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1 `�\� Σ )� Riemann V, D =
n∑
i=1

(θi − 1)pi 
 Σ |9 R-&�, e� 0 6 θi 6= 1. 0T"
dσ2 ) Σ\suppD = Σ\{p1, · · · , pn} |��&� D 9o~hFFA, 
�

(1)yq θi > 0,[Q dσ2 x> pi m[b��F) 2πθi > 09�g>. �x pi >9[bFr U \, dσ2 = e2u|dz|2, e� z 
 U |9[bY&�, z(pi) = 0, l u− (θi − 1) ln |z|x U \>O.

(2) yq θi = 0, [Q dσ2 x> pi )�g>. �x pi >9[bFr V \, dσ2 =

e2u|dz|2, e� z 
 V |9[bY&�, z(pi) = 0, l u+ ln |z|+ ln (− ln |z|) x V \>O.0T�`5FA dσ2 x� (�) g>[�
!m� (1�). Nitsche[1], Heins[2] w
Yamada[3] �WChF�nFA9j;g>WQ
�g>, WQ
�g>, N��e[. l
Gauss-Bonnetg�, yq dσ2 
��&� D 9hF�nFA, [Q χ(Σ)+

n∑
i=1

(θi− 1) < 0,e� χ(Σ) 
 Σ 9 Euler �. Heins[2] "r9j S-K FA�WC5V9,xIB6.5E 1.1 x� Riemann V Σ |,x([9�� R-&� D =
n∑
i=1

(θi − 1)pi (e�
0 6 θi 6= 1) 9hF�nFA, 3l�3 χ(Σ) +

n∑
i=1

(θi − 1) < 0./ 2017 ^ 11 w 18 w6, 2018 ^ 6 w 6 w6J℄a.
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16 � R ^ * A � 40 'x Heins[2] 9f$�|, McOwen[4] w Troyanov[5] 8t�,�`5. [2], �TW�9j�$9 PDESQ, x�nFA�m�g>�9m05�WC|�B6. �.�, 0T%hF�nFAxj;g>[�9%��.�.5E 1.2 (�B6) � dσ2 
xqCua △∗ = {w ∈ C | 0 < |w| < 1} |9hF�nFA. yq dσ2 x w = 0 (m�F) 2πα > 0 9�g>, [Q,x ε > 0, x ∆ε =

{w ∈ C | |w| < ε} |,x[br)&� z, �7 z(0) = 0, x ∆ε |m�.�
dσ2|∆ε

=
4α2|z|2α−2

(1− |z|2α)2 |dz|
2.Ml, x;�[b�� z −→ λz, |λ| = 1 5, z 
([9. yq dσ2 x w = 0 ()[b�g>, [Q,x ε > 0, x ∆ε = {w ∈ C||w| < ε} |,x[br)&� z, �7 z(0) = 0, x

∆ε |m�.�
dσ2|∆ε

= |z|−2(ln |z|)−2|dz|2.Ml, x;�[b�� z −→ λz, |λ| = 1 5, z 
([9.�B6)�zT"� Riemann V|ghF�nFA9���yI��BC�'.�.9"	y5. x= 2 �, 0TÆ7�mC�n�y9[A����. t|0T%|(h}9I�, ��WCp. [6] �e6 3.2 H9no�nFA9�n�� (e6
2.4). = 3 �
�B69�W.

2 b+hP
2.1 QL�>1?,gO�N+�n/�F�9 Poincaré uaYE (

D = {z ∈ C : |z| < 1}, 4|dz|2
(1−|z|2)2

) w|�VYE (
H = {z ∈ C : Im z > 0}, |dz|2

(Imz)2

) 9
S>;&sW�)
PSU(1,1) =

{
z 7−→ az + b

bz + a
: a, b ∈ C, |a|2 − |b|2 = 1

}
,

PSL(2,R) =
{
z 7−→ az + b

cz + d
: a, b, c, d ∈ R, ad− bc = 1

}
.

PoincaréuaYE D 9;&s) I(D).5^ 2.1 [7,p. 136] { L ∈ I(D) l L �){$��, [Q L x D |m[b�D>. �� L "):

(i) %u��, { L x D \m[b�D>.

(ii) b2��, { L x D \Sm�D>, x ∂D |m([�D>.

(iii) �n��, { L x D \Sm�D>, x ∂D |m�b�D>.�`5|�Bb�℄4o L x I(D) �9h*5. � L 
%u�b2��n��3l�3 K ◦ L ◦ K−1 W�
%u�b2��n��, e� K ∈ I(D). Mlx|�VYE��



1 d X�q �a( M�� iG�oGB:k<h? 17%u�b2w�n��Ym5�9BbS�.5V0Tx D w H 9
S>;&s�+J, Ml)CS�, ��3Pp��bYE. 5E 2.1 [8−9] (i) Jo Poincaré uaYE D, { L ∈ PSU(1,1) 
%u��, [Q,x K ∈ PSU(1,1), �7 K ◦ L ◦ K−1(z) = eiθz, e� θ 
��.

(ii) Jo|�VYE H, { L ∈ PSL(2,R) 
b2��, [Q,x K ∈ PSL(2,R), �7 K ◦ L ◦ K−1(z) = z + t, e� t 
UG��.

(iii) Jo|�VYE H, { L ∈ PSL(2,R) 
�n��, [Q,x K ∈ PSL(2,R), �7 K ◦ L ◦ K−1(z) = λz, e� λ > 0.

2.2 BaNx. [6] �, $�<4�NC� Riemann V| nK[�FA9|(h}9I�, 	�|, �A�Nx[�9 Riemann V|Y
#;9, �80T%;f9ghF�nFA9m0. ��<, 0T�!�y59�be6, MLq�T9�W, �p. [6] �e6
2.1-2 9�W5�. x*�kKW;n^_9��.

Riemann V Σ (��
��9) |[bL�#�1ZS)t� H ")
}gt�,yq H x> p ∈ Σ [�9v`�bt�s H1,H2 "r[bW�:I�� L ∈ PGL(2,C) =3i3, � H1 = L ◦ H2.� dσ2 
 Riemann V Σ |��&� D =
n∑
i=1

(θi − 1)pi, 0 6 θi 6= 1 9hF�nFA.0T"}gt� F : Σ\suppD −→ D )FA dσ2 9[b|(h}, yq dσ2 = F ∗dσ2
0 , e� dσ2

0 = 4|dz|2
(1−|z|2)2 
1-ua D |9�nFA._E 2.1 � dσ2 
 Riemann V Σ |��&� D =

n∑
i=1

(θi − 1)pi, 0 6 θi 6= 1 9hF�nFA, [Q,x[b+ Σ\suppD 51-ua D 9}gt� F , �7 F 91��s	sos PSU(1,1), Ml
dσ2 = F ∗dσ2

0 ,e� dσ2
0 = 4|dz|2

(1−|z|2)2 
 D |9�nFA._E 2.2 FA dσ29v`�b|(h} F1 , F2"r[bW�:I�� L ∈ PSU(1, 1)=3i3, � F2 = L ◦ F1. ��<, dσ2 9v`�b|(h}x PSU(1,1) �m;}h*91��s, [Q"�bh*5)FA dσ2 91����.5�9e6%C|(h}9 Schwarz 4�9#��.�._E 2.3 [10, C71.2] � dσ2 
 Riemann V Σ |9hF�nFA, l dσ2 ��&�
D =

n∑
i=1

(θi−1)pi, 0 6 θi 6= 1. { F : Σ\suppD −→ D
 dσ2 9[b|(h}, [Qx pi 9[bFr Ui�,,xY&� z,�7 z(pi) = 0, F 9 Schwarz4� {F, z} = f ′′′(z)
f ′(z) − 3

2

(
f ′′(z)
f ′(z)

)2



18 � R ^ * A � 40 ';o
{F, z} =

1− θ2i
2z2

+
di

z
+ φi(z),e� di 
Y �, φi 
 Ui �9r)t�, �T℄4oY&� z.

F ")p&� D =
n∑
i=1

(θi − 1)pi, 0 6 θi 6= 1 ;x, yq F 9 Schwarz 4� {F, z} m|�F�. x5V9e6�, 0T%xhF�nFA9���g>[�9|(h}9#��.�, )CN�9S�, 0T�3A�[5 D 9�v._E 2.4 � F : Σ\suppD −→ D 
p&� D =
n∑
i=1

(αi − 1)pi −
m∑
j=1

qj , 0 < αj 6= 1 ;x9}gt�, �91��s	sos PSU(1,1), [Q,x pi 9[bFr Ui, ;f9Y&�3 z w Li ∈ PGL(2,C), �7 z(pi) = 0 l Gi = Li ◦ F m�.� Gi(z) = zαi ; ,x qj9[bFr Uj , ;f9Y&�3 z w Lj ∈ PGL(2,C), �7 z(qj) = 0 l Gj = Lj ◦ F m�.� Gj(z) = log z. Ml Σ\suppD |92�FA F ∗dσ2
0 
�� D 9hF�nFA.e 0TÆ7�W,x pi 9[bFr Ui, ;f9Y&�3 z w Li ∈ PGL(2,C), �7 z(pi) = 0 l Gi = Li ◦ F m�.� Gi(z) = zαi . d) F p&� D ;x, 0T-_Pz

pi 9[bFr Ui w Ui |9Y&� x, �7 x(pi) = 0 l
{F, x} =

1− α2
i

2x2
+
di

x
+ φi(x),e� φi(x) x Ui �
r)9. d$. [11], xFr Ui �, 1�3�9'WS$

d2u

dx2
+

1

2

(1− α2
i

2x2
+
di

x
+ φi(x)

)
u = 0 (2.1),x�b:I1n� u1 w u2, �7

F (x) =
u2(x)

u1(x)
.Bb[b�� Li := x2 d2

dx2 + qi(x), e� qi(x) =
1−α

2

i

2
+dix+x

2φi(x)

2 , [Q u1 w u2 E
S$
Liu = 0 9�. �`5S$ (2.1) x x = 0 (m[b�{g>, 0T-_fj Frobenius SQ. 'WS$ Liu = 0 x x = 0 (9��S$

f(s) = s(s− 1) +
1− α2

i

4
= 0m�bd s1 = 1−αi

2 w s2 = 1+αi

2 , l s2 − s1 = αi > 0. I ∞∑
k=0

bkx
k 
 qi(x) 9U��|(�, e� b0 =

1−α2

i

4 . I s )��, [Q
u(s, x) = xs

∞∑

k=0

ck(s)x
k, c0(s) = 1
 Liu = 0 9[b�3l�3J�m9 n = 0, 1, 2, · · · ,

(♯n) : f(s+ n)cn +Rn = 0



1 d X�q �a( M�� iG�oGB:k<h? 19#;, e� R0 = 0. J n > 0,

Rn = Rn(c1, · · · , cn−1, s) =

n−1∑

i=0

cibn−i.d)J�m9 n > 1,m f(s2+n) 6= 0,[Q u(s2, x) 
'WS$9[b�. �`5 cn(s)

s9m6t�. { αi = s2− s1 �
��, � s2− s1 6= 1, 2, · · · , [Ql;$9td, u(s1, x)
'WS$9H[b�. u(s2, x) p u(s1, x) :I1n. { m := αi = s2 − s1 
/o;o 29��l Rm = 0. x��m05, J s = s1 w�m9 n > 1, 0T-_"rv`Pz cm�S$ (♯n), l*75'WS$9H[b� u(s1, x), �p u(s2, x) :I1n. 9jw. [6,e6 3.2] �;$9N�, 0T-_&#|���m09�W. Jo m = s2 − s1 
/o;o 2 9��l Rm 6= 0 9m09`&, 0TKW�$9N�, e<4y5.{ m = s2 − s1 
/o;o 2 9��, l Rm 6= 0, {d$. [11, p. 23], 5V9�.�

ulog := u(s2, x) log x+ xs1v(x)
%mJ�gI9�, e�
v(x) = −f

′(s2)

Rm

∞∑

k=0

ck(s1)x
k + xm

∞∑

k=0

c′k(s2)x
k.�`5 f ′(s2) 6= 0, v(x) 
 x = 0 (r)9t�, v(0) = − f ′(s2)

Rm
6= 0. d* ulog, u(s2, x) 


Liu = 0 x x = 0 [�9�b:I1n�. m
F (x) =

aulog + bu(s2, x)

culog + du(s2, x)
=:

(
a b

c d

)
◦ ulog

u(s2, x)
,e�

(
a b

c d

)
∈ PGL(2,C),

ulog

u(s2, x)
=
u(s2, x) log x+ xs1v

u(s2, x)
.d) F 91��s	sos PSU(1,1), �T�

F =

(
a b

c d

)
◦ ulog

u(s2, x)) F x> pi [�[b�s pi 9(ua\9[b1�W�, {,x (
s t

t s

)
∈ PSU(1, 1),�7

(
s t

t s

)
◦ F

=

(
a b

c d

)
◦ e2π

√
−1s2u(s2, x)(log x+ 2π

√
−1) + e2π

√
−1s1xs1v

e2π
√
−1s2u(s2, x)

=





(
a b

c d

)(
1 2π

√
−1

0 1

)(
a b

c d

)−1


 ◦ F.
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±
(
s t

t s

)
=

(
1− ac · 2π

√
−1 a2 · 2π

√
−1

−c2 · 2π
√
−1 1 + ac · 2π

√
−1

)
,d* a 6= 0, c 6= 0 l |c| = |a|. �[�, m

ulog

u(s2, x)
=
u(s2, x) log x+ xs1v

u(s2, x)
= log x+ x−mϕ,e�

ϕ =

− f ′(s2)
Rm

∞∑
k=0

ck(s1)x
k + xm

∞∑
k=0

c′k(s2)x
k

∞∑
k=0

ck(s2)xk
.�`5 ϕ(x) 
 x = 0 (r)9t�, ϕ(0) = − f ′(s2)

Rm
6= 0. d*, m

F (x) =
a(log x+ x−mϕ) + b

c(log x+ x−mϕ) + d

=
a

c
− 1

c
· 1

c(log x+ x−mϕ) + d

=
a

c

[
1− 1

ac(xm log x+ ϕ) + adxm
· xm

]

=
a

c
(1 + h(x)xm),e�

h(x) = − 1

ac(xm log x+ ϕ) + adxm
, lim

x→0
h(x) = − 1

acϕ(0)
6= 0.-_Pz�E {xn} → 0 l α < β, �7

argh(xn) ∈ (α, β), argxn ∈
(−β
m
,
−α
m

)
, l 0 < β − α <

π

2
.o
, 0Tm

arg(h(xn) · xmn ) ∈
(
− π

2
,
π

2

)
, l Re(h(xn)x

m
n ) > 0.�m F 9�.�w |c| = |a|, m |F (xn)| > 1, �p F x D �p�PK. �|��H, �WCe6x pi [�9=[bNI.5V, 0T�W,x qj 9[bFr Uj , ;f9Y&�3 z w Lj ∈ PGL(2,C), �7

z(qj) = 0 l Gj = Lj ◦ F m�.� Gj(z) = log z. d) F p&� D ;x, 0T-_Pz
qj 9[bFr Uj w Uj |9Y&� x, �7 x(qj) = 0 l

{F, x} =
1

2x2
+
dj

x
+ φj(x),e� φj(x) x Uj �
r)9. w|V9�W5�, ��S$

f(s) = s(s− 1) +
1

4
= 0m�bd s1 = s2 = 1

2 . 5V9�.�
ulog = u(s2, x) log x+ xs2

∑

k>0

c′k(s2)x
k



1 d X�q �a( M�� iG�oGB:k<h? 21
 Lju = 0 9[b�, d* ulog, u(s2, x) 
 Lju = 0 x x = 0 [�9�b:I1n�. �T�
F (x) =

aulog + bu(s2, x)

culog + du(s2, x)
=

(
a b

c d

)
◦ ulog

u(s2, x)
,e�

(
a b

c d

)
∈ PGL(2,C),

ulog

u(s2, x)
= log x+

∞∑
k=0

c′k(s2)x
k

∞∑
k=0

ck(s2)xk
= log x+ ψ(x),

ψ(x) x x = 0 9ZbFr\r), ψ(0) = 0. I z = xeψ(x), { log z = log x + ψ(x),

F = a log z+b
c log z+d .Æ*, 0T^ &#Ce6=[bNI9�W. Æo=NbNI, d) F x Σ∗ |
#�1Z9, l�91��s	sos PSU(1,1), F ∗dσ2

0 
 Σ\suppD |Bb?u9o~hF�nFA. |V=[bNI9�W�W*FAx pi (m�F) 2παi 9�g>, x qj()�g>.n 2.1 x|�VYE H |,x5�o|�e69��, 9�e!�y5�fjo5[�.� F : Σ\suppD −→ H 
p&� D =
n∑
i=1

(αi − 1)pi −
m∑
j=1

qj , 0 < αj 6= 1 ;x9}gt�, �91��s	sos PSL(2,R), [Q,x pi 9[bFr Ui, ;f9Y&�3
z w Li ∈ PGL(2,C), �7 z(pi) = 0 l Gi = Li ◦ F m�.� Gi(z) = zαi ; ,x qj 9[bFr Uj , ;f9Y&�3 z w Lj ∈ PGL(2,C), �7 z(qj) = 0 l Gj = Lj ◦ F m�.� Gj(z) = log z. Ml� H |9�nFA dσ2

0 = |dz|2
(Im z)2 "r F 2�9FA F ∗dσ2

0 

Σ\suppD |9�� D 9hF�nFA.

3 l6F3fJÆ7�WB69=[�W. � dσ2 
xqCua △∗ = {w ∈ C | 0 < |w| < 1} |9hF�nFA, dσ2 x w = 0 (m[b�F) 2πα > 0 9�g>, �T��[>) p. le6 2.1, x △∗ |,x[b+ ∆∗ 51-ua D 9}gt� F , �7 F 91��s	sos PSU(1,1) l dσ2 = F ∗(dσ2
0), e� dσ2

0 = 4|dz|2
(1−|z|2)2 
 D |9�nFA. d*75 F 9[b1���� ρF : π1(△∗) −→ PSU(1,1), e� π1(△∗) ∼= Z. � ρF (e) ) L, e� e 
�Æn: t 7→ 1

2 exp(2π
√
−1t), t ∈ [0, 1] 9$M5. le6 2.4, ,x p 9[bFr U , ;f9Y&�3 ξ w j ∈ PGL(2,C), �7 ξ(p) = 0 l J = j ◦ F m�.� J(ξ) = ξα, e� α > 0.0T��[�WW)_5��m0.

(1){ α
[b��,{ F x> p(9#�1��s
R9.r)h} F : △∗ −→ D



22 � R ^ * A � 40 'm[bx ∆ |9r)1~. � α = n ∈ Z > 1, {
F (ξ) =

aξn + b

cξn + d
,

(
a b

c d

)
∈ PGL(2,C).�T� F (0) = 0, { b = 0, d 6= 0, F (ξ) = a

cξn+dξ
n. d*0T-_Pz U |9H[bY&� z = z(ξ), �7 F = F (z) = zn. d) p 9 z &�p ξ &�E) 0, l>OI, ,x ε > 0,�7 ∆ε = {z ∈ C | |z| < ε} ⊂ U . x ∆ε |, l dσ2 = F ∗(dσ2

0), 7
dσ2|∆ε

=
4n2|z|2n−2

(1− |z|2n)2 |dz|
2.

(2) 3 α �
���, �`5 ρF (e) = L ∈ PSU(1,1). 0T���m0nW)_5 3�m0.

(i) { L 
%u��, {,x K ∈ PSU(1,1), �7 K ◦L ◦K−1(ξ) = e2π
√
−1θξ, e� θ 
Z[��, [Q G = K ◦ F Y
|(h}. �T� g = aξα+b

cξα+d , ad− bc = 1 ) G x> p [�[b�s p 9(ua\9[b1�W�, {
e2π

√
−1θg = e2π

√
−1θ aξ

α + b

cξα + d
=
ae2π

√
−1αξα + b

ce2π
√
−1αξα + d

.�;Æo5V9;�#;:





ace2π
√
−1α(1− e2π

√
−1θ) = 0,

(ade2π
√
−1α + bc)− e2π

√
−1θ(bce2π

√
−1α + ad) = 0,

bd(1 − e2π
√
−1θ) = 0.��bS$", 7% c = b = 0 � a = d = 0. { a = d = 0, { g = b

cξα
, �p G : △∗ −→ DPK, l c = b = 0. d* g(ξ) ;o µξα(µ 6= 0). g(0) ;o 0. ��, 0T-_Pz> p [�9H[bY&� z, �7 g(z) = zα. d) p 9 z &�p ξ &�E) 0, l>OI, ,x

ε > 0, �7x ∆ε = {z ∈ C | |z| < ε} |, m
dσ2|∆ε

=
4α2|z|2α−2

(1− |z|2α)2 |dz|
2.Jo�nwb2��, x|�VYE H �+Je)S�. x △∗ |,x[b}gt�

F : △∗ −→ H,O! dσ2 = F ∗(dσ2
0), e� dσ2

0 = |dz|2
(Im z)2 
 H|9�nFA, Ml F 91��s	sos PSL(2,R). d*,0T75 F 9[b1���� ρF : π1(△∗) −→ PSL(2,R),

π1(△∗) ∼= Z. � ρF (e) ) L.

(ii) { L 
�n��, {,x K ∈ PSL(2,R), �7 K ◦L ◦K−1(ξ) = λξ, e� λ 
Z[���, [Q G = K ◦ F Y
|(h}. �T� g = aξα+b
cξα+d , ad − bc = 1 ) G x> p [�[b�s p 9(ua\9[b1�W�, {

λg = λ
aξα + b

cξα + d
=
ae2π

√
−1αξα + b

ce2π
√
−1αξα + d

.
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ace2π
√
−1α(1− λ) = 0,

(ade2π
√
−1α + bc)− λ(bce2π

√
−1α + ad) = 0,

bd(1− λ) = 0.d) λ 
�;o 1 9���l ad− bc = 1, �bS$"1�, 7%PK.

(iii) { L 
b2��, {,x K ∈ PSL(2,R), �7 K ◦L ◦K−1(ξ) = ξ + t, e� t 
Z[UG��, [Q G = K ◦ F Y
|(h}. �T� g = aξα+b
cξα+d , ad − bc = 1 ) G x> p[�[b�s p 9(ua\9[b1�W�, {

g+ t =
aξα + b

cξα + d
+ t =

ae2π
√
−1αξα + b

ce2π
√
−1αξα + d

.�;Æo5V9;�#;:





tc2e2π
√
−1α = 0,

ad+ tcd− bc+ (bc+ tcd− ad)e2π
√
−1α = 0,

td2 = 0.d) t 6= 0, �7 c = d = 0, 2 ad− bc = 1, PK.5�B6=[�W�&� z 9([I. �T� z, z̃ E
O!B6!�9Y&�, {
F (z) = zα, F̃ (z̃) = z̃α E
FA dσ2 9|(h}. le6 2.2, ,x L ∈PSU(1,1), �7
F̃ = L ◦ F , { F̃ = aF+b

bF+a
, |a|2 − |b|2 = 1. d)x z, z̃ &�5, p = 0, F (p) = F̃ (p) = 0, 
�7 b = 0. l F̃ = a

a
F = µF, |µ| = 1, { z̃α = µzα x> p [�[b�s p 9(ua V \#;, [Q z̃ = λz, |λ| = 1 x V \#;. d) z, z̃, w 
> p [�9Y&�, z , z̃ 
 w 9r)t�, { z̃ = λz, |λ| = 1 x> p 9[bFr\#;.5V�WB69=N�W. � dσ2 
xqCua △∗ = {w ∈ C | 0 < |w| < 1} |9hF�nFA, dσ2 x w = 0 (m[b�g>, �T��[>) q. le6 2.1, x △∗ |,x[b+ ∆∗ 51-ua D 9}gt� F , �7 F 91��s	sos PSU(1,1) l

dσ2 = F ∗(dσ2
0), e� dσ2

0 = 4|dz|2
(1−|z|2)2 
 D |9�nFA. d*75 F 9[b1���� ρF : π1(△∗) −→ PSU(1,1), e� π1(△∗) ∼= Z. � ρF (e) ) L. le6 2.4, ,x q 9[bFr U , ;f9Y&�3 ξ w j ∈ PGL(2,C), �7 ξ(q) = 0 l J = j ◦ F m�.�

J(ξ) = log ξ. 0T��[�WW)_5 3 �m0.

(1) { L 
%u��, {,x K ∈ PSU(1,1), �7 K ◦ L ◦ K−1(ξ) = e2π
√
−1θξ, e� θ
Z[��, [Q G = K ◦ F Y
|(h}. �

G(ξ) =
a log ξ + b

c log ξ + d
,

(
a b

c d

)
∈ PGL(2,C).�T� g = a log ξ+b

c log ξ+d , ad − bc = 1 ) G x> q [�[b�s q 9(ua\9[b1�W�, {
e2π

√
−1θg = e2π

√
−1θ a log ξ + b

c log ξ + d
=
a(log ξ + 2π

√
−1) + b

c(log ξ + 2π
√
−1) + d

.
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ac(1− e2π
√
−1θ) = 0,

(ac2π
√
−1 + ad+ bc)(1− e2π

√
−1θ) = 0,

(ad− e2π
√
−1θbc)2π

√
−1 + (1− e2π

√
−1θ)bd = 0.��bS$", 7% a = b = 0 � c = d = 0. 2
 ad− bc = 1, PK.Jo�nwb2��, $=[�W9�W, x|�VYE H �+Je)S�.

(2) { L 
�n��, {,x K ∈ PSL(2,R), �7 K ◦L ◦K−1(ξ) = λξ, e� λ 
Z[���, [Q G = K ◦ F Y
|(h}. �
G(ξ) =

a log ξ + b

c log ξ + d
,

(
a b

c d

)
∈ PGL(2,C).�T� g = a log ξ+b

c log ξ+d , ad− bc = 1 ) G x> q [�[b�s q 9(ua\9[b1�W�, {
λg = λ

a log ξ + b

c log ξ + d
=
a(log ξ + 2π

√
−1) + b

c(log ξ + 2π
√
−1) + d

.�;Æo5V9;�#;:





ac(1− λ) = 0,

(ac2π
√
−1 + ad+ bc)(1− λ) = 0,

λb(c2π
√
−1 + d)− d(a2π

√
−1 + b) = 0.d) λ 
�;o 1 9���, �7 a = b = 0 � c = d = 0. 2
 ad− bc = 1, PK.

(3) { L 
b2��, {,x K ∈ PSL(2,R), �7 K ◦ L ◦ K−1(ξ) = ξ + t, e� t 
Z[UG��, [Q G = K ◦ F Y
|(h}. �
G(ξ) =

a log ξ + b

c log ξ + d
,

(
a b

c d

)
∈ PGL(2,C).�T� g = a log ξ+b

c log ξ+d , ad − bc = 1 ) G x> q [�[b�s q 9(ua\9[b1�W�, {
g+ t =

a log ξ + b

c log ξ + d
+ t =

a(log ξ + 2π
√
−1) + b

c(log ξ + 2π
√
−1) + d

.�;Æo5V9;�#;:




tc2 = 0,

2tc(cπ
√
−1 + d) = 0,

td(c2π
√
−1 + d)− 2π

√
−1 = 0.d) t 6= 0,�7 c = 0, td2 = 2π

√
−1. d) ad− bc = 1, { ad = 1, t = a22π

√
−1. d) t
UG��, �T� a2 =

√
−1δ, e� δ 
UG��. g(ξ) = a2 log ξ + ab = a2

(
log ξ + b

a

)
, I

z = ξe
b

a ,{ log z = log ξ+ b
a
, g(z) = a2 log z =

√
−1δ log z. { δ > 0,IH =

(
1√
δ

0

0
√
δ

)
◦G,
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√
−1 log z Yf
|(h}. 2�p H : △∗ −→ H PK�l δ < 0, I H =(

1√
−δ 0

0
√
−δ

)
◦G, { H(z) = −

√
−1 log z Y
|(h}. d) q 9 z &�p ξ &�E)

0, l>OI, ,x ε > 0, �7x ∆ε = {z ∈ C | |z| < ε} |, m
dσ2|∆ε

= |z|−2(ln |z|)−2|dz|2.#|�WB6=N�W�&� z 9([I. � z, z̃ E
O!B6!�9Y&�, {
F (z) = −

√
−1 log z, F̃ (z̃) = −

√
−1 log z̃ E
FA dσ2 9|(h}. le6 2.2, ,x

L ∈ PSL(2,R),�7 F̃ = L◦F ,{ F̃ = aF+b
cF+d , ad−bc = 1.d)x z, z̃&�5, p = 0, F (p) =

F̃ (p) = ∞, 
�7 c = 0. l F̃ = aF+b
d

= a2F + ab, { −
√
−1 log z̃ = −a2

√
−1 log z + ab,lm a2 = 1, log z̃ = log z + ab

√
−1 x> q [�[b�s q 9(ua V \#;, [Q

z̃ = λz, |λ| = 1 x V \#;. d) z, z̃, w 
> q [�9Y&�, z, z̃ 
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Abstract Nitsche proved that an isolated singularity of a conformal hyperbolic metric is

either a conical singularity or a cusp one (Nitsche, J., Über die isolierten singularitäten der

Lösungen von ∆u = eu, Math. Z, 1957, vol. 68, no. 3, pp. 316–324.). The authors prove

that there exists a complex coordinate z centered at the singularity where the metric has

the expression of either
4α2|z|2α−2

(1− |z|2α)2 |dz|
2 with α > 0 or |z|−2

(
ln |z|

)−2|dz|2 by developing

map.
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