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Yi = x⊤
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��2�.
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i β|.�B^3, ja LAD ℄�5V##'r:�[ (1Æ- [1–8]).p-�

Sn =

n∑

i=1

xix
⊤
i , d2n = max

16i6n
x⊤
i S

−1
n xi,
~VW}� n0, Ck n > n0 j Sn0

> 0. � ‖ · ‖ ' R
p �5 L2 G�. ~

xni = S
− 1

2

n xi, βn0 = S
1

2

nβ0, β̂∗
n = S

1

2

n β̂n,t
n∑

i=1

xnix
⊤
ni = Ip,

n∑

i=1

||xni||
2 = p, d2n = max

16i6n
||xni||

2,g� Ip 
 p× p )-,|.
. 2016 _ 9 q 11 v
2, 2017 _ 6 q 14 v
2PQV.
1�v,U �U4, rK 230601. E-mail: wangxinghuial@163.com
2�gsQ,U �Up, � 100872. E-mail: 763162193@qq.com
3�G�x. �v,U�U0UUp, rK 230601. E-mail: hushuhe@263.net
∗
.�2g��q0U~� (No. 11701005, No. 11871072, No. 11671012), �v��q0U~�
(No. 1608085QA02, No. 1508085J06) o�v,Us��u?X6�
.



94 � U _ , A � 40 'TI (1.1) 1^
FPD'
Yi = x⊤

niβn0 + ei, i = 1, 2, · · · , n,n
n∑

i=1

|Yi − x⊤
niβ̂

∗
n| = min

β∈Rp

n∑

i=1

|Yi − x⊤
niβ|.r
~ ei '�85&j=�L�l� F 5���>^� F 5{��6, Ck p = 1,

Bahadur[9] �R��b β̂n 
 β0 5[WJ;N℄�, .
0O1^D
n

1

2 (β̂n − β0) = (2f(0))−1n− 1

2

n∑

i=1

sign(ei) + rn,g� f(0) 
 F r 0 :&5[W0�, j
rn = O(n− 3

4 (logn)
1

2 (log logn)
1

4 ) a.s..TI (1.1) �5yW�hi Babu[1] "
1 β0 5 LAD ℄�|, &�x6 (A1)–(A3).Æ8, 0OKB^6[B
~:

(A1) F r 0 5VWDmj[W0� f , f(0) > 0 j F (0) = 1
2 .

(A2) / n → ∞ �, dn(logn)
1

2 → 0.

(A3) *rVW c > 0, �3Ck 0 5VWDmZ5�j y, j
|f(y)− f(0)| 6 c|y|

1

2 .$5 A rTI (1.1) �, 
~ {ei, i > 1} '[W&j=�L�l� F 5�8���>RB. xh
~ (A1)–(A3) L�, YM
2f(0)(β̂∗

n − βn0) =

n∑

i=1

xnisign(ei) +O(d
1

2

n (log n)
3

4 ) a.s.. (1.2)

Rao n Zhao[10] n Chen[11] �8�;NTI M-℄�5;N�� (>51Æ- [12]).6P0Ow_i Hu[13] �}5 NSD ���>5R`.$S 1.1 (Æ [14]) [Wl� φ : Rn → R �"'!1	5, xhCk�j5 x, y ∈

R
n, φ(x ∨ y) + φ(x ∧ y) > φ(x) + φ(y), g� ∨ n ∧ L���L>5�+�n�A�.

Kemperman[14] �%,xh φj:S5F�
0�,YM φ5!1	N7�k ∂2φ
∂xi∂xj

>

0, 1 6 i 6= j 6 n. !1	l�57�jsD. 7x,&j�� n∑
i=1

xi, max
16k6n

k∑
i=1

xi n min
16i6n

xi

(Æ [15]) ^�C�j t > 0, exp
{
t

∑
16i<j6n

xixj

}
(Æ [16]) 5l� φ(x1, x2, · · · , xn) *'!1	l�.$S 1.2 [W���> X = (X1, X2, · · · , Xn) �"' NSD, z

Eφ(X1, X2, · · · , Xn) 6 Eφ(Y1, Y2, · · · , Yn), (1.3)g� Y1, Y2, · · · , Yn '�8���>jCNW i, Xi
d
= Yi, φ 
[W!1	l�, j�3 (1.3) �5e&*r. ���>RB {Xn, n > 1} �"' NSD 5, zCNW n > 2,

(X1, X2, · · · , Xn) 
 NSD 5.
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Hu[13] Y%�[W7��� NSD 3�%i Alam n Saxena[17] �}5 NA, j~��[W NA[M3% NSD5+IN/�. '$, Hu�[�ja NSD5[B}	N�n 3W�\=5, �jv��[B�S5DoL�&j NSD N�. Christofides n Vaggelatou[15]�(�|�ak NA 1^31 NSD 5/�. �'[W�h, 0O1^� NSD 
 NA 5[	"
. ja NSD ���>5V#1Æ- [9, 16, 18–21] 7.	-5�YW5
.F�L� NSD 2�65TI (1.1), ��8we�� β0 5 LAD℄�>5i;N��. yB�h�"
nP� Babu 5=d�h. �'[Wdf, z3�
LAD ℄�5�;H.	-��Mx6�a. 9 2 �Y%�Y�h. 9 3 �Y% NSD 2�6 LAD ℄�5[BT\�h. �Y�h�RQY5[Bn�
5n�Y�h5�RL�r9 4 �n9
5 �.�bp-, Nm c ��r��8H1^n���5~ �. 
~ I(A) 
�q A 5�Nl�.

2 _Q1+	A��Y%^6�Y�h.$5 2.1 rTI (1.1) �, 
~ {ei, i > 1} '�L� NSD ���>RB. xh (A1)–

(A2) L�, YM (1.2) #8.a 2.1 l=5 A =��, =5 2.1 �
~5 0 5VDmZ5�j y, j
|f(y)− f(0)| 6 c|y|

1

2y[��o;�.�^=5 2.1 r�{5��6� Babu[1] 5=d�h"
nP�1 NSD2�5kK.i=5 2.1 8�[3%jaTI (1.1) 56B"J.D8 2.1 r=5 2.1 5��6,

2f(0)S
1

2

n (β̂n − β0) = S
− 1

2

n

n∑

i=1

xisign(ei) +O(d
1

2

n (log n)
3

4 ) a.s..�';N��5[Wdf, 0Oz3 LAD ℄�5�;H.$5 2.2 r=5 2.1 5��6,

β̂n − β0 = O(dn(logn)
1

2 ) a.s.. (2.1)

3 >�?r	A�, 0OC;NTI5 LAD ℄�5j:X	5h	�j�W�M�W�. X	�%i6PTI��:

Yi = β0 + β1
i

n
+ ei, i = 1, 2, · · · , n, (3.1)



96 � U _ , A � 40 '2� (e1, e2, · · · , en) ∼ N(0,Σ), g� 0 
[WC�>j
Σ =




1 + ρ −ρ −ρ2 0 · · · 0 0 0 0

−ρ 1 + ρ −ρ −ρ2 · · · 0 0 0 0

−ρ2 −ρ 1 + ρ −ρ · · · 0 0 0 0

0 −ρ2 −ρ 1 + ρ · · · 0 0 0 0
...

...
...

...
...

...
...

...

0 0 0 0 · · · 1 + ρ −ρ −ρ2 0

0 0 0 0 · · · −ρ 1 + ρ −ρ −ρ2

0 0 0 0 · · · −ρ2 −ρ 1 + ρ −ρ

0 0 0 0 · · · 0 −ρ2 −ρ 1 + ρ




n×n

,

0 < ρ < 1. yW`=5~��>L�0O5
~. i- [22] 1�, (e1, e2, · · · , en) 
[W
NA �>, �EZ
[W NSD �>.n ρ = 0.2 n ρ = 0.4, � 1 n� 2 KB�TI (3.1) � β0 = (β0, β1)

⊤ 5 LAD ℄� β̂n 5*��X	��2 (SE) n*H2� (MSE). n n = 200, 500, (β0, β1) = (2, 2) n
(2, 4). 
O 1000 (. )'=��0O1^-%�j5
�?�A. ��X	>) 200 u	1 500, ℄�5!B�T, j SE n MSE 5�j�?r�A. T\�h9��;NTIr NSD 2�65 LAD ℄�5j:X	5h	.� 1 %V ρ = 0.2 !<M (3.1) ! LAD (.7!2[, SE - MSE

β0 β1

n = 200 n = 500

β̂0 β̂1 β̂0 β̂1*� 2.00068 2.00162 1.99519 2.00084

2 2 SE 0.08642 0.10794 0.06933 0.10194

MSE 0.00746 0.01164 0.00482 0.01038*� 1.99978 4.00435 1.99778 4.00431

2 4 SE 0.08768 0.10875 0.07147 0.10197

MSE 0.00768 0.01183 0.00511 0.01041

4 W�U6	A�, '��Y�h5�R, 0OY%[B
5.T5 4.1 (Æ [13]) xh (X1, X2, · · · , Xn) 
 NSD 5j f1, f2, · · · , fn *'-<�

(|-<�u) l�, YM (f1(X1), f2(X2), · · · , fn(Xn)) u' NSD 5.
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β0 β1

n = 200 n = 500

β̂0 β̂1 β̂0 β̂1*� 1.99512 2.00110 1.99629 2.00249

2 2 SE 0.08274 0.10749 0.06609 0.09867

MSE 0.00686 0.01154 0.00438 0.00973*� 2.00293 3.99880 2.00261 3.99691

2 4 SE 0.08345 0.10751 0.06670 0.10009

MSE 0.00697 0.01155 0.00445 0.01002T5 4.2 (Æ [23]) ~ {Xn, n > 1} ' NSD ���>RBjL� EXn = 0, C n > 1nVW b > 0, |Xn| 6 b a.s., � B2
n =

n∑
i=1

EX2
i , tCt`5 ε > 0, j

P
(∣∣∣

n∑

i=1

Xi

∣∣∣ > ε
)
6 2 exp

{
−

ε2

2(2B2
n + bε)

}
.T5 4.3 (Æ [23]) ~ {Xn, n > 1} '�L� NSD ���>RBjL� EXn =

0. {ank, k > 1, n > 1} '[W��|BjL� max
16k6n

|ank| = O(n−1), t
n∑

k=1

ankXk → 0 a.s., n → ∞.nt`RB µn ↑ ∞ L�
µnd

1

4

n (logn)
1

8 → 0.~
νn1 = µnd

1

2

n (logn)
3

4 ..F p-)$K
D = {β ∈ R

p : ‖β‖ 6 µn(logn)
1

2 }.� D dL'[B�$K D1, D2, · · · , DN ,�3yB Dk 5�"?Ak νn0 = µndn(logn)
1

2 .yWdL1^Ts N 6 cnp.Ck β ∈ D, =a
Ri(β) = 2

∫ x⊤

niβ

0

{(I(ei 6 s)− I(ei 6 0))− E(I(ei 6 s)− I(ei 6 0))}ds.



98 � U _ , A � 40 'T5 4.4 ~ (A1)–(A2) L�j Dl '[W|�=a5�$K, tCt`5 ε > 0 ^�$L+ n, j
P
(

sup
α,β∈Dl

∣∣∣
n∑

i=1

(Ri(β)− Ri(α))
∣∣∣ > εv2n1

)
6 8 exp(−cµn logn).Y � Dl ' Dl 5
�. CNW i, r Dl �j γi1 n γi2, �3C�j5 β ∈ Dl,

x⊤
niγi1 6 x⊤

niβ 6 x⊤
niγi2. z (x⊤

niγi1)(x
⊤
niγi2) < 0, *r γi0 ∈ Dl, �3 x⊤

niγi0 = 0, t
∣∣∣
∫ x⊤

niβ

x⊤

ni
α

(I(ei 6 s)− I(ei 6 0))ds
∣∣∣ 6

2∑

j=1

∫ x⊤

niγij

x⊤

ni
γi0

(I(ei 6 s)− I(ei 6 0))ds, (4.1)g� α ∈ Dl n β ∈ Dl. z 0 6 x⊤
niγi1 6 x⊤

niγi2, γi0 = γi1, tj (4.1). z x⊤
niγi1 6

x⊤
niγi2 6 0, γi0 = γi2, tj (4.1). 1Jp	k2, CkNW i, *r γi0 ∈ Dl, �3

(x⊤
niγi0)(x

⊤
niγij) > 0, j = 1, 2,j (4.1) #8. Æ`1 ‖xni‖ 6 dn, i (A2), j

|x⊤
niγij | 6 ‖xni‖‖γij‖ 6 dnνn0 = µndn(logn)

1

2 → 0, j = 0, 1, 2.)E
n∑

i=1

∣∣∣
∫ x⊤

niγij

x⊤

ni
γi0

|E(I(ei 6 s)− I(ei 6 0))|ds
∣∣∣

6 c

n∑

i=1

∣∣∣
∫ x⊤

niγij

x⊤

ni
γi0

|s|ds
∣∣∣

6 c

n∑

i=1

‖xni‖
2‖γij + γi0‖‖γij − γi0‖

6 cpµn(log n)
1

2 νn0 = o(ν2n1). (4.2)i (4.1) n (4.2), C$L+5 n, 13
P
(

sup
α,β∈Dl

∣∣∣
n∑

i=1

(Ri(β)−Ri(α))
∣∣∣ > εv2n1

)

6

2∑

j=1

P
( n∑

i=1

(Ri(γij)−Ri(γi0)) >
εv2n1
3

)
.Æ`C j = 1, 2, j

Ri(γij)−Ri(γi0)

= 2

∫ x⊤

niγij

x⊤

ni
γi0

{(I(ei 6 s)− I(ei 6 0))− E(I(ei 6 s)− I(ei 6 0))}ds

= 2

∫ x⊤

niγij

x⊤

ni
γi0

{I(ei 6 s)− EI(ei 6 s)}ds

− 2

∫ x⊤

niγij

x⊤

ni
γi0

{I(ei 6 0)− EI(ei 6 0)}ds



1 f %Hy ky> t�r NSD 3�7<OUJ LAD ^�6<O�� 99

=: ξi − ηi.i
5 4.11�, {ξi, i > 1}n {ηi, i > 1}'=W NSD ���>RB. sw_W� Eξi = 0,

|ξi| 6 c|x⊤
ni(γij − γi0)| 6 cdnνn0,

n∑

i=1

Eξ2i 6 c

n∑

i=1

(x⊤
ni(γij − γi0))

2
6 cpµn(logn)

1

2 νn0.i
5 4.2, Ck$L+5 n, 13
P
( n∑

i=1

ξi >
εν2n1
6

)
6 exp

(
−

ε2ν4

n1

36

2(cµn(logn)
1

2 νn0 +
εν2

n1

6 · cdnνn0)

)

6 exp(−µn logn). (4.3)4�k (4.3) 5�R, j
P
( n∑

i=1

ηi >
εν2n1
6

)
6 exp(−µn logn).
5 4.4 3�.'�-hÆ, r6P
5�� sup

α,β∈D
‖α−β‖6νn1

��' sup
‖α−β‖6νn1

. Ck β ∈ R
p, =a

R̃i(β) = |ei − x⊤
niβ| − |ei|+ x⊤

niβsign(ei)− f(0)(x⊤
niβ)

2. (4.4)T5 4.5 z (A1)–(A2) L�, tj
P
(

sup
‖α−β‖6νn1

∣∣∣
n∑

i=1

(Ri(β)−Ri(α))
∣∣∣ > εν2n1

)
= o(ν2n1) a.s., (4.5)j

sup
‖α−β‖6νn1

∣∣∣
n∑

i=1

(R̃i(β)− R̃i(α))
∣∣∣ = o(ν2n1) a.s.. (4.6)Y Æ`1

Ri(β)−Ri(α) = 2

∫ x⊤

niβ

x⊤

ni
α

{I(ei 6 s)− EI(ei 6 s)}ds

− 2

∫ x⊤

niβ

x⊤

ni
α

{I(ei 6 0)− EI(ei 6 0)}ds

=: ξ′i − η′i. (4.7)C`=5 α ∈ D n β ∈ D jL� ‖α− β‖ 6 2νn1, j
|ξ′i| 6 cdn‖α− β‖ 6 cdnνn1,n

n∑

i=1

Var(ξ′i)
2
6 c

n∑

i=1

(x⊤
ni(β −α))2 6 cpν2n1.
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5 4.2, Ct`5 ε > 0, j
P
(∣∣∣

n∑

i=1

ξ′i

∣∣∣ > εν2n1

)
6 2 exp(−cµn logn). (4.8)4�k (4.8) 5�R, j

P
(∣∣∣

n∑

i=1

η′i

∣∣∣ > εν2n1

)
6 2 exp(−cµn log n). (4.9)i (4.7)–(4.9), 13

P
(∣∣∣

n∑

i=1

(Ri(β)−Ri(α))
∣∣∣ > εν2n1

)
6 4 exp(−cµn logn).n βj ∈ Dj, j = 1, 2, · · · , N . i
5 4.4, Ct`5 ε > 0 n$L+5 n, j

P
(

sup
‖α−β‖6νn1

∣∣∣
n∑

i=1

(Ri(β)−Ri(α))
∣∣∣ > εν2n1

)

6

N∑

j=1

P
(

sup
β∈Dj

∣∣∣
n∑

i=1

(Ri(βj)−Ri(β))
∣∣∣ > εν2n1

3

)

+

N∑

k=1

P
(

sup
β∈Dk

∣∣∣
n∑

i=1

(Ri(βk)−Ri(β))
∣∣∣ > εν2n1

3

)

+
∑

(j,k):‖βj−βk‖62νn1

P
(∣∣∣

n∑

i=1

(Ri(βj)−Ri(βk))
∣∣∣ > εν2n1

3

)

= 2
N∑

j=1

P
(

sup
β∈Dj

∣∣∣
n∑

i=1

(Ri(βj)−Ri(β))
∣∣∣ > εν2n1

3

)

+
∑

(j,k):‖βj−βk‖62νn1

P
(∣∣∣

n∑

i=1

(Ri(βj)−Ri(βk))
∣∣∣ > εν2n1

3

)

6 cnp exp(−cµn logn),y1^"%
∞∑

n=1

P
(

sup
‖α−β‖6νn1

∣∣∣
n∑

i=1

(Ri(β)−Ri(α))
∣∣∣ > εν2n1

)
< ∞.Z% Borel-Cantelli 
5, (4.5) ��.Æ`

R̃i(β) = 2

∫ x⊤

niβ

0

(I(ei 6 s)− I(ei 6 0))ds− f(0)(x⊤
niβ)

2

= Ri(β) + 2

∫ x⊤

niβ

0

(F (u)− F (0)− f(0)u)du. (4.10)Ct`5 α ∈ D n β ∈ D L� ‖α− β‖ 6 νn1, j
n∑

i=1

∣∣∣
∫ x⊤

niβ

x⊤

ni
α

(F (u)− F (0)− f(0)u)du
∣∣∣
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6 c

n∑

i=1

∣∣∣
∫ x⊤

niβ

x⊤

ni
α

u2du
∣∣∣

6 c

n∑

i=1

|(x⊤
niα)3 − (x⊤

niβ)
3|

6 cdn(log n)νn1 = o(ν2n1). (4.11)i (4.5), (4.10)–(4.11), 8�13 (4.6). 
5 4.5 3�.

5 _Q1+#Z;	A��Y%�Y�h5�R. ��[�N, 0O1^
~ (1.1)�5{��� β0 'C�>, �E βn0 Z�X#8.$5 2.1 !Y: �
rn = 2f(0)(β̂∗

n − βn0)−

n∑

i=1

xnisign(ei).0O�L=��R (1.2). Æ8�R
β̃n =

n∑

i=1

xnisign(ei) = O(log n)
1

2 a.s.. (5.1)�
xni =




xni1

xni2

...

xnip




, ani =





xnik

(logn)
1

2 cn
, 1 6 i 6 n,

0, i > n,
k = 1, 2, · · · , p,g� {cn} 't`5m�k ∞ 5�B, t

|ani| 6 cn−1.i
5 4.3, j
n∑

i=1

xnik

(logn)
1

2 cn
sign(ei) =

n∑

i=1

anisign(ei) → 0 a.s..�^C k = 1, 2, · · · , p,
n∑

i=1

xniksign(ei) = O((log n)
1

2 ) a.s..i'8�"%
n∑

i=1

xnisign(ei) = O((log n)
1

2 ) a.s.,� (5.1) ��.
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min

‖β−β̃n‖=νn1

n∑

i=1

|ei − x⊤
niβ| >

n∑

i=1

|ei − x⊤
niβ̃|+

1

2
f(0)ν2n1

>

n∑

i=1

|ei − x⊤
niβ̃|, (5.2)i'�q | · | 5!N, 13

‖β̂∗
n − β̃n‖ < νn1,tCt`5 µn ↑ ∞,

rn = O(µnd
1

2

n (logn)
3

4 ) a.s.,8�13 (1.2).E An = {‖β̃n‖ 6 b(logn)
1

2 }. i (A2), C$L+5 n, j νn1 6 (logn)
1

2 . i
5 4.5 ^� (4.4) n (4.10), j
sup

‖β−β̃‖=νn1

I(An)
∣∣∣

n∑

i=1

(|ei − x⊤
niβ| − |ei − x⊤

niβ̃n|)− f(0)‖β − β̃n‖
2
∣∣∣

= sup
‖β−β̃‖=νn1

I(An)
∣∣∣

n∑

i=1

(R̃i(β)− R̃i(β̃n))
∣∣∣ = o(ν2n1) a.s..b', ^RH 1 C$L+5 n, �� An ["% (5.2). (1.2) ��.$5 2.2 !Y: Æ`1

2f(0)(β̂n − β0) = S
− 1

2

n β̃n + S
− 1

2

n rn. (5.3)b' |S
− 1

2

n | = O(dn), g� |A| �'$| A ��jo�5)C�5�+�, �^
S

− 1

2

n rn = o(dn) = o(dn(logn)
1

2 ) a.s.. (5.4)i (5.1), 13 β̃n = O((log n)
1

2 ) a.s.. )E,

S
− 1

2

n β̃n = O(dn(log n)
1

2 ) a.s.. (5.5)i (5.3)–(5.5), 13 (2.1).℄L �wSEÆ*n℄S�U��C	-�%5
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Abstract This paper deals with the linear model with NSD errors and establish the linear

representation of least absolute deviation (LAD) estimators of the regressive parameter,
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is obtained.
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