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1994 0, �ÆYs6� A *6� B H. f * f ′ t`tE, <*��z6�._o D [17] W n(> 3) a�K:8g, a(6= 0), b a�K%�Fg, F rD+ D ..�TÆ�[g. PW9(M�. f ∈ F , f .�3Ki%(0( 2, Æ<1 D . R

f + a(f ′)n 6= b, ,# F 1 D .:T.

2008 0, �*�^ Zalcman <*�) n = 2, 6� D ���._o E [18] W n(> 2) a�K:8g, a(6= 0), b a�K%�Fg, F rD+ D ..�TÆ�[g. PW9(M�. f ∈ F , f .�3Ki%(0( 2, Æ<1 D . R
f + a(f ′)n 6= b, ,# F 1 D .:T.

2009 0, ��, yC>, ��us6� E H. f ′ pS+ f (k), -+Pz6�._o F [19] W k, n(> k + 1) a�K:8g, a(6= 0), b a�K%�Fg. PW f aF7) C S.�K�/Æ�[g, ,# f + a(f (k))n ��F b x�<!._o G [19] W k, n(> k + 1) a�K:8g, a(6= 0), b a�K%�Fg, F rD+ D..�TÆ�[g. PW9(M�. f ∈ F , f .�3Ki%(0( k + 1, Æ<1 D . R f + a(f (k))n 6= b, ,# F 1 D .:T.

20130, 	��, �*�, 5#6s6� G H. n > k + 1 pS+ n > 2, v��J��. _o H [20] W k, n(> 2) a�K:8g, a(6= 0), b a�K%�Fg, F rD+ D ..�TÆ�[g. PW9(M�. f ∈ F , f .�3Ki%(0( k + 1, Æ<1 D . R
f + a(f (k))n 6= b, ,# F 1 D .:T.�uw'e{s6� G Hyr f + a(f (k))n − b %�3, -+�Pz.vW._o 1.1 W k, n(> k + 1) a�K:8g, a(6= 0), b a�K%�Fg, F rD+ D ..�TÆ�[g. PW9(M�. f ∈ F , f .�3Ki%(0( k + 1, Æ<1 D . R
f + a[L(f)]n − b B<% n− k − 1 K3�.�3, ,# F 1 D .:T.{s 1.1 W k, n(> k + 1) a�K:8g, a(6= 0), b a�K%�Fg, F rD+ D ..�TÆ�[g. PW9(M�. f ∈ F , f .�3Ki%(0( k + 1, Æ<1 D . R
f + a(f (k))n − b B<% n− k − 1 K3�.�3, ,# F 1 D .:T.9!, w'��s6� C pSr L(f)− afn − b %�3(��|F�3Kg, -+�Pz.vW._o 1.2 W k(> 2), n(> k + 3) a�K:8g, a(6= 0), b a�K%�Fg, F rD+
D ..�TÆ�[g. PW9(M�. f ∈ F , f .�3Ki%(0( k, Æ<1 D . R L(f)− afn − b B<% n− k − 2 K3�.�3, ,# F 1 D .:T.{s 1.2 W k(> 2), n(> k + 3) a�K:8g, a(6= 0), b a�K%�Fg, F rD+
D ..�TÆ�[g. PW9(M�. f ∈ F , f .�3Ki%(0( k, Æ<1 D . R f (k) − afn − b B<% n− k − 2 K3�.�3, ,# F 1 D .:T.q 1.1 W k, n(> k + 1) a�K:8g, D = {z : |z| < 1},

F = {fj(z) = jzk, j = 1, 2, 3, · · · },
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fj(z) + [f

(k)
j (z)]n = jzk + (k!j)n 6= 0,(a F 1 z = 0 ��:T. 6i*6� 1.1 H.mr “f .�3Ki%(0( k + 1” a
�..q 1.2 W k, n(= k + 2) a�K:8g, D = {z : |z| < 1},

F = {fj(z) = jzk+1, j = 1, 2, 3, · · · },,#
fj(z) + [f

(k)
j (z)]k+2 = {j + [(k + 1)!j]k+2z}zk+1% 2(= n − k) K3�.�3, (a F 1 z = 0 ��:T. 6i*6� 1.1 H.mr

“f + a[L(f)]n − b B<% n− k − 1 K3�.�3” aVm..q 1.3 W k(> 2), n(> k + 3)a�K:8g, a(6= 0)a�K%�Fg, D = {z : |z| < 1},

F = {fj(z) = jzk−1, j = 1, 2, 3, · · · },,#
f
(k)
j − a(fj)

n = −a(jzk−1)n = −ajnzn(k−1)1 D .% 1 K3�.�3, (a F 1 z = 0 ��:T. 6i*6� 1.2 H.mr “f .�3Ki%(0( k” aVm..q 1.4 W k(> 2), n(> k + 3)a�K:8g, a(6= 0)a�K%�Fg, D = {z : |z| < 1},

F =
{

fj(z) =
1

jz + 1
j

, j = 1, 2, 3, · · ·
},#

f
(k)
j − a(fj)

n =
(−1)kk!jk[jz + 1

j
]n−k−1 − a

[jz + 1
j
]n

,1 D .% n− k − 1 K3�.�3, (a F 1 z = 0 ��:T. 6i*6� 1.2 H.mr
“L(f)− afn − b B<% n− k − 2 K3�.�3” aVm..

2 ���p�o 2.1 [21] W p, q a�K:8g, α a�K℄g< R −q < α < p, F r't-2
∆ ..�TÆ�[g, <9(&�K f ∈ F , f .�3Ki%(0( p, f .e3Ki%(0( q. PW F 1 z0 ∈ ∆ �:T, ,#$1

(a) 3� zn ∈ ∆, zn −→ z0;

(b) [g� fn ∈ F ;

(c) :g� ρn −→ 0+,^- fn(zn+ρnζ)
ρα
n

1 C S�B�.	�D�(�KA�g.Æ�[g g(ζ), Æ< g .�3Ki%(0( p, g .e3Ki%(0( q, g#(ζ) 6 g#(0) = 1.�o 2.2 [2] W f(z) r8[g, R f(z) .B)*g f#(z) %w, 3 f(z) .iB<r
1.



168 h � 1 � A f 40 ��o 2.3 W f(z) = P (z)
z−a

, P (z) r n !<�_, < P (a) 6= 0, 3) j < n \, f (j)(z) =
Q(z)

(z−a)j+1 , 6Æ Q(z) �a!gr n .<�_.� W f(z) = Azn−1 + a1z
n−2 + · · ·+ an−1 +

b
z−a

, 9H A(6= 0), a1, a2, · · · , an−1, a r�g, 3) j < n \,

f (j)(z) = A(n− 1)(n− 2) · · · (n− j)zn−j−1 + · · ·+
(−1)jj!b

(z − a)j+1

=
A(n− 1)(n− 2) · · · (n− j)zn + · · ·+ (−1)jj!b

(z − a)j+1

=
Q(z)

(z − a)j+1
,6Æ Q(z) = A(n− 1)(n− 2) · · · (n− j)zn + · · ·+ (−1)jj!b a�!gr n .<�_.�o 2.4 W k, n(> k + 2) a�K:8g, a(6= 0) a�K%�Fg, f(z) rF7) CS.�KA�g.Æ�[g, < f .�3Ki%(0( k + 1, ,# f + a(f (k))n BU%

n− k K3�.�3.� PW f(z) aF7) C S.�K�/Æ�[g, ,#M~6� F, f + a(f (k))n %x�K�3, l�w'���� f(z) rA�/Æ�[g.?�. pW f + a(f (k))n B<%
n− k − 1 K3�.�3, |kk�-,

N
(

r,
1

f

)

6 N
(

r,
1

f + a(f (k))n

)

6 (n− k − 1) log r +O(1). (2.1)M~ Nevanlinna 2�^2?�6�, w'%
nm

(

r,
1

f (k)

)

= m
(

r,
1

a(f (k))n

)

+O(1)

6 m
(

r,
f

a(f (k))n

)

+m
(

r,
1

f

)

+O(1)

6 m
(

r,
f

a(f (k))n
+ 1

)

+m
(

r,
f (k)

f

)

+m
(

r,
1

f (k)

)

+O(1)

6 m
(

r,
f + a(f (k))n

a(f (k))n

)

+m
(

r,
1

f (k)

)

+ S(r, f (k))

= T
(

r,
f + a(f (k))n

a(f (k))n

)

−N
(

r,
f + a(f (k))n

a(f (k))n

)

+m
(

r,
1

f (k)

)

+ S(r, f (k))

6 N
(

r,
f + a(f (k))n

a(f (k))n

)

+N
(

r,
a(f (k))n

f + a(f (k))n

)

+N
(

r,
1

f+a(f(k))n

a(f(k))n
− 1

)

−N
(

r,
f + a(f (k))n

a(f (k))n

)

+m
(

r,
1

f (k)

)

+ S(r, f (k)). (2.2)nYq'.kk, %
N
(

r,
f + a(f (k))n

a(f (k))n

)

= N
(

r,
1

f (k)

)

= N
(

r,
1

f

)

+N1(r), (2.3)

N
(

r,
a(f (k))n

f + a(f (k))n

)

6 N
(

r,
1

f + a(f (k))n

)

, (2.4)
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N
(

r,
1

f+a(f(k))n

a(f(k))n
− 1

)

= N(r, f), (2.5)

N
(

r,
f + a(f (k))n

a(f (k))n

)

= (n− 1)N
(

r,
1

f

)

− nkN
(

r,
1

f

)

+ nN1(r), (2.6)

N
(

r,
1

f (k)

)

= N
(

r,
1

f

)

− kN
(

r,
1

f

)

+N1(r), (2.7)6Æ N1(r) �` f (k) .�3(�a f .�3.(?�. M~ (2.1)–(2.7) _, w'%
(n− 1)T

(

r,
1

f (k)

)

6 N(r, f) + (k + 1)N
(

r,
1

f

)

+N
(

r,
1

f + a(f (k))n

)

+N1(r) −N1(r) + S(r, f (k))

6
1

k + 1
N(r, f (k)) + (k + 2)N

(

r,
1

f + a(f (k))n

)

+ S(r, f (k))

6
1

k + 1
T (r, f (k)) + (k + 2)N

(

r,
1

f + a(f (k))n

)

+ S(r, f (k)),P
T (r, f (k)) 6

(k + 2)(n− k − 1)

n− 1− 1
k+1

log r + S(r, f (k))

< (k + 2) log r + S(r, f (k)),l� f (k) a�K%�[g< degf (k) 6 k + 1.v� 1 f a�K<�_.$( degf (k) 6 k+1, 3 degf 6 2k+1. �r f .�3Ki%(0( k + 1, l�w'8�: f B<%�K3�.�3. D3, pW f % s(> 2) K3�.�3, 3
s(k + 1) 6 degf 6 2k + 1,h (s− 2)k 6 1− s < 0, ";. ,#�W

f = A(z − α)m, k + 1 6 m 6 2k + 1, m ∈ N, α, A(6= 0) ∈ C.

f + a(f (k))n = A(z − α)m + a[Am(m− 1) · · · (m− k + 1)(z − α)m−k]n

= A(z − α)m{1 + aAn−1[m(m− 1) · · · (m− k + 1)]n(z − α)n(m−k)−m}.h f + a(f (k))n % n(m− k)−m+ 1(> n− k) K3�.�3, *pW";, P f �a�K<�_.v� 2 f a�K%�[g(�a�K<�_.$( f (k) .e3Ki%(0( k + 1, < degf (k) 6 k + 1, l� f �%�K�u.e3. v� 2.1 f %%�3, ,# f(z) = A
z−β

, β, A(6= 0) ∈ C, 3
f + a(f (k))n =

A

z − β
+ a

[ (−1)kk!A

(z − β)(k+1)

]n

=
A(z − β)n(k+1)−1 + a[(−1)kk!A]n

(z − β)n(k+1)
,h f + a(f (k))n % n(k + 1)− 1(> n− k) K3�.�3, 6*pW";.
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f(z) =

A(z − α1)
m1 · · · (z − αt)

mt

z − β
, mj > k + 1, mj(1 6 j 6 t), t ∈ N,

α1 · · ·αt, β a�o.Fg, A(6= 0) ∈ C.$�� 2.3 =,

f (k)(z) =
Q(z)

(z − β)k+1
,6Æ Q(z) a�K m1 +m2 + · · ·+mt !<�_, 3

k + 1 > degf (k)
> m1 + · · ·+mt > t(k + 1),l� t = 1,m1 = k + 1, h f(z) = A(z−α)k+1

z−β
. '

(n− 1)T
(

r,
1

f (k)

)

6 N(r, f) + (k + 1)N
(

r,
1

f

)

+N
(

r,
1

f + a(f (k))n

)

+N1(r) −N1(r) + S(r, f (k))

6 (1 + k + 1 + n− k − 1) log r + S(r, f (k))

6 (n+ 1) log r + S(r, f (k)),� , w'%
T (r, f (k)) 6

n+ 1

n− 1
log r + S(r, f (k)).l� f (k) a�K%�[g< degf (k) 6 n+1

n−1 . R n > 4, ,# degf (k) < 2, 6*) f %e3\, degf (k) > k + 1 ";. R n = 3, ,# k = 1, 3 f(z) = A(z−α)2

z−β
, α, β a�K�o.Fg, A(6= 0) ∈ C. ">

f + a(f ′)
3

=
A(z − α)2

z − β
+ a

[A(z − α)(z + α− 2β)

(z − β)2

]3

=
A(z − α)2[(z − β)5 + aA2(z − α)(z + α− 2β)3]

(z − β)6
,h f + a(f ′)3 BU% 2(> n− k − 1) K3�.�3, ";.�o 2.5 W k(> 2), n(> k + 3) a�K:8g, a(6= 0) a�K%�Fg, f(z) rF7) C S.�KA�g.Æ�[g, < f .�3Ki%(0( k, ,# f (k) − afn BU%

n− k − 1 K3�.�3.� pW f (k) − afn B<% n− k − 2 K3�.�3, 3
N
(

r,
1

f (k) − afn

)

6 (n− k − 2) log r +O(1). (2.8)M~ Nevanlinna 2�^2?�6�, w'%
nm(r, f) = m(r, fn)

6 m(r, afn) +O(1)

6 m
(

r,
afn

f (k)

)

+m
(

r,
f (k)

f

)

+m(r, f) +O(1)
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6 m
(

r,
afn

f (k)

)

+m(r, f) + S(r, f (k))

= T
(

r,
afn

f (k)

)

−N
(

r,
afn

f (k)

)

+m(r, f) + S(r, f (k))

6 N
(

r,
afn

f (k)

)

+N
(

r,
f (k)

afn

)

+N
(

r,
1

f(k)

afn − 1

)

−N
(

r,
afn

f (k)

)

+m(r, f) + S(r, f (k)). (2.9)nYq'.kk, %
N
(

r,
afn

f (k)

)

= N(r, f) +N1(r), (2.10)

N
(

r,
f (k)

afn

)

= N
(

r,
1

f

)

, (2.11)

N
(

r,
1

f(k)

afn − 1

)

= N
(

r,
afn

f (k) − afn

)

= N
(

r,
1

f (k) − afn

)

, (2.12)

N
(

r,
afn

f (k)

)

= (n− 1)N(r, f)− kN(r, f) +N1(r). (2.13)6Æ N1(r) �` f (k) .�3(�a f .�3.(?�.M~ (2.8)–(2.13) _^ Nevanlinna 2��2?�6�, w'%
(n− 1)T (r, f) 6 N(r, f) +N1(r) +N

(

r,
1

f

)

+N
(

r,
1

f (k) − afn

)

+ kN(r, f)−N1(r) + S(r, f)

6 (k + 1)N(r, f) +
1

k
N
(

r,
1

f

)

+N
(

r,
1

f (k) − afn

)

+ S(r, f)

6

(

k + 1 +
1

k

)

T (r, f) +N
(

r,
1

f (k) − afn

)

+ S(r, f). (2.14)� 
T (r, f) 6

n− k − 2

n− k − 2− 1
k

log r + S(r, f)

=
[

1 +
1

k(n− k − 2)− 1

]

log r + S(r, f).v� 1 ) k = 2, n = 5\, f ′′−af5 B<%�K3�.�3, T (r, f) 6 2 log r+S(r, f),

f .�3Ki%(0( 2, l� f rB<%�K3��3^B<%�K3�e3.%�[g. v� 1.1 f %%�3.$ (2.14) _-
4T (r, f) 6 3N(r, f) +N

(

r,
1

f

)

+N
(

r,
1

f ′′ − af5

)

+ S(r, f)

6 3T (r, f) +N
(

r,
1

f ′′ − af5

)

+ S(r, f),
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T (r, f) 6 log r + S(r, f),l� f(z) = A

z−α
, A(6= 0) ∈ C, 3
f ′′ − af5 =

2A

(z − α)3
− a

( A

z − α

)5

=
2A(z − α)2 − aA5

(z − α)5
.l� f ′′ − af5 % 2 K3�.�3, 6*pW";.v� 1.2 f %�K 2 u.�3, < f B<%�K3�.e3.$ (2.14) _-

4T (r, f) 6 3N(r, f) +N
(

r,
1

f

)

+N
(

r,
1

f ′′ − af5

)

+ S(r, f)

6 5 log r + S(r, f),h
T (r, f) 6

5

4
log r + S(r, f),6* f %�K 2 u�3";.v� 1.3 f %�K 2 u�3, < f %�K3�. 1 ue3, ,# f(z) = A(z−γ)2

(z−α)(z−β) ,

A 6= 0, α, β, γ a 3 K3�.%�Fg.

−aA5(z − λ)10

(z − α)5(z − β)5
= f ′′ − af5

=
AP (z)

(z − α)3(z − β)3
− a

[ A(z − γ)2

(z − α)(z − β)

]5

=
A(z − α)2(z − β)2P (z)− aA5(z − γ)10

(z − α)5(z − β)5
,6Æ P (z) a!g�(0( 3 .<�_, h%

A(z − α)2(z − β)2P (z)− aA5(z − γ)10 = −aA5(z − λ)10."> A = 0, 6*mr";.v� 2 ) n > 6 \, $( 1 + 1
k(n−k−2)−1 < 2, 3 T (r, f) 6 log r + s(r, f). '�r f.�3Ki%(0( k(> 2), ,#�W f(z) = A

z−α
, A 6= 0. �r

f (k) − afn =
(−1)kk!A

(z − α)k+1
− a

( A

z − α

)n

=
(−1)kA[k!(z − α)n−k−1 + (−1)k+1aAn−1]

(z − α)n
,h f (k) − afn % n− k − 1 K3�.�3, *pW";.

3 ap 1.1 ℄�u) n = k + 1 \, 6� 1.1 .<*�$6� G .<*-�; �zw'��� n > k + 2.?�.



2 8 ; ��Z oAz }G�4Lh/��\h/;U74 173�[���, pW D = ∆, F 1 ∆ .�:T, ,#BU$1�3 z0 ∈ ∆, ^- F 1
z0 .�:T. z)w'B�J?���.v� 1 b = 0.M~�� 2.1, $1 zj −→ z0, ρj −→ 0+,fj ∈ F , ^-

gj(ζ) =
fj(zj + ρjζ)

ρ
nk

n−1

j

−→ g(ζ)1 C S�B�.	�D�(�KA�g.Æ�[g g(ζ), Æ< g(ζ) .�3Ki%(0( k + 1, g#(ζ) 6 g#(0) = 1, < g(ζ) .iB<r 2.1 C SG5 g(ζ) .e3.D+.%
fj(zj + ρjζ) + a[f

(k)
j (zj + ρjζ) + a1(zj + ρjζ)f

(k−1)
j (zj + ρjζ) + · · ·+ ak(zj + ρjζ)fj(zj + ρjζ)]

n

ρ
nk

n−1

j

= gj(ζ) +
a[ρ

k
n−1

j g
(k)
j (ζ) + ρ

k
n−1

+1

j a1(zj + ρjζ)g
(k−1)
j (ζ) + · · ·+ ρ

k
n−1

+k

j ak(zj + ρjζ)gj(ζ)]
n

ρ
nk

n−1

j

−→ g(ζ) + a[g(k)(ζ)]n.w'8� g(ζ) + a[g(k)(ζ)]n 6≡ 0, D3 g(ζ) ≡ −a[g(k)(ζ)]n, ,# g(ζ) 6= 0,∞, g(ζ) r8[g, M~�� 2.2, g(ζ) .iB<r 1, ,# g(ζ) = ecζ+d, 9H c(6= 0), d a�K%�Fg. '
g(ζ) + a[g(k)(ζ)]n = ecζ+d[1 + acnke(n−1)(cζ+d)] ≡ 0.� , w'��-+ e(n−1)(cζ+d) ≡ − 1

acnk , ";.M~�� 2.4, g(ζ)+ a[g(k)(ζ)]n BU% n− k K3�.�3. pW ζl(1 6 l 6 n− k)a
g(ζ) + a[g(k)(ζ)]n . n− k K3�.�3, F δ(> 0) RO�, ^- D(ζl, δ)(1 6 l 6 n − k)���~t, 6Æ D(ζl, δ) = {|ζ − ζl| < δ}. $ Hurwitz’s 6�=, $1

ζ
j
l (∈ D(ζl, δ)) −→ ζl, 1 6 l 6 n− k,^-9(�B%. j, %

fj(zj + ρjζ
j
l ) + a[L(fj)(zj + ρjζ

j
l )]

n = 0, 1 6 l 6 n− k.

fj + a[L(fj)]
n % n− k K3�.�3*6�mr";. P F 1 D .:T.v� 2 b 6= 0.M~�� 2.1, $1 zj −→ z0, ρj −→ 0+, fj ∈ F , ^-

gj(ζ) =
fj(zj + ρjζ)

ρkj
−→ g(ζ),1 C S�B�.	�D�(�KA�g.Æ�[g g(ζ), Æ< g(ζ) .�3Ki%(0( k + 1, g#(ζ) 6 g#(0) = 1, < g(ζ) .iB<r 2.1 C SG5 g(ζ) .e3.D+., %

ρkj gj(ζ) + a[g
(k)
j (ζ) + ρja1(zj + ρjζ)g

(k−1)
j (ζ) + · · ·+ ρkj ak(zj + ρjζ)gj(ζ)]

n − b

= fj(zj + ρjζ) + a[f
(k)
j (zj + ρjζ) + a1f

(k−1)
j (zj + ρjζ) + · · ·+ akfj(zj + ρjζ)]

n − b

−→ a[g(k)(ζ)]n − b.



174 h � 1 � A f 40 �w'8�: a[g(k)(ζ)]n − b 6≡ 0, D3 g(k)(ζ) ≡ c, c a�g< R cn = b
a
, ,# g(ζ) a�KB<r k !.<�_, * g(ζ) .�3Kg%(0( k + 1 ";.8�: a[g(k)(ζ)]n − b B<% n− k − 1 K3�.�3.pW a[g(k)(ζ)]n − b % n− k K3�.�3 ζl(1 6 l 6 n− k), F δ(> 0) RO�, ^-

D(ζl, δ)(1 6 l 6 n− k) ���~t, 6Æ D(ζl, δ) = {|ζ − ζl| < δ}. $ Hurwitz’s 6�=, $1 ζ
j
l (∈ D(ζl, δ)) −→ ζl(1 6 l 6 n− k), ^-9(�B%. j, %

fj(zj + ρjζ
j
l ) + a[L(fj)(zj + ρjζ

j
l )]

n − b = 0, 1 6 l 6 n− k,

fj + a[L(fj)]
n % n− k K3�.�3, *6�mr";.$ Nevanlinna 2?�6�, -

(n− 1)T (r, g(k)) 6 N(r, g(k)) +

n
∑

t=1

N
(

r,
1

g(k) − ct

)

+ S(r, g(k))

6
1

k + 1
N(r, g(k)) +N

(

r,
1

a(g(k))n − b

)

+ S(r, g(k))

6
1

k + 1
T (r, g(k)) +N

(

r,
1

a(g(k))n − b

)

+ S(r, g(k)),6Æ, ct(t = 1, 2, · · · , n) r�� zn = b
a
. n K�o.M, 3

(

n− 1−
1

k + 1

)

T (r, g(k)) 6 N
(

r,
1

a(g(k))n − b

)

+ S(r, g(k))

6 (n− k − 1) log r + S(r, g(k)).� , w'-+
T (r, g(k)) 6

n− k − 1

n− k − 1
k+1

log r + S(r, g(k)).�r n−k−1
n−k− 1

k+1

< 1, l� g(k)(ζ) r�g, h g(ζ) a�KB<r k !.<�_, * g(ζ) .�3Ki%(0( k + 1 ";. P F 1 D .:T.

4 ap 1.2 ℄�u�[���, pW D = ∆, F 1 ∆ .�:T, ,#BU$1�3 z0 ∈ ∆, ^- F 1
z0 .�:T. M~�� 2.1, $1 zj −→ z0, ρj −→ 0+, fj ∈ F , ^-

gj(ζ) =
fj(zj + ρjζ)

ρ
−k
n−1

j

−→ g(ζ)1 C S�B�.	�D�(�KA�g.Æ�[g g(ζ), Æ< g(ζ) .�3Ki%(0( k, g#(ζ) 6 g#(0) = 1, < g(ζ) .iB<r 2.1 C SG5 g(ζ) .e3.D+., %
ρ

nk
n−1

j [f
(k)
j (zj + ρjζ) + a1(zj + ρjζ)f

(k−1)
j (zj + ρjζ) + · · ·

+ ak(zj + ρjζ)fj(zj + ρjζ)− afn
j (zj + ρjζ)− b]

= g
(k)
j (ζ) + ρja1(zj + ρjζ)g

(k−1)
j (ζ) + · · ·+ ρkj ak(zj + ρjζ)gj(ζ) − agnj (ζ)− ρ

nk
n−1

j b

−→ g(k)(ζ)− agn(ζ).



2 8 ; ��Z oAz }G�4Lh/��\h/;U74 175w'8� g(k)(ζ) − agn(ζ) 6≡ 0, D3 g(k)(ζ) ≡ agn(ζ), ,# g(ζ) 6= 0,∞, g(ζ) r8[g, M~�� 2.2, g(ζ) .iB<r 1, ,# g(ζ) = ecζ+d, 9H c(6= 0), d a�K%�Fg.'
g(k)(ζ)− agn(ζ) = ecζ+d[ck − ae(n−1)(cζ+d)] ≡ 0.� , w'��-+ e(n−1)(cζ+d) ≡ ck

a
, ";.M~�� 2.5, g(k)(ζ)−agn(ζ)BU% n−k−1K3�.�3. pW ζl(1 6 l 6 n−k−1)a g(k)(ζ) − agn(ζ) . n − k − 1 K3�.�3, F δ(> 0) RO�, ^- D(ζl, δ)(1 6 l 6

n− k − 1) ���~t, 6Æ D(ζl, δ) = {|ζ − ζl| < δ}. $ Hurwitz’s 6�=, $1
ζ
j
l (∈ D(ζl, δ)) −→ ζl, 1 6 l 6 n− k − 1,^-9(�B%. j, %

L(fj)(zj + ρjζ
j
l )− afn

j (zj + ρjζ
j
l )− b = 0, 1 6 l 6 n− k − 1,h L(fj)− afn

j − b % n− k − 1 K3�.�3, >6*6�mr";. P F 1 D .:T.Y � m � | � ~
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Some Normal Criteria of Meromorphic Functions

Limited the Numbers of Zeros
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Abstract Let k,n(> k + 1) be two positive integers, a(6= 0), b be two finite complex

numbers and F be a family of meromorphic functions in D. If for each function f ∈ F , all

zeros of f have multiplicity at least k+1, and f +a(L(f))n−b has at most n−k−1 distinct

zeros in D, then F is normal in D, where L(f) = f (k)(z) + a1f
(k−1)(z) + · · ·+ ak−1f

′(z) +

akf(z),a1(z), a2(z), · · · , ak(z) are holomorphic functions in D.
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