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212 / | u E A � 40 �9� FT -H ��jP E[|ξ|p] < +∞ A6��Z��./I, Wk�ÆZnA6��%I%:

H
p(0, T ;Rd) :=

{
(φt)t∈[0,T ] : R

d-6�%jP E

[(∫ T

0

|φt|
2 dt

) p

2
]
< +∞

}
;

S
p(0, T ;R) :=

{
(φt)t∈[0,T ] : RCLL R-6�%jP E

[
sup

06t6T

|φt|
p
]
< +∞

}
;

A
p(0, T ;R) :=

{
(φt)t∈[0,T ] : S p(0, T ;R) <A(�%� φ(0) = 0

}
.T�tLA [0, T ] ��Lq06�. κ jP ∫ T

0
κ(t) dt < +∞, Wk�Æ� κ P�.AI%:

Hp
κ(0, T ;R

d) :=
{
(φt)t∈[0,T ] : R

d-6�%jP E

∫ T

0

κ(t)|φt|
p dt < +∞

}
.� κ ≡ 1, '�nA�%��j# Hp(0, T ;Rd). ℄�, �-9�A6��%I%#&8Ab.Z#PJ�A Banach I%.

3 Y��vaen�Æ0, Wkt+���%�% [0, T ] �A
Ux℄A5J�_1�. 
Ux℄Ap"Z:

yit = yi0 +

∫ t

0

gis ds+

∫ t

0

zis dBs −Ai
t +Ki

t , t ∈ [0, T ], i = 1, 2, · · · . (3.1).S, 9�A�%Pz� Brown  O�#A�b}xH . T�
� i, (git)t∈[0,T ] jP
E

[(∫ T

0

|gis| ds
)p ]

< +∞.I% A p(0, T ;R) <A�%x℄ {(Ai
t)t∈[0,T ]}

+∞
i=1 � {(Ki

t)t∈[0,T ]}
+∞
i=1 jPZnC) (h1)–

(h7).

(h1) (Ai
t)t∈[0,T ] %Vz(�%, jP Ai

0 = 0 � E[|Ai
T |

p] < +∞;

(h2) (Ki
t)t∈[0,T ] %(�%� Ki

0 = 0;

(h3) Kj
t −Kj

s > Ki
t −Ki

s, ∀0 6 s 6 t 6 T, P− a.s, ∀i 6 j;

(h4) T�
� t ∈ [0, T ], K
j
t ր Kt, � E[|KT |p] < +∞.T�� i = 1, 2, · · · P7�A�% (yit)t∈[0,T ], (g

i
t)t∈[0,T ] � (zit)t∈[0,T ], C) (h5) #U.

(h5) (git)t∈[0,T ] H�Ys06�%4�J:, �
|git| 6 ġt + g̈it, t ∈ [0, T ],{<.Ys�%jPZ 2 sC):

(1) F�s�%#Z-�H�
E

[(∫ T

0

ġt dt
)p ]

< +∞;
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(2) T�FYs�%, H�+;0�. C �06�. γ jP ∫ T

0
γ2(t) dt < +∞,  ?

E

[( ∫ T

0

∣∣∣
g̈it
γ(t)

∣∣∣
2

dt
) p

2
]
6 C, ∀i > 1.

(h6) (zit)0∈[0,T ] #I% H p(0, T ;R) <�5, �
E

[(∫ T

0

|zit|
2 dt

) p

2
]
6 C, ∀i > 1.

(h7) 
Ux℄ {(yit)t∈[0,T ]}
+∞
i=1 5JG(�BH'W;�% (yt)t∈[0,T ], �jP

E

[
sup

06t6T

|yt|
p
]
< +∞.#1p��A5J�_LQ4}, Wk\�ÆZnA�Q.
s 3.1 a (At)t∈[0,T ]%L# [0, T ]�A RCLL(�%,jP A0 = 0� E[(AT )

p] <

+∞, 'T�
� ε, δ > 0 ��H��. κ: [0, T ] 7→ R
+, 1#�_TD� {σk, τk}, k =

0, 1, 2, · · · , N � σ0 = 0 6 σk 6 τk 6 T = σN+1,  ?
(i) (σj , τj ] ∩ (σk, τk] = ∅, T
� j 6= k;

(ii)
N∑

k=0

E
∫ T

0
κ(s)1(τk,σk+1](s) ds 6 ε;

(iii)
N∑

k=0

E
∑

σk<t6τk

(∆At)
p 6 δ.Æ )\�md<A�Q 4.2 x%�sf'AD�x℄ {σk}

N+1
k=0 , jP σ0 = 0 �

σN+1 = T , 8 σk < T �� σk < σk+1, ���
N∑

k=0

E

∑

t∈(σk,σk+1)

(∆At)
p
6 δ,'T�
� 0 6 k 6 N , ��md<A�Q 4.1 Nx%�:D�x℄ {τ ik}

+∞
i=1 , jP τ ik <

σk+1 � τ ik ↑ σk+1. F�;
N∑

k=0

κ(s)1(τ i
k
,σk+1](s) 6 Nκ(s), ∀s ∈ [0, T ],��
N

∫ T

0

κ(t) dt < +∞,'��J:'WLQ, ?;
E

∫ T

0

N∑

k=0

κ(s)1(τ i
k
,σk+1](s) ds −→ 0, i −→ +∞.Æ., T
� ε > 0 1#�_/. n0 > 0,  ?

E

∫ T

0

N∑

k=0

κ(s)1(τn0
k

,σk+1]
(s) ds 6 ε.R�, a

τ0 = τn0
0 , τ1 = σ1 ∨ τn0

1 , · · · , τN = σN ∨ τn0

N ,



214 / | u E A � 40 �℄� τk ∈ [σk, σk+1) ∩ [τn0

k , σk+1]. H�?;8 σk < T �, � τk 6 σk+1. Æ. (σk, τk] ⊂

(σk, σk+1), H�H+
E

∫ T

0

N∑

k=0

κ(s)1(τk,σk+1](s) ds 6 ε,�
N∑

k=0

E

∑

t∈(σk,τk]

(∆At)
p
6

N∑

k=0

E

∑

t∈(σk,σk+1)

(∆At)
p
6 δ.Æ.1h (i)–(iii) #U.^#, WkD!1pÆSAC�1� ——Lp-
Ux℄A5J�_LQ.fs 3.1 !L
Ux℄ (3.1) jPC) (h1)–(h7) � p > 1, '{�_�% (yt)t∈[0,T ]�ZnAp"

yt = y0 +

∫ t

0

g0s ds+

∫ t

0

zs dBs −At +Kt, t ∈ [0, T ],{< (zt)t∈[0,T ] % {(zit)t∈[0,T ]}
+∞
i=1 #I% H p(0, T ;Rd) <A��_, ��T�
�jP

∫ T

0
α2(s) ds < +∞ A�Lq06�. α(·) : [0, T ] 7→ R �
��. q ∈ [1, p), x℄

{( zi
t

α(t)

)
t∈[0,T ]

}+∞

i=1
#I% Hq

α2(0, T ;Rd) <'W; (
zt

α(t)

)
t∈[0,T ]

, �
E

∫ T

0

α2(t)
∣∣∣
zit − zt

α(t)

∣∣∣
q

dt −→ 0, i −→ +∞, (3.2)��T�
� t, At %x℄ {Ai
t}

+∞
i=1 #I% Lp(Ω,Ft,P) <A��_, �% (g0t )t∈[0,T ] %x℄ {(git)t∈[0,T ]}

+∞
i=1 #I% H1(0, T ;R) <A��_, jP E

[( ∫ T

0
|g0s | ds

)p]
< +∞.Æ a C PH�A0"., {�6H�u?1pAt�XL. nLQA1phP 3�: ℄� 1 1p�%x℄ {(gis)s∈[0,T ]}

+∞
i=1 � {(zis)s∈[0,T ]}

+∞
i=1 h�#I% H1(0, T ;R) �

H p(0, T ;Rd) <T�8.)\u?C) (h5), WkH�1p
E

[( ∫ T

0

|gis| ds
)p ]

6 2E
[(∫ T

0

ġs ds
)p ]

+ 2E
[(∫ T

0

g̈is ds
)p ]

6 2E
[(∫ T

0

ġs ds
)p ]

+ 2
(∫ T

0

γ2(s) ds
) p

2

E

[(∫ T

0

∣∣∣
g̈is
γ(s)

∣∣∣
2

ds
) p

2
]

6 2E
[(∫ T

0

ġs ds
)p ]

+ 2C
(∫ T

0

γ2(s) ds
) p

2

< +∞. (3.3)T
�jP An ⊃ An+1 � An ↓ ∅ A}xH �x℄ An, n > 1, �
E

∫ T

0

1An
|gis| ds 6 E

∫ T

0

1An
|g̈is| ds+ E

∫ T

0

1An
ġs ds,
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E

∫ T

0

1An
|g̈is| ds

6

(
E

[(∫ T

0

1An
γ2(s) ds

) p

2(p−1)
]) p−1

p
(
E

[( ∫ T

0

∣∣∣
g̈is
γ(s)

∣∣∣
2

ds
) p

2
]) 1

p

6 C
(
E

[( ∫ T

0

1An
γ2(s) ds

) p

2(p−1)
]) p−1

p

.F�; 1An
γ2(s) 6 γ2(s), 1An

ġs 6 ġs, ∀s ∈ [0, T ],�
∫ T

0

γ2(s) ds < +∞, E

∫ T

0

ġs ds < +∞,'u? Lebesgue J:'WLQ, H�H?
lim

n→+∞
E

[(∫ T

0

1An
γ2(s) ds

) p

2(p−1)
]
= 0, lim

n→+∞
E

∫ T

0

1An
|ġs| ds = 0.X�, 0�nA1�, H3

lim
n→+∞

sup
i

E

∫ T

0

1An
|gis| ds = 0.9��, �H�?;

lim
n→+∞

sup
i

E

∫ T

0

1An
gis ds = 0.���,

− sup
i

E

∫ T

0

1An
|gis| ds 6 sup

i

E

∫ T

0

1An
gis ds 6 sup

i

E

∫ T

0

1An
|gis| ds,'U�H?

lim
n→+∞

sup
i

E

∫ T

0

1An
gis ds = 0.^#, u?md<A�Q 4.3, H? {(git)t∈[0,T ]}

+∞
i=1 ��K℄, #I% H1(0, T ;R)<�'W; (g0t )t∈[0,T ].{/, �� E

[( ∫ T

0
|zit|

2 dt
) p

2
]
6 C, ' {(zit)t∈[0,T ]}

+∞
i=1 1#�K℄#H p(0, T ;R)<�'W; (zt)t∈[0,T ]. �

At := y0 − yt +

∫ t

0

g0s ds+

∫ t

0

zs dBs +Kt, ∀t ∈ [0, T ], (3.4)'
3{P�H{�%, ��% (yt)t∈[0,T ] H�j#
yt = y0 +

∫ t

0

g0s ds+

∫ t

0

zs dBs −At +Kt, t ∈ [0, T ].℄� 2 #ZnAK�A (1)–(4) <, Wk+�1�LA�% (At)t∈[0,T ] %�(�%� A0 = 0.
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(1) P[1pn1�, )\1pT�
�D� σ ∈ [0, T ], 8 i −→ +∞ �, �ZnA�'W1�#U ∫ σ

0

zis dBs
Lp(Ω,FT ,P)
⇀

∫ σ

0

zs dBs.a ζ %I% Lq(Ω,FT ,P) <A6��Z, {< q jP 1
p
+ 1

q
= 1, 'u?U�#LQ, �

ζt := E[ζ|Ft] = E[ζ] +

∫ t

0

̺s dBs, t ∈ [0, T ],{< R
d-6�% (̺t)t∈[0,T ] }xH �jP

E

[( ∫ T

0

|̺s|
2 ds

) q

2
]
< +∞,'T�
�yLAD� σ ∈ [0, T ], # [0, T ] �T ζt
∫ t

0 1{06s6σ}z
i
s dBs �� Itô w", H?

ζ ·

∫ σ

0

zis dBs = ζ ·

∫ T

0

1{06s6σ}z
i
s dBs

=

∫ T

0

ζs1{06s6σ}z
i
s dBs +

∫ T

0

( ∫ s

0

1{06r6σ}z
i
r dBr

)
̺s dBs

+

∫ T

0

̺s1{06s6σ}z
i
s ds.u? Doob �C"� BDG �C", �

E

[
sup

06t6T

∣∣∣
∫ t

0

ζs1{06s6σ}z
i
s dBs

∣∣∣
]

6 CE

[(∫ T

0

|ζs1{06s6σ}z
i
s|

2 ds
) 1

2
]

6 CE

[
sup

06s6T

|ζs| ·
(∫ T

0

|1{06s6σ}z
i
s|
2 ds

) 1
2
]

6 C(E[|ζ|q ])
1
q

(
E

[(∫ T

0

|1{06s6σ}z
i
s|

2 ds
) p

2
]) 1

p

.��6��Z ζ +�I% Lq(Ω,FT ,P)���%x℄ {(zit)t∈[0,T ]}
+∞
i=1 #I%H p(0, T ;Rd)<�5, H�H+

E

[
sup

06t6T

∣∣∣
∫ t

0

ζs1{06s6σ}z
i
s dBs

∣∣∣
]
< +∞.Æ.,

( ∫ t

0
ζs1{06s6σ}z

i
s dBs

)
t∈[0,T ]

%�9H�U, '�
E

[ ∫ T

0

ζs1{06s6σ}z
i
s dBs

]
= 0.P3E, u? BDG �C", H?

E

[
sup

06t6T

∣∣∣
∫ t

0

( ∫ s

0

1{06r6σ}z
i
r dBr

)
̺s dBs

∣∣∣
]

6 CE

[( ∫ T

0

∣∣∣
( ∫ s

0

1{06r6σ}z
i
r dBr

)
̺s

∣∣∣
2

ds
) 1

2
]
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6 CE

[
sup

06s6T

∣∣∣
∫ s

0

1{06r6σ}z
i
r dBr

∣∣∣
( ∫ T

0

|̺s|
2 ds

) 1
2
]
,�

E

[
sup

06t6T

∣∣∣
∫ t

0

( ∫ s

0

1{06r6σ}z
i
r dBr

)
̺s dBs

∣∣∣
]

6 C
(
E

[
sup

06s6T

∣∣∣
∫ s

0

1{06r6σ}z
i
r dBr

∣∣∣
p]) 1

p
(
E

[(∫ T

0

|̺s

∣∣∣
2

ds
) q

2
]) 1

q

6 C
(
E

[(∫ T

0

|1{06s6σ}z
i
s|
2 ds

) p
2
]) 1

p

·
(
E

[(∫ T

0

|̺s|
2 ds

) q
2
]) 1

q

,'HH+
E

[
sup

06t6T

∣∣∣
∫ t

0

( ∫ s

0

1{06r6σ}z
i
r dBr

)
̺s dBs

∣∣∣
]
< +∞.9�, �6��hLA�%P�s_B6U, ��

E

[ ∫ T

0

(∫ s

0

1{06r6σ}z
i
r dBr

)
̺s dBs

]
= 0.Æ., H�?;

E

[
ζ ·

∫ σ

0

zis dBs

]
= E

[ ∫ T

0

̺s · 1{06s6σ}z
i
s ds

]
.u?x℄ {(zit)t∈[0,T ]}

+∞
i=1 #I% H p(0, T ;Rd) <A�'Wq���% (̺t)t∈[0,T ] +�I% H q(0, T ;Rd), �

E

[ ∫ T

0

̺s · 1{06s6σ}z
i
s ds

]
−→ E

[ ∫ T

0

̺s · 1{06s6σ}zs ds
]
, i −→ +∞."{!;

E

[ ∫ T

0

̺s · 1{06s6σ}zs ds
]
= E

[(
E[ζ] +

∫ T

0

̺s dBs

) ∫ T

0

1{06s6σ}zs dBs

]

= E

[
ζ

∫ σ

0

zs dBs

]
,'� E[ζ ·

∫ σ

0
zis dBs] −→ E[ζ ·

∫ σ

0
zs dBs], .�RI

∫ σ

0

zis dBs ⇀

∫ σ

0

zs dBs �'W� Lp(Ω,FT ,P) , i −→ +∞.

(2) T�
�D� σ ∈ [0, T ], 8 i −→ +∞ �,
∫ σ

0

gis ds
Lp(Ω,FT ,P)
⇀

∫ σ

0

g0s ds.^#9��_:6��Z ζ #qf P Z�5. "�� Itô w", H?
ζ ·

∫ σ

0

gis ds = ζ ·

∫ T

0

1{06s6σ}g
i
s ds

=

∫ T

0

ζs1{06s6σ}g
i
s ds+

∫ T

0

(∫ s

0

1{06r6σ}g
i
r dBr

)
̺s dBs. (3.5)



218 / | u E A � 40 �u? BDG �C", H+
E

[
sup

06t6T

∣∣∣
∫ t

0

( ∫ s

0

1{06r6σ}g
i
r dr

)
̺s dBs

∣∣∣
]

6 CE

[( ∫ T

0

∣∣∣
( ∫ s

0

1{06r6σ}g
i
r dr

)
̺s

∣∣∣
2

ds
) 1

2
]

6 CE

[ ∫ T

0

1{06s6σ}|g
i
s| ds

( ∫ T

0

|̺s|
2 ds

) 1
2
]

6 C
(
E

[(∫ T

0

|gis| ds
)p]) 1

p
(
E

[( ∫ T

0

|̺s|
2 ds

)q]) 1
q

.Æ.
E

[ ∫ T

0

( ∫ s

0

1{06r6σ}g
i
r dBr

)
̺s dBs

]
= 0.^## (3.5) Y�h��yK, H�?;

E

[
ζ ·

∫ σ

0

gis ds
]
= E

[
ζ ·

∫ T

0

1{06s6σ}g
i
s ds

]

= E

[ ∫ T

0

ζs1{06s6σ}g
i
s ds

]
.F�;�% (ζt)t∈[0,T ] �5��x℄ {(git)t∈[0,T ]}

+∞
i=1 #I% H1(0, T ;R) <1#�'WK℄, {�_P (g0t )t∈[0,T ], '�

E

[ ∫ T

0

ζs1{06s6σ}g
i
s ds

]
−→ E

[ ∫ T

0

ζs1{06s6σ}g
0
s ds

]
, i → +∞,'u?C)yKAq;� Fubini LQ, HH+

E

[ ∫ T

0

ζs1{06s6σ}g
0
s ds

]

=

∫ T

0

E[E[ζ|Fs]1{06s6σ}g
0
s ] ds

=

∫ T

0

E[E[ζ1{06s6σ}g
0
s |Fs]] ds

=

∫ T

0

E[ζ1{06s6σ}g
0
s ] ds

= E

[ ∫ T

0

ζ1{06s6σ}g
0
s ds

]

= E

[
ζ

∫ σ

0

g0s ds
]
.1��=h, � E[ζ ·

∫ σ

0 gis ds] −→ E[ζ ·
∫ σ

0 g0s ds], .�RI∫ σ

0

gis ds ⇀

∫ σ

0

g0s ds � L1(Ω,FT ,P) , i → +∞.`�dn, F�; (3.3) �RIx℄ { ∫ σ

0 gis ds
}+∞

i=1
#I% Lp(Ω,FT ,P) <�5, �

E
[∣∣ ∫ T

0
gis ds

∣∣p ] 6 C, WkH�?;�K℄#.I%<�'W, Æ., WkH�{&�K℄#I% L1(Ω,FT ,P) � Lp(Ω,FT ,P) <B�'W. ' Lp(Ω,FT ,P) I%<A��_H
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0
g0s ds, .�RI

E

[∣∣∣
∫ σ

0

g0s ds
∣∣∣
p]

< +∞, ∀σ ∈ [0, T ].

(3) $��, Wk�t?;
E

[( ∫ T

0

|g0s | ds
)p]

< +∞.Tx℄ {(gis)s∈[0,T ]}
+∞
i=1 ��P3A=h, H�1p�%x℄ {(−|gs|i)s∈[0,T ]}

+∞
i=1 �

{(|gs|i)s∈[0,T ]}
+∞
i=1 , 8 i −→ +∞ �, �

(−|gis|)s∈[0,T ] ⇀ (g0
s
)s∈[0,T ], �H1(0, T ;R),�

(|gis|)s∈[0,T ] ⇀ (g0s)s∈[0,T ], �H1(0, T ;R),�
E

[∣∣∣
∫ T

0

g0
s
ds

∣∣∣
p]

< +∞,�
E

[∣∣∣
∫ T

0

g0s ds
∣∣∣
p]

< +∞.F�;
−|gis| 6 gis 6 |gis|, −|gis| 6 0 6 |gis|, ∀s ∈ [0, T ],'�%#I% H1(0, T ;R) <A�'W�RI

g0
s
6 g0s 6 g0s, g0

s
6 0 6 g0s, ∀s ∈ [0, T ].u?

|g0s | 6 |g0
s
|+ |g0s| = −g0

s
+ g0s, s ∈ [0, T ],H�H+

E

[(∫ T

0

|g0s | ds
)p]

6 2E
[∣∣∣
∫ T

0

g0
s
ds

∣∣∣
p]

+ 2E
[( ∫ T

0

g0s ds
)p]

< +∞.

(4) T
�D� σ ∈ [0, T ], x℄ {Ai
σ}

+∞
i=1 8�1#�K℄, #I% Lp(Ω,FT ,P) <�'W; Aσ �� (At)t∈[0,T ] %�(�%.)\0z�x℄ {(yit)t∈[0,T ]}

+∞
i=1 A!� (h7), H+

yiσ −→ yσ, |yiσ|
p
6 2|y1σ|

p + 2|yσ|
p�

E[|y1σ|
p + |yσ|

p] 6 E

[
sup

06t6T

|yt|
p
]
+ E

[
sup

06t6T

|y1t |
p
]
< +∞.u? Lebesgue J:'WLQ, H�?; lim

i→+∞
E[|yiσ − yσ|p] = 0. Æ., ZnA�'W1�#U, �8 i −→ +∞ �, �

yiσ
Lp(Ω,FT ,P)
⇀yσ, Ki

σ

Lp(Ω,FT ,P)
⇀Kσ. (3.6)



220 / | u E A � 40 ���
Ai

σ = yi0 − yiσ +

∫ σ

0

gis ds+

∫ σ

0

zis dBs +Ki
σ,H�?;Z Lp(Ω,FT ,P) A�'W1�:

Ai
σ ⇀ Aσ = y0 − yσ +

∫ σ

0

g0s ds+

∫ σ

0

zs dBs +Kσ.T�
� t ∈ [0, T ), H�H+,��s P-Hg�, �
lim
sցt

ys = lim
n→+∞

inf
s∈(t,(t+2−n)∧T )

ys = lim
n→+∞

inf
s∈(t,(t+2−n)∧T )

lim
m→+∞

yms

> lim
m→+∞

lim
n→+∞

inf
s∈(t,(t+2−n)∧T )

yms = lim
m→+∞

lim
sցt

yms = lim
m→+∞

ymt = yt,�
yt = y0 +

∫ t

0

g0s ds+

∫ t

0

zs dBs −At +Kt, t ∈ [0, T ].�a
Y̆t = y0 +

∫ t

0

g0s ds+

∫ t

0

zs dBs +Kt, t ∈ [0, T ],'u?md<A�Q 4.5 H3, (Y̆s)s∈[0,T ] %� RCLL �%�
yt = Y̆t −At, ∀ t ∈ [0, T ].^#, Wk�

lim
sցt

ys = lim
sցt

(Y̆s −As) = lim
sցt

Y̆s + lim
sցt

(−As) = Y̆t − lim
sցt

As > Y̆t −At..�RI ∀t ∈ [0, T ), lim
sցt

As 6 At.�
�1 E[Ap
T ] < +∞. F�;T�
�YsD� 0 6 σ1 6 σ2 6 T � i > 1,

Ai
σ1

6 Ai
σ2
#U, ��_H�?; Aσ1 6 Aσ2 . u?md<A�Q 4.4, H? (At)t∈[0,T ] %(�%. Æ. At 6 limsցt As 6 limsցt As 6 At. 9� (At)t∈[0,T ] � (yt)t∈[0,T ] P% RCLL�%.℄� 3 1px℄ {(zit)t∈[0,T ]}

+∞
i=1 # (3.2) A�Z~'W.T�
�D� τ ∈ [0, T ], #�% (t, τ ] ⊂ [0, T ] �T |yns − ys|p �� Itô w", H?

|yit − yt|
p = |yiτ − yτ |

p − p

∫ τ

t

|yis − ys|
p−1 dAi

s + p

∫

(t,τ ]

|yis− − ys−|
p−1 dAs

+ p

∫ τ

t

|yis− − ys−|
p−1 dKi

s − p

∫

(t,τ ]

|yis− − ys−|
p−1 dKs

+ p

∫ τ

t

|yis − ys|
p−1(gis − g0s) ds+ p

∫ τ

t

|yis − ys|
p−1(zis − zs) dBs

−
1

2
p(p− 1)

∫ τ

t

|yis − ys|
p−21{yi

s 6=ys}|z
i
s − zs|

2 ds+ T1,{< T1 := −
∑

s∈(t,τ ]

∆(|yis − ys|p)− p
∑

s∈(t,τ ]

|yis− − ys−|p−1∆(yis − ys).
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|yit − yt|

p = |yiτ − yτ |
p − p

∫ τ

t

|yis − ys|
p−1 dAi

s + p

∫

(t,τ ]

|yis − ys|
p−1 dAs

+ p

∫ τ

t

|yis− − ys−|
p−1 dKi

s − p

∫

(t,τ ]

|yis− − ys−|
p−1 dKs

+ p

∫ τ

t

|yis − ys|
p−1(gis − g0s) ds+ p

∫ τ

t

|yis − ys|
p−1(zis − zs) dBs

−
1

2
p(p− 1)

∫ τ

t

|yis − ys|
p−21{yi

s 6=ys}|z
i
s − zs|

2 ds+ T2 + T3, (3.7){<
T2 := −

∑

s∈(t,τ ]

∆(|yis − ys|
p)− p

∑

s∈(t,τ ]

|yis− − ys−|
p−1∆(yis − ys),�

T3 := p
∑

s∈(t,τ ]

(|yis− − ys−|
p−1 − |yis − ys|

p−1)∆As.u?�C" ap − bp 6 pap−1(a − b), {< a, b > 0 � p ∈ (1, 2], a a = ys− − yis− �
b = ys − yis, �

T2 = −
∑

s∈(t,τ ]

∆(|yis − ys|
p)− p

∑

s∈(t,τ ]

|yis− − ys−|
p−1∆(yis − ys) 6 0.F�;

ys− − yis− − ys + yis = ∆Ki
s −∆Ks +∆As,� ar − br 6 (a− b)r T� a > b > 0 � 0 < r 6 1 #U, H�H+

T3 = p
∑

s∈(t,τ ]

(|yis− − ys−|
p−1 − |yis − ys|

p−1)∆As

6 p
∑

s∈(t,τ ]

(ys− − yis− − ys + yis)
p−11{ys−−yi

s−
>ys−yi

s}
∆As

= p
∑

s∈(t,τ ]

(∆Ki
s −∆Ks +∆As)

p−11{∆Ki
s−∆Ks+∆As>0}∆As

6 p
∑

s∈(t,τ ]

(∆As)
p−1∆As

= p
∑

s∈(t,τ ]

(∆As)
p. (3.8)"F�;

p

∫ τ

t

|yis− − ys−|
p−1 dKi

s − p

∫

(t,τ ]

|yis− − ys−|
p−1 dKs 6 0.9�, u?�-�C"�� (3.7) � (3.8), H�?;

|yit − yt|
p
6 |yiτ − yτ |

p + p

∫

(t,τ ]

|yis − ys|
p−1 dAs
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+ p

∫ τ

t

|yis − ys|
p−1(gis − g0s) ds

+ p

∫ τ

t

|yis − ys|
p−1(zis − zs) dBs

−
1

2
p(p− 1)

∫ τ

t

|yis − ys|
p−21{yi

s 6=ys}|z
i
s − zs|

2 ds

+ p
∑

s∈(t,τ ]

(∆As)
p. (3.9)�� BDG �C", H�?; (

Mt :=
∫ t

0 |y
i
s − ys|p−1(zis − zs) dBs

)
t∈[0,T ]

%�9H�U. ���, � Yong �C"HH+
E[〈M,M〉

1
2

T ] 6 E

[
sup

06s6T

|yis − ys|
p−1

(∫ T

0

|zis − zs|
2 ds

) 1
2
]

6
(p− 1)

p
E

[
sup

06s6T

|yis − ys|
p
]
+

1

p
E

[(∫ T

0

|zis − zs|
2 ds

) p

2
]

< +∞.^#;�C" (3.9), �
 t PD� σ 6 τ ��yK, H�?;
1

2
p(p− 1)E

∫ τ

σ

|yis − ys|
p−21{yi

s 6=ys}|z
i
s − zs|

2 ds

6 E[|yiτ − yτ |
p] + pE

[ ∫

(σ,τ ]

|yis − ys|
p−1 dAs

]

+ pE
[ ∫ τ

σ

|yis − ys|
p−1|gis − g0s | ds

]

+ pE
[ ∫ τ

σ

|yis − ys|
p−1(zis − zs) dBs

]
+ pE

[ ∑

s∈(σ,τ ]

(∆As)
p
]
. (3.10)a

X i
σ,τ = |yiτ − yτ |

p + p

∫

(σ,τ ]

|yis − ys|
p−1 dAs

+ p

∫ τ

σ

|yis − ys|
p−1|gis − g0s | ds+ p

∑

s∈(σ,τ ]

(∆As)
p, (3.11)'#�C" (3.9) Y����5, H?

E

[
sup

σ6s6τ

|yis − ys|
p
]
6 E[X i

σ,τ ] + kpE[〈M,M〉
1
2
σ,τ ]. (3.12)`�dn, Wk3=

kpE[〈M,M〉
1
2
σ,τ ]

6 kpE
[

sup
σ6s6τ

|yis − ys|
p

2

( ∫ τ

σ

|yis − ys|
p−21{yi

s 6=ys}|z
i
s − zs|

2 ds
) 1

2
]

6
1

2
E

[
sup

σ6s6τ

|yis − ys|
p
]
+

k2p

2
E

[ ∫ τ

σ

|yis − ys|
p−21{yi

s 6=ys}|z
i
s − zs|

2 ds
]
.
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E

[
sup

σ6s6τ

|yis − ys|
p
]
6 dpE[X

i
σ,τ ]. (3.13)^#, P3�K�A (4) A=h, WkH? (3.11) ��F�d

E[|yiτ − yτ |
p] −→ 0, i −→ +∞. (3.14)T� (3.11) ��FYd, ��

|yis − ys|
p−1

6 |y1s − ys|
p−1, ∀s ∈ [0, T ],�� Yong �C"�RI

E

[ ∫ T

0

|y1s − ys|
p−1 dAs

]
6

p− 1

p
E

[
sup

06s6T

|y1s − ys|
p
]
+

1

p
E[|AT |

p],'u? Lebesgue J:'WLQH3
E

[ ∫

(σ,τ ]

|yis − ys|
p−1 dAs

]
−→ 0, i −→ +∞. (3.15)T� (3.11) ��F�d, !� (h5) �RI

|yis − ys|
p−1|gis − g0s |

6 |yis − ys|
p−1(ġs + |g0s |) + |yis − ys|

p−1g̈is. (3.16)T��-�C"A��F�d, �
|yis − ys|

p−1(ġs + |g0s |) 6 |y1s − ys|
p−1(ġs + |g0s |),�� Yong �C", H?

E

[ ∫ T

0

|y1s − ys|
p−1(ġs + |g0s |) ds

]

6
p− 1

p
E

[
sup

06s6T

|y1s − ys|
p
]
+

1

p
E

[( ∫ T

0

(ġs + |g0s |) ds
)p]

< +∞,'u? Lebesgue J:'WLQ, HH+
E

[ ∫ T

0

|yis − ys|
p−1(ġs + |g0s |) ds

]
−→ 0, i −→ +∞. (3.17)T� (3.16) ��FYd, F�;

|yis − ys|
p−1g̈is 6 |y1s − ys|

p−1g̈is,�%x℄ {(g̈it)t∈[0,T ]}
+∞
i=1 A�5q�RI
E

[ ∫ T

0

|yis − ys|
p−1g̈is ds

]

6

(
E

[(∫ T

0

γ2(s)|yis − ys|
2p−2 ds

) p

2(p−1)
]) (p−1)

p

×
(
E

[(∫ T

0

∣∣∣
g̈is
γ(s)

∣∣∣
2

ds
) p

2
]) 1

p
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6 C

(
E

[( ∫ T

0

γ2(s)|yis − ys|
2p−2 ds

) p

2(p−1)
]) (p−1)

p

. (3.18)�
?;
γ2(s)|yis − ys|

2p−2
6 γ2(s)|y1s − ys|

2p−2, ∀s ∈ [0, T ],�
E

[( ∫ T

0

γ2(s)|y1s − ys|
2p−2 ds

) p

2(p−1)
]
6

(∫ T

0

γ2(s) ds
) p

2(p−1)

E

[
sup

06s6T

|y1s − ys|
p
]
,'T�C" (3.18) AR��d�� Lebesgue J:'WLQ, H3

E

[ ∫ T

0

|yis − ys|
p−1g̈is ds

]
−→ 0, i −→ +∞. (3.19)u? (3.16)–(3.17) � (3.19), H�?;

E

[ ∫ T

0

|yis − ys|
p−1|gis − g0s | ds

]
−→ 0, i −→ +∞. (3.20)Æ., N� (3.11), (3.13)–(3.15) � (3.20), �

lim
i→+∞

E

[
sup

σ6s6τ

|yis − ys|
p
]
6 pdpE

[ ∑

s∈(σ,τ ]

(∆As)
p
]
. (3.21)^#, # (3.7) <� p = 2 ���
 t P σ ∈ [0, τ ], H3

|yiσ − yσ|
2 +

∫ τ

σ

|zis − zs|
2 ds

= |yiτ − yτ |
2 +

∑

t∈(σ,τ ]

[(∆At)
2 − (∆Kt −∆Ki

t)]

− 2

∫ τ

σ

(yis − ys)(g
i
s − g0s) ds− 2

∫ τ

σ

(yis − ys)(z
i
s − zs) dBs

+ 2

∫

(σ,τ ]

(yis − ys) dA
i
s − 2

∫

(σ,τ ]

(yis − ys) dAs

− 2

∫

(σ,τ ]

(yis− − ys−) d(K
i
s −Ks).F�;T
� x1, x2 ∈ R+ � 0 6 r 6 1, �

(x1 + x2)
r

x1 + x2
6

(x1)
r

x1
,

(x1 + x2)
r

x1 + x2
6

(x2)
r

x2
,H�H+ (x1 + x2)

r 6 (x1)
r + (x2)

r, 'T�x℄ {xi}
+∞
i=1 ⊂ R+, � ( n∑

i=1

xi

)r
6

n∑
i=1

(xi)
r.�#�C"Y���_, WkH? (+∞∑

i=1

xi

)r

6
+∞∑
i=1

(xi)
r. .�RI

( ∫ τ

σ

|zis − zs|
2 ds

) p

2

6 |yiτ − yτ |
p +

( ∑

t∈(σ,τ ]

(∆At)
2
) p

2

+ 2
p

2

( ∫ τ

σ

|yis − ys||g
i
s − g0s | ds

) p
2

+ 2
p

2

∣∣∣
∫ τ

σ

(yis − ys)(z
i
s − zs) dBs

∣∣∣
p

2
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+ 2
p

2

( ∫

(σ,τ ]

|yis − ys| dAs

) p

2

. (3.22)F�;
( ∑

t∈(σ,τ ]

(∆At)
2
) p

2

6
∑

t∈(σ,τ ]

(∆At)
p. (3.23)T�C" (3.22) ��AF2d, u? BDG �C", H�H+

E

[
2

p

2

∣∣∣
∫ τ

σ

(yis − ys)(z
i
s − zs) dBs

∣∣∣
p

2
]

6 cpE
[(

sup
σ6s6τ

|yis − ys|
p
2

∫ τ

σ

|zis − zs|
2 ds

) p

4
]

6
1

2
E

[(∫ τ

σ

|zis − zs|
2 ds

) p

2
]
+ cpE

[
sup

σ6s6τ

|yis − ys|
p
]
.0�-�C"�� (3.22) � (3.23), H3

1

2
E

[(∫ τ

σ

|zis − zs|
2 ds

) p

2
]

6 E[|yiτ − yτ |
p] + 2

p

2E

[ ∑

t∈(σ,τ ]

(∆At)
p
]

+ 2
p

2 E

[( ∫ τ

σ

|yis − ys||g
i
s − g0s | ds

) p

2
]

+ 2
p

2 E

[( ∫

(σ,τ ]

|yis − ys| dAs

) p

2
]

+ cpE
[

sup
σ6s6τ

|yis − ys|
p
]
. (3.24)T��-�C"��F2d, u? Lebesgue J:'WLQ, ZYs�C"

|yis − ys| 6 |y1s − ys|, ∀s ∈ [0, T ],�
E

[(∫ T

0

|y1s − ys| dAs

) p

2
]
6 E

[
sup

06s6T

|y1s − ys|
p
]
+ E

[
|AT |

p
]
,�RI

E

[( ∫

(σ,τ ]

|yis − ys| dAs

) p

2
]
−→ 0, i −→ +∞. (3.25)T� (3.24) ��F�d, 0!� (h5) HH+

|yis − ys||g
i
s − g0s | 6 |yis − ys|(ġs + |g0s |) + |yis − ys|g̈

i
s. (3.26)T��-�C"��F�d, �

|yis − ys|(ġs + |g0s |) 6 |y1s − ys|(ġs + |g0s |),�
E

[(∫ T

0

|y1s − ys|(ġs + |g0s |) ds
) p

2
]
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6 E

[
sup

06s6T

|y1s − ys|
p
]
+ E

[( ∫ T

0

(ġs + |g0s |) ds
)p]

< +∞.u? Lebesgue J:'WLQ, H?
E

[( ∫ T

0

|yis − ys|(ġs + |g0s |) ds
) p

2
]
−→ 0, i −→ +∞. (3.27)T� (3.26) ��FYd, �

E

[( ∫ T

0

|yis − ys|g̈s ds
) p

2
]

6 E

[( ∫ T

0

γ2(s)|yis − ys|
2 ds

) p

4
(∫ T

0

∣∣∣
g̈is
γ(s)

∣∣∣
2

ds
) p

4
]

6

(
E

[(∫ T

0

γ2(s)|yis − ys|
2 ds

) p

2
]) 1

2
(
E

[(∫ T

0

∣∣∣
g̈is
γ(s)

∣∣∣
2

ds
) p

2
]) 1

2

6 C
(
E

[( ∫ T

0

γ2(s)|yis − ys|
2 ds

) p

2
]) 1

2

. (3.28)F�;
γ2(s)|yis − ys|

2
6 γ2(s)|y1s − ys|

2, ∀s ∈ [0, T ],�
E

[( ∫ T

0

γ2(s)|y1s − ys|
2 ds

) p
2
]
6

( ∫ T

0

γ2(s) ds
) p

2

E

[
sup

06s6T

|y1s − ys|
p
]
< +∞,T (3.28) AR��d, ��J:'WLQH3

E

[( ∫ T

0

|yis − ys|g̈
i
s ds

) p

2
]
−→ 0, i −→ +∞. (3.29)Æ., � (3.26)–(3.27) � (3.29), H+

E

[( ∫ T

0

|yis − ys||g
i
s − g0s | ds

) p

2
]
−→ 0, i −→ +∞. (3.30)"u? (3.14), (3.21), (3.24)–(3.25) � (3.30), �

lim
i→+∞

E

[(∫ τ

σ

|zis − zs|
2 ds

) p

2
]
6 dpE

[ ∑

t∈(σ,τ ]

(∆At)
p
]
. (3.31)u? Jensen �C", H3, T [0, T ] �
�A06�. α, jP ∫ T

0 α2(s) ds < +∞, '�Z"#U
E

[(∫ τ

σ

|zis − zs|
2 ds

) p

2
]

= E

[(∫ τ

σ

α2(s) ds
) p

2
( 1∫ τ

σ
α2(s) ds

∫ τ

σ

α2(s)
|zis − zs|2

α2(s)
ds

) p

2
]

>

( ∫ T

0

α2(s) ds
) p−2

2

E

[ ∫ τ

σ

α2(s)
∣∣∣
zis − zs

α(s)

∣∣∣
p

ds
]
.Æ., 1� (3.31), H?

lim
i→+∞

E

[ ∫ τ

σ

α2(s)
∣∣∣
zis − zs

α(s)

∣∣∣
p

ds
]
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6

(∫ T

0

α2(s) ds
) 2−p

2

lim
i→+∞

E

[(∫ τ

σ

|zis − zs|
2 ds

) p

2
]

6

(∫ T

0

α2(s) ds
) 2−p

2

dpE
[ ∑

t∈(σ,τ ]

(∆At)
p
]
. (3.32)u?�Q 3.1, T
� δ, ε > 0 � K > 0, 1#�_s�.A6��% (σk, τk],

k = 1, 2, · · · , N , � σ0 = 0, σN+1 = T, jP
(i)

N∑

k=0

E

∫ T

0

α2(s)1(τk,σk+1](s) ds 6
ε

2
;

(ii)

N∑

k=0

E

∑

σk<t6τk

(∆At)
p
6

1

K

δε

3
.

(3.33)^#, F�;T�
� σ = σk � τ = τk, �C" (3.32) �#U, +7� k T�9�d ,�a K =
( ∫ T

0 v2(s) ds
) 2−p

2 dp, H�?;
lim

i→+∞

N∑

k=0

E

[ ∫ τk

σk

α2(s)
∣∣∣
zis − zs

α(s)

∣∣∣
p

ds
]

6

(∫ T

0

α2(s) ds
) 2−p

2

dp

N∑

k=0

E

[ ∑

s∈(σk,τk]

(∆As)
p
]
6

δε

3
.Æ., 1#/. lεδ > 0, 8 i > lεδ �, �

N∑

k=0

E

[ ∫ τk

σk

α2(s)
∣∣∣
zis − zs

α(s)

∣∣∣
p

ds
]
s 6

εδ

2
. (3.34)#H I% ([0, T ]× Ω,B([0, T ])× F ) LkA SZ:m× P(A) := E

∫ T

0

α2(t)1A(t, ω) dt,�8 α > 0 �, n S m× P C"� S dt× dP.Fe$� SI% ([0, T ]×Ω,B([0, T ])×F ,m×P) � (.S m4� [0, T ]�A Sm(B) =
∫ T

0
α21B(t) dt), u? (3.34) , �m× P

{
(s, ω) ∈

N⋃

k=0

(σk(ω), τk(ω)] :
∣∣∣
zis(ω)− zs(ω)

α(s)

∣∣∣
p

> δ
}
6

ε

2
.�"� (3.33) (i) �RIm× P

{
(s, ω) ∈ [0, T ]× Ω :

∣∣∣
zis(ω)− zs(ω)

α(s)

∣∣∣
p

> δ
}
6 ε.0�"H?T
� δ > 0, �

lim
i→+∞

m× P

{
(s, ω) ∈ [0, T ]× Ω :

∣∣∣
zis(ω)− zs(ω)

α(s)

∣∣∣
p

> δ
}
= 0.Æ., # [0, T ]× Ω �, x℄ {( zi

t

α(t)

)
t∈[0,T ]

}+∞

i=1
� S m× P 'W; (

zt
α(t)

)
t∈[0,T ]

.



228 / | u E A � 40 �u?C) (h6), �
?;1#��. C > 0, jP
C > E

[(∫ T

0

|zis|
2 ds

) p

2
]

= E

[(∫ T

0

α2(s) ds
) p

2
( 1
∫ T

0 α2(s) ds

∫ T

0

α2(s)
|zis|

2

α2(s)
ds

) p

2
]

>

(∫ T

0

α2(s) ds
) p−2

2

E

[ ∫ T

0

α2(s)
∣∣∣
zis
α(s)

∣∣∣
p

ds
]
.Æ., T
� 1 6 q < p, �

E

∫ T

0

α2(t)
∣∣∣
zit − zt

α(t)

∣∣∣
q

dt −→ 0, i −→ +∞.� 3.1 #�-A=h�%<, ;"t�T�6��%x℄*��&AK℄, 7%WkP[�mk�Al!	, O ��NA��N4�nK℄.� 3.2 ��%x℄ {(ỹit)t∈[0,T ]}i>1 %z� i G'A, ��H�j#ZnAp":

ỹit = ỹi0 +

∫ t

0

g̃is ds+

∫ t

0

z̃is dBs + Ãi
t − K̃i

t , t ∈ [0, T ], i = 1, 2, · · · , (3.35)'T {(−ỹit)t∈[0,T ]}i>1 ��LQ 3.1, {< git = −g̃it, z
i
t = −z̃it, A

i
t = Ãi

t � Ki
t = −K̃i

t , H?
{(ỹit)t∈[0,T ]}i>1 A�_P

ỹt = ỹ0 +

∫ t

0

g̃0s ds+

∫ t

0

z̃s dBs − Ãt + K̃t, t ∈ [0, T ].� 3.3 6DLQ 3.1 A1�, H�?;#kK#ZAvV1�, v RCLL g-�UA Doob-Meyernh3���~'*�Aa�9f6�Mhd%3A&Lq.Wk+#�zS)<=hnU>.

4 j�w)\t+Ys�Q, :kh�%S [4] <�Q A.1 ��Q A.2 AY��%	Æ.
s 4.1 a 0 < σ 6 T P�D�, '1#�D�x℄ {σi}
+∞
i=1 , jP 0 < σi <

σ,P− a.s. � σi ↑ σ, {< i = 1, 2, · · · .
s 4.2 a (At)t∈[0,T ]%L# [0, T ]�A RCLL(�%,jP A0 = 0� E[(AT )
p] <

+∞, 'T
� ε > 0, 1#�_sD� τk, k = 0, 1, 2, · · · , N + 1, jP τ0 = 0 < τ1 6 · · · 6

τk 6 T = τN+1 �# (0, T ) �AGY., ��
N∑

k=0

E

∑

t∈(τk,τk+1)

(∆At)
p
6 ε. (4.1)P[R,Ad�, Wk℄+Z℄�Q.
s 4.3 (( [6, LQ 9, IV.8.8]) L1(Ω,M, µ) AK� K = {(fθ(t))t∈Ω}θ∈Θ %�x
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E
fθ(s)µ(ds) z� θ ∈ Θ jP�9H.H q, �

(i) L1 �5: sup
θ∈Θ

‖fθ‖L1 < +∞;

(ii) �9H.H : T
���℄ {En}∞n=1 � En ⊃ En+1 jP En ↓ ∅, '
lim

n→+∞
sup
θ∈Θ

∫

En

fθ(s)µ(ds) = 0.
s 4.4 (( [7,�Q A.3]) a (Xt)t∈[0,T ]%���
VzFt-H{�%,�T Ω,�� P-Hg��A
� ω,� Xt > lim sup
sցt

Xs, ∀t ∈ [0, T ). �T�
�D� 0 6 σ 6 τ 6 T ,

Xσ 6 Xτ #U, ' (Xt)t∈[0,T ] %�(�%.
s 4.5 a {(ait)t∈[0,T ]}
+∞
i=1 %L# [0, T ] � (�LA) RCLL (�%x℄, jPT
� t ∈ [0, T ], � ait ր at < +∞ �� a

j
t − ait 6 a

j
t′ − ait′ , {< j > i � 0 6 t 6 t′ 6 T , '{�_ (at)t∈[0,T ] �% RCLL �%.� 4.1 �Q 4.5 %S [5] <�Q 3.2 AY��%	Æ, 1pP3.^ � q � � � �
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Abstract In this paper, a new version of monotonic limit theorem is established for a

sequence of Lp-semimartingales on general time interval, motivated by the penalization

method in the theories of backward stochastic differential equations (BSDEs for short) and

nonlinear expectations. It is just the general framework that makes us have to tackle many

new problems. And also this non-trivial result plays a key role in exploring the more general

form of nonlinear Doob-Meyer Decomposition of g-supermartingale and the existence of

solutions to BSDEs with constraints.
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