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ut −∆u−

∫ ∞

0

k(s)∆u(t− s)ds+ f(u) = g(x, t), (x, t) ∈ Ω× R,

u(x, t) = 0, x ∈ ∂Ω, t ∈ R,

u(x, t) = uτ (x, t), x ∈ Ω, t 6 τ,

(1.1)
\ Ω e R
n \24t��1=41<.s7`b{ g,  %MB, 8) g(x, t) ∈ L2

b(R;L
2(Ω)) (���41), �

H(g0) = [g0(x, s+ h)|h ∈ R]L2,w
loc (R;L2(Ω)),
\ [·] �5 g0(x, s+ h) s7O� L

2,w
loc (R;L

2(Ω)) "9f^
=Æ�.  y g ∈ H(g0), I
sup
t∈R

∫ t+1

t

‖g(x, s)‖2ds < +∞,
\ ‖ · ‖ �5 L2(Ω) TC.s7Yv
{, ) f e C1 }C�un: .FQ�C l, 1<
f ′(s) > −l, ∀s ∈ R, (1.2)�

C1|s|
p − C0 6 f(s)s 6 C2|s|

p + C0, p > 0, ∀s ∈ R, (1.3)�i 2016 � 9 B 30 �::, 2018 � 6 B 6 �::�a
.
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\�C Ci(i = 0, 1, 2) HeQC.W!\E\�%{K,^0`b=r1, V{}C ∆u(·) ��%�}C k(·) =v
F�{X/t. )+) k(·) ∈ C2(R+), k(s) > 0, k′(s) 6 0, ∀s ∈ R
+. ) µ(s) = −k′(s) �un

µ ∈ C1(R+) ∩ L1(R+), µ(s) > 0, µ′(s) 6 0, ∀s ∈ R
+, (1.4)

µ′(s) + δµ(s) 6 0, ∀s > 0, (1.5)
\ δ eQ�C.s�, (1.5) D|
0 6 µ(s) 6 µ(0)e−δs, 0 6 k(s) 6

µ(0)

δ
e−δs (1.6)�a, )+�%�}C k(s) � µ(s) �VCE\7m. O`E4E\�%=�-�Gb��e�ekx�A=aC.6�%{
r�- (k ≡ 0), W! (1.1) �eV�#'q==DR,V#W!.<�X,ÆL�NIF-6_W!/=%<
N�A[1−7] . ` , 6Yv
{un�l1K�-,h [1] V{lHxO�=��p, R{i�Wn*j=.F
��N�'n*j=-l.6�%{
�|-, }� (1.1) �ekx=�AjS, Fh [8] 
R���[G=jSFh [9–10]�
Ps��A. _}�X�7h [11] \ Coleman� Gurtin &a=24�%=�p\sR�, zBi�pFW[=�rF=�e}W
u5
 (E\�%) �)8T\=�)8{!, �h�#=HJQ7V�#'q==DR,V#W!. F��=)8{!\, �8=9t-`b=.z, N�	=9^0`b=.z (O`.zJh-�=p7N
%E\).24E\�%==DR,V#W! (��)8W!) /=%<
�e 
ÆL�ANJq�OA, �"h [12–17]!�x,hu. h [13] \, Chepyzhov� Miranville 3ew;n*j�<i�Cn*jFO� L2(Ω) =.F
. Fh [16–17] \, kx KlZ��q=}� (1.1) =�-��eri*!�A, ��C19L}C\sR{i�Cn*jF"^
O� L2(Ω)×L2

µ(R
+;H1

0 (Ω)) ��^
O� H1
0 (Ω)×L2

µ(R
+;H2(Ω) ∩H1

0 (Ω)) \=.F
.�h'F%BirÆ(%�AYlZ��q}� (1.1)/=%<
N. s7W! (1.1),kxFO� L2(Ω) × L2
µ(R

+;H1
0 (Ω)) \���A�Wn*j=.F
. F�A{!\, kx=9i���Y
�AT�. ;r, 37W! (1.1) �|�%{, xK7V�==DR,V#W!=�?/O�, 
�lHh�^E=P?/O�, ��F+O�%rr�n�. 
,, F�l1Yv
{�E\�%{=.zq, �%{MFO�Y6, W-��11

(I − Pm)u R{6
, `b{Y6 (8un��41), )NFYlZpX\�R/{!=e�
�6

N%<6
8Y�T�=.q�, )e�%{lQ<9 ‖∇u‖ =41
, -Nh [7] =�AR��R{WQ����924E\�%==DR,V#W!. )+, J�jMO��A	?�e�h=�As#MF.F�h\, kxn���&ai�`�=�AR�, C19L}C\s�kAjMi3�l1Yv
{�E\�%{M2X=�Y
�AT�. q_�Ri/{!=6
, FO� L2(Ω)× L2
µ(R

+;H1
0 (Ω)) \<9i�Wn*j=.F
.



1 � b�s M;� ��t Zm[>ES-W$X">o+k 81�h=d�-yeF\ 3.3 (�Wn*j).FJ�=sB\, ei!�Æ", F' C(
N Ci) e�#Q�C.�h-l q: FB 2 ,\, 4' (�q) i��>	-y, �U���O�=F'�s7Yv
{=�)!�GbpX\s=��$~-y. FB 3 ,\, R{iW! (1.1) =/+�=YlZGbpX=�Wn*j=.F
.

2 �
�7v�	�,d�4''�19=���}CO����>	-y. Wh [18], kx*!R/{
^0=��h, F' q:

ηt(x, s) =

∫ s

0

u(x, t− r)dr, s > 0, (2.1)I
∂tη

t(x, s) = u(x, t)− ∂sη
t(x, s), s > 0. (2.2)o µ(s) = −k′(s) ��_1U$ k(∞) = 0, W! (1.1) Lg�e











ut −∆u−

∫ ∞

0

µ(s)∆ηt(s)ds+ f(u) = g(x, t),

ηtt = −ηts + u.

(2.3)x,=&U-�UU$e






































u(x, t) = 0, x ∈ ∂Ω, t > τ,

ηt(x, s) = 0, (x, s) ∈ ∂Ω× R
+, t > τ,

u(x, τ) = uτ (x), x ∈ Ω,

ητ (x, s) = ητ (x, s) =

∫ s

0

uτ (x, τ − r)dr, (x, s) ∈ Ω× R
+,

(2.4)
\ u(·) un!qU$: .FQ�C R � ̺ = min{ δ
2 ,

λ1

2 }, 1<
∫ ∞

0

e−̺s‖∇u(−s)‖2ds 6 R,
\ λ1 e −∆ =B�QPU.kx'11h [19] \=��. )
A = −∆, 
F'<e D(A) = H1

0 (Ω) ∩H2(Ω).Jq Hilbert O�o D(A
s
2 ), s ∈ R, ��℄8x,=��9TC:

〈·, ·〉
D(A

s
2 )

= 〈A
s
2 ·, A

s
2 ·〉, ‖ · ‖

D(A
s
2 )

= ‖A
s
2 · ‖,
\ 〈·, ·〉 � ‖ · ‖ eO� L2(Ω) =��9TC. )+, 46�!

D(A
s
2 ) →֒ D(A

r
2 ), K7�#= s > r,!�e��!

D(A
s
2 ) →֒ L

2n
n−2s (Ω), K7M4= s ∈ [0,

n

2
) (2.5)



82 D � � I A � 40 G�a.ei?�W�, K7 0 6 s < 3, �
Hs = D(A

s
2 ), x,TC ‖ · ‖Hs

= ‖ · ‖
D(A

s
2 )
,I H0 = L2(Ω), H1 = H1

0 (Ω) � H2 = H1
0 (Ω) ∩H2(Ω).gD�%�}C µ(·) un=U$, ) L2

µ(R
+;Hr) eF'7 R

+ %�U7 Hr =�o
Hilbert O�,ϕ : R

+ → Hr, 0 < r < 3, ��℄8x,��9TC
〈ϕ1, ϕ2〉µ,Hr

=

∫ ∞

0

µ(s)〈ϕ1(s), ϕ2(s)〉Hr
ds,

‖ϕ‖µ,Hr
=

∫ ∞

0

µ(s)‖ϕ(s)‖2Hr
ds.F'�o Hilbert O�

Er = Hr−1 × L2
µ(R

+;Hr),��℄8TC
‖z‖Er

= ‖(u, ηt)‖Er
=

(1

2
(‖u‖2Hr−1

+ ‖ηt‖2µ,Hr
)
)

1
2

.ei�7n�, 	
!q>	-y (" [20–22]).1� 2.1 � I = [0, T ], ∀ T > 0. )�%�}C µ(s) un (1.4)−(1.5) 3, IK7�#= ηt ∈ C(I;L2
µ(R

+;Hr)), 0 < r < 3, .F�C δ > 0, 1<
〈ηt, ηts〉µ,Hr

>
δ

2
‖ηt‖2µ,Hr

. (2.6)!q>	-y'17�R/{!=%<6
�R{�Wn*j=.F
.�0 2.1 [23] ) X e Banach O�,B e X \=41�,Σ e\�O�. F'7
(X×X)×(Σ×Σ)%=}C φ(·, · ; ·, ·)�e B×B %=%<9L}C, yK7�#=�k
{xn}

∞
n=1 ⊂ B� {σn}

∞
n=1 ⊂ Σ,.Fjk {xnk

}∞k=1 ⊂ {xn}
∞
n=1 �jk {σnk

}∞k=1 ⊂ {σn}
∞
n=1,1<

lim
k→∞

lim
l→∞

φ(xnk
, xnl

;σnk
, σnl

) = 0,

C(B × Σ) �5F'7 B ×B %=9L}C��.1� 2.2 (�W%<6
=�R) ) {Uσ(t, τ)}, t > τ, σ ∈ Σ er17 Banach O�
(X, ‖ · ‖) ={!o. K7���� {T (h)}h>0, !q��?3�a:

UT (h)σ(t, τ) = Uσ(t+ h, τ + h), ∀h > 0, t > τ, τ ∈ R. (2.7) y{!o {Uσ(t, τ)}, σ ∈ Σ 04�W (w.r.t. σ ∈ Σ) 41n9� B0, ��K7�#=
ε > 0, .F T = T (B0, ε) � φT (·, · ; ·, ·) ∈ C(B0 × Σ), 1<

‖Uσ1(T, τ)x − Uσ2(T, τ)y‖ 6 ε+ φT (x, y;σ1, σ2), ∀x, y ∈ B0, ∀σ1, σ2 ∈ Σ, (2.8)
\ φT �Y7 T , I{!o {Uσ(t, τ)}, σ ∈ Σ FO� X \�W (w.r.t. σ ∈ Σ) %<6,�K7�#41�k {yn}
∞
n=1 ⊂ X, {σn} ⊂ Σ � {tn} ⊂ R

+, un {Uσn
(tn, τ)yn}

∞
n=1 F

X xK6, 6 n → ∞, tn → ∞ -.
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∞
n=1eX =41�k, σ ∈ Σ, �� {tn} ⊂ R

+ un6 n → ∞-,tn → ∞.qyR{
{Uσn

(tn, τ)yn}
∞
n=1 F X \xK6. (2.9)C1h [24] =WQ, 8
R{ {Uσn

(tn, τ)yn}
∞
n=1 .F9fjk.�Q�k {εm} un 6 m → ∞ -,εm → 0.;r, K7 ε1, gD (2.8), .F T1 = T1(ε1) � φ1(·, · ; ·, ·) ∈ C(B0 × Σ), 1<

‖Uσ1(T1, τ)x − Uσ2(T1, τ)y‖ 6 ε1 + φT1(x, y;σ1, σ2), ∀x, y ∈ B0, ∀σ1, σ2 ∈ Σ. (2.10)37 tn → ∞, K7rF= T1, ) tn nm0, 1<
Uσn

(tn − T1 + τ, τ)yn ⊂ B0, n = 1, 2, · · · . (2.11)� xn = Uσn
(tn − T1 + τ, τ)yn, xm = Uσm

(tm − T1 + τ, τ)ym, gD (2.10) 3, 4
‖Uσn

(tn, τ)yn − Uσm
(tm, τ)ym‖

= ‖UT (tn−T1)σn
(tn − tn + T1, τ − tn + T1)yn

− UT (tm−T1)σm
(tm − tm + T1, τ − tm + T1)ym‖

= ‖UT (tn−T1)σn
(T1, τ − tn + T1)yn − UT (tm−T1)σm

(T1, τ − tm + T1)ym‖

= ‖UT (tn−T1)σn
(T1, τ)UT (tn−T1)σn

(τ, τ − tn + T1)yn

− UT (tm−T1)σm
(T1, τ)UT (tm−T1)σm

(τ, τ − tm + T1)ym‖

= ‖UT (tn−T1)σn
(T1, τ)Uσn

(tn − T1 + τ, τ)yn

− UT (tm−T1)σm
(T1, τ)Uσm

(tm − T1 + τ, τ)ym‖

= ‖UT (tn−T1)σn
(T1, τ)xn − UT (tm−T1)σm

(T1, τ)xm‖

6 ε1 + φT1 (xn, xm;σn, σm), (2.12)
\ σn = T (tn − T1)σn � σm = T (tm − T1)σm.gD C(B × Σ) =F'�� φT1(xn, xm;σn, σm) ∈ C(B × Σ), LT {xn}
∞
n=1 04jk

{x
(1)
nk

}∞k=1, �� {σn}
∞
n=1 04jk {σ

(1)
nk

}∞k=1, 1<
lim
k→∞

lim
l→∞

φT1(x
(1)
nk

, x(1)
nl

;σ(1)
nk

, σ(1)
nl

) 6 ε1. (2.13)[G7h [24], L<
lim
k→∞

sup
p∈N

‖U
σ
(1)
nk+p

(t(1)nk+p
, τ)y(1)nk+p

− U
σ
(1)
nk

(t(1)nk
, τ)y(1)nk

‖

6 lim
k→∞

sup
p∈N

lim sup
l→∞

‖U
σ
(1)
nk+p

(t(1)nk+p
, τ)y(1)nk+p

− U
σ
(1)
nl

(t(1)nl
, τ)y(1)nl

‖

+ lim sup
k→∞

lim sup
l→∞

‖U
σ
(1)
nk

(t(1)nk
, τ)y(1)nk

− U
σ
(1)
nl

(t(1)nl
, τ)y(1)nl

‖

6 ε1 + lim
k→∞

sup
p∈N

lim
l→∞

φT1(x
(1)
nk+p

, x(1)
nl

;σ(1)
nk+p

, σ(1)
nl

)

+ ε1 + lim
k→∞

lim
l→∞

φT1 (x
(1)
nk

, x(1)
nl

;σ(1)
nk

, σ(1)
nl

), (2.14)
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lim
k→∞

sup
p∈N

‖U
σ
(1)
nk+p

(t(1)nk+p
, τ)y(1)nk+p

− U
σ
(1)
nk

(t(1)nk
, τ)y(1)nk

‖ 6 4ε1. (2.15)p.F�C K1, 1<
‖U

σ
(1)
nk

(t(1)nk
, τ)y(1)nk

− U
σ
(1)
nl

(t(1)nl
, τ)y(1)nl

‖ 6 5ε1, K7M4= k, l > K1. (2.16)gDv��)LT, K7w�d m > 1, .F {U
σ
(m)
nk

(t
(m)
nk

, τ)y
(m)
nk

}∞k=1 =jk
{U

σ
(m+1)
nk

(t(m+1)
nk

, τ)y(m+1)
nk

}∞k=1,�QF=�C Km+1, 1<
‖U

σ
(m+1)
nk

(t(m+1)
nk

, τ)y(m+1)
nk

− U
σ
(m+1)
nl

(t(m+1)
nl

, τ)y(m+1)
nl

‖ 6 5εm+1, ∀k, l > Km+1. (2.17)qykxJqK(vjk {U
σ
(k)
nk

(t
(k)
nk

, τ)y
(k)
nk

}∞k=1. 37 {U
σ
(k)
nk

(t
(k)
nk

, τ)y
(k)
nk

}∞k=m e
{U

σ
(m)
nk

(t
(m)
nk , τ)y

(m)
nk }∞k=1 =jk, K7w�d m ∈ N, 4

‖U
σ
(k)
nk

(t(k)nk
, τ)y(k)nk

− U
σ
(k)
nl

(t(l)nl
, τ)y(l)nl

‖ 6 5εm, KM4= k, l > max{m,Km}, (2.18)d�6m → ∞-,εm → 0,p {U
σ
(k)
nk

(t
(k)
nk

, τ)y
(k)
nk

}∞k=1eX = Cauchyk.� {Uσn
(tn, τ)yn}

∞
n=1F X \xK6.!q-yXl Chepyzhov � Vishik[25].�0 2.2 [25] r17 X ={!o {Uσ(t, τ)}, σ ∈ Σ �e (X × Σ, X)- e�,  yK7M4rF= t � τ, t > τ, τ ∈ R, /( (u, σ) 7→ Uσ(t, τ)u / X × Σ ! X e�.�� 2.1 [25] (�Wn*j=.F
�-l) )r17 X ={!o {Uσ(t, τ)}, t >

τ, σ ∈ Σ e�W (w.r.t. σ ∈ Σ) %<6� (X × Σ, X)- e�. ) Σ e6=JhO�,�� {T (h)}h>0 e Σ %=e��� (T (h)Σ = Σ) ��, un��?3 (2.7), I{!o
{Uσ(t, τ)}, σ ∈ Σ 046=�Wn*j AΣ. :��, 4

AΣ =
⋃

σ∈Σ

Kσ(0), (2.19)
\ Kσ(0) e {! {Uσ(t, τ)} 2h\� σ ∈ Σ F t = 0 -=�+�.

3 E1 ?�.=&3Eqy'�AjS (2.3)–(2.4) F E1 \�Wn*j=.F
.

3.1 �~��*;r, s724E\�%=GbpX (2.3)–(2.4), kxf'"/=F' ("h [21] s7�W!/=F').



1 � b�s M;� ��t Zm[>ES-W$X">o+k 85�0 3.1 � I = [τ, T ], ∀ T > τ . ) g ∈ H(g0) � zτ ∈ E1. P?p z = (u, ηt), un
u ∈ C(I;H0) ∩ L2(I;H1) ∩ Lp(I;Lp(Ω)), ηt ∈ C(I;L2

µ(R
+;H1));

ηtt + ηts ∈ L∞(I;L2
µ(R

+;H−1)) ∩ L2(I;L2
µ(R

+;H0)),� z(t) ejS (2.3)–(2.4) 6&U z(τ) = zτ -7-��� I %="/,  y
〈ut, ω〉+ 〈u, ω〉H1 + 〈ηt, ω〉µ,H1 + 〈f(u), ω〉 = 〈g, ω〉,

〈ηtt + ηts, ϕ〉µ,H1 = 〈u, ϕ〉µ,H1 , (3.1)K7M4= ω ∈ H1, ϕ ∈ L2
µ(R

+;H1) !� a.e. t ∈ I.,1h [20–21] \= Galerkin 
<WQ, L!<9jS (2.3)–(2.4) FO� E1 \/=.Fd�
.�� 3.1 (/=.Fd�
) � I = [τ, T ], ∀ T > τ . ) (1.2)–(1.3) � (1.4)–(1.5) �a, g0 ∈ L2
b(R;L

2(Ω)) � g ∈ H(g0), ~vK7�#fF=&U zτ ∈ E1, jS (2.3)–(2.4) F
E1 \.Fd�=/ z = (u, ηt), un

u ∈ L2(I;H1) ∩ Lp(I;Lp(Ω)),

z ∈ L2(I; E1) ∩ L∞([0,∞); E1). (3.2):��, ) {ziτ , g
i}(ziτ ∈ E1 � gi ∈ L2

b(R;L
2(Ω))), i = 1, 2 e&2U$, F' ziτ ejS

(2.3)–(2.4) K,&2U$=/, I!qn��a: K7M4= τ 6 t 6 t+ τ ,

‖z1(t)− z2(t)‖
2
E1

6 Q(‖ziτ‖E1 , T )(‖z
1
τ − z2τ‖

2
E1

+ ‖g1 − g2‖
2
L2

b
(R;L2(Ω))). (3.3)gDF\ 3.1, K7w�d g ∈ H(g0), L!F'O� E1 %=/{!, �

Ug(t, τ) : E1 → E1,

zτ = (ut, η
τ ) → (u(t), ηt) = Ug(t, τ)zτ ,� Ug(t, τ), g ∈ H(g0) r17 E1 %={!o.

3.2 5�-<$�
[G7lZpX41n9�=.F
R{, L!<9!qK,7{!o Ug(t, τ), g ∈

H(g0) =41�W (w.r.t. g ∈ H(g0)) n9�=.F
-y.1� 3.1 (41�Wn9�) ) (1.2)–(1.5)3�a, g0 ∈ L2
b(R;L

2(Ω))� g ∈ H(g0),~vK7 E1 �#=41j� B, .F8�Y7 ‖g‖L2
b
(R;L2(Ω)) =Q�C N0 �-N TB =

T (‖B‖E1), 4
‖Ug(t, τ)zτ‖

2
E1

=
1

2
(‖u‖2H0

+ ‖ηt‖2µ,H1
) 6 N0, t− τ > TB, zτ ∈ B, g ∈ H(g0) (3.4)�a.: 1 u 9W! (2.3) FO� L2(Ω) %r��, L<

1

2

d

dt
‖u‖2 + ‖∇u‖2 −

∫ ∞

0

µ(s)〈∆ηt(s), u(t)〉ds + 〈f(u), u〉 = 〈g(x, t), u〉. (3.5)



86 D � � I A � 40 G_1?3 u(x, t) = ηtt(x, s) + ηts(x, s), '%3=�[{:��
, L<
−

∫ ∞

0

µ(s)〈∆η(t, s), u(t)〉ds

= −

∫ ∞

0

µ(s)〈∆η(t, s), ηtt(x, s) + ηts(x, s)〉ds

=

∫ ∞

0

µ(s)〈∇η(t, s),∇ηtt(x, s) +∇ηts(x, s)〉ds. (3.6)s7�h x FO� Ω �[, 4
∫ ∞

0

µ(s)〈∇η(t, s),∇ηtt(x, s)〉ds =
1

2

∫ ∞

0

µ(s)
d

dt
|∇η(t, s)|2ds

=
1

2

d

dt

∫ ∞

0

µ(s)|∇η(t, s)|2ds. (3.7),1*\ 2.1, LT
∫ ∞

0

µ(s)〈∇η(t, s),∇ηts(x, s)〉ds >
δ

2
‖ηt‖2µ,H1

. (3.8)_1 (1.3) 3, L<
〈f(u), u〉 > C1

∫

Ω

|u|pdx− C0|Ω|, (3.9)��
〈g(t), u〉 6 ‖g(t)‖ · ‖u‖ 6

1

2λ1
‖g(t)‖2 +

λ1

2
‖u‖2 6

1

2λ1
‖g(t)‖2 +

1

2
‖∇u‖2. (3.10)'!%n�3! (3.5) 3, L<

1

2

d

dt
(‖u‖2 + ‖ηt‖2µ,H1

) +
1

2
‖∇u‖2 +

δ

2
‖ηt‖2µ,H1

+ C1

∫

Ω

|u|pdx

6
1

2λ1
‖g(t)‖2 + C0|Ω|. (3.11),1 Poincaré�?3, �� α = min{λ1, δ}, 4

1

2

d

dt
(‖u‖2 + ‖ηt‖2µ,H1

) +
α

2
(‖u‖2 + ‖ηt‖2µ,H1

)

6
1

2λ1
‖g(t)‖2 + C0|Ω| 6 C(1 + ‖g(t)‖2). (3.12)gD Gronwall *\, L<

1

2
(‖u(t)‖2 + ‖ηt(s)‖2µ,H1

)

6
1

2
(‖u(τ)‖2 + ‖ητ (s)‖2µ,H1

)e−α(t−τ) +
C

α
+ C

∫ t

τ

e−α(t−s)‖g(s)‖2ds,��
∫ t

τ

e−α(t−s)‖g(s)‖2ds 6 e−αt
(

∫ t

t−1

eαs‖g(s)‖2ds+

∫ t−1

t−2

eαs‖g(s)‖2ds+ · · ·
)

6 (1 + e−α + e−2α + · · · ) sup
t∈R

∫ t+1

t

‖g(s)‖2ds

6
1

1− e−α
‖g‖2L2

b
(R;L2(Ω)).
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E1

6 R, I
‖z(t)‖2E1

6 N0, t− τ > TB. (3.13)

3.3 -<$1C~|8*ei<9�Wn*jFO� E1 =.F
, kx	
R{!q>	-y.1� 3.2 ) z(t) ejS (2.3)–(2.4) FO� E1 \=/.  y g0 ∈ L2
b(R;L

2(Ω)) �
g ∈ H(g0), (1.2)–(1.5) �a, ~vK7�#=41j� B ⊆ E1, .F�C N1 > 0 �-N
T ∗
B > TB = T (‖B‖E1), 1<

∫ t+1

t

‖∇u(s)‖2ds+

∫ t+1

t

‖u(s)‖pLpds 6 N1, t− τ > T ∗
B. (3.14): s7 (3.11) 3F [t, t+ 1] %�[, _1 (3.13) 3, LT

∫ t+1

t

‖∇u(s)‖2ds+ δ

∫ t+1

t

‖ηs(r)‖2µ,H1
ds+ 2C1

∫ t+1

t

‖u(s)‖pLpds

6 2C0|Ω|+
1

λ1

∫ t+1

t

‖g(s)‖2ds+ 2N0

6 2C0|Ω|+
1

λ1
‖g‖2L2

b
(R;L2(Ω))ds+ 2N0

= N1, t− τ > T ∗
B.)+, (3.14) 3�a.gDl�gGbpXs7�Wn*j.F
=Æ�F\, �F\ 2.1[25], 	
�R{!o {Ug(t, τ)}, g ∈ H(g0) FO� E1 \=%<6
.�� 3.2 ) {Ug(t, τ)}, g ∈ H(g0) ejS (2.3)–(2.4) F�hO� E1 =/+�={!o.  yYv
{ f(u) un (1.2)–(1.3) 3, g0 ∈ L2

b(R;L
2(Ω)), g ∈ H(g0) � (1.4)–(1.5)3�a, ~v {Ug(t, τ)}, g ∈ H(g0) FO� E1 �W%<6.: ) zi = (ui, η

t
i), i = 1, 2 ejS (2.3)–(2.4) [�un&UU$ ziτ = (uiτ , η

τ
i )=gd/, &U�7O� E1 K,{!o {Ug(t, τ)}, g ∈ H(g0) =�W41n9� B0 �

gi ∈ H(g0). � w = u1 − u2, ξ
t = ηt1 − ηt2, IgD (2.3) 3LT



























































wt +Aw +

∫ ∞

0

µ(s)Aξt(s)ds+ f(u1)− f(u2) = g1(t)− g2(t),

w(x, t) = 0, x ∈ ∂Ω, t > τ,

ξt(x, s) = 0, (x, s) ∈ (∂Ω× R
+), t > τ,

w(τ) = u1τ − u2τ ,

ξτ = ητ1 − ητ2 ,

w(t) = ξtt + ξts.

(3.15)

' (3.15) 3 ! w(t), ��F Ω %�[, L<
1

2

d

dt
‖w‖2 + ‖∇w‖2 −

∫ ∞

0

µ(s)〈∆ξt(s), w〉ds + 〈f(u1)− f(u2), w〉 = 〈g1(t)− g2(t), w〉.
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E(t) =
1

2
(‖w‖2 + ‖ξt‖2µ,H1

).p
d

dt
E(t) =

∫

Ω

w(t)wt(t)dx+

∫ ∞

0

µ(s)〈∇ξtt (s),∇ξt(s)〉ds

= −‖∇w‖2 −
1

2

∫ ∞

0

µ(s)
d

ds
|∇ξt(s)|2ds

− 〈f(u1)− f(u2), w〉 + 〈g1(t)− g2(t), w〉. (3.16)gD (1.2) 3, LT
−〈f(u1)− f(u2), w〉 6 l‖w‖2. (3.17),1*\ 2.1, L<

−
1

2

∫ ∞

0

µ(s)
d

ds
|∇ξt(s)|2ds 6 −

δ

2
‖ξt‖2µ,H1

. (3.18))+
d

dt
E(t) + CδE(t) 6 l‖w(t)‖2 +

∫

Ω

(g1(t)− g2(t))w(t)dx, (3.19)
\ Cδ = min{δ, 2λ1}.K7�#fF= T > τ , ' (3.18) 3 ! eCδt ��- τ 9 T �[, L<
E(T ) 6 e−Cδ(T−τ)E(τ) + le−CδT

∫ T

τ

eCδs‖w(s)‖2ds

+

∫ T

τ

e−Cδ(T−s)

∫

Ω

(g1(s)− g2(s))w(s)dxds. (3.20)K,7*\ 2.2, )
φT (z1, z2; g1, g2)

= le−CδT

∫ T

τ

eCδs‖w(s)‖2ds+

∫ T

τ

e−Cδ(T−s)

∫

Ω

(g1(s)− g2(s))w(s)dxds

= le−CδT

∫ T

τ

eCδs‖u1(s)− u2(s)‖
2ds

+

∫ T

τ

e−Cδ(T−s)

∫

Ω

(g1(s)− g2(s))(u1(s)− u2(s))dxds. (3.21)J�kx'�RF'7 (E1 × E1)× (H(g0)×H(g0)) =}C φT (·, ·; ·, ·) e B0 ×B0 \=%<9L}C, 
\ B0 e E1 =41�Wn9�.gDF' 2.1, K7�#�k {zτn} ⊂ B0, 8
R{.Fjk {zτnk
}∞k=1 ⊂ {zτn}

∞
n=1, 1<

lim
l→∞

lim
m→∞

∫ T

τ

‖unl
(s)− unm

(s)‖2ds = 0, (3.22)
\ unl
(t) = Π1Ugnl

(t, τ)zτnl
, Π1 : L2(Ω)× L2

µ(R
+,H1) → L2(Ω) eZ.Ij.
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A := {u(t), t ∈ [τ, T ] : u(t) = Π1Ug(t, τ)zτ , zτ ∈ B0, g ∈ H(g0)} (3.23)F L2([τ, T ];L2(Ω)) \xK6.;r, s7 (3.11) 3F [τ, T ] %�[��_1 (3.13) 3, LT

∫ T

τ

‖∇u(s)‖2ds+ δ

∫ T

τ

‖ηs(r)‖2µ,H1
ds+ 2C1

∫ T

τ

‖u(s)‖pLpds

6 2TC0|Ω|+
1

λ1

∫ T

τ

‖g(s)‖2ds+ C

6 2TC0|Ω|+
T

λ1
‖g‖2L2

b
(R;L2(Ω)) + C, t > 0. (3.24)p A F L2([τ, T ];H1) ∩ Lp([τ, T ];Lp(Ω)) \41.��, _1 (2.3) 3, 4

ut = ∆u+

∫ ∞

0

µ(s)∆ηt(s)ds− f(u) + g(x, t). (3.25)s� ∆u ∈ L2([τ, T ];H−1) � g ∈ L2([τ, T ];L2(Ω)). _1U$ (1.3) LT,f(u) ∈

L
p

p−1
(

[τ, T ];L
p

p−1 (Ω)
)

. )e Lq(Ω) →֒ H−γ(Ω), M! f(u) ∈ Lq([τ, T ];H−γ(Ω)), 
\ q e
p =K�C, p > 2, q > 1, � γ > 1.q�, K7�#= v ∈ H1

0 (Ω), 4
∫ ∞

0

µ(s)〈∆ηt(s), v(t)〉ds

6

∫ ∞

0

µ(s)‖∇ηt(s)‖ · ‖∇v(t)‖ds

6

(

∫ ∞

0

µ(s)‖∇ηt(s)‖2ds
)

1
2

·
(

∫ ∞

0

µ(s)‖∇v(t)‖2ds
)

1
2

6 ‖∇v‖
(

∫ ∞

0

µ(s)‖∇ηt(t)‖2ds
)

1
2

·
(

∫ ∞

0

µ(s)ds
)

1
2

. (3.26)_1 (3.11) 3LT,
∫∞

0 µ(s)∆ηt(s)ds ∈ L∞
µ (R+;H−1).p ∂tA F Lq([τ, T ];H−γ) \41. s�,A F L2([τ, T ];L2(Ω)) \xK6, � (3.22) 3�a._1 Hölder �?3, 4

lim
l→∞

lim
m→∞

∫ T

τ

∫

Ω

(gnl
(s)− gnm

(s))(unl
(s)− unm

(s))dxds

6 lim
l→∞

lim
m→∞

(

∫ T

τ

∫

Ω

|gnl
(s)− gnm

(s)|2dxds
)

1
2
(

∫ T

τ

∫

Ω

|unl
(s)− unm

(s)|2dxds
)

1
2

6 2T ‖g0‖
2
L2

b
(R;L(Ω)) · lim

l→∞
lim

m→∞

(

∫ T

τ

∫

Ω

|unl
(s)− unm

(s)|2dxds
)

1
2

= 0. (3.27))+, gD*\ 2.2 �F\ 3.1 LT, {Ug(t, τ)}, g ∈ H(g0) F E1 \�W%<6.gDF\ 2.1, F\ 3.1 � F\ 3.2, L!<9 qF\.



90 D � � I A � 40 G�� 3.3 ) {Ug(t, τ)}, g ∈ H(g0) ejS (2.3)–(2.4) F�hO� E1 =/+�={!o. 6F\ 3.2 =�)�a-, {!o {Ug(t, τ)}, g ∈ H(g0) FO� E1 \046=�Wn*j AH(g0). :��, 4
AH(g0) =

⋃

g∈H(g0)

Kg(0), (3.28)
\ Kg(0) e{!o {Ug(t, τ)}, g ∈ H(g0) =� Kg F t = 0 -N=�+�.B 3.1 Fh [7, 13] \, 6Yv
{un�l1K�-, rN_1%<r�n�
Nw;n*j, R{in*jF L2(Ω) \=.F
, 48O�-y888�hir=�dQ`. <) 3^b�K*6)<4(=Ps��e.y � � � " � '
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Abstract The long-time dynamical behavior of the non-autonomous classical reaction dif-

fusion equations with fading memory is studied, when the nonlinearity adheres to polynomial

growth of arbitrary order and the forcing term is only translation bounded instead of trans-

lation compact. By virtue of the contract function theory and some new estimate technique,

the author prove the existence of uniform attractors in the space L2(Ω) × L2
µ(R

+;H1
0 (Ω)).
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