xy Φ|D+M| � Y |D�%ns F �^�pDk~, � Φ|D+M| ℄�^�pDk~�jpG)�k~,�.

2.4 _ZbD4a 2.2 X �FV'�Iex�:

vol(X) := lim sup
m→∞

n!h0(X,OX(mKX))

mn
.bD 2.2 [28] P X �^i^�P n 1t�~i4�/. �� m > 1 j Pm > 2.P X

f
−→ Γ

s
−→ Σ ⊂ PPm−1 � ϕm � Stein Y*. xy f �B1
, � F �^�B1,

d = dimϕm(X), dim(F ) = n− d, �
vol(X) >

vol(F )

md(md+ 1)n−d
(Pm(X)− d).4D 2.4 [29] P S �t�4�oY, L � S |^i nef (�, S" L2 > 10, �jo

|KS+L|Ie�k~���pFk~, � S �}^iVp�E�oF� E′, �? L.E′ = 1�� L.E′ = 2.4D 2.5 [14] P S �t�~ioY, L � S |^i nef j big � Q-(�, C � S |^it�oF, S" L.C > 0, P ν0 := L2

2(L.C) , �Pstd&YJ�pF� δ0 > 0, p
L >num (ν0 − δ0)C.4D 2.6 [30] P V �^it�~i/, X � V |�^it�(�. ��Ps^i[`� Q-(� A �^ipK� Q-(� B, S" KV +X ∼Q A+B j X �� B �	"��, �p

(1) Ptd m > 2 ���, �rD�k~
H0(V,m(KV +X)) → H0(X,mKX)
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(2) P X |td� nef (� L, tp m > 2, �rD�k~
H0(V,m(KV + L+X)) → H0(X,mKX +mL|X)�S~.bD 2.3 [15] P X �^�Pz1t�~i/, f : X → B �=t�oF B �B1
. �� f �^�B1 Xb S"g�J℄P�'� vol(Xb) 6 β2, g� β �^i���.-^�, xy1�^ipF� λ > 0, �? KX ∼Q λF +E, g� E �pK Q-(�, F �^�B1, �kItd k i^�E b1, · · · , bk ∈ B, �\ λ > k(4(n+ 1)β2 − 1), �D�k~

H0(X,OX((n+ 1)KX)) →
⊕

i=1,··· ,k

H0(Xbi ,OXbi
((n+ 1)KXbi

))�S~.IQ 2.1 [15] P X �^�Pz1t�~i/, g : X → B �=t�oF B �B1
, σ : X 99K X0 � X ��J℄P. P π : Y → X �.z1t�~i/ Y = X ��pF!~, �j�?�$k~ σ ◦ π �^i!~, �kItd^i&YJ�pF� δ > 0, 1�^i Y |� Q-(� G > 0, S" KY ∼Q (τ − δ)F +G j τ = vol(X)
3vol(F ) . �H F ��$!~

f = g ◦ π �^i^�B1.4D 2.7 [14] P π : X ′ → X �.t�~iz1/ X ′ =^�P�Jz1/ X ��pFk~. f : X ′ → P1 �^iB1
. ��P^L�� p > 0, S" O(p) →֒ f∗ωX′ , �P�p�? |tpσ∗(KF0
)| Vp�E��� t > 0, Kp

t(p+ 2)π∗(KX)|F > tpσ∗(KF0
),g� F � f �^�B1, σ : F → F0 �=�J℄P�Æ�k~.4a 2.3 #^i4�/�# X��pFp+�, 5'�1�KiP��~i!~ τ : Z → T , g� T �pDP�, �j�?td^i$x X ∈ X, K1�^i�E t ∈ T ,�^i�pFB� X 99K Zt = τ−1(t).P^ipF� M > 0, ;Ie Xn,M 0�pS" vol(KX) 6 M �^�Pt�~i

n 14�/ X ���, � Xn,M ��pFp+�[1−3].4D 2.8 [28] P X �^i�pFp+#, f : X → T �^i.t�~i/=t�.�oF T �B1
. �� f �^�B1 F ��pFB�s X �^iv�, �1�^i�� c1(X) > 0, �?�\ vol(X) > c1(X), D�k~
H0(X,mKX) → H0(F,mKF )Ps�p m > 2 ���K�S~.4D 2.9 [31] P S �^i^�Pt�~ioY, L � S |^ipK(�, j h0(S,

OS(L)) > 2, � ϕ|KS+L| �^�pD�. xy h0(S,OS(L)) = 2, �j ϕ|KS+L| ��^�pD�, ��;bp�K�m?:
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(a) pg(S) = 0, |L| �pF ,yoF�;

(b) 0 < q(S) 6 2, |L| �pFoF�, ^�oF�g g = q(S) + 1.bD 2.4 [32] (Debarre �B	) xy S0 �^�P�J~ioYj q(S0) > 0, �
K2

S0
> 2pg(S0).bD 2.5 [18] xy S0�^�P�J~ioYj ϕ1�^�pDk~,� deg(ϕ1) 6 36.bD 2.6 [33] xy S0 �^�P�J~ioYj pg(S0) = q(S0) > 0, � pg(S0) =

q(S0) 6 4.bD 2.7 P C �^�PoF. xy D � C |^i(�, jS" degD = 2 ��
h0(C,D) > 0, � degΦ|KC+D| 6 2.g xy degD = 2, l4 Riemann-Roch n	?= h0(C,KC + D) = g(C) + 1,

deg(KC + D) > degΦ|KC+D| · g(C). g+ degΦ|KC+D| 6 2. xy h0(C,D) > 0, �
|KC + D| � |KC |. l4oF�FR, xy Φ|KC | ���pF�, � degΦ|KC | 6 2. g+
degΦ|KC+D| 6 deg Φ|KC | 6 2.bD 2.8 [34] P S0 �^�P�J~ioY. xy ϕ2,S ���pF�, � �^�pDk~, (MK�m? pg(S) = q(S) = 0 � K2

S0
= 1.

3 5E 1.1 1hH
3.1 pg(X) > 4IQ 3.1 P X 0^�P�J~iz14�/, pg(X) > 4, � dimϕ3(X) = 3, �j
deg(ϕ3) 6 9.g l4 d ��)pÆ, 9W;Y0 3 �m?, ��^�Z(R.JB 1 d = dimΣ = 3.�� degϕ3,X′ > 10. a� π∗(KX) = M + E′, ;pFS? |M | �^i^��;zv S, �p π∗(KX) ∼Q S + E′. l4hF 2.1, ϕ3,X′ ;nY�)� S.l4 Kawamata-ViehwegI�IF

H1(X ′,KX′ + ⌈π∗(KX)⌉) = 0.�pS~
H0(X ′,KX′ + ⌈π∗(KX)⌉+ S) → H0(S,KS + ⌈π∗(KX)⌉|S),g+p�Y�r?	

|KX′ + ⌈π∗(KX)⌉+ S| |S = |KS + ⌈π∗(KX)⌉|S |

� |KS + ⌈π∗(KX)|S⌉|+ (qI(� ).



8 � X  9 A � 40 6P T := S|S , Φ|T | �^�pD�. :QoD�k~ H0(X,S) → H0(S, T ) �HIe�FS? Λ � |T |. p^i^�$x L ∈ Λ, �
L2 > deg(ΦΛ)(h

0(S,L)− 2) > 10(pg(X)− 3) > 10.D^i�B	o Stein Y*?=. g0 |3KX′||S � |KS + L|, l4IF 2.3, Φ|KS+L| ���pF�. .IF 2.4 ;�, 1� S |Vp�E�oF�, g�^��;zv� C, �?
L.C = 1 �� L.C = 2. os |L| �^�pDk~ (Φ|KS+L| ���pF�) j g(C) > 2,

L.C = 2. l4IF 2.5, ν0 = L2

2(L.C) > 2. �1�^ipF� 0 < η0 < 1, �?
L ≡ (2 + η0)C + Jη0

.�� C1 � C2 � |C| �Ki^��;zv,

H1
(

S,KS + ⌈L− C1 − C2 −
2

2 + η0
Jη0

⌉
)

= 0.�pS~
H0

(

S,KS + ⌈L−
2

2 + η0
Jη0

⌉
)

→
⊕

i=1,2

H0(Ci,KCi
+Di),g� Di := ⌈L − 2

2+η0

Jη0
⌉|Ci

� Ci |p�N��(�. l4 Riemann-Roch n	,

h0(Ci,KCi
+Di) > 0.g0 |KS + L| � |KS + ⌈L− 2

2+η0

Jη0
⌉|, |KS + L| ;nY�)� C.

|KS + L| �
∣

∣

∣
KS +

⌈

L−
1

2 + η0
Jη0

⌉∣

∣

∣
.

∣

∣

∣
KS +

⌈

L−
1

2 + η0
Jη0

⌉∣

∣

∣

∣

∣

∣

C
=

∣

∣

∣
KC +

⌈

L−
1

2 + η0
Jη0

− C
⌉∣

∣

∣

C

∣

∣

∣

�
∣

∣

∣
KC +

⌈(

L−
1

2 + η0
Jη0

− C
)∣

∣

∣

C

⌉∣

∣

∣

= |KC +D|,g� D = ⌈(L− 1
2+η0

Jη0
−C)|C⌉. g0 (L− 1

2+η0

Jη0
−C). C > 1, � degD > 2. "hF

2.7 +u=m? degD > 2, � deg Φ|KC+D| 6 2. g+l4IF 2.3, degϕ3,X′ 6 2, ���TQ, � degϕ3,X′ 6 9.JB 2 d = dimΣ = 2.+�pFS? |M | �^i^��;zv S, p
|3KX′ | � |KX′ + ⌈π∗(KX)⌉+ S|.

|KX′ + ⌈π∗(KX)⌉+ S| |S= |KS + ⌈π∗(KX)⌉|S |.l4hF 2.1, ϕ3,X′ ;nY�) S. � N := ⌈π∗(KX)⌉|S , p h0(S,N) > pg(X)− 1 > 3.l4IF 2.9, ;?= |KS + N | � S r<�k~�^�pDk~. P G := M |S, C �
|G| �^i^��;zvj�t��, � ϕ3 nY�L�)�oF C. l4IF 2.3, 7%;w(0 |3KX′ | � C |D��7%.



1 f ;�& _�Q{20A{GWl� 9P L := π∗(KX)|S ≡ βC + E′|S , β > pg(X)− 2 > 2.

|3KX′||C � |KS + ⌈π∗(KX)⌉|S ||C

�
∣

∣

∣
KC + ⌈

(

L−
1

β
E′|S − C

)

|C⌉
∣

∣

∣

= |KC +D|,g� D = ⌈(L− 1
β
E′|S − C)|C⌉, h

0(C,D) > 0. l4hF 2.7,

degϕ3,X 6 degΦ|KC+D| 6 2.JB 3 d = dimΣ = 1.+�FVk~ ϕ1 �^�B1�oY, � M ≡ pS, g� p > pg(X) − 1 > 3. �
π∗(KX) >num 3S + E′. l4IF 2.6,

Mov|2(KX′ + S)||S = |σ∗(2KS0
)|,g� σ : S → S0 �oY S =�J℄P��pFk~, S0 �g�J℄P.xy g(Γ) = 0, �

|3KX′| � Mov|2(KX′ + S)|.xy g(Γ) > 0, l4IF 2.1,

|3KX′ ||S � |KS + ⌈π∗(KX)⌉|S | � |σ∗(2KS0
)|.l4hF 2.8, Φ|2KS0

| �^�pDk~, �
deg(ϕ3,X) 6 deg(Φ|2KS0

|).:QFS? |2KS0
| r<�k~,

2KS0
· 2KS0

> deg(Φ|2KS0
|)(P2(S0)− 2).^�P�JoY�RFV�g Pm(S) = 1

2m(m− 1)K2
S + χ(OS), �

degΦ|2KS0
| 6

4K2
S0

K2
S0

+ χ(OS)− 2
.g0 pg(X) > 0, � pg(S) > 0. xy χ(OS) = 1, � 0 < pg(S) = q(S) 6 4, j

K2
S0

> 2pg(S) > 2.g+
4K2

S0

K2
S0

+ χ(OS)− 2
6 8.#�C, xy χ(OS) > 1, �

deg Φ|2KS0
| 6 4.g+�am?� deg(ϕ3,X) 6 8. |��, 9W�ZM: pg(X) > 4 �, X �zFVk~ ϕ3 �^�pDk~, �j

deg(ϕ3,X) 6 9.
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3.2 pg(X) = 2IQ 3.2 P X 0^�P�J~iz14�/, pg(X) = 2, �px�(R:

(i) : dimϕ3(X) = 1 �, p pg(F ) = 1;

(ii) : dimϕ3(X) = 2 �, p g(F ) 6 940276;

(iii) : dimϕ3(X) = 3 �, p deg(ϕ3) 6 M.g d = dimΣ = 1, l4oF Γ ��g"R�)m?.JB 1 g(Γ) > 0.l4IF 2.1, p
|3KX′ ||S � |KS + ⌈π∗(KX)⌉|S | � |σ∗(2KS0

)|.l4\% 3.1 m? 3 ��Z, p deg(ϕ3,X′) 6 deg(ϕ2,S) 6 8.JB 2 g(Γ) = 0.

(i) xy dimϕ3(X) = 3, �l4IF 2.3, |3KX′ ||S �^�pDk~j
|3KX′ ||S � |KS |.xy |KS| �^�pDk~, � deg(ϕ1,S) 6 36. � deg(ϕ3) 6 36.xy |KS| ��^�pDk~, 9Wp^i��� k > 1. : pg(S) > k �, P C 0

Φ|KS| �^�B1�^i�;zY	, �p σ∗(KS0
) ≡ uC+Z ′′,g� u > pg(S)−1 > k−1.l4IF 2.7, p

π∗(KX)|S >
p

p+ 2
σ∗(KS0

) >num
p

p+ 2
(k − 1)C.xy k > 2(p+2)

p
+ 1, � π∗(KX)|S >num βC j β > 2. +�l4hF 2.1, |3KX′ ||S ;nY�) C, �j |3KX′||S |C � |KC +D|, g� D � C |S" h0(C,D) > 0 �(�. l4hF 2.7, p

deg(ϕ3) 6 deg(Φ|KC+D|) 6 2.: pg(S) < k �,

K2
S0

6 9χ(OS) 6 9(1 + pg(S)).l4IF 2.8, 1��� c1(X), g� X � 0 < pg(S) < k �^�PoY$$�#, :
vol(X) > c1(X) �, D�k~

H0(X ′, 3KX′) → H0(S, 3KS)�S~. l4oYFR, ^�PoY�zFVk~ ϕ3,S xy���pF�, ��^i,�0 2 �^�pDk~. � deg(ϕ3) 6 deg(ϕ3,S) 6 2.xy vol(X) 6 c1(X), ({*I |3KX | ��Ej�n Stein Y*, ;?=
deg(ϕ3,X)(P3(X)− 3) 6 27vol(X).g+ deg(ϕ3,X) 6 27c1(X).



1 f ;�& _�Q{20A{GWl� 11

(ii) xy dimϕ3(X) = 2, l4IF 2.3, |3KX′ ||S ��^�pDk~. xy pg(S) > 1,

S �FVk~XeU. �� C′ �^�B1�^i�;zY	, l4hF 2.2,

2g(C′)− 2

2
(pg(S)− 1) 6 K2

S0
.l4^�PoY| Bogomolov-Miyaoka-Yau�B	, p

K2
S0

6 9χ(OS) 6 9(1 + pg(S)).|YKi�B	;?= g(C′) 6 28.xy pg(S) = 1, � vol(S0) 6 18 < 52 = 25. xy vol(X) > 29850, �n\% 2.1, �
τ = vol(X)

3×vol(S0)
> vol(X)

3×25 > 398. 9W?= KX ∼Q (τ − δ)S +G, g� δ �^i&YJ���, G �^ipK Q-(�. l4hF 2.3, P k = 2, n = 1, β = 5, λ > k(4(n+ 1)β2 − 1) =

2× (4× 2× 25− 1) = 398, 9W?= |2KX ||S = |2KS|. g+xy vol(X) > 29850, l4hF 2.8 �IF 2.3, |2KX | �^�pDk~, t dimϕ3(X) = 2 ��TQ. �[9W�V\:Q vol(X) 6 29850 �m?. l4hF 2.2, 2g−2
9×7 (P3 − 2) 6 29850, g� g � ϕ3 �^�B1��;zY	����g. � g 6 940276.

(iii) xy dimϕ3(X) = 1, �D�k~
r : H0(X ′, 3KX′) → H0(S, 3KX′ |S)�H� 1-1�, j |3KX′||S � |KS |. l4hF 2.1, ϕ3,X′ ;nY�) S. xy pg(S) > 1,� S �FVk~�XeU�, j dimϕ3(X) > 2, �����TQ. g+ pg(S) = 1�j ϕ3�^�B1��;zY	S" pg = 1.

3.3 pg(X) = 3IQ 3.3 P X 0^�P�J~iz14�/, pg(X) = 3, � dimϕ3(X) > 2, �jpx�(R:

(i) : dimϕ3(X) = 2 �, p g(F ) 6 3;

(ii) : dimϕ3(X) = 3 �, p deg(ϕ3) 6 M.g l4 d = dimΣ �1�Y$K�m?.JB 1 d = dimΣ = 2.

(i) xy dimϕ3(X) = 3, l4hF 2.1, ϕ3,X ;nY�) S. p |KX′ | �^i^1�FS? Λ ⊂ |KX′ |, )�p^i π1 : X ′′ → X ′ ��pF��, �? Λ IeMk~
g1 : X

′′ → P1. -^�;H� π1, �? π∗
1(KX′) �	"���6��$.+�7%��Z;� pg(X) = 2, g(Γ) = 0, dimϕ3(X) = 3 �D� ( \% 3.2 m?

2 (i) ��Z), `r;?=1�qI��� M > 0, �? deg(ϕ3,X) 6 M.

(ii) xy dimϕ3(X) = 2, P N = ⌈π∗(KX)⌉|S . l4IF 2.3, Φ|KS+N | ��^�pDk~. l4IF 2.9, ;?= h0(S,N) = 2. g0 pg(X) > 0, � pg(S) > 0. IF 2.9 ��m? (a) �ÆT�. Pm? (b), 0 < q(S) 6 2, |N | �B1�g g = q(S) + 1 �oF�B1
. p^i^�$x D ∈ |KS |, |D +N | � |N |. g0 Φ|D+N | � Φ|N | K�B1
, � Wg��G)�B1
. g+ ϕ3,X �^�B1����g g(C′) 6 q(S) + 1 = 3.



12 � X  9 A � 40 6JB 2 d = dimΣ = 1.+�p M ≡ pS, g� p > pg(X)− 1 = 2. � π∗(KX) >num 2S + E′, l4hF 2.1,

|3KX′| ;nY�)� S.D�\% 3.1 m? 3 ��Z, 9W`r;?= deg(ϕ3,X) 6 8. �|\% 3.1�\% 3.2 �\% 3.3 �(R, 9W�ZMIF 1.1.j[ %�dM!X%���<, dM�m�����, dM�esaN�}M�
x�!f. - � A � U � X
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The Third Pluricanonical Map of Threefolds of
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Abstract This paper deals with the third pluricanonical map of 3-folds of general type. If

the geometric genus pg > 2, the structure of the m-canonical maps for any integer m > 4

is very clear. But there are many unknown questions for the third pluricanonical map. If

the third pluricanonical map ϕ3 is not birational, it’s proved that the degree of ϕ3 (if ϕ3 is

generically finite) or the geometric genus of the irreducible component of a general fiber (if

ϕ3 is of fiber type) is bounded.
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