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1 e�`� Bl ∂BL���Cn �3);o*l);oQ; H(B)�� B �u"i�u*; dvl dσ L�8 B l ∂B �M, v(B) = 1l σ(∂B) = 13Æ
w Lebesgue*�=lQ�=.?u Cn �3C9 z = (z1, · · · , zn)l w = (w1, · · · , wn),e[� 〈z, w〉 = z1w1+ · · ·+znwn;� m = (m1, · · · ,mn) 8���Æ, � |m| = m1 + · · ·+mn, z
m = zm1

1 · · · zmn
n ; H(B) �i� f 3P(= ∇f lP#N-� Rf L�<k8

∇f(z) =
(∂f(z)

∂z1
, · · · , ∂f(z)

∂zn

)

, Rf(z) =

n
∑

j=1

zj
∂f

∂zj
(z) = 〈∇f(z), z〉.� β(·) 8 B �3 Bergman (<, z ∈ B, r > 0, B �3 Bergman o<k8

D(z, r) = {w : w ∈ B k β(w, z) < r}.� α > −1, p > 0, B �Æt Bergman 5�<k8
Ap

α =
{

f : f ∈ H(B) k ‖f‖α =
(

∫

B

|f(z)|p dvα(z)
)

1
p

< ∞
}

,e� dvα(z) = cα(1− |z|2)α dv(z), �� cα �2 ∫

B
dvα(z) = 1.� n+ α l n+ α+ γ �8Q
�, 7L�' Rα,γ l�L�' Rα,γ L�<k{E:

Rα,γf(z) =
∑

|m|>0

Γ(n+ 1 + α) Γ(n+ 1 + |m|+ α+ γ)

Γ(n+ 1 + α+ γ) Γ(n+ 1 + |m|+ α)
amzm ,

Rα,γf(z) =
∑

|m|>0

Γ(n+ 1 + α+ γ) Γ(n+ 1 + |m|+ α)

Γ(n+ 1 + α) Γ(n+ 1 + |m|+ α+ γ)
amzm ,	> 2018 _ 4 � 14 z�0, 2018 _ 10 � 5 z�0[SV.
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114 � a _ - A � 40 )e� f ∈ H(B) k f(z) =
∑

|m|>0

amzm (z ∈ B). �' Rα,γ l Rα,γ t81^�'.����, );o�3 Hardy 5� Hp(B) (0 < p 6 ∞) �fW";3i�5�, ,
0 < p < q 6 ∞ 	, 's�haC Hq(B) ⊂ Hp(B), XNxP(vK�1: �yn Hq(B)l Hp(B) ��sOs�� Hardy 5�3e!u"i�5�Z? ℄�℄�A Hardy 5�lVQe!";i�5�3f�B℄Z3�haCZ?~u��.K,�P<k{Ef�f� Hardy U5�: � a ∈ B, ϕa � B �3?o(/℄�z, M, ϕa(0) = a, ϕa(a) = 0.? p > 0, s > 0, q+s > 0, q+n > 0,{f f ∈ H(B)k ‖f‖p,q,s = sup

06r<1
Mp,q,s(r, f) < ∞,�>

Mp
p,q,s(r, f) = sup

a∈B

(1− r2)q
∫

∂B

|f(rξ)|p (1− |ϕa(rξ)|2)s dσ(ξ),� f �uf� Hardy U5� Hp,q,s(B). , p > 1 	, 5� Hp,q,s(B) hE� ‖ · ‖p,q,s℄�fW Banach 5�; , 0 < p < 1 	, 5� Hp,q,s(B) h(< ρ(f, g) = ||f − g||pp,q,s℄�fW5�3(<5�. '�7, , q = s = 0 	, 5� Hp,q,s(B) fj� Hardy 5� Hp(B). Y< 0 < p < ∞ q, -gr�/3�� q l s, 1i2/f�B℄�haC
H∞(B) ⊆ Hp,q,s(B) ⊆ Hp(B). �%Li�5�	, HfW?)e�xPf�TTs3,X%�fQ";i�5�℄Nh|VWi�5�.
*%LZ?���, -gr�/3�� q, s l p, �P1i2/ Hp,q,s(B) 5p�";u"i�5�.f� Hardy U5� Hp,q,s(B) � Hardy 5�3f�3b, x#Ia3{= [1–16] 5.�"% Hp,q,s(B) 5�3Z�lopR5�	, qu�/�� p, q, s 3��, 66{�?)3%L{/fQ��, 8E2O�Q��, \dX��>} =�i, \dX�
��p35�E�. �=3!d\/%��p7L�' Rα,γ , U�#N-�lU�a-�:3u5� Hp,q,s(B).

2 maeODShQ�=��P�p�k c, c1, c2, · · · ��x�D z, w Aa3Æ�, ,v1ixVQ��}`<Dsa, �/37H1i(��/3�; “E ≈ F” ��
�, �&�Æ3�� A1l A2, �2 A1E 6 F 6 A2E. 8E�S!d�f, �PFY�fQn=.�= [1] �, Rudin Y�E{E�f.dN 2.1 � z ∈ B, c 8��, t > −1, �
I(z) =

∫

∂B

1

|1− 〈z, ξ〉|n+c
dσ(ξ), J(z) =

∫

B

(1 − |w|2)t
|1− 〈z, w〉|n+1+t+c

dv(w).XNEG�L�A:

(1) , c < 0 	, I(z) ≈ J(z) ≈ 1.

(2) , c = 0 	, I(z) ≈ J(z) ≈ log e
1−|z|2 .

(3) , c > 0 	, I(z) ≈ J(z) ≈ 1
(1−|z|2)c .EGn=;�= [3] �3n= 1.10, +Rn=�fj��9EGn=�3��mW.dN 2.2 � S2 8PB9);o��, f ∈ L1(S2, dσ), �

∫

S2

f(ξ1, ξ2) dσ(ξ1, ξ2) =

∫

D

{ 1

2π

∫ π

−π

f(z,
√

1− |z|2 eiθ) dθ
}

dv(z).



2 d �a, J43 $`� Cn �*<p�g� Hardy V6�4��6�4v 115g [& dσ 3^$��Z, ?yj θ ∈ [−π, π], s
∫

S2

f(ξ1, ξ2) dσ(ξ1, ξ2) =

∫

S2

f(ξ1,
√

1− |ξ1|2 eiθ) dσ(ξ1, ξ2).qu f ∈ L1(S2, dσ), �
C�au θ �L��o Fubini <=, 12
∫

S2

f(ξ1, ξ2) dσ(ξ1, ξ2) =

∫

S2

{ 1

2π

∫ π

−π

f(ξ1,
√

1− |ξ1|2 eiθ) dθ
}

dσ(ξ1, ξ2).�
�o= [3] �n= 1.9 � k = 1 3mW, 12
∫

S2

f(ξ1, ξ2) dσ(ξ1, ξ2) =

∫

D

{ 1

2π

∫ π

−π

f(z,
√

1− |z|2 eiθ) dθ
}

dv(z).dN 2.3 � p > 0, s > 0, q + n > 0, q + s > 0, α > −1 l γ > 0, M l N �Æ
�,

f ∈ H(B).

(1) {f I
p
1 = sup

06r<1
sup
a∈B

(1− r2)q+pγ
∫

∂B
|Rα,γf(rξ)|p (1− |ϕa(rξ)|2)s dσ(ξ) < ∞, �

|Rα,γf(z)| 6 cI1

(1 − |z|2)
q+pr+n

p?fj z ∈ B �A. '�7, ?u f ∈ Hp,q,s(B), � |f(z)| 6 c‖f‖p,q,s

(1−|z|2)
q+n
p

(z ∈ B).

(2) {f I
p
2 = sup

06r<1
sup
a∈B

(1− r2)q+pM
∫

∂B
|R(M)f(rξ)|p (1 − |ϕa(rξ)|2)s dσ(ξ) < ∞, �

|R(M)f(z)| 6 cI2

(1− |z|2)
q+pM+n

p?fj z ∈ B �A, �> R(M) = R[R(M−1)].

(3) {f I
p
3 = sup

06r<1
sup
a∈B

(1 − r2)q+pN
∑

|m|=N

∫

∂B

∣

∣

∣

∂Nf(w)
∂wm

∣

∣

∣

p

(1 − |ϕa(rξ)|2)s dσ(ξ) < ∞,�
∣

∣

∣

∂Nf(z)

∂zm

∣

∣

∣
6

cI3

(1− |z|2)
q+pN+n

p?fj z ∈ B l |m| = N �A.g (1) ?yj z ∈ B, [&= [3] �3n= 2.20 12, , w ∈ D(z, 1) 	,

1− |w|2 ≈ |1− 〈z, w〉| ≈ 1− |z|2 ≈ 1− |z||w|.�[& Rα,γf 3u"Z, �o= [3] �3n= 1.2, <= 2.24 ln= 1.8, %s
|Rα,γf(z)|p 6

c

(1− |z|2)n+1

∫

D(z,1)

|Rα,γf(w)|p dv(w)

6

∫

D(z,1)

c1|Rα,γf(w)|p(1 − |w|2)q+pγ (1− |ϕz(w)|2)s
(1− |z|2)q+pγ+n+1

dv(w)

6
c2

(1− |z|2)q+pγ+n−1

∫ 1

0

Ip

(1− r|z|)2 dr 6
c3I

p

(1− |z|2)q+pγ+n
.���fe1[&= [5] �n= 2.1 3�C, �p D(z, log

√
2) ⊂ 1+|z|

2 B  YL�.'�7, }r α = γ = 0, �12/ |f(z)| 6 c‖f‖p,q,s

(1−|z|2)
q+n
p

(z ∈ B). ;�1� (2) l (3).



116 � a _ - A � 40 )EGn=:}u= [3] �3<= 2.2.dN 2.4 � α > −1, } f ∈ A1
α, �

f(z) =

∫

B

f(w)

(1 − 〈z, w〉)n+1+α
dvα(w), z ∈ B.dN 2.5 � n+ α l n+ α+ γ �8Q
�, N0 8Æ
�, β = α+N0, ? B �39

z l w, �&�f| N0 $�L
 h, �2
Rα,γ

{ 1

(1 − 〈z, w〉)n+1+β

}

=
h(〈z, w〉)

(1− 〈z, w〉)n+1+β+γ
./
&�au z l w u"3�L
 P (z, w), �2

Rα,γ

{ 1

(1− 〈z, w〉)n+1+β+γ

}

=
P (z, w)

(1− 〈z, w〉)n+1+β
.g �L:(= [3] �3n= 2.18.

3 maIADShQn= 2.13opK�bG, e'9�?);o[f93o*�LloQ�LY�E�N^	. XN, ?uo[C9, sOs;�3�N^	Z??u w, a ∈ B, -!= [2] Y�l�SE{E�L3�N^	:
∫

B

(1 − |z|2)δ
|1− 〈z, w〉|t |1− 〈z, a〉|r dv(z), δ > −1, t > 0, r > 0. f��= [16] �Y�lJD�SEEQ�L3�N^	:

∫

B

(1− |z|2)δ
|1− 〈z, w〉|t |1− 〈z, a〉|r logk

e

1− |z|2 dv(z), δ > −1, t > 0, r > 0, k > 0.8EY��=3!d�f, �P�FY�o[��93oQ�L3^	. �v�=�p/ 3 �mW3 “ 6 ” �L, �u�W�L3opZpbG, ��8�Os=HY�e�N^	l�S, �ke�Slo*�L3�Ssp���Il37H, �=%Y�u���Z 8 �mW�N^	3�fl
�JD3�SEQT)!d:(�l?3\/.RW 3.1 � w l a 8 B �C9. ?u r > 0 l t > 0, ��L
Iw,a =

∫

∂B

dσ(ξ)

|1− 〈ξ, w〉|t |1− 〈ξ, a〉|r ,�sEG�L�A:

(1) , t+ r < n 	, Iw,a ≈ 1.

(2) , t+ r = n 	, Iw,a ≈ log e
|1−〈w,a〉| .

(3) , t+ r > n k max{t, r} < n 	, Iw,a ≈ 1
|1−〈w,a〉|t+r−n .

(4) , t = n > r 	, Iw,a ≈ 1
|1−〈w,a〉|r log

e
|1−〈w,ϕw(a)〉| .

(5) , t = n = r 	, Iw,a ≈ 1
|1−〈w,a〉|n log e

1−|ϕw(a)|2 .

(6) , t > n > r 	, Iw,a ≈ 1
(1−|w|2)t−n |1−〈w,a〉|r .

(7) , t > n k r > n 	, Iw,a ≈ 1
(1−|w|2)t−n|1−〈w,a〉|r + 1

(1−|a|2)r−n|1−〈w,a〉|t .

(8) , t > n = r 	, Iw,a ≈ 1
(1−|w|2)t−n|1−〈w,a〉|n + 1

|1−〈w,a〉|t log
e

1−|ϕa(w)|2 .



2 d �a, J43 $`� Cn �*<p�g� Hardy V6�4��6�4v 117g {f&��� 0 < r0 < 1, �2 |w| 6 r0 } |a| 6 r0, [&n= 2.1, �Q�N^	�Gv3. ��f�Z, EG�S�� w l a �L/! B 3��. #4, �Px�p�f:

(p+ q)σ ≈ pσ + qσ (σ > 0) ?fj p > 0 l q > 0 �A.[&n= 2.1, } t+ r < n, �
2−t−r

6 Iw,a 6

∫

∂B

1

|1− 〈ξ, w〉|t+r
dσ(ξ) +

∫

∂B

1

|1− 〈ξ, a〉|r+t
dσ(ξ) 6 c.�j:%�L (1) ��A3.�p�D+z ξ = ϕw(η), = [3] �3n= 1.3 l (4.7) 
, 12

Iw,a =

∫

∂B

(1 − |w|2)n dσ(η)

|1− 〈w, η〉|2n|1− 〈w,ϕw(η)〉|t|1− 〈a, ϕw(η)〉|r

=
(1− |w|2)n−t

|1− 〈w, a〉|r
∫

∂B

dσ(η)

|1− 〈w, η〉|2n−t−r |1− 〈ϕw(a), η〉|r
dσ(η). (3.1)

(3.1) 
�on= 2.1 �S�L (5) ��A3.?uevmW, �F�S “ > ” �L.mW (6)–(7).[&= [3] �3 (1.21)–(1.22) 
, 12
∫

∂B

|1− 〈ϕw(a), η〉|−r

|1− 〈w, η〉|2n−t−r
dσ(η) >

∫

∂B

2−r dσ(η)

|1− 〈w, η〉|2n−t−r
> 2−r. (3.2)�
% (3.1)–(3.2) 
%12/

Iw,a >
2−r

(1− |w|2)t−n|1− 〈w, a〉|r . (3.3)��SmW (6) 3 “ > ” �L��A3.}�p+z ξ = ϕa(η), �s
Iw,a =

(1− |a|2)n−r

|1− 〈w, a〉|t
∫

∂B

|1− 〈ϕa(w), η〉|−t

|1− 〈a, η〉|2n−t−r
dσ(η). (3.4);�7%12/

Iw,a >
2−t

(1− |a|2)r−n|1 − 〈w, a〉|t . (3.5)

(3.3) 
l (3.5) 
�SmW (7) 3 “ > ” �L��A3.mW (2)–(3). �P.KEGi�
f(w, a) =

∫

∂B

dσ(ξ)

(1− 〈w, ξ〉)t (1− 〈ξ, a〉)r , w, a ∈ B.;�= [2] �n= 2.2 Io�L3�S, 12mW (2)–(3) 3 “ > ” �L��A3.mW (8). #mW3�S�
�P�3, L n = 1, n = 2 l n > 2 � 3 �m8.K.

(i) , n = 1 	, � a = |a|eiα, ϕa(w) = |ϕa(w)|eiϕ, i�
Ω = {z ∈ D : 2|1− |a||ϕa(w)|ei(ϕ−α)z| > |1− |ϕa(w)|2z|},

S = {θ ∈ [−π, π] : 2|1− |a||ϕa(w)|ei(ϕ−α)eiθ| > |1− |ϕa(w)|2eiθ|}.



118 � a _ - A � 40 )"g	�12 Ω = {z ∈ D : |z − z0| > R}, e�
z0 =

4|a|ei(α−ϕ) − |ϕa(w)|
(4|a|2 − |ϕa(w)|2)|ϕa(w)|

, R2 = |z0|2 −
3

(4|a|2 − |ϕa(w)|2)|ϕa(w)|2
.?yj 0 6 x 6 1, 12/

4|1− |ϕa(w)||a|ei(ϕ−α)x|2 − (1− |ϕa(w)|2x)2

> (3− 2|a||ϕa(w)|x − |ϕa(w)|2x){(|a| − |ϕa(w)|)2x+ 1− |a|2x} > 0.�j:%� �3q� [0, 1] ⊂ Ω. m#, �o {

z : z ∈ D k 0 6 arg z 6
π
2

} }
 {

z : z ∈
D k −π

2 6 arg z 6 0
}��sfWh� Ω�. �I� Ω hs {

z : z ∈ D k 0 6 arg z 6 π
2

}

,�
%s [

0, π
2

]

⊂ S. [&�Bi��Lb*38�Z, I y = 2|ϕa(w)|2x
1+|ϕa(w)|4 , �s

∫ π

−π

|1− aeiθ|t−1

|1− ϕa(w)eiθ|t
dθ

=

∫ π

−π

|1− |a|ei(ϕ−α)eiθ|t−1

|1− |ϕa(w)|eiθ |t
dθ >

∫ π

−π

|1− |a||ϕa(w)|ei(ϕ−α)eiθ|t−1

|1− |ϕa(w)|2eiθ|t
dθ

> 21−t

∫

S

dθ

|1− |ϕa(w)|2eiθ|
>

∫ π
2

0

21−tdθ
√

1− 2|ϕa(w)|2 cos θ + |ϕa(w)|4

=

∫ 1

0

21−t(1− x2)−
1
2 dx

(1− 2|ϕa(w)|2x+ |ϕa(w)|4)
1
2

> 2−t

∫
2|ϕa(w)|2

1+|ϕa(w)|4

0

dy

1− y
> c log

e

1− |ϕa(w)|2
. (3.6)

(ii) , n > 1 	, [&r�z, 1� a = (λ1, λ2, 0, · · · , 0) l ϕa(w) = (|ϕa(w)|, 0, 0,
· · · , 0), M, λ2 > 0. , y > 0 k x ∈ D 	, s

1

2π

∫ 2π

0

|1− xeiθ|2y dθ = 1 +

∞
∑

k=1

y2 · · · (y − k + 1)2

(k!)2
|x|2k > 1. (3.7), η1 ∈ D 	,

|1− λ1η1|2 − λ2
2(1− |η1|2)

= 1− λ1η1 − λ1η1 − |a|2 + |λ1|2 + |a|2|η1|2

> (|λ1| − |η1|)2 + (1 − |a|2)(1− |η1|2)

> 0 ⇒ λ2

√

1− |η1|2
|1− λ1η1|

< 1.{f n = 2, ?yj η1 ∈ D, -g (3.7) 
, 12
1

2π

∫ π

−π

|1− λ1η1 − λ2

√

1− |η1|2 eiθ|t−2 dθ > |1− λ1η1|t−2. (3.8)[& (3.8) 
ln= 2.2, ��p;�mW n = 1 	3L�HC, 1i�2
∫

∂B

|1− 〈η, a〉|t−2

|1− 〈η, ϕa(w)〉|t
dσ(η)

=

∫

|η1|2+|η2|2=1

|1− λ1η1 − λ2η2|t−2

|1− |ϕa(w)|η1|t
dσ(η1, η2)
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=

∫

|η1|<1

{ 1

2π

∫ π

−π

|1− λ1η1 − λ2

√

1− |η1|2 eiθ|t−2

|1− |ϕa(w)|η1|t
dθ

}

dv(η1)

>

∫

|η1|<1

|1− λ1η1|t−2

|1− |ϕa(w)|η1|t
dv(η1) =

∫ 1

0

r
{ 1

π

∫ π

−π

|1− λ1re
iθ|t−2

|1− |ϕa(w)|reiθ |t
dθ

}

dr

>

∫ 1

0

r
{

∫ π

−π

|1− λ1r|ϕa(w)|eiθ |t−2

π|1− |ϕa(w)|2reiθ|t
dθ

}

dr >

∫ 1

0

r
{

∫ π
2

0

22−t dθ

π|1− |ϕa(w)|2reiθ|2
}

dr

> c1

∫ 1

0

r dr

1− |ϕa(w)|4r2
> c2 log

e

1− |ϕa(w)|2
. (3.9){f n > 2, [&= [3] �3n= 1.9 lmW n = 2 	3L�HC, 12

∫

∂B

|1− 〈η, a〉|t−n

|1− 〈η, ϕa(w)〉|t
dσ(η)

=
(n− 1)(n− 2)

2

∫

|u1|2+|u2|2<1

|1− rλ1u1 − λ2u2|t−n dv(u1, u2)

(1 − |u1|2 − |u2|2)3−n|1− |ϕa(w)|u1|t

=
(n− 1)(n− 2)

2

∫

D

dv(u1)

|1− |ϕa(w)|u1|t

×
∫

√
1−|u1|2

0

r(1 − |u1|2 − r2)n−3
{ 1

π

∫ π

−π

|1− λ1u1 − λ2re
iθ|t−ndθ

}

dr

>
n− 1

2

∫

D

(1 − |u1|2)n−2|1− λ1u1|t−n dv(u1)

|1− |ϕa(w)|u1|t

> c

∫ 1

0

r(1 − r2)n−2

(1− |ϕa(w)|2r2)n−1
dr > c1 log

e

1− |ϕa(w)|2
. (3.10)-g (3.3)–(3.4) 
, (3.6) 
l (3.9)–(3.10) 
12, mW (8) 3 “ > ” �L��A3.�E:�S “ 6 ” �L.� d(z, w) = |〈z − w, z〉|+ |〈w − z, w〉| (z, w ∈ B), [&= [4], &��� cd > 0, �2

d(z, w) 6 cd{d(z, a) + d(a, w)}, z, w, a ∈ B.Y< w, a ∈ B, .K ∂B 3{E
L:

Ω1 =
{

η ∈ ∂B : d(η, w) 6
d(w, a)

2cd

}

;

Ω2 =
{

η ∈ ∂B : d(η, a) 6
d(w, a)

2cd

}

;

Ω3 =
{

η ∈ ∂B :
d(w, a)

2cd
< d(η, w) 6 d(η, a)

}

;

Ω4 =
{

η ∈ ∂B :
d(w, a)

2cd
< d(η, a) 6 d(η, w)

}

.[&= [4] �3n= 3.3, {f ξ ∈ Ω1 ∪ Ω3, �&��� c > 0, �2 |1 − 〈ξ, a〉| >
c|1− 〈w, a〉|. } t > n, �qn= 2.1 12

∫

Ω1∪Ω3

dσ(ξ)

|1− 〈ξ, w〉|t |1− 〈ξ, a〉|r

6
c

|1− 〈w, a〉|r
∫

∂B

dσ(ξ)

|1− 〈ξ, w〉|t
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6

c1

|1− 〈w, a〉|r (1− |w|2)t−n
. (3.11)[&= [4] �3n= 3.3, {f ξ ∈ Ω2 ∪ Ω4, �&��� c > 0, �2 |1 − 〈ξ, w〉| >

c(b+ |1− 〈ξ, a〉|) > c|b+ 1− 〈ξ, a〉|. q= [3] �3 (1.13) 
i��Bi��Lb*38�Z1�, , n > 1 	, s
∫

Ω2∪Ω4

dσ(ξ)

|1− 〈ξ, w〉|t |1− 〈ξ, a〉|r

6 c

∫

∂B

dσ(ξ)

|b+ 1− 〈ξ, a〉|t |1− 〈ξ, a〉|r

= (n− 1)c

∫

D

(1− |η|2)n−2 dv(η)

(b+ |1− |a|η|)t|1− |a|η|r

6 c1

∫

|u−1|<1

(1 − |u− 1|)n−2

(b+ |u|)t|u|r dv(u)

6 c1

∫ 2

0

∫ arccos R
2

− arccos R
2

(1−
√
R2 + 1− 2R cos θ)n−2

(b +R)tRr−1

dRdθ

π

6 c1

∫ 1

0

∫ π
2

−π
2

Rn−r−1

(b+R)t
dRdθ

π
+ c1

∫ 2

1

∫ π
2

−π
2

1

(b +R)tRr−1

dRdθ

π

6
c1

bt+r−n

∫ 1
b+1

0

yn−r−1(1 − y)t+r−n−1 dy + c2.{f t+ r > n > r, 12/
∫

Ω2∪Ω4

dσ(ξ)

|1− 〈ξ, w〉|t |1− 〈ξ, a〉|r 6
c

br+t−n
. (3.12){f t+ r = n, �2/

∫

Ω2∪Ω4

dσ(ξ)

|1− 〈ξ, w〉|t |1− 〈ξ, a〉|r 6 c log
e

b
. (3.13), n = 1 	, � x = 1 + cos θ l y = sin θ, XN ρ =

√

x2 + y2 = 2cos θ
2 (−π 6 θ 6 π)

⇒ 2 cos θ = ρ2 − 2 (0 6 ρ 6 2). q�L3^$��Z, 12
∫

Ω2∪Ω4

dσ(ξ)

|1− ξw|t|1− ξa|r

6 c

∫

|ξ|=1

dσ(ξ)

(b+ |1− |a|ξ|)t|1− |a|ξ|r 6 c

∫

|ξ|=1

dσ(ξ)

|b+ 1− |a|ξ|t|1− |a|ξ|r

6 c

∫

|ξ|=1

dσ(ξ)

|b+ 1− ξ|t|1− ξ|r = c

∫

|η−1|=1

dσ(η)

|b + η|t|η|r =
2c

π

∫ 2

0

(4− ρ2)−
1
2 dρ

{b2 + (b+ 1)ρ2} t
2 ρr

6
2c

π

∫ 2

0

(4 − ρ2)−
1
2 dρ

(b2 + ρ2)
t
2 ρr

6
2c(

√
2)t

π

∫ 2

0

(4 − ρ2)−
1
2 dρ

(b+ ρ)tρr
6 c1 + c2

∫ 1

0

dρ

(b + ρ)tρr

= c1 +
c2

bt+r−1

∫ 1
b+1

0

y−r(1 − y)t+r−2 dy.{f t+ r > 1 > r, 12/
∫

Ω2∪Ω4

dσ(ξ)

|1− ξw|t|1− ξa|r 6
c

|1− wa|t+r−1
. (3.14)
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∫

Ω2∪Ω4

dσ(ξ)

|1− ξw|t|1− ξa|r 6 c log
e

|1− wa| . (3.15);�7, {f t+ r > n > t, �s
∫

Ω1∪Ω3

dσ(ξ)

|1− 〈ξ, w〉|t |1− 〈ξ, a〉|r 6
c

br+t−n
. (3.16){f t+ r = n, �s

∫

Ω1∪Ω3

dσ(ξ)

|1− 〈ξ, w〉|t |1− 〈ξ, a〉|r 6 c log
e

b
. (3.17)-g (3.13) 
, (3.15) 
l (3.17) 
12/�f (2) �3 “ 6 ” �L��A3; -g

(3.12) 
, (3.14) 
l (3.16) 
12�L (3) �3 “ 6 ” �L��A3; (3.11)–(3.12) 
��S�L (6) �3 “ 6 ” �L��A3.q (3.1) 
l�L (2) �S�L (4) ��A3.[&= [4]�3n= 3.3,{f ξ ∈ Ω1,�&��� c > 0,�2 |1−〈ξ, a〉| > c|1−〈w, a〉|;{f ξ ∈ ∂B\Ω1, �&��� c > 0, �2 |1 − 〈ξ, w〉| > c|1 − 〈w, a〉|. {f t − n > 0 k
r − n > 0, qn= 2.1 12

Iw,a 6

∫

Ω1

c1 dσ(ξ)

|1− 〈ξ, w〉|tbr +

∫

∂B\Ω1

c1 dσ(ξ)

bt|1− 〈ξ, a〉|r

6
c2

(1 − |w|2)t−n|1− 〈w, a〉|r +
c2

(1− |a|2)r−n|1− 〈w, a〉|t .��S�L (8) �3 “ 6 ” �L��A3.{f t > n = r, r t1 = t− α, e� t− n < α < t. mA r = n > t1 k t1 > 0. [&n= 2.1 l�L (4), %s
Iw,a 6

∫

Ω1

c1 dσ(ξ)

|1− 〈ξ, w〉|t|1− 〈w, a〉|n +

∫

∂B\Ω1

c1|1− 〈w, a〉|−α dσ(ξ)

|1− 〈ξ, w〉|t1 |1− 〈ξ, a〉|n

6

∫

∂B

c1 dσ(ξ)

|1− 〈ξ, w〉|t|1− 〈w, a〉|n +

∫

∂B

c1 dσ(ξ)

|1− 〈w, a〉|α|1− 〈ξ, w〉|t1 |1− 〈ξ, a〉|n

6
c2

(1− |w|2)t−n|1− 〈w, a〉|n +
c2

|1− 〈w, a〉|t log
e

|1− 〈a, ϕa(w)〉|
.�j:%�L (7) �3 “ 6 ” �L��A3.�T)�5.EQY�5� Hp,q,s(B) ��5�U33u.=N 3.1 � p > 0, s > 0, q+ n > 0, q+ s > 0, γ > 0, α > −1, M l N 8Æ
�,

f ∈ H(B) , �EG�,�5�3:

(1) ‖f‖pp,q,s < ∞.

(2) Ip1 = sup
06r<1

sup
a∈B

(1− r2)q+pγ
∫

∂B
|Rα,γf(rξ)|p (1− |ϕa(rξ)|2)s dσ(ξ) < ∞.

(3) Ip2 = sup
06r<1

sup
a∈B

(1− r2)q+pM
∫

∂B
|R(M)f(rξ)|p (1 − |ϕa(rξ)|2)s dσ(ξ) < ∞.

(4) Ip3 = sup
06r<1

sup
a∈B

(1− r2)q+pN
∑

|m|=N

∫

∂B

∣

∣

∂Nf
∂zm (rξ)

∣

∣

p
(1− |ϕa(rξ)|2)s dσ(ξ) < ∞.



122 � a _ - A � 40 ) f�s ‖f‖p,q,s ≈ I1 ≈ I2 + |f(0)| ≈ I3 +
N−1
∑

|m|=0

∣

∣

∂|m|f
∂zm (0)

∣

∣, k7���x f Aa.g �F�S: } ‖f‖p,q,s < ∞, � I1 6 c‖f‖p,q,s.qn= 2.3 �, , t > q+n
p

− 1 	 f ∈ A1
t . �qn= 2.4, s

f(z) =

∫

B

f(w)

(1 − 〈z, w〉)n+1+t
dvt(w), z ∈ B.rÆ
� N0 M, t = α+N0 > q+n

p
− 1, q�
�n= 2.5 �, s�L
 h, �

Rα,γf(z) =

∫

B

h(〈z, w〉)f(w)
(1 − 〈z, w〉)n+1+t+γ

dvt(w), z ∈ B.�
%s
|Rα,γf(z)| 6 c

∫

B

|f(w)|
|1− 〈z, w〉|n+t+γ+1

dvt(w) . (3.18)?yj a ∈ B l 0 6 r < 1, �
F (r, a) = (1− r2)q+pγ

∫

∂B

|Rα,γf(rξ)|p(1− |ϕa(rξ)|2)sdσ(ξ).mA I
p
1 = sup

06r<1
sup
a∈B

F (r, a).

(i) mW p > 1._r
0 < σ < min

{q + s+ γ

p
,
q + n+ γ

p

}

. (3.19)?yj w, z ∈ B, � H(z, w) = 1
|1−〈z,w〉|n+t+γ+1 l h(w) = 1

(1−|w|2)σ ., t > p′σ − 1 = pσ
p−1 − 1 	, [& (3.18) 
l Hölder �5
i�n= 2.1, 12

|Rα,γf(z)|p 6 c

∫

B

H(z, w)|f(w)|ph(w)−pdvt(w)
{

∫

B

H(z, w)h(w)p
′

dvt(w)
}

p

p′

6
c1

(1− |z|2)(p−1)γ+pσ

∫

B

|f(w)|p(1− |w|2)t+pσ

|1− 〈z, w〉|n+t+γ+1
dv(w).[&�
l Fubini <=, 12

F (r, a)

6 c

∫

∂B

(1− |ϕa(rξ)|2)s
(1 − r2)pσ−q−γ

{

∫

B

|f(w)|p(1− |w|2)t+pσ

|1− 〈rξ, w〉|n+t+γ+1
dv(w)

}

dσ(ξ)

= c

∫

B

(1− |w|2)t+pσ|f(w)|p
{

∫

∂B

(1− r2)q+s+γ−pσ(1− |a|2)s dσ(ξ)

|1− 〈rξ, a〉|2s|1− 〈rξ, w〉|n+t+γ+1

}

dv(w). (3.20), 2s < n 	, [& (3.19)–(3.20) 
, T) 3.1(6), = [3] �3n= 1.8, = [6] �3n=
6 12, �d t > max

{

pσ
p−1 − 1, s+ q − pσ − 1, q+n

p
− 1

}

, %s
F (r, a) 6

c(1− |a|2)s
(1− r2)pσ−q−s−γ

∫

B

|f(w)|p(1 − |w|2)t+pσ

(1 − |rw|2)t+γ+1|1− 〈rw, ra〉|2s dv(w)

6
c1(1− |a|2)s

(1− r2)pσ−q−γ−s

∫ 1

0

(1− ρ2)t+pσ

(1 − r2ρ2)t+γ+1

{

∫

∂B

|f(ρξ)|p dσ(ξ)

|1− 〈ρξ, r2a〉|2s
}

dρ
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6
c1

(1− r2)pσ−q−γ−s

∫ 1

0

(1− ρ2)t+pσ−s

(1 − r2ρ2)t+γ+1

∫

∂B

|f(ρξ)|p(1 − |ϕr2a(ρξ)|2)sdσ(ξ)dρ

6 c2(1− r2)q+s+γ−pσ‖f‖pp,q,s
∫ 1

0

(1− ρ)t+pσ−s−q

(1− rρ)t+γ+1
dρ 6 c3‖f‖pp,q,s., 2s > n 	, q (3.19)–(3.20) 
, T) 3.1(7), = [3] �3n= 1.8, = [6] �3n= 6,n= 2.3i�n= 2.112, �d t > max

{

pσ
p−1 − 1, s+ q− pσ− 1, q+n− pσ− 1, q+n

p
− 1

}

,%s{E^	:

F (r, a) 6
c(1− |a|2)s

(1− r2)pσ−q−s−γ

∫

B

|f(w)|p(1− |w|2)t+pσ

(1− |rw|2)t+γ+1|1− 〈rw, ra〉|2s dv(w)

+
c(1− |a|2)s

(1 − r2)pσ−q−s−γ

∫

B

|f(w)|p(1 − |w|2)t+pσ

(1− |ra|2)2s−n|1− 〈rw, ra〉|n+t+γ+1
dv(w)

6 c1‖f‖pp,q,s +
c2(1− |a|2)s

(1 − r2)pσ−q−s−γ

∫

B

‖f‖pp,q,s(1− |w|2)t+pσ−q−n

(1− |ra|2)2s−n|1− 〈rw, ra〉|n+t+γ+1
dv(w)

6 c1‖f‖pp,q,s +
c3‖f‖pp,q,s(1− |a|2)s(1− r2)q+s+γ−pσ

(1− r2|a|2)2s−n(1 − r4|a|2)q+n+γ−pσ
6 c4‖f‖pp,q,s.�P�1, , δ > 0 	,

sup
0<x61

xδ log
e

x
=

eδ−1

δ
. (3.21), 2s = n 	, q (3.19)–(3.21) 
, T) 3.1(8), = [3] �3n= 1.8, = [6] �3n= 6,n= 2.3 �n= 2.1 1�, �d t > max

{

pσ
p−1 − 1, s+ q − pσ − 1, q + n− pσ − 1, q+n

p
− 1

}

,1_ 0 < α0 < min{t+ pσ − q − n+ 1, q + n+ γ − pσ, s}, �2
F (r, a) 6 c‖f‖pp,q,s +

c(1− |a|2)s
(1− r2)pσ−q−γ−s

×
∫

B

|f(w)|p(1− |w|2)t+pσ

|1− 〈rw, ra〉|n+t+γ+1
log

e

1− |ϕra(rw)|2
dv(w)

6 c‖f‖pp,q,s +
c1‖f‖pp,q,s(1− |a|2)s
(1− r2)pσ−q−γ−s

×
∫

B

(1− |w|2)t+pσ−q−n

|1− 〈rw, ra〉|n+t+γ+1
log

e

1− |ϕra(rw)|2
dv(w)

6 c‖f‖pp,q,s +
c2‖f‖pp,q,s(1− |a|2)s

(1− r2)pσ−q−γ−s(1− r2|a|2)α0

∫

B

(1− |w|2)t+pσ−q−n−α0dv(w)

|1− 〈rw, ra〉|n+t+γ+1−2α0

6 c‖f‖pp,q,s +
c3‖f‖pp,q,s(1− |a|2)s−α0(1 − r2)q+s+γ−pσ

(1 − r4|a|2)q+n+γ−pσ−α0
6 c4‖f‖pp,q,s.*���, , p > 1 	, +s I1 6 c‖f‖p,q,s.

(ii) mW 0 < p 6 1._r t = n+1+t′

p
− n− 1, �2 t′ > max{q + s− 1, q + n− 1} i� t− α 8Æ
�.? z ∈ B, r

G(w) =
f(w)

(1− 〈z, w〉)n+t+γ+1
, w ∈ B.
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∫

B

|G(w)|dvt(w) 6 c
{

∫

B

|f(w)|p
|1− 〈z, w〉|n+t′+pγ+1

dvt′(w)
}

1
p

.-g�
, (3.18) 
l Fubini <=12
F (r, a) 6 c

∫

B

|f(w)|p(1− |w|2)t′
∫

∂B

(1 − r2)q+pγ+s(1− |a|2)s dσ(ξ)dv(w)

|1− 〈rξ, w〉|n+t′+pγ+1|1− 〈rξ, a〉|2s .#j/, � (3.20) 
�r σ = 0, �L�p t′ l pγ (+ t l γ %2/���5
. vE3�S;� p > 1 	3L�, /
12/ I1 6 c‖f‖p,q,s.e$�S: , I1 < ∞ 	, ‖f‖F (p,q,s) 6 cI1.[&n= 2.3 �on= 2.4 12, , t > q+pγ+n
p

− 1 	,

Rα,γf(z) =

∫

B

Rα,γf(w)

(1− 〈z, w〉)n+1+t
dvt(w), z ∈ B.rÆ
� N0, �2 t− γ = α+N0 > q+n

p
− 1, [& Rα,γ x Rα,γ 3t^Zi�n=

2.5 �, &�au z l w u"3�L
 P (z, w), �2
f(z) =

∫

B

Rα,γf(w)Rα,γ

{ 1

(1− 〈z, w〉)n+1+t

}

dvt(w)

=

∫

B

Rα,γf(w)
P (z, w)

(1 − 〈z, w〉)n+1+t−γ
dvt(w).m#, 1i2/

|f(z)| 6 c

∫

B

|Rα,γf(w)|
|1− 〈z, w〉|n+1+t−γ

dvt(w). (3.22)EQ�p (3.22) 
J	gQ3HC.'*:�, , p > 1 	, r 0 < σ < min
{

q+s
p

, q+n
p

}

,

g(z) = (1 − |z|2)γ |Rα,γf(z)|, H(z, w) =
1

|1− 〈z, w〉|n+1+t−γ
, h(z) = (1− |z|2)−σ,�'_8 Tg(z) =

∫

B
H(z, w)g(w) dvt−γ(w); , 0 < p 6 1 	, _r

F (w) =
Rα,γf(w)

(1− 〈w, z〉)n+1+t−γ
.;312 ‖f‖p,q,s 6 cI1. �
%2/ ‖f‖p,q,s ≈ I1, �k7���l f Aa.�ue!mW, �\.K M = 1 l N = 1 �1., ‖f‖p,q,s < ∞ 	, �d t > q+n

p
− 1, �p

|Rf(z)| 6 c

∫

B

|f(w)|
|1− 〈z, w〉|t+n+2

dvt(w),i�
|f(0)| =

∣

∣

∣

∫

B

f(w) dvt(w)
∣

∣

∣
6 c‖f‖p,q,s,�o�S I1 6 c‖f‖p,q,s 	3 =�C, 1�2 I2 + |f(0)| 6 c‖f‖p,q,s.
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, ?yj j ∈ {1, · · · , n}, �p
∣

∣

∣

∂f(z)

∂zj

∣

∣

∣
6 c

∫

B

|f(w)|
|1− 〈z, w〉|t+n+2

dvt(w), |f(0)| 6 c‖f‖p,q,s,�o�S I1 6 c‖f‖p,q,s 	3 =�C, 1�2 I3 + |f(0)| 6 c‖f‖p,q,s., I2 < ∞ 	, �d t > q+n
p

, �p
Rf(z) =

∫

B

Rf(w)

(1− 〈z, w〉)n+1+t
dvt(w), f(z)− f(0) =

∫ 1

0

Rf(tz)

t
dt,12

|f(z)− f(0)| 6 c

∫

B

|Rf(w)|
|1− 〈z, w〉|t+n

dvt(w).�o�S ‖f‖p,q,s 6 cI1 	3 =�C, 1�2 ‖f‖p,q,s 6 c{I2 + |f(0)|}., I3 < ∞ 	, �d t > q+n
p

, ?yj j ∈ {1, · · · , n}, �p
∂f(z)

∂zj
=

∫

B

∂f(w)

∂wj

dvt(w)

(1 − 〈z, w〉)n+1+t
, f(z)− f(0) =

n
∑

j=1

zj

∫ 1

0

∂f(tz)

∂zj
dt2

|f(z)− f(0)| 6 c

∫

B

∣

∣

∣

∂f(w)

∂wj

∣

∣

∣

dvt(w)

|1− 〈z, w〉|t+n
.�o�S ‖f‖p,q,s 6 cI1 	3 =�C, 1�2 ‖f‖p,q,s 6 c{I3 + |f(0)|}.�u M > 1 } N > 1 	, DP�p���C�1.�<=�5. 8 � J � [ � ℄
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Abstract Let p > 0, s > 0, q+n > 0, q+ s > 0. In this paper, the authors discuss several

equivalent characterizations of general Hardy type spaces Hp,q,s(B) on the unit ball B of

Cn. At the same time, the authors also give a spherical integral’s bidirectional estimates

with two variable points in B for all cases.
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