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1 
����TOQG+lLQuJ�D Poisson-Nernst-Plancka&,Æ��uJ�D�℄M Navier-Stokes a&,5�Y$D2C	L?)� (n > 3):




∂tu−∆u+ u · ∇u+∇P = ∆φ∇φ, x ∈ R
n, t > 0,

divu = 0, x ∈ R
n, t > 0,

∂tv −∆v + u · ∇v = −∇ · (v∇φ), x ∈ R
n, t > 0,

∂tw −∆w + u · ∇w = ∇ · (w∇φ), x ∈ R
n, t > 0,

∆φ = v − w, x ∈ R
n, t > 0,

(1.1)�hsG+*�:

(u, v, w)|t=0 = (u0, v0, w0), x ∈ R
n. (1.2))� (1.1)–(1.2)l Rubinsteinq 20.�}� [1]�j2�,, �Tif_�F��℄M�C���yT Æ9Lk(ÆT�r�4D4�1i, 4Ys�HlDÆ�#� ÆL 4�1iD\�P�vl. a&, (1.1)1–(1.1)2 �b\ ∆φ∇φ ��u7D�℄M Navier-Stokesa&,. u = u(x, t) Æ P = P (x, t) e��byT ÆMu , φ = φ(x, t)�bL(NLe.Æ� 2017 � 3 z 27 DiB, 2018 � 1 z 3 DiBEmn.
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56 s K � Y A # 40 Xa&, (1.1)3–(1.1)5 fLQuJ�D Poisson-Nernst-Plancka&,, �T_�9Lk(ÆT�r}� ÆL 1i+D Z�eLÆV�/:[2]. v = v(x, t) Æ w = w(x, t) e��b���9�L�ÆjL�k(DÆT�r. Poisson a& (1.1)5 DpU�bPL�ÆT.�D�T�Df}:`4 R
n (n > 3) O�Oo)� (1.1)–(1.2) )4wDD
�5}CÆ:K�OC.$^A&()� Poisson-Nernst-Plancka&,}�9D&Y�[��XJ�}OQ, /[n�X{qJD�-DÆyKDDS�Æ
�5}CB�. rG,&

Neumann�� ���DD5}CÆ:K�OC[l Mock}� [3–4]��; & no-flux�� �JDDS�Æ
�5}C,��DD:K�OC�l Biler-Hebisch-Nadzieja[5]Æ
Biler-Dolbeault[6]FB<s. Vq Poisson-Nernst-Planck a&,D*� �, Karch }�
[7] �<s|�F Besov `4 Ḃs

p,∞(Rn)(−1 < s < 0, p = n
s+2 ) �<*� �D
�5}CÆ�WC. Kurokiba-Ogawa }� [8] �<s| Lebesgue `4Æ Sobolev `4�<*� �D
�gOCÆ7*� �DS�gOC. ��H, }[�0A+, Ogawa-Shimizu}� [9–10] �e�<s|�F Hardy `4 H1(R2) Æ�F Besov `4 Ḃ0

1,2(R
2) `4�<*� �D
�gOC. .K, Zhao-Liu-Cui }� [11] �> Karch }� [7] �DB��~�|`�s~D Besov `4 Ḃs

p,q(R
n), &� − 3

2 < s 6 −2 + n
2 , p =

n
s+2 , 1 6 q 6 ∞.R"}�, )� (1.1) NoDrJe&_q� [12], 1�� Jerome pi Kato �<l��|)� (1.1)–(1.2) 5}�WDS�}�D. .K, {q)� (1.1) Dqi*�� �
�JDD5}C[Ml�X1�<s, rG, �� Dirichlet *�� �8 Jerome-

Sacco[13], no-flux *�� �8 Ryham[14], Neumann *�� �8 Schmuck[15]. Vq*� � (1.1)–(1.2), Zhao-Deng-Cui}� [16] �<s|�F Lebesgue `4�<*� �D
�gOCÆW�*� �DS�gOC; Zhang-Yin}� [17] ��|[�0A+W�*� �D
�gOC; Zhao-Liu}� [18] �pi Fourier S��a℄Æ���F`})2 Besov `43+<s|
�DD.kt7w). Vq)� (1.1)–(1.2)(\$sW�DL��QuJ�?) 
�JDD��C��WCÆS�}�DD
"&�, S�℄\�8� [19–22] $&�D�Z�0.�"�T<s)� (1.1)–(1.2) } Lorentz `4 [Lq,∞(Rn)]n × [Lp,∞(Rn)]2(q Æ p	+WOD�9) �)4wDD
�5}CÆ:K�OC. ",fe&)� (1.1) 	+DT|��C. �
(uλ, vλ, wλ, Pλ, φλ)(x, t) := (λu, λ2v, λ2w, λ2P, φ)(λx, λ2t). (1.3).>, I (u, v, w) f)� (1.1) Veq*� (u0, v0, w0) DD (P Æ φ l (u, v, w) �W;O), � (uλ, vλ, wλ) f)� (1.1) Veq*� (u0λ, v0λ, w0λ) DD (Pλ Æ φλ l (uλ, vλ, wλ)�W;O), &�

u0λ(x) := λu0(λx), v0λ(x) := λ2v0(λx), w0λ(x) := λ2w0(λx).G�VC^D λ > 0, x ∈ R
n, t > 0, n

u(x, t) = uλ(x, t), v(x, t) = vλ(x, t), w(x, t) = wλ(x, t)$s, �"#)� (1.1)–(1.2) DD (u, v, w) �)4wD.
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M�M��RvKb'-*5xEE;L�PD 57$^AI (u, v, w) f)� (1.1)–(1.2) D)4wD, �n
u0(λx) = λ−1

u0(x), v0(λx) = λ−2v0(x), w0(λx) = λ−2w0(x),% u0 fTr� −1D)2�r, v0 Æ w0 fTr� −2D)2�r. lq1i�r} x = 0/D-'CÆ |x| → ∞ ZD�
t7, }\�nqC�D Lebesgue `4Æ Sobolev `4.�Wa�}� [23] �, Tian-Xin VqVn��uDK��℄M Navier-Stokes a&,, v�,|Wi�;�r��DD.`D, �iD
�5}=�}�, &}3�vJVnAG
∼ 1

|x| D'C. lq 1
|x| /∈ Ln(Rn), =n 1

|x| ∈ Ln,∞(Rn), }\ Lorentz `4 Ln,∞(Rn) f��1i'C�r.)>D�r`4. $^A�℄M Navier-Stokes a&,}�F Lorentz`4�D
�5}C���CÆ�OC[l Barraza[24−25]Æ Yamazaki[26]e�<s, b1,�>pi Lorentz`4OD~_��< Lp-Lq w)Æ~_ Hardy-Littlewood-Sobolev�F`, �� [24–27] �DB��~�si{D2C5�)� (1.1)–(1.2). GT-NDf,W<"} Lorentz`4��|DD
�5}C, �lDD�WC%C)4wDD5}C, �/�qJhxa℄Æ Lebesgue b�hxOl, "℄\<s>Z4 t 5q$1Z)4wDD:K�OC.�6� �, ">)� (1.1)–(1.2) y��4eD!e)�. �1,4Da& (1.1)5,℄C
φ = (−∆)−1(w − v) = K ∗ (w − v), (1.4)&�

K(x) =
1

4
π−n

2 Γ
(n
2
− 1

)
|x|−(n−2), x ∈ R

n\{0}.&2�;9Mu7 P , "}a&, (1.1)1 D/pzU�Z1i Leray Ægz( P, �piOo (1.4), ℄>a&, (1.1)1–(1.2)2 %��G+DF2a&,:

∂tu−∆u+ Pu · ∇u = P(v − w)∇(−∆)−1(w − v),&� Leray Ægz( P l+`;O:

P = I +∇(−∆)−1 div,% P f R
n O\ P̂(ξ) = (δjk −

ξjξk
|ξ|2 )

n
j,k=1 �:	D n× n ���eU�z(. l'a!ez(l�℄� Pf Lebesgue`4 [Lp(Rn)]n(1 < p <∞) Æ Lorentz`4 [Lp,∞(Rn)]n(1 <

p <∞) ODnF2Cz(. .�, pi!�D Duhamel vl, "℄\>)� (1.1)–(1.2)JW�y��+�D!e)�:




u = et∆u0 + B1(u,u) + B2(v − w,w − v),

v = et∆v0 + B3(u, v) + B4(v, w − v),

w = et∆w0 + B3(u, w) + B4(w, v − w),

(1.5)



58 s K � Y A # 40 X&� et∆ �b�r� G(t, x) = (4πt)−
n
2 exp

(
− |x|2

4t

) D�z(, /




B1(u,v) := −

∫ t

0

e(t−τ)∆
P∇ · (u ⊗ v)dτ,

B2(v, w) :=

∫ t

0

e(t−τ)∆
Pv(∇(−∆)−1w)dτ,

B3(u, v) := −

∫ t

0

e(t−τ)∆∇ · (uv)dτ,

B4(v, w) := −

∫ t

0

e(t−τ)∆∇ · (v∇(−∆)−1w)dτ.}"o�D�TB��,, ,GQ��}GD�r`4. � Lp,q(Rn) = [Lp,q(Rn)]n,�i PLp,q(Rn) �bl`4 Lp,q(Rn) �}nLT��D�rv$D(`4, %
PLp,q(Rn) := {u : u ∈ Lp,q(Rn) / divu = 0}.}Oo+�+, ℄� PLn,∞(Rn)× [L

n
2
,∞(Rn)]2 f)� (1.1)–(1.2)D�F Lorentz`4. }�F0A+, C8 n < q 6 2n, "L4)� (1.1)–(1.2) DD, ^CyT u nq

X := {u : u ∈ Cw([0,∞),PLn,∞(Rn)) / t
1
2
(1−n

q
)
u ∈ Cw((0,∞),PLq,∞(Rn))},&O`rO_� ‖u‖X := sup

t>0
‖u(t)‖Ln,∞ +sup

t>0
t
1
2
(1−n

q
)‖u(t)‖Lq,∞ ; 9Lk(ÆT�r v Æ

w nq
Y := {v : v ∈ Cw([0,∞), L

n
2
,∞(Rn)) / t

1
2
(1−n

q
)v ∈ Cw((0,∞), L

nq

n+q
,∞(Rn))},&O`rO_� ‖v‖Y := sup

t>0
‖v(t)‖

L
n
2

,∞ + sup
t>0

t
1
2
(1−n

q
)‖v(t)‖

L
nq

n+q
,∞ . 6;+8, "e�i ‖ · ‖X ,1, ‖ · ‖X ,2, ‖ · ‖Y,1 Æ ‖ · ‖Y,2 �b`4 X Æ Y �VeDz�e`r. �Wa�, )� (1.1)–(1.2)}VeD2�F Lorentz`4� PLq,∞(Rn)× [Lp,∞(Rn)]2, &� n < q <∞,

n
2 < p <∞. }2�F0A+, � T �zOD�!r, Veq)� (1.1)–(1.2)DD (u, v, w)}nD`4�

ZT := {(u, v, w) : u(t) ∈ Cw([0, T ),PL
q,∞(Rn)), v, w ∈ Cw([0, T ), L

p,∞(Rn))},&O`rO_� ‖(u, v, w)‖ZT
:= sup

06t<T

‖(u, v, w)‖Lq,∞×[Lp,∞]2 . �qOo�r`4DdH,"r,)� (1.1)–(1.2) �ÆDDO_G+.C� 1.1 S n 6 q < ∞, n
2 6 p < ∞. #9{��r (u, v, w) �)� (1.1)–(1.2) D�ÆD, IVq�p 0 < T 6 ∞, n

u ∈ Cw([0, T ),PL
q,∞(Rn)), v, w ∈ Cw([0, T ), L

p,∞(Rn)),�/VqC^D�r ϕ ∈ PLq′,1(Rn), ψ ∈ Lp′,1(Rn), nG+DF`Vq}nD 0 6 t < T$s:

〈u(t), ϕ〉 = 〈u0, e
t∆ϕ〉+

∫ t

0

〈[u⊗ u](τ), e(t−τ)∆∇Pϕ(τ)〉dτ

+

∫ t

0

〈[(v − w)∇(−∆)−1(w − v)](τ), e(t−τ)∆
Pϕ(τ)〉dτ, (1.6)
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〈v(t), ψ〉 = 〈v0, e
t∆ψ〉+

∫ t

0

〈[uv](τ), e(t−τ)∆∇ψ(τ)〉dτ

+

∫ t

0

〈[v∇(−∆)−1(w − v)](τ), e(t−τ)∆∇ψ(τ)〉dτ, (1.7)

〈w(t), ψ〉 = 〈w0, e
t∆ψ〉+

∫ t

0

〈[uw](τ), e(t−τ)∆∇ψ(τ)〉dτ

−

∫ t

0

〈[w∇(−∆)−1(w − v)](τ), e(t−τ)∆∇ψ(τ)〉dτ, (1.8)&� 1
q
+ 1

q′
= 1, 1

p
+ 1

p′
= 1, 〈·, ·〉 �b`4 Lr,∞(Rn) Æ`4 Lr′,1(Rn)(1 < r < ∞) �DV�V.�D�TB�G+.C 1.1 S n > 3, n < q 6 2n,�S u0 ∈ PLn,∞(Rn), v0, w0 ∈ L

n
2
,∞(Rn),�5}!r ε (0 < ε < 1

4η2 , ηfl (3.10);ODW�!r),^CI*� ‖(u0, v0, w0)‖
Ln,∞×[L

n
2

,∞]2
6

ε, ��)� (1.1)–(1.2) }`4 X × Y2 �5}�WD
��ÆD (u, v, w), 	+
‖(u, v, w)‖X×Y2 6 2ηε. (1.9)�/, OoD	+DV*�DwHYhC, %I (u, v, w) Æ (ũ, ṽ, w̃) e��b)� (1.1)–

(1.2) Veq*� (u0, v0, w0) Æ (ũ0, ṽ0, w̃0) /	+G+�9Dzp�ÆD:

‖(u0, v0, w0)‖
Ln,∞×[L

n
2

,∞]2
6 ε, ‖(ũ0, ṽ0, w̃0)‖

Ln,∞×[L
n
2

,∞]2
6 ε,�

‖(u− ũ, v − ṽ, w − w̃)‖X×Y2 6
η

1− 4εη2
‖(u0 − ũ0, v0 − ṽ0, w0 − w̃0)‖

Ln,∞×[L
n
2

,∞]2
.� 1.1 $^A, }Ol 1.1 D��&�, \,O"f} Cw([0,∞),PLn,∞(Rn))×

[Cw([0,∞), L
n
2
,∞(Rn))]2 D(`4�<s|)� (1.1)–(1.2) �ÆDD
�5}C. GT�,Df, ℄iwI8D(`4�n�X. \,O, lM|h8vl, "℄\�?}`4

Cw([0,∞),PLn,∞(Rn))× [Cw([0,∞), L
n
2
,∞(Rn))]2 �<s)� (1.1)–(1.2) DD
�5}C

(8 [26, 28]), �f7�q Lebesgue `4�D4{B�D[16].� 1.2 Ol 1.1 ��, Vq<*�, )� (1.1)–(1.2) D�ÆD�If
�5}DY/�{Z4 t→ ∞ t7��. d\O, VC^D n < q 6 2n, >Z4 t→ ∞ Z, "n
‖(u(·, t), v(·, t), w(·, t))‖

Lq,∞×[L
nq

n+q
,∞

]2
∼ t−

1
2
(1−n

q
).W�fv, ��$�iwDt7B�}`4 PLn,∞(Rn) × [L

n
2
,∞(Rn)]2 �$s, b��qT|�� (1.3), VqC^D λ > 0, �F℄Q

‖(uλ(·, t), vλ(·, t), wλ(·, t))‖
Ln,∞×[L

n
2

,∞]2
= ‖(u(·, t), v(·, t), w(·, t))‖

Ln,∞×[L
n
2

,∞]2
.l1℄C ‖(u(·, t), v(·, t), w(·, t))‖

Ln,∞×[L
n
2

,∞]2
ftZ4 t ${D. b1)� (1.1)–(1.2) D!^D (0, 0, 0)}`4 PLn,∞(Rn)×[L

n
2
,∞(Rn)]2 ��f:K�OD.�pB�Æ Lebesgue`4 PLn(Rn)× [L

n
2 (Rn)]2 �DB�f��D, ℄�8� [16].



60 s K � Y A # 40 XlOo$ 1.2, W�fv, $℄$�D (u, v, w) }`4 PLn,∞(Rn)× [L
n
2
,∞(Rn)]2 �{Z45q$1Yt7A�. =f, piJhxa℄, "℄\�G+B�.C 1.2 }Ol 1.1 D1S�9+, > t→ ∞ Z, n

u(x, t)− et∆u0(x) → 0 } PLn,∞(Rn) �J * hx, (1.10)

v(x, t) − et∆v0(x) → 0 } L
n
2
,∞(Rn) �J * hx, (1.11)

w(x, t) − et∆w0(x) → 0 } L
n
2
,∞(Rn) �J * hx. (1.12)�qOl 1.1 ��ÆDD�WC, "%℄�,)� (1.1)–(1.2) )4wDD5}C.ug 1.1 }Ol 1.1 D1S�9+, I|1S u0 fTr� −1 D)2�r, v0 Æ

w0 fTr� −2 D)2�r, %
u0(x) = λu0(λx), v0(x) = λ2v0(λx), w0(x) = λ2w0(λx), (1.13)�lOl 1.1 CAD�ÆD (u, v, w) f)4wD.Vq2�F Lorentz `4, "nG+DS�5}CB�.C 1.3 S n > 3, n < q <∞, n

2 < p < n /	+ 2
p
< 3

n
+ 1

q
, �S u0 ∈ PLq,∞(Rn),

v0, w0 ∈ Lp,∞(Rn), �5} T > 0, ^C)� (1.1)–(1.2) 5}�WD�ÆD (u, v, w) ∈ ZT ,%
u ∈ Cw([0, T ),PL

q,∞(Rn)), v, w ∈ Cw([0, T ), L
p,∞(Rn)).� 1.3 yq�9 n

2 < p < n fpi~_ Hardy-Littlewood-Sobolev �F`f^fS��r φ }�VDd�Zk0D�9. Y�9 2
p
< 1

q
+ 3

n
f/l)� (1.1)–(1.2) 5�7Zk0D�9, �}����O_h|yT u Æ9Lk(ÆT�r (v, w) �4D�m5�{)..�, "<s|>Z45q$1Z)4wDD:K�OC.C 1.4 S ε (e</	+ ε < min

{
1

4η2 ,
1
η̃

}
, �o!r η Æ η̃ e�l (3.10) Æ

(5.23) };O. S*� (u0, v0, w0) Æ (ũ0, ṽ0, w̃0) 	+Ol 1.1 D1S�9, �S (u, v, w)Æ (ũ, ṽ, w̃) e��bVeq*� (u0, v0, w0) Æ (ũ0, ṽ0, w̃0) D)� (1.1)–(1.2) Dzp
��ÆD, �+�zpB�fF2D:

lim
t→∞

(‖et∆(u0 − ũ0, v0 − ṽ0, w0 − w̃0)‖
Ln,∞×[L

n
2

,∞]2

+ t
1
2
(1−n

q
)‖et∆(u0 − ũ0, v0 − ṽ0, w0 − w̃0)‖

Lq,∞×[L
nq

n+q
,∞

]2
) = 0, (1.14)

lim
t→∞

(‖(u− ũ, v − ṽ, w − w̃)‖
Ln,∞×[L

n
2

,∞]2

+ t
1
2
(1−n

q
)‖(u− ũ, v − ṽ, w − w̃)‖

Lq,∞×[L
nq

n+q
,∞

]2
) = 0. (1.15)� 1.4 1�Ol 1.4 D�?ei, "℄C)4wDD:K�OC, %VC^	+

(1.13) D*� (u0, v0, w0), lOl 1.4 ℄�, �T (ũ0, ṽ0, w̃0) 	+�9 (1.14), �&}VeD�ÆD (ũ, ṽ, w̃) {Z459q$1Z59q)4wD (u, v, w).
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M�M��RvKb'-*5xEE;L�PD 61�BvG+. I 2 A, GQW=��TOliAD Lorentz `4�DW=�.�℄. I 3 A, r,Ol 1.1 ÆOl 1.2 D�, ��q�WC�,)4wDD5}C. Ol
1.3 ÆOl 1.4 D�>e�}I 4 AÆI 5 Ar,. |0:�, "i A . B �bw)
A 6 CB, &� C ft}OQ ��{${DW�!r. G� A . B / B . A, �℄�b� A ∼ B.

2 �7�k
2.1 Lorentz _QS 1 < p < ∞, 1 6 q 6 ∞. Lorentz `4 Lp,q(Rn) ℄	� Lesbegue `4D\��a℄O_G+[29]:

Lp,q(Rn) := (L1(Rn), L∞(Rn))(1− 1
p
,q).I 1 < q < ∞, � Lp,q(Rn) f)_D/&V�`4 (Lp,q(Rn))′ = Lp′,q′(Rn), &� p′ Æ q′e�f p Æ q Du4��, % 1

p
+ 1

p′
= 1, 1

q
+ 1

q′
= 1. Y> q = ∞ Z, Lp,∞(Rn) �f)_`4, Lp,1(Rn) DV�`4f Lp′,∞(Rn). $^Alq Lp,∞(Rn) �f)_`4, }\��< {et∆}t>0 }&O�f-wHD, YfJwHD (8+odl 2.4). b1|0�, "hs`4 Lp,∞(Rn) OD�#��&DJ * �#, �}AG Cw([0, T ), L

p,∞(Rn)) D`4���ÆDD5}C, &� Cw([0, T ), L
p,∞(Rn)) �b}`4 Lp,∞(Rn)�nF/{qZ4 t JwHD�r:�v$D`4. {q Lorentz `4sXD4{�℄, S�℄\�8�

[27, 29].

2.2 VzJ℄<A"�TGQW=���TOl}GTDD&tV.	 2.1 [30] (~_ Young �F`) S 1 < p1, p2 < ∞, 1 6 q1, q2 6 ∞. I f ∈

Lp1,q1(Rn), g ∈ Lp2,q2(Rn), � f ∗ g ∈ Lr,s(Rn), &� 1
r

= 1
p1

+ 1
p2

− 1, s > 1, 	+
1
q1

+ 1
q2

> 1
s
, �/n

‖f ∗ g‖Lr,s . ‖f‖Lp1,q1 ‖g‖Lp2,q2 . (2.1)	 2.2 [30] (~_ Hölder �F`) S 1 < p1, p2 < ∞, 1 6 q1, q2 6 ∞. I f ∈

Lp1,q1(Rn), g ∈ Lp2,q2(Rn), � fg ∈ Lr,s(Rn), &� 1
r
= 1

p1
+ 1

p2
, s > 1, 	+ 1

q1
+ 1

q2
> 1

s
,�/n

‖fg‖Lr,s . ‖f‖Lp1,q1 ‖g‖Lp2,q2 . (2.2)lOodl 2.1 %C+o��< {et∆}t>0 D~_ Lp-Lq w).	 2.3 [26] VC^D 1 < p <∞, ��< {et∆}t>0 f Lp,1(Rn)(resp. PLp,1(Rn)) ODD& C0 �<, �/VC^D 1 < p 6 q < ∞, ϕ ∈ Lp,1(Rn) (resp. ϕ ∈ PLp,1(Rn)), nG



62 s K � Y A # 40 X+w)$s:

‖et∆ϕ‖Lq,1 . t−
n
2
( 1
p
− 1

q
)‖ϕ‖Lp,1, (2.3)

‖∇et∆ϕ‖Lq,1 . t−
1
2
−n

2
( 1
p
− 1

q
)‖ϕ‖Lp,1. (2.4)piV�a℄, ldl 2.3 ℄C+oB�, S�V℄�Z� [24, pp. 421, dl 1].	 2.4 [24] VC^D 1 < p < ∞, ϕ ∈ Lp,∞(Rn), �r t → et∆ϕ 4 [0,∞)hA Lp,∞(Rn) fJwHD, �/VC^D 1 < p 6 q < ∞, �z( et∆ : Lp,∞(Rn)

(resp. PLp,∞(Rn)) → Lq,∞(Rn) (resp. PLq,∞(Rn)) fnFD, %VC^D ϕ ∈ Lp,∞(Rn)

(resp. ϕ ∈ PLp,∞(Rn)), n
‖et∆ϕ‖Lq,∞ . t−

n
2
( 1
p
− 1

q
)‖ϕ‖Lp,∞, (2.5)

‖∇et∆ϕ‖Lq,∞ . t−
1
2
−n

2
( 1
p
− 1

q
)‖ϕ‖Lp,∞. (2.6)	 2.5 S k ∈ (0, n), �VqC^D 1 < p < n

k
, 1

p1
= 1

p
− k

n
Æ 1 6 q 6 ∞, S�z( (−∆)−

k
2 h Lp,q(Rn) A Lp1,q(Rn) fnFD, �/VC^D f ∈ Lp,q(Rn), n

‖(−∆)−
k
2 f‖Lp1,q . ‖f‖Lp,q . (2.7)Æ b� (−∆)−

k
2 f = K̃ ∗ f , &� K̃(x) = Cn,k|x|

−(n−k), x ∈ R
n\{0}, �/ Cn,k fIYhq n Æ k D!r, �ldl 2.1 Æ |x|−(n−k) ∈ L

n
n−k

,∞(Rn) ℄C Sobolev �F`
(2.7).	 2.6 S n < q <∞, �S v ∈ Y, �VqC^D t ∈ (0,∞), ∇(−∆)−1v(·, t) �Inq`4 Ln,∞(Rn), Vnq`4 Lq,∞(Rn), �/$s+�Dw):

sup
t>0

‖∇(−∆)−1v‖Ln,∞ + sup
t>0

t
1
2
(1−n

q
)‖∇(−∆)−1v‖Lq,∞ . ‖v‖Y . (2.8)Æ }dl 2.5 �8 k = 1, �VqC^D n 6 r < ∞ Æ t ∈ (0,∞), I v(·, t) ∈

L
nr

n+r
,∞(Rn), n ∇(−∆)−1v(·, t) ∈ Lr,∞(Rn), �/

‖∇(−∆)−1v(·, t)‖Lr,∞ . ‖v(·, t)‖
L

nr
n+r

,∞ .b1e�8 r = n Æ r = q, %C (2.8).

3 eY Lorentz `R�AslE�A"r,Ol 1.1�Ol 1.2 Æ�� 1.1 D�. S u0 ∈ PLn,∞(Rn), v0, w0 ∈

L
n
2
,∞(Rn), �S q �	+�9 n < q 6 2n D�pzO!r. �

X := {(u, v, w) : u ∈ X , v, w ∈ Y, ‖(u, v, w)‖X := ‖(u, v, w)‖X×Y2 <∞},�O_ X ODhR F G+: VqC^D (u, v, w) ∈ X, � F(u, v, w) := (û, v̂, ŵ), &�
(û, v̂, ŵ) l+o!ea&,;O:

û = et∆u0 + B1(u,u) + B2(v − w,w − v), (3.1)

v̂ = et∆v0 + B3(u, v) + B4(v, w − v), (3.2)
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ŵ = et∆w0 + B3(u, w) + B4(w, v − w). (3.3)?+f">�hR F fyO_D, h`4 X A)U, /5}!r ε > 0, ^CI
‖(u0, v0, w0)‖

Ln,∞×[L
n
2

,∞]2
6 ε, � F fh`4 X ��p(e<D�3A)UDM|hR.

3.1 }�Om}�KP	 3.1 S (u0, v0, w0) ∈ PLn,∞(Rn)× [L
n
2
,∞(Rn)]2, �n

(et∆u0, e
t∆v0, e

t∆w0) ∈ X × Y2, (3.4)�/+�D2Cw)$s:

‖(et∆u0, e
t∆v0, e

t∆w0)‖X×Y2 . ‖(u0, v0, w0)‖
Ln,∞×[L

n
2

,∞]2
. (3.5)Æ 8� [24, p. 422, dl 3], 1/�9�&.	 3.2 S u,v ∈ X , v, w ∈ Y, �n

B1(u,v) ∈ X , B2(v, w) ∈ X , (3.6)�/$s+�Du2Cw):

‖B1(u,v)‖X . ‖u‖X ,2‖v‖X ,2, ‖B2(v, w)‖X . ‖v‖Y,2‖w‖Y,2. (3.7)Æ $^A B1(u,v) ∈ X Æ (3.7) �DIWpw)[M}� [24] �r,�, }\�G� B2(v, w) ∈ X , �/ (3.7) �DI[pw)$s. b� v, w ∈ Y, B�dl 2.4, ℄C
‖B2(v, w)‖Ln,∞ =

∥∥∥
∫ t

0

e(t−τ)∆
P[v∇(−∆)−1w]dτ

∥∥∥
Ln,∞

.

∫ t

0

(t− τ)−
n
2
( 1
r
− 1

n
)‖v∇(−∆)−1w‖Lr,∞dτ,&� 1

r
= 1

n
+ 2

q
. |l~_ Hölder �F`Ædl 2.6, n

‖B2(v, w)‖Ln,∞ .

∫ t

0

(t− τ)−
n
q ‖v‖

L
nq

n+q
,∞‖∇(−∆)−1w‖Lq,∞dτ

. ‖v‖Y,2‖w‖Y,2

∫ t

0

(t− τ)−
n
q τ−(1− n

q
)dτ

. ‖v‖Y,2‖w‖Y,2.$^A q > n, }\Oo`(�!e ∫ t

0 (t− τ)−
n
q τ−(1−n

q
)dτ f℄!D. �Wa�, VC^D

n < q 6 2n, |2pidl 2.4�~_ Hölder �F`Ædl 2.6, ℄C
‖B2(v, w)‖Lq,∞ =

∥∥∥
∫ t

0

e(t−τ)∆
P[v∇(−∆)−1w]dτ

∥∥∥
Lq,∞

.

∫ t

0

(t− τ)−
1
2
(1+n

q
)‖v‖

L
nq

n+q
,∞‖∇(−∆)−1w‖Lq,∞dτ

. ‖v‖Y,2‖w‖Y,2

∫ t

0

(t− τ)−
1
2
(1+n

q
)τ−(1− n

q
)dτ
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. t−

1
2
(1−n

q
)‖v‖Y,2‖w‖Y,2.b1 B2(v, w) ∈ L∞(0,∞;PLn,∞(Rn)), t

1
2
(1−n

q
)B2(v, w) ∈ L∞(0,∞;PLq,∞(Rn)), /

‖B2(v, w)‖X . ‖v‖Y,2‖w‖Y,2.{q B2(v, w) VZ4 t DJwHC℄iwq� [24, 26] �, 1/�9�&.	 3.3 S u ∈ X , v, w ∈ Y, �n
B3(u, v) ∈ Y, B4(v, w) ∈ Y, (3.8)�/$s+�Du2Cw):

‖B3(u, v)‖Y . ‖u‖X ,2‖v‖Y,2, ‖B4(v, w)‖Y . ‖v‖Y,2‖w‖Y,2. (3.9)Æ "Ir,4eq B3(u, v) DB�D�, {q B4(v, w) DB�iw℄. j,ldl 2.4 ℄C
‖B3(u, v)‖L

n
2

,∞ =
∥∥∥−

∫ t

0

e(t−τ)∆∇ · [uv]dτ
∥∥∥
L

n
2

,∞

.

∫ t

0

(t− τ)−
1
2
−n

2
( 1
r
− 2

n
)‖uv‖Lr,∞dτ,&� 1

r
= 1

n
+ 2

q
. ldl 2.2 C
‖B3(u, v)‖L

n
2

,∞ .

∫ t

0

(t− τ)−
n
q ‖u‖Lq,∞‖v‖

L
nq

n+q
,∞dτ

. ‖u‖X ,2‖v‖Y,2

∫ t

0

(t− τ)−
n
q τ−(1−n

q
)dτ

. ‖u‖X ,2‖v‖Y,2.�Wa�, VC^D n < q 6 2n, ldl 2.4 Ædl 2.2, ℄C
‖B3(u, v)‖

L
nq

n+q
,∞ =

∥∥∥
∫ t

0

e(t−τ)∆∇ · [uv]dτ
∥∥∥
L

nq
n+q

,∞

.

∫ t

0

(t− τ)−
1
2
(1+n

q
)‖u‖Lq,∞‖v‖

L
nq

n+q
,∞dτ

. ‖u‖X ,2‖v‖Y,2

∫ t

0

(t− τ)−
1
2
(1+n

q
)τ−(1− n

q
)dτ

. t−
1
2
(1−n

q
)‖u‖X ,2‖v‖Y,2.b1 B3(u, v) ∈ L∞(0,∞;L

n
2
,∞(Rn)), t

1
2
(1−n

q
)B3(u, v) ∈ L∞(0,∞;L

nq

n+q
,∞(Rn)), �/

‖B3(u, v)‖Y . ‖u‖X ,2‖v‖Y,2.{q B3(u, v) VZ4 t DJwHC℄i� [24, 26] �Da℄�, 1/�9�&.

3.2 C 1.1 ?Æi.>, ldl 3.1– dl 3.3 ℄�hR F fyO_D, �/5}!r η > 0, ^CVC^D (u, v, w) ∈ X, (û, v̂, ŵ) = F(u, v, w), n
‖(û, v̂, ŵ)‖X 6 η(‖(u0, v0, w0)‖

Ln,∞×[L
n
2

,∞]2
+ ‖(u, v, w)‖2

X
). (3.10)
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Ln,∞×[L

n
2

,∞]2
6 ε, �l (3.10) ℄�

‖(û, v̂, ŵ)‖X 6 ηε+ η‖(u, v, w)‖2
X
. (3.11)� B �`4 X ��O� 2ηε D�3, %

B := {(u, v, w) ∈ X : ‖(u, v, w)‖X 6 2ηε},�VqC^D (u, v, w) ∈ B, l (3.11) ℄C
‖(û, v̂, ŵ)‖X 6 ηε+ η(2ηε)2 = (1 + 4η2ε)ηε 6 2ηε.}\ F fh B A&)UDhR.	 3.4 S ε GOr, (

ε < 1
4η2

)
, �I ‖(u0, v0, w0)‖

Ln,∞×[L
n
2

,∞]2
6 ε, hR F fh

B A)UDM|hR.Æ S (u1, v1, w1), (u2, v2, w2) ∈ B, �S (ûj, v̂j , ŵj) = F(uj , vj , wj), j = 1, 2, �iwqdl 3.2– dl 3.3 ��D��, ℄C+ow):

‖(û1 − û2, v̂1 − v̂2, ŵ1 − ŵ2)‖X

6 η(‖(u1, v1, w1)‖X + ‖(u2, v2, w2)‖X)‖(u1 − u2, v1 − v2, w1 − w2)‖X

6 4η2ε‖(u1 − u2, v1 − v2, w1 − w2)‖X. (3.12)lq 4η2ε < 1, �.> F fM|hR.�1, ldl 3.4 Æ Banach �QJOl℄�, )� (1.1)–(1.2) }`4 X ×Y2 �5}
��ÆD (u, v, w), �/�f	+�9 ‖(u, v, w)‖X×Y2 6 2ηε D�WD. ��DV*�DwHYhC, S (u, v, w) Æ (ũ, ṽ, w̃) e�f)� (1.1)–(1.2) Veq*� (u0, v0, w0)Æ (ũ0, ṽ0, w̃0) D�ÆD, �/
‖(u0, v0, w0)‖

Ln,∞×[L
n
2

,∞]2
6 ε, ‖(ũ0, ṽ0, w̃0)‖

Ln,∞×[L
n
2

,∞]2
6 ε.iwq (3.12) D��, n

‖(u− ũ, v − ṽ, w − w̃)‖X 6 η‖(u0 − ũ0, v0 − ṽ0, w0 − w̃0)‖
Ln,∞×[L

n
2

,∞]2

+ 4η2ε‖(u− ũ, v − ṽ, w − w̃)‖X. (3.13)b� 4η2ε < 1, l (3.13) ℄�
‖(u− ũ, v − ṽ, w − w̃)‖X 6

η

1− 4εη2
‖(u0 − ũ0, v0 − ṽ0, w0 − w̃0)‖

Ln,∞×[L
n
2

,∞]2
.Ol 1.1 C.

3.3 C 1.2 ?Æij,� (1.10). b� u = et∆u0 +B1(u,u)+B2(v−w,w− v), }\"IGT�+oB�.	 3.5 S u,v ∈ X , v, w ∈ Y, �> t→ ∞ Z, n
B1(u,v), B2(v, w) → 0 } PLn,∞(Rn)�J * hx. (3.14)



66 s K � Y A # 40 XÆ d\O, > t → ∞ Z, B1(u,v) }`4 PLn,∞(Rn) �J * hxA 0 [}� [25,

p. 755, �� 2] �r,�, =lq}�9 1 < r < n
n−1 (−

3
2 + n

2 (1 − 1
r
) < −1) +, !e∫ t

0 (t− τ)−
3
2
+n

2
(1− 1

r
)dτ �hx, }\� [25] �r,D���
. �o"r,Wps6;D�a℄. "Ir,7 B1(u,v)4eB�D�, 7 B2(v, w) VeDB�iw℄.�1, � ϕ ∈ [S(Rn)]n / divϕ = 0, ldl 2.2 Ædl 2.3 ℄C

〈B1(u,v), ϕ〉 =
〈
−

∫ t

0

e(t−τ)∆
P∇ · [u⊗ v](τ)dτ, ϕ

〉

=

∫ t

0

〈[u⊗ v](τ), e(t−τ)∆
P∇ϕ〉dτ

.

∫ t

0

‖u‖Lq,∞‖v‖Lq,∞‖e(t−τ)∆
P∇ϕ‖

L

q
q−2

,1dτ

. ‖u‖X ,2‖v‖X ,2‖ϕ‖Lr,1

∫ t

0

τ−(1− n
q
)(t− τ)−

1
2
−n

2
( 1
r
− q−2

q
)dτ,&� 1 < r 6 q

q−2 �:O!r. lq"[M1S n < q 6 2n, b1"�GQ5}r
r, ^C

−
1

2
−
n

2

(1
r
−
q − 2

q

)
> −1, (3.15)�/

−
(
1−

n

q

)
−

1

2
−
n

2

(1
r
−
q − 2

q

)
+ 1 < 0. (3.16)M�6;D)z℄�, �9 (3.15) F2q�9 1

r
+ 2

q
< 1 + 1

n
, �9 (3.16) F2q�9

1− 1
n
< 1

r
. b1, VqC^D n < q̃ < q, � 1

r
= 1− 1

q̃
, �℄Q (3.15) Æ (3.16) V�SI8D r f$sD, �/

〈B1(u,v), ϕ〉 . t−
1
2
(1−n

q̃
)‖u‖X ,2‖v‖X ,2‖ϕ‖Lr,1

∫ 1

0

τ−(1−n
q
)(1− τ)−

1
2
−n

2
( 1
r
− q−2

q
)dτ.$^A ‖u‖X ,2 Æ ‖v‖X ,2 fnFD, b1> t → ∞ Z, n 〈B1(u,v), ϕ〉 → 0. .�, �q

{ϕ : ϕ ∈ [S(Rn)]n, divϕ = 0} } PL
n

n−1
,1(Rn) �D)ÆC, l�&D)Æ�a℄℄C, >

t→ ∞ Z, n
B1(u,v) → 0 } PLn,∞(Rn)J * hx.dl 3.5 C.+�"� (1.11), (1.12) iw℄. b� v = et∆v0 +B3(u, v) +B4(v, w− v), }\�G�+odl.	 3.6 S u ∈ X , v, w ∈ Y, �> t→ ∞ Z, n

B3(u, v), B4(v, w) → 0 } L
n
2
,∞(Rn)�J * hx. (3.17)Æ �o"�r,> t→ ∞Z, B3(u, v)}`4 L

n
2
,∞(Rn)�J *hxA 0, B4(v, w)VeDB�iw℄. �1, C8 ψ ∈ S(Rn), ldl 2.2 Ædl 2.3 ℄�

〈B3(u, v), ψ〉 =
〈
−

∫ t

0

e(t−τ)∆∇ · [uv](τ)dτ, ψ
〉
=

∫ t

0

〈[uv](τ), e(t−τ)∆∇ψ〉dτ
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.

∫ t

0

‖u‖Lq,∞‖v‖
L

nq
n+q

,∞‖e(t−τ)∆∇ψ‖
L

nq
nq−2n−q

,1dτ

. ‖u‖X ,2‖v‖Y,2‖ψ‖Lr,1

∫ t

0

τ−(1− n
q
)(t− τ)−

1
2
−n

2
( 1
r
−nq−2n−q

nq
)dτ,&� 1 < r 6 nq

nq−2n−q
f:O!r. .>, "IGQ5}!r r, ^C

−
1

2
−
n

2

(1
r
−
nq − 2n− q

nq

)
> −1, (3.18)/

−
(
1−

n

q

)
−

1

2
−
n

2

(1
r
−
nq − 2n− q

nq

)
+ 1 < 0. (3.19)$^A�9 (3.18) F2q 1

r
< 1 − 2

q
, �9 (3.19) F2q 1 − 2

n
< 1

r
. b1, VC^D

n < q̄ < q, "8 1
r
= 1− 1

n
− 1

q̄
. .> (3.18) Æ (3.19) VG1I8D r $s, �/n

〈B3(u, v), ψ〉 . t−(1−n
q̄
)‖u‖X ,2‖v‖Y,2‖ψ‖Lr,1

∫ 1

0

τ−(1− n
q
)(1 − τ)−

1
2
−n

2
( 1
r
−nq−2n−q

nq
)dτ.lq ‖u‖X ,2 Æ ‖v‖Y,2 fnFD, b1lO`℄�> t→ ∞ Z, n 〈B3(u, v), ψ〉 → 0. -1��, �q S(Rn) } L

n
n−2

,1(Rn) �)Æ�Wd\, l�&D)Æ�a℄℄C> t→ ∞ Z,n
B3(u, v) → 0 } L

n
2
,∞(Rn)J * hx.dl 3.6 C.ldl 3.5 Ædl 3.6 %COl 1.2.

3.4 ug 1.1 ?ÆiS (u0, v0, w0) 	+�9 (1.13), �lOl 1.1℄�)� (1.1)–(1.2)5}�WD�ÆD
(u, v, w), ^C

‖(u, v, w)‖X×Y2 6 2ηε.�Wa�,lq)� (1.1)	+T|��C,�VqC^D λ > 0,l (1.3)r,D (uλ, vλ, wλ)�SVf*� (u0, v0, w0) };ODD. $^A`4 X ×Y2 D`r}T|�� (1.3) +��, %
‖(uλ, vλ, wλ)‖X×Y2 = ‖(u, v, w)‖X×Y2,b1 (u, v, w) f)4wD.

4 >eY Lorentz `R�A\:lE�A"r,Ol 1.3 D�. S q Æ p �zprO!r�	+ n < q < ∞, n
2 <

p < n Æ 2
p
< 3

n
+ 1

q
, �S

u0 ∈ PLq,∞(Rn), v0, w0 ∈ Lp,∞(Rn).



68 s K � Y A # 40 XVq:O!r T > 0, "6}`4 ZT �<s)� (1.1)–(1.2) DS�gOC, &�
ZT = {(u, v, w) : u(t) ∈ Cw([0, T ),PL

q,∞(Rn)), v, w ∈ Cw([0, T ), L
p,∞(Rn))}.�S, VqrOD (u, v, w) ∈ ZT , O_hR F(u, v, w) = (û, v̂, ŵ), &� (û, v̂, ŵ) l (3.1)–

(3.3) ;O. ?+f">�: G� T (e<, � F f> ZT �D�3hA)UDM|hR. �XW�C, � 0 < T 6 1.

4.1 }�Om}�KP	 4.1 S (u0, v0, w0) ∈ PLq,∞(Rn)× [Lp,∞(Rn)]2, �n
(et∆u0, e

t∆v0, e
t∆w0) ∈ ZT , (4.1)�/$s+�D2Cw):

‖(et∆u0, e
t∆v0, e

t∆w0)‖ZT
. ‖(u0, v0, w0)‖Lq,∞×[Lp,∞]2 . (4.2)Æ ldl 2.4 %Cdl 4.1, 1/�9�&.	 4.2 S u,v ∈ Cw([0, T ),PL

q,∞(Rn)), v, w ∈ Cw([0, T ), L
p,∞(Rn)), �n

B1(u,v), B2(v, w) ∈ Cw([0, T ),PL
q,∞(Rn)), (4.3)�/$s+�Du2Cw):

sup
06t<T

‖B1(u,v)‖Lq,∞ . T
1
2
(1−n

q
)
(

sup
06t<T

‖u‖Lq,∞

)(
sup

06t<T

‖v‖Lq,∞

)
,

sup
06t<T

‖B2(v, w)‖Lq,∞ . T
3
2
+ n

2q
−n

p

(
sup

06t<T

‖v‖Lp,∞

)(
sup

06t<T

‖v‖Lp,∞

)
.

(4.4)Æ Vq B1(u,v), l�9 n < q <∞ ℄� 1
2

(
1 + n

q

)
< 1, 4Yldl 2.2 Ædl 2.4℄C

‖B1(u,v)‖Lq,∞ =
∥∥∥−

∫ t

0

e(t−τ)∆
P∇ · (u⊗ v)dτ

∥∥∥
Lq,∞

.

∫ t

0

(t− τ)−
1
2
(1+n

q
)‖u‖Lq,∞‖v‖Lq,∞dτ

. t
1
2
(1−n

q
)
(

sup
06t<T

‖u‖Lq,∞

)(
sup

06t<T

‖v‖Lq,∞

)
.b1 B1(u,v) ∈ Cw([0, T ),PL

q,∞(Rn)), �/
sup

06t<T

‖B1(u,v)‖Lq,∞ . T
1
2
(1−n

q
)
(

sup
06t<T

‖u‖Lq,∞

)(
sup

06t<T

‖v‖Lq,∞

)
.Vq B2(v, w), S 1 < r 6 q 	+ 1

r
= 1

p
+ n−p

np
= 2

p
− 1

n
(p < n), �ldl 2.2 Ædl 2.4℄C

‖B2(v, w)‖Lq,∞ =
∥∥∥
∫ t

0

e(t−τ)∆
P[v∇(−∆)−1w]dτ

∥∥∥
Lq,∞

.

∫ t

0

(t− τ)−
n
2
( 1
r
− 1

q
)‖v∇(−∆)−1w‖Lr,∞dτ

.

∫ t

0

(t− τ)−
n
2
( 2
p
− 1

n
− 1

q
)‖v‖Lp,∞‖∇(−∆)−1w‖

L

np
n−p

,∞dτ.
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‖∇(−∆)−1w‖

L

np
n−p

,∞ . ‖w‖Lp,∞,�l1S�9 2
p
< 3

n
+ 1

q
℄� 1

2

(
2n
p
− n

q
− 1

)
< 1, % 3

2 + n
2q − n

p
> 0, l1℄�C

‖B2(v, w)‖Lq,∞ .
(

sup
06t<T

‖v‖Lp,∞

)(
sup

06t<T

‖w‖Lp,∞

)∫ t

0

(t− τ)−
1
2
( 2n

p
−n

q
−1)dτ

. t
3
2
+ n

2q
−n

p

(
sup

06t<T

‖v‖Lp,∞

)(
sup

06t<T

‖w‖Lp,∞

)
.b1 B2(v, w) ∈ Cw([0, T ),PL

q,∞(Rn)), �/
sup

t∈[0,T )

‖B2(v, w)‖Lq,∞ . T
3
2
+ n

2q
−n

p

(
sup

06t<T

‖v‖Lp,∞

)(
sup

06t<T

‖w‖Lp,∞

)
.�.� θ1 := min

{
1
2 (1−

n
q
), 32 +

n
2q −

n
p

}
,�ldl 4.1–4.2℄� û ∈ Cw([0, T ),PL

q,∞(Rn)),/
sup

t∈[0,T )

‖û‖Lq,∞ . ‖u0‖Lq,∞ + T θ1‖(u, v, w)‖2ZT
. (4.5)	 4.3 S u ∈ Cw([0, T ),PL

q,∞(Rn)), v, w ∈ Cw([0, T ), L
p,∞(Rn)), �n

B3(u, v), B4(v, w) ∈ Cw([0, T ), L
p,∞(Rn)), (4.6)�/$s+�Du2Cw):

sup
06t<T

‖B3(u, v)‖Lp,∞ . T
1
2
(1−n

q
)
(

sup
06t<T

‖u‖Lq,∞

)(
sup

06t<T

‖v‖Lp,∞

)
,

sup
06t<T

‖B4(v, w)‖Lp,∞ . T 1− n
2p

(
sup

06t<T

‖v‖Lp,∞

)(
sup

06t<T

‖w‖Lp,∞

)
.

(4.7)Æ Vq B3(u, v), ldl 2.2 Ædl 2.4 ℄C
‖B3(u, v)‖Lp,∞ =

∥∥∥−

∫ t

0

e(t−τ)∆∇ · [uv]dτ
∥∥∥
Lp,∞

.

∫ t

0

(t− τ)−
1
2
(1+n

q
)‖u‖Lq,∞‖v‖Lp,∞dτ

. t
1
2
(1−n

q
)
(

sup
06t<T

‖u‖Lq,∞

)(
sup

06t<T

‖v‖Lp,∞

)
.b1 B3(u, v) ∈ Cw([0, T ), L

p,∞(Rn)), /+ow)$s:

‖B3(u, v)‖Lp,∞ . T
1
2
(1−n

q
)
(

sup
06t<T

‖u‖Lq,∞

)(
sup

06t<T

‖v‖Lp,∞

)
.Vq B4(v, w), ldl 2.2�dl 2.4 Ædl 2.6 ℄C

‖B4(v, w)‖Lp,∞ =
∥∥∥−

∫ t

0

e(t−τ)∆∇ · (v∇(−∆)−1w)dτ
∥∥∥
Lp,∞

.

∫ t

0

(t− τ)−
n
2p ‖v‖Lp,∞‖∇(−∆)−1w‖

L

np
n−p

,∞dτ

. t1−
n
2p

(
sup

06t<T

‖v‖Lp,∞

)(
sup

06t<T

‖w‖Lp,∞

)
.



70 s K � Y A # 40 Xb1 B4(v, w) ∈ Cw([0, T ), L
p,∞(Rn)), /+ow)$s:

‖B4(v, w)‖Lp,∞ . T 1− n
2p

(
sup

06t<T

‖v‖Lp,∞

)(
sup

06t<T

‖w‖Lp,∞

)
.dl 4.3 C.� θ2 := min

{
1
2

(
1− n

q

)
, 1− n

2p

}
,�ldl 4.1Ædl 4.3℄C v̂ ∈ Cw([0, T ), L

p,∞(Rn)),/
sup

06t<T

‖v̂‖Lp,∞ . ‖v0‖Lp,∞ + T θ2‖(u, v, w)‖2ZT
. (4.8)iw℄ ŵ ∈ Cw([0, T ), L

p,∞(Rn)), /
sup

06t<T

‖ŵ‖Lp,∞ . ‖w0‖Lp,∞ + T θ2‖(u, v, w)‖2ZT
. (4.9)B�dl 4.1– dl 4.3, "nG+B�.	 4.4 F fyO_D�/h ZT A)U.

4.2 C 1.3 ?Æi� θ := min{θ1, θ2}, �l (4.5), (4.8) Æ (4.9) ℄�, 5}t T Æ θ ${D!r η0 > 0,^CVqC^D (u, v, w) ∈ ZT , (û, v̂, ŵ) = F(u, v, w), n
‖(û, v̂, ŵ)‖ZT

6 η0(‖(u0, v0, w0)‖Lq,∞×[Lp,∞]2 + T θ‖(u, v, w)‖2ZT
). (4.10)� R := η0‖(u0, v0, w0)‖Lq,∞×[Lp,∞]2 , �i BT �b ZT ��O� 2R D�3, %

BT := {(u, v, w) ∈ ZT : ‖(u, v, w)‖ZT
6 2R},�VqC^D (u, v, w) ∈ BT , l (4.10) ℄�

‖(û, v̂, ŵ)‖ZT
6 R+ 4η0R

2T θ.b1, I8 T (e<, ^C 4η0RT
θ < 1, � F > BT hA|)U, �/iwqdl 3.4 D�, "℄ F f BT ODM|hR.	 4.5 S R, T Æ BT GOr,. � F fh BT A)UDM|hR.ldl 4.1– dl 4.5 Æ Banach �QJOl, ℄COl 1.3.

5 ��oXAU[yE�S (u, v, w) Æ (ũ, ṽ, w̃) flOl 1.1 v�D)� (1.1)–(1.2) e�Veq*�
(u0, v0, w0) Æ (ũ0, ṽ0, w̃0) DzpD, �ldl 3.4 ℄�, 5}\ 2ηε ��OD3 B, ^C

‖(u, v, w)‖X 6 2ηε, ‖(ũ, ṽ, w̃)‖X 6 2ηε. (5.1)i (u, v, w) 	+D!ea& (1.5) 79 (ũ, ṽ, w̃) 	+Diwa&℄C
u− ũ = et∆(u0 − ũ0) + B1(u − ũ,u) + B1(ũ,u− ũ)
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+ B2((v − ṽ)− (w − w̃), w − v) + B2(ṽ − w̃, (w − w̃)− (v − ṽ)),

v − ṽ = et∆(v0 − ṽ0) + B3(u− ũ, v) + B3(ũ, v − ṽ)

+ B4(v − ṽ, w − v) + B4(ṽ, (w − w̃)− (v − ṽ)),

w − w̃ = et∆(w0 − w̃0) + B3(u− ũ, w) + B3(ũ, w − w̃)

+ B4(w − w̃, v − w) + B4(w̃, (v − ṽ)− (w − w̃)).�6�+�, "dH+�zpg"�r:

h(t) := ‖et∆(u0 − ũ0, v0 − ṽ0, w0 − w̃0)‖
Ln,∞×[L

n
2

,∞]2

+ t
1
2
(1−n

q
)‖et∆(u0 − ũ0, v0 − ṽ0, w0 − w̃0)‖

Lq,∞×[L
nq

n+q
,∞

]2
,

l(t) := ‖(u− ũ, v − ṽ, w − w̃)‖
Ln,∞×[L

n
2

,∞]2

+ t
1
2
(1−n

q
)‖(u− ũ, v − ṽ, w − w̃)‖

Lq,∞×[L
nq

n+q
,∞

]2
.j,1S�9 (1.14) $s, �ldl 3.1 %C

h(t) ∈ L∞([0,∞)) / lim
t→∞

h(t) = 0.b1�� (1.15), "GTw) l(t). ,4 u− ũ D Ln,∞ `r:

‖u− ũ‖Ln,∞ 6 ‖et∆(u0 − ũ0)‖Ln,∞ + ‖B1(u− ũ,u)‖Ln,∞ + ‖B1(ũ,u− ũ)‖Ln,∞

+ ‖B2((v − ṽ)− (w − w̃), w − v)‖Ln,∞ + ‖B2(ṽ − w̃, (w − w̃)− (v − ṽ))‖Ln,∞

:= A0 +A1 +A2 +A3 +A4.�w) Ai(i = 0, 1, · · · , 4), � δ ∈ (0, 1) �:O!r, "D6℄f>!e ∫ t

0 · · ·dτ eD�∫ δt

0
· · · dτ +

∫ t

δt
· · ·dτ , >�|VeD7e�JBw). V A1, n

A1 =
∥∥∥−

∫ t

0

e(t−τ)∆
P∇ · [(u− ũ)⊗ u]dτ

∥∥∥
Ln,∞

.
∥∥∥
[ ∫ δt

0

+

∫ t

δt

]
e(t−τ)∆

P∇[(u − ũ)⊗ u]dτ
∥∥∥
Ln,∞

:= A11 +A12.pidl 2.2 Ædl 2.4, "V A11 Dw)G+:

A11 .

∫ δt

0

(t− τ)−
1
2
−n

2
( 2
q
− 1

n
)‖u(τ)− ũ(τ)‖Lq,∞‖u(τ)‖Lq,∞dτ

.

∫ δt

0

(t− τ)−
n
q τ−(1− n

q
)
[
τ

1
2
(1−n

q
)‖u(τ)− ũ(τ)‖Lq,∞

]
dτ‖u‖X ,2.}O`�0�{�� τ = ts, l (5.1) ℄C

A11 . ηε

∫ δ

0

(1 − s)−
n
q s−(1−n

q
)
[
(ts)

1
2
(1−n

q
)‖u(ts)− ũ(ts)‖Lq,∞

]
ds. (5.2)Vq A12, ℄�?JBG+w):

A12 . ηε
[

sup
δt6τ6t

τ
1
2
(1−n

q
)‖u(τ)− ũ(τ)‖Lq,∞

]
. (5.3)
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A1 . ηε

∫ δ

0

(1 − s)−
n
q s−(1−n

q
)
[
(ts)

1
2
(1−n

q
)‖u(ts)− ũ(ts)‖Lq,∞

]
ds

+ ηε
[

sup
δt6τ6t

τ
1
2
(1−n

q
)‖u(τ)− ũ(τ)‖Lq,∞

]
. (5.4)iwqOo A1 Dw), "℄C A2 Dw)G+:

A2 . ηε

∫ δ

0

(1 − s)−
n
q s−(1−n

q
)
[
(ts)

1
2
(1−n

q
)‖u(ts)− ũ(ts)‖Lq,∞

]
ds

+ ηε
[

sup
δt6τ6t

τ
1
2
(1−n

q
)‖u(τ)− ũ(τ)‖Lq,∞

]
. (5.5)Vq A3, $^A

A3 =
∥∥∥
∫ t

0

e(t−τ)∆
P[((v − ṽ)− (w − w̃))∇(−∆)−1(w − v)]dτ

∥∥∥
Ln,∞

.
∥∥∥
[ ∫ δt

0

+

∫ t

δt

]
e(t−τ)∆

P[((v − ṽ)− (w − w̃))∇(−∆)−1(w − v)]dτ
∥∥∥
Ln,∞

:= A31 +A32.Vq A31, ldl 2.2�dl 2.4 Ædl 2.6 ℄C
A31 .

∫ δt

0

(t− τ)−
n
2
( 1
q
+n+q

nq
− 1

n
)‖(v − ṽ)− (w − w̃)‖

L
nq

n+q
,∞‖∇(−∆)−1(w − v)‖Lq,∞dτ

.

∫ δt

0

(t− τ)−
n
q τ−(1− n

q
)[τ

1
2
(1−n

q
)‖((v − ṽ)(τ), (w − w̃)(τ))‖

[L
nq

n+q
,∞

]2
]dτ‖(v, w)‖Y,2.�S, }O`�� τ = ts, l (5.1) ℄C

A31 . ηε

∫ δ

0

(1− s)−
n
q s−(1−n

q
)
[
(ts)

1
2
(1−n

q
)‖((v − ṽ)(ts), (w − w̃)(ts))‖

[L
nq

n+q
,∞

]2

]
ds. (5.6)Vq A32, �?)z℄C

A32 . ηε
[

sup
δt6τ6t

τ
1
2
(1−n

q
)‖((v − ṽ)(τ), (w − w̃)(τ))‖

[L
nq

n+q
,∞

]2

]
. (5.7)B� (5.6) Æ (5.7), n

A3 . ηε

∫ δ

0

(1− s)−
n
q s−(1−n

q
)[(ts)

1
2
(1−n

q
)‖((v − ṽ)(ts), (w − w̃)(ts))‖

[L
nq

n+q
,∞

]2
]ds

+ ηε
[

sup
δt6τ6t

τ
1
2
(1−n

q
)‖((v − ṽ)(τ), (w − w̃)(τ))‖

[L
nq

n+q
,∞

]2

]
. (5.8)Vq A4, eiiwDa℄℄C

A4 . ηε

∫ δ

0

(1− s)−
n
q s−(1−n

q
)[(ts)

1
2
(1−n

q
)‖((v − ṽ)(ts), (w − w̃)(ts))‖

[L
nq

n+q
,∞

]2
]ds

+ ηε
[

sup
δt6τ6t

τ
1
2
(1−n

q
)‖((v − ṽ)(τ), (w − w̃)(τ))‖

[L
nq

n+q
,∞

]2

]
. (5.9)?+f, ")z u− ũ D Lq,∞ `r:

‖u− ũ‖Lq,∞ 6 ‖et∆(u0 − ũ0)‖Lq,∞ + ‖B1(u− ũ,u)‖Lq,∞ + ‖B1(ũ,u− ũ)‖Lq,∞

+ ‖B2((v − ṽ)− (w − w̃), w − v)‖Lq,∞ + ‖B2(ṽ − w̃, (w − w̃)− (v − ṽ))‖Lq,∞
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:= B0 + B1 + B2 + B3 + B4.Vq B1, ">&eD�+�z7:

B1 =
∥∥∥−

∫ t

0

e(t−τ)∆
P∇ · [(u− ũ)⊗ u]dτ

∥∥∥
Lq,∞

.
∥∥∥
[ ∫ δt

0

+

∫ t

δt

]
e(t−τ)∆

P∇[(u− ũ)⊗ u]dτ
∥∥∥
Lq,∞

:= B11 + B12.Vq B11, ldl 2.2 Ædl 2.4 ℄C
B11 .

∫ δt

0

(t− τ)−
1
2
−n

2
( 2
q
− 1

q
)‖u(τ)− ũ(τ)‖Lq,∞‖u(τ)‖Lq,∞dτ

.

∫ δt

0

(t− τ)−
1
2
(1+n

q
)τ−(1− n

q
)
[
τ

1
2
(1−n

q
)‖u(τ)− ũ(τ)‖Lq,∞

]
dτ‖u(τ)‖X ,2.iwq�,, 0�{�� τ = ts, �pi (5.1), n

B11 . ηεt−
1
2
(1−n

q
)

∫ δ

0

(1−s)−
1
2
(1+n

q
)s−(1−n

q
)
[
(ts)

1
2
(1−n

q
)‖u(ts)− ũ(ts)‖Lq,∞

]
ds. (5.10)Vq B12, �?V&JBw), C

B12 . ηεt−
1
2
(1−n

q
)
[

sup
δt6τ6t

τ
1
2
(1−n

q
)‖u(τ)− ũ(τ)‖Lq,∞

]
. (5.11)b1, B� (5.10) Æ (5.11) ℄C

B1 . ηεt−
1
2
(1−n

q
)

∫ δ

0

(1 − s)−
1
2
(1+n

q
)s−(1−n

q
)
[
(ts)

1
2
(1−n

q
)‖u(ts)− ũ(ts)‖Lq,∞

]
ds

+ ηεt−
1
2
(1−n

q
)
[

sup
δt6τ6t

τ
1
2
(1−n

q
)‖u(τ)− ũ(τ)‖Lq,∞

]
. (5.12)piiwDa℄, ℄C B2, B3 Æ B4 Dw)G+:

B2 . ηεt−
1
2
(1−n

q
)

∫ δ

0

(1− s)−
1
2
(1+n

q
)s−(1−n

q
)
[
(ts)

1
2
(1−n

q
)‖u(ts)− ũ(ts)‖Lq,∞

]
ds

+ ηεt−
1
2
(1−n

q
)
[

sup
δt6τ6t

τ
1
2
(1−n

q
)‖u(τ)− ũ(τ)‖Lq,∞

]
, (5.13)

B3(B4) . ηεt−
1
2
(1−n

q
)

∫ δ

0

(1− s)−
1
2
(1+n

q
)s−(1−n

q
)

×
[
(ts)

1
2
(1−n

q
)‖((v − ṽ)(ts), (w − w̃)(ts))‖

[L
nq

n+q
,∞

]2

]
ds

+ ηεt−
1
2
(1−n

q
)
[

sup
δt6τ6t

τ
1
2
(1−n

q
)‖((v − ṽ)(τ), (w − w̃)(τ))‖

[L
nq

n+q
,∞

]2

]
. (5.14)��Oow) (5.4)–(5.5), (5.8)–(5.9) Æ (5.12)–(5.14), nG+B�:

‖u− ũ‖Ln,∞ + t
1
2
(1−n

q
)‖u− ũ‖Lq,∞

. ‖et∆(u0 − ũ0)‖Ln,∞ + t
1
2
(1−n

q
)‖et∆(u0 − ũ0)‖Lq,∞

+ ηε

∫ δ

0

(1− s)−
n
q s−(1−n

q
)
[
(ts)

1
2
(1−n

q
)‖u(ts)− ũ(ts)‖Lq,∞

]
ds
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+ ηε

[
sup

δt6τ6t

τ
1
2
(1−n

q
)‖u(τ)− ũ(τ)‖Lq,∞

]

+ ηε

∫ δ

0

(1− s)−
n
q s−(1−n

q
)
[
(ts)

1
2
(1−n

q
)‖((v − ṽ)(ts), (w − w̃)(ts))‖

[L
nq

n+q
,∞

]2

]
ds

+ ηε
[

sup
δt6τ6t

τ
1
2
(1−n

q
)‖((v − ṽ)(τ), (w − w̃)(τ))‖

[L
nq

n+q
,∞

]2

]

+ ηε

∫ δ

0

(1− s)−
1
2
(1+n

q
)s−(1−n

q
)
[
(ts)

1
2
(1−n

q
)‖u(ts)− ũ(ts)‖Lq,∞

]
ds

+ ηε

∫ δ

0

(1− s)−
1
2
(1+n

q
)s−(1−n

q
)
[
(ts)

1
2
(1−n

q
)‖((v − ṽ)(ts), (w

− w̃)(ts))‖
[L

nq
n+q

,∞
]2

]
ds. (5.15)+�w) v − ṽ. ,)z v − ṽ D L

n
2
,∞ `r, n

‖v − ṽ‖
L

n
2

,∞ 6 ‖et∆(v0 − ṽ0)‖L
n
2

,∞ + ‖B3(u− ũ, v)‖
L

n
2

,∞ + ‖B3(ũ, v − ṽ)‖
L

n
2

,∞

+ ‖B4(v − ṽ, w − v)‖
L

n
2

,∞ + ‖B4(ṽ, (w − w̃)− (v − ṽ))‖
L

n
2

,∞

:= C0 +C1 +C2 +C3 +C4.�qt,�4�Da℄'., "VOo 5 7JBG+w): Vq C1, ">&eD$G+z7:

C1 =
∥∥∥−

∫ t

0

e(t−τ)∆∇ · [(u − ũ)v]dτ
∥∥∥
L

n
2

,∞

.
∥∥∥
[ ∫ δt

0

+

∫ t

δt

]
e(t−τ)∆∇ · [(u− ũ)v]dτ

∥∥∥
L

n
2

,∞

:= C11 +C12.Vq C11, ldl 2.2 Ædl 2.4 ℄C
C11 =

∥∥∥
∫ δt

0

e(t−τ)∆∇ · [(u− ũ)v]dτ
∥∥∥
L

n
2

,∞

.

∫ δt

0

(t− τ)−
1
2
−n

2
( 1
q
+n+q

nq
− 2

n
)‖u(τ)− ũ(τ)‖Lq,∞‖v(τ)‖

L
nq

n+q
,∞dτ

.

∫ δt

0

(t− τ)−
n
q τ−(1− n

q
)
[
τ

1
2
(1−n

q
)‖u(τ)− ũ(τ)‖Lq,∞

]
dτ‖v‖Y,2

. ηε

∫ δ

0

(1− s)−
n
q s−(1−n

q
)
[
(ts)

1
2
(1−n

q
)‖u(ts)− ũ(ts)‖Lq,∞

]
ds. (5.16)�o"^i|�{�� τ = ts \$ (5.1) � v DnFC. Vq C12, �?)zC

C12 . ηε
[

sup
δt6τ6t

(τ)
1
2
(1−n

q
)‖u(τ)− ũ(τ)‖Lq,∞

]
. (5.17)b1l (5.16) Æ (5.17), ℄C

C1 . ηε

∫ δ

0

(1− s)−
n
q s−(1−n

q
)
[
(st)

1
2
(1−n

q
)‖u(ts)− ũ(ts)‖Lq,∞

]
ds

+ ηε
[

sup
δt6τ6t

τ
1
2
(1−n

q
)‖u(τ)− ũ(τ)‖Lq,∞

]
. (5.18)
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C2(C3) . ηε

∫ δ

0

(1− s)−
n
q s−(1−n

q
)
[
(ts)

1
2
(1−n

q
)‖v(ts)− ṽ(ts)‖

L
nq

n+q
,∞

]
ds

+ ηε
[

sup
δt6τ6t

τ
1
2
(1−n

q
)‖v(τ) − ṽ(τ)‖

L
nq

n+q
,∞

]
, (5.19)

C4 . ηε

∫ δ

0

(1− s)−
n
q s−(1−n

q
)
[
(ts)

1
2
(1−n

q
)‖((v − ṽ)(ts), (w − w̃)(ts))‖

[L
nq

n+q
,∞

]2

]
ds

+ ηε
[

sup
δt6τ6t

τ
1
2
(1−n

q
)‖((v − ṽ)(τ), (w − w̃)(τ))‖

[L
nq

n+q
,∞

]2

]
. (5.20)Vq v − ṽ D L

nq

n+q `r, ℄iiwDa℄CA, b1n
‖v − ṽ‖

L
n
2

,∞ + t
1
2
(1−n

q
)‖v − ṽ‖

L
nq

n+q
,∞

. ‖et∆(v0 − ṽ0)‖L
n
2

,∞ + t
1
2
(1−n

q
)‖et∆(v0 − ṽ0)‖

L
nq

n+q
,∞

+ ηε

∫ δ

0

(1− s)−
n
q s−(1−n

q
)
[
(ts)

1
2
(1−n

q
)‖u(ts)− ũ(ts)‖Lq,∞

]
ds

+ ηε
[

sup
δt6τ6t

τ
1
2
(1−n

q
)‖u(τ)− ũ(τ)‖Lq,∞

]

+ ηε

∫ δ

0

(1− s)−
n
q s−(1−n

q
)
[
(ts)

1
2
(1−n

q
)‖((v − ṽ)(ts), (w − w̃)(ts))‖

[L
nq

n+q
,∞

]2

]
ds

+ ηε
[

sup
δt6τ6t

τ
1
2
(1−n

q
)‖((v − ṽ)(τ), (w − w̃)(τ))‖

[L
nq

n+q
,∞

]2

]

+ ηε

∫ δ

0

(1− s)−
1
2
(1+n

q
)s−(1−n

q
)
[
(ts)

1
2
(1−n

q
)‖u(ts)− ũ(ts)‖Lq,∞

]
ds

+ ηε

∫ δ

0

(1− s)−
1
2
(1+n

q
)s−(1−n

q
)
[
(ts)

1
2
(1−n

q
)‖((v

− ṽ)(ts), (w − w̃)(ts))‖
[L

nq
n+q

,∞
]2

]
ds. (5.21)�o"�,, w − w̃ Dw)VnÆ (5.21) `�:4�DA`. b1, �� (1.15), �

M := lim sup
t→∞

l(t) = lim
k∈N

k→∞

sup
t>k

l(t).4Y�G� M = 0. l (5.1) ℄� M fn1jD. 4YV (5.15), (5.21) \$t (5.21)n4�A`D w − w̃ Dw)ei Lebesgue b�hxOl, �pi1S (1.14), n
M . ηε(F (δ) + 1)M, (5.22)&�

F (δ) :=

∫ δ

0

(1− s)−
n
q s−(1−n

q
)ds+

∫ δ

0

(1 − s)−
1
2
(1+n

q
)s−(1−n

q
)ds.l (5.22) ℄�, 5}!r η̃, ^C

M 6 η̃ε(F (δ) + 1)M. (5.23)l1S�9 εη̃ < 1\$ lim
δ→0

F (δ) = 0�Wd\℄�,II8 δ (e<,^C η̃ε(F (δ)+1) <

1, �l (5.23) ℄�C M = 0, 4Y (1.15) $s.
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l(t) ∈ L∞([0,∞)) / lim

t→∞
l(t) = 0.�iOo (5.15) Æ (5.21) D��&, ℄CG+w):

h(t) 6 η̃ε(F (δ) + 1)l(t). (5.24)b� η̃ε(F (δ) + 1) nF/tZ4 t ${, �l (1.15) Æ (5.24) %C (1.14). Ol 1.4 �.; � ^ � v � {
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Abstract The authors consider a dissipative system of nonlinear and nonlocal equations

modeling the flow of electrohydrodynamics in the whole space Rn, n > 3. By making use of

the generalized Lp-Lq heat semigroup estimates in the Lorentz spaces and the generalized

Hardy-Littlewood-Sobolev inequality, the authors first prove global existence and uniqueness

of self-similar solution in the Lorentz spaces, then establish the asymptotic stability of self-

similar solutions as time goes to infinity. Since the authors Cope with the initial data in

the Lorentz spaces, the existence of self-similar solutions provided the initial data are small

homogeneous functions.

Keywords Electrohydrodynamics, Lorentz spaces, Self-similar solution, Asymptotic

stability

2010 MR Subject Classification 35B40, 35C06, 35K15, 35Q35

The English translation of this paper will be published in

Chinese Journal of Contemporary Mathematics, Vol. 40 No. 1, 2019

by ALLERTON PRESS, INC., USA


