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3\%^��%^4 “�B” 	EF�, {6�8, �
3�nPG�.DAA4 “�B” 	EF�. ugm4��^8, /!F�45I�ad31?~)4Dx. :u, /!F�k/!h�	adu+��m (�Æ3 [1]). ��^, dY+4NBQ|A/!F��I?�vbH4S� (�Æ3 [2–5]). 2016^, Emmanouilu3 [6] S�?$�nPG, Z!?$�nPG4NB6�,r. :u, E R �u, w (�)R-T4PG F �$�n4.i�.r\<b� f : P → F �DG4, e P �$'� (�)R-T4PG. 2016 ^, �rKky{u3 [7] <℄?$/!F�
Dpur(R) = K(R)/Kpε(R),e Kpε(R) �$�nF�, �i�f�$/!F��;.$'� ({$Y�) T4PG4n�F�4%GF�, �(u{�6�

K−,pb(PP) ≃ Db
pur(R) ≃ K+,pb(PI),e K−,pb(PP) = {X ∈ K−(PP) | infPX f> }, K+,pb(PI) = {X ∈ K+(PI) | supPXf> }, ~8 PP k PI L���$'�Tk$Y�T44.�Z}3=4gD, 5Nu�wu R }#g Clean->�nA_v? Clean-�nPG4S`, Z!?�46�,r, �PG X � Clean-�n4.i�.Akr\4�f>�; R-T F , HomR(F,X) ��n4; .i�.Akr\4�f>�; R-T M , M ⊗R X ��4 2017 _ 6 s 2 t�2, 2018 _ 9 s 12 t�2LRX.

13��$*R�6Rq, 3� 730070. E-mail: liruiting1993@163.com; wxq647982@163.com
2$E }. 3��$*R�6Rq, 3� 730070. E-mail: yanggang@mail.lzjtu.cn
∗�4�2e��q)R}� (No. 11561039, No. 11761045) lV���q)R}� (No. 17JR5RA091) 5��.



308 � R _ % A � 40 #�n4; .i�.Akr\4 Clean-'�T P , HomR(P,X) ��n4; .i�.Akr\4 Clean-Y�T I, HomR(X, I) ��n4. <℄ Clean-/!F�.
DC(R) = K(R)/KCE(R),e KCE(R) � Clean-�nF�. u�wu R }�f� Clean-/!F��;. Clean-'� ({ Clean-Y�) T4PG4n�F�4%GF�, �(u{�6�

K−,cb(CP) ≃ Db
C(R) ≃ K+,cb(CI),e K−,cb(CP) = {X ∈ K−(CP) | infcX f> }, K+,cb(CI) = {X ∈ K+(CI) | supcX f> }; ~8 CP k CI L��� Clean-'�Tk Clean-Y�T44.�9z`XD|
S`kÆ�.
3 R ��"f,1p4�wu, R-Mod �� R-TF�, R-T M 4�JT�.

M+ = HomZ(M,Q/Z)..N 1.1[8] � R-T M ��f>�; ({ FP∞ F) 4, uf M f'�L�
· · · // Pn

// Pn−1
// · · · // P1

// P0
// M // 0,eMXY Pi =�f>��'� R-T.:p, R-T M ��f>�;4, .i�.(u�nA

· · · // Fn
// Fn−1

// · · · // F1
// F0

// M // 0,
3MXY Fi =�f>���e R-T, �i�f>�; R-T�f>�; R-T, -�f>�; R-T�X<��f>�; R.> 1.1[9] � k �n, R = k[x1, x2, x3, · · · ]/(xixj)i,j>1 �B?�u. w R/(x1) �f>�; R-T, -���f>�; R-T..N 1.2[10] � R-T4>�nA
0 // X

f // Y
g // Z // 0� Clean-�n4, ufAr\4�f>�; R-T M , f�nA

0 // HomR(M,X) // HomR(M,Y ) // HomR(M,Z) // 0.%�, W� f � Clean-,4, g � Clean-K4.:p, $>�nA� Clean->�nA, -� Clean->�nA�X<�$>�nA.> 1.2 � k�n, E �6>04 k-�>.. yu R := kαE � k#g E 42z,we3 [11,:2.8]�,(u R-TM �zY�4 (�Ar\4�f>�;T F , Ext1R(F,M) = 0),-�� FP - Y�4. k�f�nA
0 // M // I // C // 0� Clean-�n4-��$�n4, e I �Y�T, C = Coker(M → I).O= 1.1 �

η : 0 // B′ λ // B // B′′ // 0



3 d 7x! U�W ,Cj Clean-�ol Clean-0"G� 309� R-T4>�nA. wAr\4�f>�; R-T A, A⊗R η ��n4.i�.Akr\K�u8�w)4f>��'� R-T P1, P0, (ub� P0 → B′, 
3)4�}{��w, e Coker(P1 → P0) ��f>�; R- T.

P1
g //

f

��

P0

��

h

~~
0 // B′ λ // B // B′′ // 0Z “�.” 4�L6�k: y b′1, · · · , b

′
n ∈ B′ i λb′j =

∑
i

rjibi, ∀j, e b1, · · · , bm ∈

B, rji ∈ R, w(u h′
i ∈ B′, 
3 b′j =

∑
i

rjih
′
i, ∀j.U VJ: � b′1, · · · , b

′
n ∈ B′, i λb′j =

∑
i

rjibi, ∀j, b1, · · · , bm ∈ B, rji ∈ R, P0�f>��'� R-T, ��p. {x1, · · · , xn}. E A = P0/K, e K 6 P0 i K �e m Y ∑
j

xjrji ��4�f>�; R-T. w A ��f>�; R-T, i A e {ai =

xi+K, i = 1, · · · ,m}��.k� (1⊗Rλ)
(∑

j

aj⊗Rb
′
j

)
=
∑
j

aj⊗Rλb
′
j =

∑
j

aj⊗R

(∑
i

rjibi
)
=

∑
i

(∑
j

ajrji ⊗R bi
)
=
∑
i

∑
j

(xj + K)rji ⊗R bi =
∑
i

(∑
j

xjrji + K
)
⊗R bi = 0. e"��,

1⊗R λ : A⊗R B′ → A⊗R B �,�, 'C ∑
j

aj ⊗R b′j = 0. te�f>�; R- T�f>�; R-Tk3 [12, <5 3.68] �, (u h′
i ∈ B′, 
3 b′j =

∑
i

rjih
′
i, ∀j.�LJ: e3 [12, <5 3.69] *3..= 1.1 �

η : 0 // B′ i // B
p // B′′ // 0� R-T4>�nA. w η � Clean-�n4, .i�.Akr\4�f>�; R-T M ,

M ⊗R η ��n4.U VJ: � M ��f>�; R-T. w(u�nA
P1

f // P0
g // M // 0,e P1, P0 =�f>��'� R-T. e η � Clean-�n4�, (u�nA

0 // HomR(M,B′)
i∗ // HomR(M,B)

p∗ // HomR(M,B′′) // 0,e (−)∗ = HomR(M,−). Ar\4 α ∈ HomR(M,B′′), e p∗ �K��, (u s1 ∈

HomR(M,B), 
3 p∗s1 = ps1 = α. 'FI�n4):

P1

β

��

f // P0

h

��

s0

~~

g // M

α

��

//

s1

}}||
||
||
||

0

0 // B′ i // B
p // B′′ // 0



310 � R _ % A � 40 #e P0 �'� R-T�, (u h : P0 → B, 
3 ph = αg. je)���, (u β : P1 → B′,
3 hf = iβ. dh� HomR(P0,−) �d�nA
0 // B′ i // B

p // B′′ // 0,te P0 �'� R-T, *3�nA
0 // HomR(P0, B

′)
i∗ // HomR(P0, B)

p∗ // HomR(P0, B
′′) // 0,e (−)∗ = HomR(P0,−). ^. p∗(h − s1g) = p(h − s1g) = ph− ps1g = ph − αg = 0, �Z h − s1g ∈ Ker p∗ = Im i∗, k�(u s0 : P0 → B′, 
3 h − s1g = is0. _ iβ = hf =

(s1g+ is0)f = is0f , j^. i �,�, �Z β = s0f , �.})�Æ:XYI04}{��w. 'Ce_5 1.1 �, M ⊗R η ��n4.�LJ: � M ��f>�; R-T, M ⊗R η ��n4. w(u�nA
P1

f // P0
g // M // 0,e P1, P0 =�f>��'� R- T. �M� HomR(M,p) = p∗ : HomR(M,B) →

HomR(M,B′′) �K��*. Ar\4 ϕ ∈ HomR(M,B′′), 'FI�n4):

P1

σ

��

f // P0

τ

��

t0

~~

g // M

ϕ

��

//

t

}}

0

0 // B′ i // B
p // B′′ // 0e P0 �'� R-T�, (u τ : P0 → B, 
3 pτ = ϕg. ^. pτf = ϕgf = 0, �Z

Im τf ⊆ Ker p = Im i = B′. E σ = τf : P1 → B′, w iσ = σ = τf . e_5 1.1 �,(u t0 : P0 → B′, 
3 t0f = σ. j^. it0f = iσ = τf , �Z (τ − it0)f = 0. k�
Im f ⊆ Ker(τ − it0), C Im f = Ker g, _ Ker g ⊆ Ker(τ − it0). e%�|
<5�, (u t : M → B, 
3 τ − it0 = tg. ^. ptg = p(τ − it0) = pτ = ϕg, C g �K�, �Z
p∗t = pt = ϕ. ^% p∗ �K�..N 1.3 � R-T P � Clean-'�4, ufAkr\ Clean->�nA

0 // X // Y // Z // 0,f�nA
0 // HomR(P,X) // HomR(P, Y ) // HomR(P,Z) // 0.Ab8, *<℄ Clean-Y� R-T.Z 1.1 (1) '�Tk�f>�;T=� Clean-'�T; Clean-'�T�$'�T, -$'�T�X<� Clean-'�T (^.(u� Clean-�n-��$�n4>�nA).

(2) Y�T� Clean-Y�T, Clean-Y�T�$Y�T,-$Y�T�X<� Clean-Y�T.Z8d CP k CI L��� Clean-'�Tk Clean-Y�T44.AC 1.1 Akr\4�f>�; R-TM , M+ = HomZ(M,Q/Z)� Clean-Y� R-T.



3 d 7x! U�W ,Cj Clean-�ol Clean-0"G� 311U � R-T4>�nA
0 // X // Y // Z // 0� Clean-�n4. Akr\4�f>�; R-T M , e<5 1.1 *3�nA

0 // M ⊗R X // M ⊗R Y // M ⊗R Z // 0.k�f�nA
0 // (M ⊗R Z)+ // (M ⊗R Y )+ // (M ⊗R X)+ // 0.te��%^, *3�nA

0 // HomR(Z,M
+) // HomR(Y,M

+) // HomR(X,M+) // 0._ M+ � Clean-Y�4..N 1.4[13] � L �XY R-T4, M � R- T. ��� f : L → M � M 4XY L-oOU, e L ∈ L, ufAkr\4 L′ ∈ L, HomR(L
′, f) : HomR(L

′, L) → HomR(L
′,M)�K�; � L-oOU f : L → M � M 4XY L-OU, ufAkK�"� fg = f 4MXY�%� g : L → L, f g �%^. Ab8, *Z<℄ L-o�Jk L-�J.Z8dMFP∞

���f>�; R-T44.O= 1.2 � R ��wu, MFP∞
��f>�; R-T44. wZ8�;:

(1) MXY R-T=fXY Clean-'�oOU.

(2) MXY R-T=fXY Clean-Y�o�J.U (1) � M � R-T. e�f>�; R-T4<℄�, (u�n X ⊂ MFP∞
, 
3AMY F ∈ MFP∞

, =(u G ∈ X , f F ∼= G. AMY F ∈ X , E XF = HomR(F,M). <℄�� F (XF ) → M , (ϕf )XF
7→ Σf(ϕf ), wrm R-%� F → M =*#g F (XF ) → M L�.Ar\4 F ′ ∈ MFP∞

, w(u G′ ∈ X , 
3 F ′ ∼= G′. k�f�nA
HomR(F

′,
⊕

F∈X

F (XF )) // HomR(F
′,M) // 0.l F ′ = R, wf�nA

⊕
F∈X

F (XF ) // M // 0.^%�nA
0 // K // ⊕

F∈X

F (XF ) // M // 0� Clean-�n4. �\1 ⊕
F∈X

F (XF ) � Clean-'� R-T, _ ⊕
F∈X

F (XF ) → M � M 4
Clean-'�oOU.

(2) � M � R-T. we (1) �(u Clean-�nOA
0 // K // ⊕

i∈I

Fi
// M+ // 0,



312 � R _ % A � 40 #
3 ⊕
i∈I

Fi → M+ � M+ 4XY Clean-'�oOU, e Fi ∈ MFP∞
, ∀i ∈ I. 'C31

Clean-�nOA
0 // M++ // ∏

i∈I

F+
i

// K+ // 0.'F*!):

0

��

0

��
M

��

M

��
0 // M++

��

// ∏
i∈I

F+
i

��

// K+ // 0

0 // M++/M

��

// N

��

// K+ // 0

0 0�\1 M → M++ �$,4, _
0 // M // M++ // M++/M // 0� Clean-�n4. 'C

0 // M // ∏
i∈I

F+
i

// N // 0� Clean-�n4. ^% M →
∏
i∈I

F+
i � M 4 Clean-Y�o�J.e_5 1.2 �X31Z8�I.F? 1.1 (1) M � Clean-'�4, .i�. M � ⊕

i∈I

Fi 4XY	k?, e Fi ∈

MFP∞
, ∀i ∈ I.

(2) N � Clean-Y�4, .i�. N � ∏
i∈I

F+
i 4XY	k?, e Fi ∈ MFP∞

,

∀i ∈ I.

(3)

0 // L // M // N // 0� Clean-�n4, .i�.Ar\4 F ∈ CP, OA
0 // HomR(F,L) // HomR(F,M) // HomR(F,N) // 0� Clean-�n4; W.i�.Ar\4 E ∈ CI, OA
0 // HomR(N,E) // HomR(M,E) // HomR(L,E) // 0� Clean-�n4.
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Enochs k Jenda u3 [13]  14<℄ 6.6.2–6.6.3 A8P4<5fp)4�d, �u8<℄..N 1.5[13] � F �XY R-T4, S �XY R-%�4. � (S,F) � R-Mod }4XYY��^, ufK�Z8"�:

(1) F ∈ F .i�.A S 4r\�� M → N , OA
HomR(N,F ) // HomR(M,F ) // 0��n4.

(2) �� M → N u S , .i�.Ar\4 F ∈ F , OA
HomR(N,F ) // HomR(M,F ) // 0��n4.

(3) MXY R-T M =fXY F -o�J M → F ..N 1.6[13] � G �XY R-T4. � (S,F) �e G $<4, uf�� M → N u S.i�.Ar\4 G ∈ G, OA 0 → G⊗R M → G⊗R N ��n4..= 1.2 MXY R-T=fXY Clean-Y��J.U E S = {M → N | 0 → M → N → M/N → 0 � Clean-�n4 }, F = CI, w
(S,F) �e G = MFP∞

$<4. e3 [13, <5 6.6.4]k_5 1.2 �, MXY R-T=fXY
Clean-Y��J.

2 Clean-T83Kd C(R) k K(R) L��� R-T4PGF�k R-T4%GF�, Akr\4 X ∈

C(R), �
X := · · · // X i−1

di−1

X // X i
di

X // X i+1
di+1

X // · · · ,
3 di+1
X diX = 0, ∀i ∈ Z. � R-T M &��D&�PG, �

· · · // 0 // M // 0 // · · · ,
3 M u:D�&, e��&=.D. Ak��� n, PG X [n] ��PG X ��Y? n Y,1, � X [n]m = Xn+m, dm
X[n] = (−1)ndn+m

X ; PG X [−n] ��PG X �hY? n Y,1, � X [−n]m = Xm−n, dm
X[−n] = (−1)ndm−n

X . PG X = (X, dnX) 1PG
Y = (Y, dnY ) 4XYPG�� f : X → Y �
 f = (fn)n∈Z, K� fn+1dnX = dnY f

n, ∀n ∈ Z,e fn : Xn → Y n � R-T%�, ∀n ∈ Z, �f�w):

Xn
dn

X //

fn

��

Xn+1

fn+1

��
Y n

dn

Y // Y n+1PG�� f : X → Y 4b�� Cone(f) <℄.u8PG: e: n �&L�.
(Cone(f))n = Xn+1 ⊕ Y n, ∀n ∈ Z,



314 � R _ % A � 40 #e: n &-L.
dnCone(f) =

(
−dn+1

X 0

fn+1 dnY

)
: Xn+1 ⊕ Y n → Xn+2 ⊕ Y n+1.� (X, ∂X), (Y, ∂Y ) ∈ C(R). <℄nPG HomR(X,Y ) .u8 Z-TPG:

· · · // ∏
p∈Z

HomR(X
p, Y p+n)

dn

// ∏
p∈Z

HomR(X
p, Y p+n+1) // · · · ,e Z ���	o, : n &f&L�.

Hom(X,Y )n :=
∏

p∈Z

HomR(X
p, Y p+n), ∀n ∈ Z;Akr\4 f ∈ Hom(X,Y )n, dn(f) = (∂n+p

Y fp − (−1)nfp+1∂p
X)p∈Z..N 2.1[14] � X ∈ C(R).

(1) � X �}f�4 ({hf�4), uf. i ≫ 0 �, X i = 0.

(2) � X �8f�4 ({�f�4), uf. i ≪ 0 �, X i = 0.

(3) � X �f�4, uf X ��}f�4j�8f�4..N 2.2[14] � f : X → Y � C(R) 4<b�.

(1) � f : X → Y �\%^, uf Hn(f) : Hn(X) ∼= Hn(Y ), ∀n ∈ Z.

(2) � f : X → Y �%G6�, uf(u<b� g : Y → X , 
3 fg ∼ IdY , gf ∼ IdX ..N 2.3 � X ��nPG, n ∈ Z. � X u n #� Clean-�n4, uf�nA
0 // Kn // Xn // Cn−1 // 0� Clean-�n4, e Kn = Ker dnX , Cn−1 = Cokerdn−1

X . � X � Clean-�n4, uf�u�f n #=� Clean-�n4.Z 2.1 (1)PGX � Clean-�n4,.i�.Akr\4�f>�;T F , HomR(F,X)��n4; W.i�.Akr\4�f>�; R-T M , M ⊗R X ��n4.

(2) PG X � Clean-�n4, .i�.Akr\4 Clean-'�T P , HomR(P,X) ��n4; W.i�.Akr\4 Clean-Y�T I, HomR(X, I) ��n4.

(3) $�nPG� Clean-�nPG..N 2.4 � X, Y ∈ C(R). �<b� f : X → Y � Clean-\%^, ufb��
Cone(f) � Clean-�nPG.Z 2.2 (1) C(R) 4<b� f : X → Y � Clean-\%^, .i�.Ar\4�f>�; R-T M , M ⊗R f : M ⊗R X → M ⊗R Y �\%^.

(2) C(R)4<b� f : X → Y � Clean-\%^,.i�.Akr\4 Clean-'�T
P , HomR(P, f) : HomR(P,X) → HomR(P, Y ) �\%^; W.i�.Akr\4 Clean-Y�T I, HomR(f, I) : HomR(Y, I) → HomR(X, I) �\%^.

(3) $\%^� Clean-\%^.L�d K(CP) k K(CI) �� Clean-'�T4PGk Clean-Y�T4PG4%GF



3 d 7x! U�W ,Cj Clean-�ol Clean-0"G� 315�, L�d K−(CP) k K+(CI) ��}f� Clean-'�T4PGk8f� Clean-Y�T4PG4%GF�.AC 2.1 (1)PGX � Clean-�n4,.i�.Akr\4 P ∈ K−(CP), HomR(P,X)��n4; W.i�.Akr\4 I ∈ K+(CI), HomR(X, I) ��n4.

(2) PGF� C(R) 4<b� f : X → Y � Clean-\%^, .i�.Akr\4
P ∈ K−(CP), HomR(P, f) : HomR(P,X) → HomR(P, Y ) �\%^; W.i�.Akr\4 I ∈ K+(CI), HomR(f, I) : HomR(Y, I) → HomR(X, I) �\%^.U (1) e� 2.1 k3 [15, _5 2.4 k_5 2.5] *3�I.

(2) e� 2.2 k3 [15, S! 2.6 kS! 2.7] *3�I.AC 2.2 (1) � f : X → P � Clean-\%^, P ∈ K−(CP). w(u Clean-\%^
g : P → X , 
3 fg ∼ IdP .

(2) � f : E → X � Clean-\%^, E ∈ K+(CI). w(u Clean-\%^ g : X → E, 
3 gf ∼ IdE .U (1)^. P ∈ K−(CP),�ZeS! 2.1�,(u\%^HomR(P, f) : HomR(P,X) →

HomR(P, P ). k�f%^ Hn(HomR(P, f)) : Hn(HomR(P,X)) → Hn(HomR(P, P )), ∀n ∈

Z. E n = 0, w(u K(R) 4<b� g : P → X , 
3 fg ∼ IdP . 8� g : P → X �
Clean-\%^. :p IdP � Clean-\%^. ea�℄��, (u%^ Hn(HomR(P, IdP )) :

Hn(HomR(P, P )) ∼= Hn(HomR(P, P )), ∀n ∈ Z, � Hn(HomR(P, IdP )) = IdHn(HomR(P,P )).ek
Hn(HomR(P, IdP )) = Hn(HomR(P, fg)) = Hn(HomR(P, f)) ◦H

n(HomR(P, g)), ∀n ∈ Z,_
IdHn(Hom·

R
(P,P )) = Hn(HomR(P, f)) ◦H

n(HomR(P, g)), ∀n ∈ Z.'C g W� Clean-\%^.AbZ}IE*�Q (2).O= 2.1 (1) �<b� f : X → Y � C(R) 4 Clean-\%^, X, Y ∈ K−(CP). w
f �%G6�.

(2) �<b� f : X → Y � C(R) 4 Clean-\%^, X, Y ∈ K+(CI). w f �%G6�.U (1) e Y ∈ K−(CP) kS! 2.2 �, (u Clean-\%^ g : Y → X , 
3 fg ∼ IdY .te X ∈ K−(CP) kS! 2.2 �, (u Clean-\%^ h : X → Y , 
3 gh ∼ IdX . ^.
f ∼ f ◦ IdX ∼ fgh ∼ IdY ◦ h ∼ h, �Z gf ∼ gh ∼ IdX . 'C f �%G6�.AbZ}IE*�Q (2).O= 2.2 (1)�<b� Y → X �C(R)4 Clean-\%^,X ∈ Kb(R), Y ∈ K+(R).w(u Clean-\%^ X ′ → Y , 
3 X ′ ∈ Kb(R).

(2) �<b� X → Y � C(R) 4 Clean-\%^, X ∈ K+(R), Y ∈ K(R). w(u
Clean-\%^ Y → X ′, 
3 X ′ ∈ K+(R).



316 � R _ % A � 40 #U (1) � Y n = 0, ∀n < 0; Xn = 0, ∀n > m; n, m ∈ Z. wAr\4 P ∈ CP, f
Hi(HomR(P, Y )) = Hi(HomR(P,X)) = 0, ∀i > m+ 1. <℄ α : X ′ → Y u8:

X ′

α

��

:= · · · // 0

0

��

// Y 0

Id
Y 0

��

// · · · // Y m−1

Id
Y m−1

��

// Ker dmY

��

// 0

��

// · · ·

Y := · · · // 0 // Y 0 // · · · // Y m−1
d
m−1

Y // Y m // Y m+1 // · · ·�\1 Hm(X ′) = Ker dmY /Im dm−1
Y = Hm(Y ). ^.Akr\4 P ∈ CP, HomR(P,−) ��j, �Z<b� α � Clean-\%^.

(2) � Xn = 0, ∀n < 0. w Hi(HomR(P, Y )) = Hi(HomR(P,X)) = 0, ∀i < 0, ∀P ∈ CP .<℄ β : Y → X ′ u8:

Y :

β

��

= · · · // Y −2

0

��

// Y −1

0

��

// Y 0

��

// Y 1

Id
Y 1

��

// Y 2

Id
Y 2

��

// · · ·

X ′ : = · · · // 0 // 0 // Coker d−1
Y

// Y 1 // Y 2 // · · ·�\1 H0(X ′) = Ker d0Y /Im d−1
Y = H0(Y ). ^.Akr\4�f>�; R-T M , M⊗R-��lj, �Z<b� β � Clean-\%^.

3 Clean--*1(E KCE(R) = {X ∈ K(R) | X � Clean-�nPG }, HomA(X,Y ) = {f | f : X → Y� Clean-\%^ }. w� KCE(R) � Clean-�nF�. :p KCE(R) � K(R) 4n�F�,�X� KCE(R) W� K(R) 4{��F�.AC 3.1 KCE(R) � K(R) 4q�F�.U (1) e K(R) �{�F�k KCE(R) 4<℄*3�I.

(2) � X1, X2 ∈ K(R), X1 ⊕X2 ∈ KCE(R). wAr\4 P ∈ CP, f HomR(P,X1 ⊕

X2) ��n4, � HomR(P,X1) ⊕ HomR(P,X2) ��n4. k� 0 = Hn(HomR(P,X1) ⊕

HomR(P,X2)) = Hn(HomR(P,X1))⊕Hn(HomR(P,X2)), ∀n ∈ Z. _ Hn(HomR(P,Xi)) = 0,

∀n ∈ Z, i = 1, 2. e� 2.1 �, Xi � Clean-�n4, i = 1, 2. 'C KCE(R) A	k?N�.e3 [14, S! 3.5.2] �, KCE(R) � K(R) 4q�F�.<℄ R-TF�4 Clean-/!F�. Verdier| DC(R) = K(R)/KCE(R). ^%, Clean-/!F� DC(R) 4AAs� R-T4PG, C HomDC(R)(X,Y ) � X 1 Y 4hL�4�f6�4��4	Eo ({ X 1 Y 4�L�4�f6�4��4	Eo). 4�8, <℄
R-TF�4f� Clean-/!F�. Verdier | Db

C (R) = Kb(R)/Kb

CE(R). <℄ R-TF�4}f� Clean-/!F�. Verdier | D−

C
(R) = K−(R)/K−

CE
(R). <℄ R-TF�48f� Clean-/!F�. Verdier | D+

C
(R) = K+(R)/K+

CE
(R).� ∗ = {., b,−,+}, X�8, u D∗

C(R) , ' X 1 Y 4hL��
��) X
s

⇐=

·
a

−→ Y , e s � Clean-\%^; ' X 1 Y 4�L��
��) X
b

−→ ·
t

⇐= Y , e t� Clean-\%^. ' X 1 Y 4=YhL� X
s

⇐= ·
a

−→ Y k X
s′

⇐= ·
a′

−→ Y 6��
(
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·
s

{� ��
��
��
�

��
��
��
�

a

��?
??

??
??

X ·
fks //

OO

��

Y

·
s′

[c???????

??????? a′

??��������e f � Clean-\%^. X k Y 6��
(u��) X
s

⇐= ·
a

=⇒ Y , e s k a =�
Clean-\%^.'Cf!�th� F ∗ : K∗(R) → D∗

C(R), � K∗(R) 4r\<b� f : X → Y b1 D∗
C(R) 4�� F ∗(f) = f/IdX , i F ∗(f) � D∗

C(R) 4%^.i�. f � Clean-\%^; C F ∗(f) � D∗
C(R) 4D��, .i�.(u Clean-\%^ g : X ′ → X, 
3 fg%GkD (9dhL�), .i�.(u Clean-\%^ h : Y → Y ′, 
3 hf %GkD (9d�L�). PG X � D∗

C(R) 4DAA, .i�. X � K∗(R) 4 Clean-�nPG.8P4�I
3 DC(R) 4��*Z\i8	5�.AC 3.2 (1) � X ∈ K−(CP), Y ∈ K(R). w!�th� F i/?%^
F : HomK(R)(X,Y ) → HomDC(R)(X,Y ), f 7→ f/IdX .

(2) � X ∈ K(R), Y ∈ K+(CI). w!�th� F i/?%^
F : HomK(R)(X,Y ) → HomDC(R)(X,Y ), f 7→ IdY \ f.U (1) � f/IdX = 0. w(u Clean-\%^ g : Z → X , 
3 fg ∼ 0. e X ∈ K−(CP)kS! 2.2 �, (u Clean-\%^ h : X → Z, 
3 gh ∼ IdX . _ f ∼ 0, � F �,�. t� a/s ∈ HomDC(R)(X,Y ). teS! 2.2 �, (u Clean-\%^ t : X → Z, 
3 st ∼ IdX ._ a/s = at/st = at/IdX = F (at), � F �K�. 'C F �%^.AbZ}IE*�Q (2).O= 3.1[2] � B, D �{�F� C 4{��F�. uf[K�Z8"��X:

(1)r\��X → B,e B ∈ B, X ∈ D,f^�L�X → B′ → B,e B′ ∈ D∩B;

(2)r\�� B → Y ,e B ∈ B, Y ∈ D,f^�L� B → B′ → Y ,e B′ ∈ D∩B.VL;Fh� D/D ∩ B → C/B �KÆ�4, � D/D ∩ B � C/B 4n�F�.AC 3.3 � R ��wu. wZ8�;:

(1) D+
C
(R) � DC(R) 4n�F�, Db

C (R) � D+
C
(R) 4n�F�.

(2) D−

C
(R) � DC(R) 4n�F�, Db

C (R) � D−

C
(R) 4n�F�.

(3) Db

C (R) = D−

C
(R)

⋂
D+

C
(R).U �� D+

C
(R) � DC(R) 4n�F�. � f : B → Y �<b�, e B ∈ KCE(R),
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Y ∈ K+(R). E Y i = 0, ∀i < 0. w f fZ8�p4^�L�:

B :

��

= · · · // B−2

0

��

d−2

// B−1

d̃−1

��

d−1

// B0 d0

// B1 d1

// B2 // · · ·

B′ :

��

= · · · // 0

0

��

// Im d−1

0

��

i // B0

f0

��

// B1

f1

��

// B2

f2

��

// · · ·

Y := · · · // 0 // 0 // Y 0 // Y 1 // Y 2 // · · ·e d̃−1 : B−1 → Im d−1 �e d−1 i/4, i d−1 = id̃−1. e_5 3.1 �, �M�Q B′ �
Clean-�nPG�*. ��Ar\4 E ∈ CI, f�nA

· · · // HomR(B
1, E)

(d0)∗ // HomR(B
0, E)

i∗ // HomR(Im d−1, E) // 0, (3.1)e (−)∗ = HomR(−, E). ^. B ∈ KCE(R), �Zf�nA
0 // HomR(Im d−1, E)

(d̃−1)∗ // HomR(B
−1, E)

(d−2)∗ // HomR(B
−2, E) // · · · ,e (−)∗ = HomR(−, E). 'F�w)

· · · // [B1, E]
(d0)∗ // [B0, E]

(d−1)∗ //

i∗

&&LL
LL

LL
LL

LL
[B−1, E]

(d−2)∗ // [B−2, E] // · · ·

[Im d−1, E]

(d̃−1)∗
88qqqqqqqqqq

,

e [−, E] = HomR(−, E). ^. (d−1)∗ = (d̃−1)∗i∗, (d̃−1)∗ �,�, �Z Ker i∗ =

Ker(d−1)∗ = Im(d0)∗, Im i∗ ∼= Im(d−1)∗ = Ker(d−2)∗ ∼= HomR(Im d−1, E). _ (3.1) ��n4. ^% D+
C
(R) � DC(R) 4n�F�. AbZ}IE*�Q Db

C (R) � D+
C
(R) 4n�F�. 4�8*�Q (2). (3) e (1) k (2) *3..= 3.1 � R ��wu. w F : R-Mod→ Db

C (R) �hvh�, � F �KÆ�h�.U Ar\4 X, Y ∈ R-T, 8�h� F i/?%^
F : HomR(X,Y ) → HomDb

C
(R)(X,Y ).� f ∈ HomR(X,Y ), F (f) = 0, w(u Clean-\%^ s : Z → X , 
3 fs ∼ 0. k� H0(f)H0(s) = 0. ^. H0(s) �%^, �Z f = 0. 'C F �,�. t� a/s ∈

HomDb

C
(R)(X,Y ), wf��) X

s
⇐= ·

a
−→ Y , e s � Clean-\%^. k� H0(s) ∈

HomR(H
0(Z), X) � R-T4%^. E f = H0(a)H0(s)−1 ∈ HomR(X,Y ). 'F Z 4�2k��
U := · · · // Z−2

d
−2

Z // Z−1 // Ker d0Z
// 0 // 0 // · · · ,
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U :

i

��

= · · · // Z−2 // Z−1 // Ker d0Z
//

��

0

��

// 0

��

// · · ·

Z :

s

��

= · · · // Z−2

��

// Z−1

��

// Z0

��

// Z1

��

// Z2

��

// · · ·

X := · · · // 0 // 0 // X // 0 // 0 // · · ·^. s� Clean-\%^,�ZAkr\4 P ∈ CP, HomR(P, s) : HomR(P,Z) → HomR(P,X)�\%^. k� Hi(HomR(P,Z)) = Hi(HomR(P,X)) = 0, ∀i > 1. �\1 H0(U) =

Kerd0Z/Im d−1
Z = H0(Z), i HomR(P,−) ��j, _ i : U → Z � Clean-\%^. 'C si� Clean-\%^. ^% fsi = H0(a)H0(s)−1si = ai, �fu8�w):

Z

s

z� }}
}}
}}
}

}}
}}
}}
}

a

  @
@@

@@
@@

@

X U
siks ai //

i

OO

si

��

Y

X

IdX

\dAAAAAAA

AAAAAAA f

>>~~~~~~~~k� F (f) = f/IdX = a/s, � F �K4. ^% F �%^.Akr\4 X ∈ C(R), E infcX := inf{n ∈ Z | X u n #�� Clean-�n4 },

sup
c
X := sup{n ∈ Z | X u n #�� Clean-�n4 }. uf(u n ∈ Z, 
3 infcX = n

({ supcX = n), VL X uBk6k n − 1 #� Clean-�n4 ({ X u)k6k n + 1#� Clean-�n4). k�, uf X �� Clean-�nPG, VL infcX = −∞, supcX = ∞;uf X � Clean-�nPG, VL infcX = ∞, supcX = −∞. tE K−,cb(CP) := {X ∈

K−(CP) | infcX f> }, K+,cb(CI) := {X ∈ K+(CI) | supcX f> }.AC 3.4 � X, Y ∈ C(R). wZ8�;:

(1) X u)k6k n #� Clean-�n4, .i�.Akr\4 P ∈ CP, HomR(P,X)u)k6k n #��n4.

(2) X uBk6k n #� Clean-�n4, .i�.Akr\4�f>�; R-T M ,

M ⊗R X uBk6k n #��n4.

(3) y<b� f : X → Y � Clean-\%^, w infcX = infcY , supcX = supcY .

(4) K−,cb(CP) k K+,cb(CI) L�� K−(CP) k K+(CI) 4{��F�.U (1) k (2) L�e� 2.1 k<5 1.1 *3�I.

(3) �<b� f : X → Y � Clean-\%^, infcX = n, n ∈ Z. w X uBk6k n− 1#� Clean-�n4. e (2) �, X uBk6k n − 1 #� Clean-�n4.i�.Ar\4�f>�; R-T M , M ⊗R X uBk6k n − 1 #��n4. ^.<b� f : X → Y �
Clean-\%^, �Z Hi(M ⊗R Y ) ∼= Hi(M ⊗R X) = 0, ∀i 6 n− 1. _ Y uBk6k n− 1#� Clean-�n4. 'C infcY = n. 4�8*�Q supcX = supcY.

(4) 8� K−,cb(CP) � K−(CP) 4{��F�. :p K−,cb(CP) A%^kYN�,



320 � R _ % A � 40 #�M� K−,cb(CP) A2zN��*. �
X // Y // Z // X [1]� K−(CP) 4i{�, X, Z ∈ K−,cb(CP). wAr\4�f>�; R-T M , f K(R) 4{�

M ⊗R X // M ⊗R Y // M ⊗R Z // M ⊗R X [1] .E n = min{infcX, infcZ}, w X, Z uBk6k n− 1 #� Clean-�n4. 'C Hi(M ⊗R

X) = 0, Hi(M ⊗RZ) = 0, ∀i 6 n−1. e3 [14, <5 2.4.1]�, Hi(M ⊗R Y ) = 0, ∀i 6 n−1._ Y ∈ K−,cb(CP). ^% K−,cb(CP) � K−(CP) 4{��F�. 4�8*�Q K+,cb(CI)W� K+(CI) 4{��F�.AC 3.5 (1)(u	Eh� ρ : Kb(R) → K−,cb(CP)h��khvh� i : K−,cb(CP)

→ Kb(R), 
3Ar\4 X ∈ Kb(R), (u Clean-\%^ fX : ρX → X ; �iAr\4
f ′ ∈ HomKb(R)(X,Y ), f%G�w):

ρX

fX

��

ρf ′

// ρY

fY

��
X

f ′

// Y

(2) }�h� ρ �{�h�.U (1) Akr\4 X ∈ Kb(R), E ω(X) = {i ∈ Z | X i 6= 0}. A ω(X)d�QW. .
ω(X) = 1 �, X � R-T, e_5 1.2(1) �, MXY R-T=fXY Clean-'�oOU, _*3�I. 
� < n �, �I�;. 'F n(n > 2) 4k1, � Xj 6= 0, X i = 0, ∀i < j. wPG

X : = · · · // 0 // Xj // Xj+1 // Xj+2 // · · · .EPG X1 = Xj [−j − 1], X2 = X>j. 'F�w):

X1 :

u

��

= · · · // 0 // 0 // Xj //

��

0

��

// · · ·

X2 :

��

= · · · // 0 // 0

��

// Xj+1 // Xj+2 // · · ·

X

��

:= · · · // 0 // Xj // Xj+1

��

// Xj+2

��

// · · ·

X1[1] : = · · · // 0 // Xj // 0 // 0 // · · ·w X2 → X → X1[1] �PG4<*C>�nA. k�f Kb(R) 4i{�
X2

// X // X1[1]
−u[1] // X2[1],�e�℄��P�*3 Kb(R) 4i{�

X1
u // X2

// X // X1[1].



3 d 7x! U�W ,Cj Clean-�ol Clean-0"G� 321_eW
��, (u Clean-\%^ fX1
: ρX1 → X1, fX2

: ρX2 → X2, e ρX1, ρX2 ∈

K−,cb(CP). 'CeS! 2.1 �f%^ HomK(R)(ρX1, ρX2) ∼= HomK(R)(ρX1, X2). k�(u f ∈ HomK(R)(ρX1, ρX2), 
3 fX2
f = ufX1

. 'Cf Kb(R) 4i{�
ρX1

f // ρX2
// Cone(f) // ρX1[1].�\1 ρX1, ρX2 ∈ K−,cb(CP), _eS! 3.4 �, Cone(f) ∈ K−,cb(CP). 'FI.i{�4):

ρX1
f //

fX1

��

ρX2

fX2

��

// Cone(f)

��

// ρX1[1]

fX1
[1]

��
X1

u // X2
// X // X1[1]e�Æ:XYI/�wk3 [14, <℄ 1.1.1(TR3)] �, (u fX : Cone(f) → X , 
3})�w, e Cone(f) ∈ K−,cb(CP). k�Akr\4 P ∈ CP, f�w):

[P, ρX1]

(fX1
)∗

��

// [P, ρX2]

(fX2
)∗

��

// [P,Cone(f)]

(fX)∗

��

// [P, ρX1[1]]

(fX1
[1])∗

��
[P,X1] // [P,X2] // [P,X ] // [P,X1[1]]e [P,−] = HomK(R)(P,−), (−)∗ = HomK(R)(P,−). ^. fX1

, fX2
=� Clean-\%^,�Ze� 2.2 k3 [14, <5 2.4.1] �7_5�, fX � Clean-\%^. E ρX = Cone(f).k�*3 Clean-\%^ fX : ρX → X , e ρX ∈ K−,cb(CP). t� X, Y ∈ Kb(R),

f ′ : X → Y �<b�, wf Clean-\%^ fX : ρX → X , fY : ρY → Y , e ρX, ρY ∈

K−,cb(CP). eS! 2.1 �, (u%^ HomK(R)(ρX, ρY ) ∼= HomK(R)(ρX, Y ). k�(u
ρf ′ ∈ HomK(R)(ρX, ρY ), 
3 fY ρf

′ = f ′fX , �fu8�w):

ρX

fX

��

ρf ′

// ρY

fY

��
X

f ′

// Y

(2) �
X

α // Y
β // Z

γ // X [1]� Kb(R) 4i{�. 8�
ρX

ρα // ρY
ρβ // ρZ

ργ // (ρX)[1]� K−,cb(CP) 4i{�. 'F K−,cb(CP) 4i{�
ρX

ρα // ρY
ν // Cone(ρα)

ω // (ρX)[1] .



322 � R _ % A � 40 #^.(u{�� (fX , fY , f):

ρX

fX

��

ρα // ρY

fY

��

ν // Cone(ρα)

f

��

ω // (ρX)[1]

fX [1]

��
X

α // Y
β // Z

γ // X [1]i fX , fY =� Clean-\%^, �Z f W� Clean-\%^. _*3%^
HomK(R)(ρZ, f) : HomK(R)(ρZ,Cone(ρα)) → HomK(R)(ρZ, Z).'C(u u : ρZ → Cone(ρα), 
3 fZ ∼ fu. �\1 f, fZ =� Clean-\%^, e

fZ : ρZ → Z, _ u W� Clean-\%^. C Cone(ρα), ρZ ∈ K−,cb(CP), k�e_5 2.1 �,

u �%G6�. 'FI.i{�4):

ρX
ρα // ρY

ρβ // ρZ

u

��

ργ // (ρX)[1]

ρX
ρα // ρY

ν // Cone(ρα)
ω // (ρX)[1]e%^

HomK(R)(ρY, f) : HomK(R)(ρY,Cone(ρα)) → HomK(R)(ρY, Z),Z� fν = βfY = fZ(ρβ) = fu(ρβ) �, ν = u(ρβ). %5*� ργ = ωu. _})�w. ^%
ρ �{�h�.Ab8fZ8�I.AC 3.6 (1)(u	Eh� σ : Kb(R) → K+,cb(CI)���khvh� ε : K+,cb(CI) →

Kb(R), 
3Ar\4 X ∈ Kb(R), (u Clean-\%^ gX : X → σX ; �iAr\4
g′ ∈ HomKb(R)(X,Y ), f%G�w):

X

gX

��

g′

// Y

gY

��
σX

σg′

// σY

(2) }�h� σ �{�h�..= 3.2 � R ��wu. w(uZ8{�6�:

(1) Db
C(R) ≃ K−,cb(CP).

(2) Db
C(R) ≃ K+,cb(CI).U (1) 'Fn�h� H : K−,cb(CP) →֒ K−(R)

F
→ D−

C
(R), e F �!�th�. Ar\4 X ∈ K−,cb(CP), �J� infcX = n, n ∈ Z, w X uBk6k n− 1 #� Clean-�n4. 'F X 4h2k��

V := · · · // 0 // Cokerdn−1
X

// Xn+1 // Xn+2 // · · · ,
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X :=

f

��

· · · // Xn−1

��

// Xn

��

// Xn+1 // Xn+2 // · · ·

V := · · · // 0 // Coker dn−1
X

// Xn+1 // Xn+2 // · · ·^.Akr\4�f>�; R-T M , M⊗R-��lj, �Z<b� f � Clean-\%^. k�u DC(R) f H(X) ∼= V . Æ�}, H(X) ∈ Db
C(R). eS! 3.2 kS! 3.5 �, h� H�KÆ�i O4. _f{�6� Db

C(R) ≃ K−,cb(CP).AbZ}IE*�Q (2). & � ; � G � I
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Abstract Over a commutative ring, the notions of clean exactness and clean derived
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