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1 P�M
Schrödinger-Virasoro �= sb )�9� Henkel �rj$� Schrödinger 6�&�k4��)&[1], �bAJ�8|�� Roger J Unterberger 1)rj[2], �z}�=	

Schrödinger �=T Virasoro�=g�_B. iV�w Schrödinger-Virasoro�=T�j&bAJ�8|��n1p�D5rj[3−5] . N�rj sb &,*�8, Unterberger d-�wzg&U\O}�=[6], ��Nu�& Schrödinger-Virasoro �= s̃b, ;}�=9:=� C +&�t[, ��w(P {Ln,Mn, Nn, Yn+ 1
2
| n ∈ Z}, �'}RBX:

[Lm, Ln] = (n−m)Lm+n, [Mm,Mn] = 0,

[Nm, Nn] = 0, [Ym+ 1
2
, Yn+ 1

2
] = (m− n)Mm+n+1,

[Lm,Mn] = nMm+n, [Lm, Nn] = nNm+n, [Lm, Yn+ 1
2
] =

(
n+

1−m

2

)
Ym+n+ 1

2
,

[Nm,Mn] = 2Mm+n, [Nm, Yn+ 1
2
] = Ym+n+ 1

2
, [Mm, Yn+ 1

2
] = 0, ∀m,n ∈ Z.�zU\O}�=&""�$JA!T�hu�(bA|��R [7] ��K�rM.�R^d-wz	u�& Schrödinger-Virasoro �= s̃b _B&U\O}�=. TÆ��Nu�&� Schrödinger-Virasoro�=, IG s̃b 		x1a6�= C[t, t−1] ���w?g&U\O}�= s̃b⊗ C[t, t−1], X* W̃ , �'zY}RBX:

[Lm, Ln] = (n−m)Lm+n, [Mm,Mn] = 0,

[Nm, Nn] = 0, [Ym+ 1
2
, Yn+ 1

2
] = (m− n)Mm+n+1,

[Lm,Mn] = nMm+n, [Lm, Nn] = nNm+n, [Lm, Yn+ 1
2
] =

(
n+

1−m

2

)
Ym+n+ 1

2
,	S 2018 � 5 Æ 12 &:$.
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[Nm,Mn] = 2Mm+n, [Nm, Yn+ 1

2
] = Ym+n+ 1

2
, [Mm, Yn+ 1

2
] = 0, ∀m,n ∈ Z,�� Lm,i �8 Lm ⊗ ti, �F-}zA.��+J+!	}�=&bA��_B, 
(waJ+!J}�=&""�=T}?�=&�X,�3+J+!&WCk[%
_�v. �R [8] �, Farnsteiner ���w��\3�aO}�=&""&rM, �R [9–10] �, D}& Block }�=T Witt }�=&""�K�m. �RTÆ�v -�u�&� Schrödinger-Virasoro �= W̃ &D�"".

2 =S4B Schrödinger-Virasoro 0D42Z0D}�= W̃ +&^k�/ D : W̃ → W̃ , *�'zYBX:

D([x, y]) = [D(x), y] + [x,D(y)], ∀x, y ∈ W̃ ,� D N W̃ +&"". (F�� z ∈ W̃ , 5% D = adz, �� adz(x) = [z, x], ∀x ∈ W̃ , ��
D N�"". X Der (W̃ ) J Inn (W̃ ) 9�N W̃ +&D�""��""A�&�t[.�3w+J+! H1(W̃ , W̃ ) ∼= Der (W̃ )/Inn (W̃ ).� W̃ &-}� L0,0 9� &, �3�� W̃ +&w? 1

2Z-aO: W̃ =
⊕

m∈
1
2
Z

W̃m, ��
W̃m = {x ∈ W̃ | [L0,0, x] = mx}.[", /%|& m ∈ Z, W̃m 9� Lm,i,Mm,i, Nm,i ^k��, W̃m+ 1

2
9� Ym+ 1

2
,i ^k��, �� i ∈ Z, ["waO�t[.9U\O&.*"" D ∈ W̃ �' D(W̃m) ⊂ W̃m+n, ∀m ∈ 1

2Z, � D 9�=N n &. X (Der W̃ )
n
ND��=N n &""A�&�t[.O? 2.1 /%|&"" D ∈ Der (W̃ ), �

D =
∑

m∈
1
2
Z

Dm, Dm ∈ (Der W̃ )
m
,5%/%|& x ∈ W̃ , h��\1? Dm(x) 6= 0.T /%|& xm ∈ (W̃ )m, D ∈ Der (W̃ ), �70

D(xm) =
∑

n∈ 1
2
Z

yn,-}
Dn(xm) = ym+n,L'{s� Dn 9 W̃ +&w?"".O? 2.2 (F n 6= 0, �%|& D ∈ (Der W̃ )

n
.9�"".
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[L0,0, x] = mx, ∀x ∈ W̃

m
,^ D *��+6, ��

mD(x) = [D(L0,0), x] + [L0,0, D(x)].�� D ∈ (Der W̃ )
n
, x ∈ W̃

m
, �3 D(x) ∈ W̃

m+n
, �+6�|%

−nD(x) = [D(L0,0), x].�3k� D = ad
−

1
n
D(L0,0), UN�"".O? 2.3 W̃ &""�=q9N

Der W̃ =
⊕

m∈
1
2
Z

(Der W̃ )m.T ��| 2.1 �, �m��w?"" D .q9N�\? Dm &J. Z0 D =
∑
m∈Z

Dm, ��J�U\1?8�a, ��| 2.2 �/� m 6= 0, Dm 9�"", X Dm =

adxm
, �� 0 6= xm ∈ W̃m, �3 Dm(L0,0) 6= 0. !9 D(L0,0) =

∑
m∈Z

Dm(L0,0), �3(I��NU\1?8�a&J, �9�0&.��| 2.2 J�| 2.3, �Y�&�|.O? 2.4

Der W̃ = (Der W̃ )0 + Inn W̃ .N�rM Der W̃ , �z+�|�, �mv - (Der W̃ )0. X C[t, t−1] ddt �8 C[t, t−1]+&D�""t[. /� ρ ∈ C[t, t−1] ddt , qz-} W̃ +&^k�/:

Dρ(Xm,i) = Xmρ(ti), ∀X ∈ {L,M,N, Y }, m ∈
1

2
Z, i ∈ Z. (2.1)L'{s� Dρ N W̃ +&�=N 0 &"". X

D
C[t,t−1] d

dt
:=

{
Dρ | ρ ∈ C[t, t−1]

d

dt

}N Der W̃ &"t[./�%|& D ∈ (Der W̃ )0, �70
D(Lm,i) = f1

m,iLm,i + g1m,iMm,i + t1m,iNm,i, (2.2)�� f1
m,i, g

1
m,i, t

1
m,i ∈ C[t, t−1], m, i ∈ Z. �BX

D[Lm,i, Ln,j] = [D(Lm,i), Ln,j ] + [Lm,i, D(Ln,j)],�� (2.2) T W̃ +&}RBX, �|%
(n−m)(f1

m+n,i+jLm+n,i+j + g1m+n,i+jMm+n,i+j + t1m+n,i+jNm+n,i+j)

= (n−m)f1
m,iLm+n,i+j −mg1m,iMm+n,i+j −mt1m,iNm+n,i+j
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+ (n−m)f1

n,jLm+n,i+j + ng1n,jMm+n,i+j + nt1n,jNm+n,i+j .
_+6 Lm+n,i+j &X=, �
f1
m+n,i+j = f1

m,i + f1
n,j, m 6= n. (2.3)�+6�� m = i = 0, �� f1

0,0 = 0. � (2.3) �� m = −n 6= 0, i = −j, ��
f1
0,0 = f1

−n,−j + f1
n,j, �3�

f1
n,j + f1

−n,−j = 0, n 6= 0. (2.4)O? 2.5 f1
m+n,i+j = f1

m,i + f1
n,j, ∀m,n, i, j ∈ Z.T /�%|�-& m,n ∈ Z, ���w�= k, �' k 6= 0, k 6= m, k 6= −n, ��

m+ k 6= n− k, � (2.3) q%
f1
m+n,i+j = f1

m+k,i + f1
n−k,j ,

f1
m+k,i = f1

m,i + f1
k,0,

f1
n−k,j = f1

n,j + f1
−k,0.bK (2.4), �

f1
m+n,i+j = f1

m,i + f1
n,j , ∀m,n, i, j ∈ Z.��| 2.5, �

f1
m,i = f1

m,0 + f1
0,i = mf1

1,0 + if1
0,1, ∀m, i ∈ Z. (2.5)� ρ = tf1

0,1
d
dt , � (2.1), ��

DρLm,i = Lmρ(ti) = if1
0,1Lm,i.X D = D −Dρ, �� (2.5), q%

D(Lm,i) = f1
m,0Lm,i + g1m,iMm,i + t1m,iNm,i.�7^ D y"X* D, ��

f1
m,i = f1

m,0, ∀m, i ∈ Z.�|Q f1
m,i 	)4?�Æ i UB, �uqzX f1

m = f1
m,i, bK (2.5), ��

f1
m = mf1

1 , ∀m ∈ Z. (2.6)Z0
D(Mm,i) = f2

m,iLm,i + g2m,iMm,i + t2m,iNm,i, (2.7)�� f2
m,i, g

2
m,i, t

2
m,i ∈ C[t, t−1], m, i ∈ Z. �BX

D[Lm,i,Mn,j] = [D(Lm,i),Mn,j ] + [Lm,i, D(Mn,j)],�� (2.6) T W̃ +&}RBX, q%
n(f2

m+n,i+jLm+n,i+j + g2m+n,i+jMm+n,i+j + t2m+n,i+jNm+n,i+j)
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= nf1
mMm+n,i+j + 2t1m,iMm+n,i+j + (n−m)f2

n,jLm+n,i+j

+ ng2n,jMm+n,i+j + nt2n,jNm+n,i+j . (2.8)+6
_ Lm+n,i+j &X=, �
nf2

m+n,i+j = (n−m)f2
n,j . (2.9)�+6� n = 0, �

f2
0,j = 0, ∀ j ∈ Z. (2.10)� (2.9) �� m = −n, ��

f2
n,j =

f2
0,i+j

2
, n 6= 0. (2.11)bK (2.10) J (2.11), �3

f2
n,j = 0, ∀n, j ∈ Z. (2.12)� (2.8) �
_ Mm+n,i+j &X=, �

ng2m+n,i+j = nf1
m + 2t1m,i + ng2n,j , ∀m,n, i, j ∈ Z. (2.13)�+6�� n = 0, ��
t1m,i = 0, ∀m, i ∈ Z. (2.14)�36 (2.13) q\ON

g2m+n,i+j = f1
m + g2n,j, n 6= 0. (2.15)+6� j = 0, ��

g2m+n,i = f1
m + g2n,0, n 6= 0. (2.16)��� g2m+n,i 	)4?�Æ i UB, �3�7X g2m = g2m,i, i ∈ Z, � (2.16) q<eN

g2m+n = f1
m + g2n, n 6= 0. (2.17)�+6�� m = −n, ��

g20 = f1
−n + g2n, n 6= 0. (2.18)� (2.6) T+6�

g2n = f1
n + g20 , ∀n ∈ Z. (2.19)`YwZ0

D(Nm,i) = f3
m,iLm,i + g3m,iMm,i + t3m,iNm,i, (2.20)�� f3

m,i, g
3
m,i, t

3
m,i ∈ C[t, t−1], m, i ∈ Z. �BX

D[Lm,i, Nn,j] = [D(Lm,i), Nn,j ] + [Lm,i, D(Nn,j)],�� (2.6), (2.14) T W̃ +&}RBX, q%
n(f3

m+n,i+jLm+n,i+j + g3m+n,i+jMm+n,i+j + t3m+n,i+jNm+n,i+j)
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= nf1

mNm+n,i+j − 2g1m,iMm+n,i+j + (n−m)f3
n,jLm+n,i+j + ng3n,jMm+n,i+j

+ nt3n,jNm+n,i+j. (2.21)
_+6� Lm+n,i+j &X=, �
nf3

m+n,i+j = (n−m)f3
n,j , ∀m,n, i, j ∈ Z. (2.22)�	 (2.9) &H�w�, �3�

f3
m,i = 0, ∀m, i ∈ Z. (2.23)� (2.21) �
_ Mm+n,i+j &X=, ��

ng3m+n,i+j = −2g1m,i + ng3n,j. (2.24)�+6�� n = 0, ��
g1m,i = 0, ∀m, i ∈ Z. (2.25)�3 (2.24) O\N

g3m+n,i+j = g3n,j , n 6= 0. (2.26)�+6�� j = 0, ��
g3m+n,i = g3n,0, n 6= 0. (2.27)+6�� g3m+n,i 	)4?�Æ i &o�UB, �3�7X g3m = g3m,i, � (2.27) q\ON
g3m+n = g3n, n 6= 0. (2.28)�+6�� m = −n 6= 0, ��
g3n = g30 , ∀n ∈ Z. (2.29)� (2.21) �
_ Nm+n,i+j &X=, q%

t3m+n,i+j = f1
m + t3n,j, n 6= 0. (2.30)�+6�� j = 0, ��

t3m+n,i = f1
m + t3n,0, n 6= 0.��� t3m+n,i 	)4?�Æ& i UB, �3X t3m = t3m,i, � (2.30) qeN

t3m+n = f1
m + t3n, n 6= 0. (2.31)�+6� m = −n, bK (2.6), �3�

t3n = f1
n + t30, ∀n ∈ Z. (2.32)&K (2.6),(2.12),(2.14),(2.19),(2.23),(2.25),(2.29)T (2.32), �Y�&�|.O? 2.6

D(Lm,i) = f1
mLm,i,

D(Mm,i) = g2mMm,i + t2m,iNm,i,
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D(Nm,i) = g30Mm,i + t3mN3
m,i,�� f1

m = mf1
1 , g

2
m = mf1

1 + g20 , t
3
m = mf1

1 + t30, ∀m, i ∈ Z.�BX
D[Mm,i, Nn,j] = [D(Mm,i), Nn,j ] + [Mm,i, D(Nn,j)], (2.33)���| 2.6 T W̃ +&}RBX, �

−2(g2m+nMm+n,i+j + t2m+n,i+jNm+n,i+j) = −2g2mMm+n,i+j − 2t3nMm+n,i+j . (2.34)�+6, ["�
t2m,i = 0, ∀m, i ∈ Z. (2.35)� (2.34) �
_ Mm+n,i+j &X=, ��

g2m+n = g2m + t3n. (2.36)�+6� n = 0, q%
t30 = 0.�3��| 2.6, �

t3n = f1
n, ∀n ∈ Z. (2.37)Z0

D(Ym+ 1
2
,i) = bm+ 1

2
,iYm+ 1

2
,i,�� bm+ 1

2
∈ C[t, t−1], m, i ∈ Z. o�BX

D[Lm,i, Yn+ 1
2
,j ] = [D(Lm,i), Yn+ 1

2
,j ] + [Lm,i, D(Yn+ 1

2
,j)].��| 2.6 T W̃ +&}RBX, �|%

bm+n+ 1
2
,i+j = f1

m + bn+ 1
2
,j , n+

1−m

2
6= 0. (2.38)�+6� j = 0, ��

bm+n+ 1
2
,i = f1

m + bn+ 1
2
,0, n+

1−m

2
6= 0.��� bm+ 1

2
,i 	)4?�Æ i &o�UB, �3X bm+ 1

2
= bm+ 1

2
,i, �uTÆ^+6<eN

bm+n+ 1
2
= f1

m + bn+ 1
2
, n+

1−m

2
6= 0. (2.39)�+6� n = 0, ��

bm+ 1
2
= f1

m + b 1
2
, m 6= 1. (2.40)� (2.39) �� m = −1, n = 1, �

b 1
2
= f1

−1 + b 3
2
. (2.41)



244 > q � n A S 40 l&K (2.40) T (2.41), �3
bm+ 1

2
= f1

m + b 1
2
, ∀m ∈ Z. (2.42)�BX

D[Ym+ 1
2
,i, Yn+ 1

2
,j] = [D(Ym+ 1

2
,i), Yn+ 1

2
,j ] + [Ym+ 1

2
,i, D(Yn+ 1

2
,j)].���| 2.6 T W̃ +&}RBX, �|%

g2m+n+1 = bm+ 1
2
+ bn+ 1

2
, m 6= n. (2.43)�+6� m = 0, n = −1, ��

g20 = b 1
2
+ b

−
1
2
, (2.44)� (2.42) �� m = −1, �3

b
−

1
2
= f1

−1 + b 1
2
. (2.45)� (2.44) T (2.45), �

g20 = 2b 1
2
− f1

1 , (2.46)��| 2.6, (2.35),(2.37),(2.42) T (2.46), �Y�&�|.O? 2.7

D(Lm,i) = mf1
1Lm,i,

D(Mm,i) = (mf1
1 + 2b 1

2
− f1

1 )Mm,i,

D(Nm,i) = g30Mm,i +mf1
1N

3
m,i,

D(Ym+ 1
2
,i) = (mf1

1 + b 1
2
)Ym+ 1

2
,i,�� f1

1 , g
3
0 , b 1

2
∈ C[t, t−1], m, i ∈ Z.`Yw���R&�v-|.5? 2.1 Der W̃ = Inn W̃

⊕
D

C[t,t−1] d
dt
, U H1(W̃ , W̃ ) = D

C[t,t−1] d
dt
.T ;ZrM (Der W̃ )0. /%|& D ∈ (Der W̃ )0, ��| 2.5 �B� D &��T�| 2.7, �� ρ ∈ C[t, t−1] ddt , 5%

(D −Dρ)(Lm,i) = mf1
1Lm,i,

(D −Dρ)(Mm,i) = (mf1
1 + 2b 1

2
− f1

1 )Mm,i,

(D −Dρ)(Nm,i) = g30Mm,i +mf1
1N

3
m,i,

(D −Dρ)(Ym+ 1
2
,i) = (mf1

1 + b 1
2
)Ym+ 1

2
,i,�� f1

1 , g
3
0 , b 1

2
∈ C[t, t−1], m, i ∈ Z. � f1

1L0 −
1
2g

3
0M0 + (b 1

2
− 1

2f
1
1 )N0 ∈ W̃ , L'{s�

D −Dρ = adf1
1
L0−

1
2
g3
0
M0+(b 1

2
−

1
2
f1
1
)N0

, �3�
(Der W̃ )0 = D

C[t,t−1] d
dt

+ (Inn W̃ )0.
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C[t,t−1] d

dt

⋂
(Inn W̃ )0 = 0. Z0D ∈ D

C[t,t−1] d
dt

⋂
(Inn W̃ )0,��� ρ ∈ C[t, t−1] ddt ,5%

D = Dρ =
∑

i∈Z

aiadL0,i
+
∑

i∈Z

biadM0,i
+
∑

i∈Z

ciadN0,i
,�� ai, bi, ci h��\1?8�. ^+6��9�*�� L0,i +, �� L0ρ(t

i) = 0, U�
ρ = 0, �3�

∑

i∈Z

aiadL0,i
+
∑

i∈Z

biadM0,i
+
∑

i∈Z

ciadN0,i
= 0.�� D

C[t,t−1] d
dt

⋂
(Inn W̃ )0 = 0. �u, k�

(Der W̃ )0 = D
C[t,t−1] d

dt

⊕
(Inn W̃ )0. (2.47)bK�| 2.4, �

Der W̃ = Inn W̃

⊕
D

C[t,t−1] d
dt
.�3�

H1(W̃ , W̃ ) = D
C[t,t−1] d

dt
.VL *�=f2>$/�>&l<℄~.- � ; � H � J
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