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2 q � � 6 u � {1�+G�`q%!6U7V&�WXPj��℄B�=V&�WX�F�;Je+D�A℄ [15, 17–18].

2.1 
|g+ A 'i4r$ A 3�gw#6\, 1 =,~\48 (��F&�), � Z(A) Z48 A =Gx�lE 2.1 48 A =88r℄F�Z
Der(A) = {X : A → A | X 3m�=��nV X(ab) = X(a)b + aX(b)}. (2.1)1RGy [X, Y]a = XYa−YXaf�Der(A) n$�gR48�1%� (bX)a = b(Xa), b ∈

Z(A) f� Der(A) 3�g Z(A)-w�"_F���F� Der(A) =�F�D<48 A "=X,WX�� Ωn
Der(A) Z- Der(A)n = Der(A) × · · · × Der(A)︸ ︷︷ ︸

n h : A = Z(A)-KKQJ#m��#n$=�~��G Ω0
Der(A) = A, ��

Ω•
Der(A) =

⊕

n>0

Ωn
Der(A), (2.2)41�fU%F�f


(ω ∧ η)(X1, · · · , Xp+q) =
1

p!q!

∑

σ∈Gp+q

(−1)sign(σ)ω(Xσ(1), · · · , Xσ(p))

· η(Xσ(p+1), · · · , Xσ(p+q)), (2.3)F� Ω•
Der(A) n$�g N-X,48�lE 2.2 $ (Ω•

Der(A),∧) Z�gX,48�nV Ω0
Der(A) = A, L>& Koszul =m.F��"=WX?R d,

dω(X1, · · · , Xn+1) =

n+1∑

i=1

(−1)i+1Xiω(X1, · · · , X̂i, · · · , Xn+1)

+
∑

i<j

(−1)i+jω([Xi, Xj ], · · · , X̂i, · · · , X̂j , · · · , Xn+1), (2.4)�G X̂i �1%B i g, Xi �E�"8�F�D>?R d =IZ 1, �D�<:48 A "=WX (Ω•
Der(A), d).

2.2 o�}��y"�V&�Xlj,F"�K&
&88=WX�{.")<"=Xl)Xn>�p�JXlj�K,~48"=w��{f�`qBgZ�%S#w	6:w�lE 2.3 $ A 3�g,~48� (Ω•
Der(A), d) 3F�1 A "=WX�M Z�gZ

A-w�4F�M "=�gZ Ω-XlZ�gm��#
D : M → Ω1

Der(A) ⊗A M
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D(am) = aD(m) + d(a) ⊗A m (2.5)J��= a ∈ A, m ∈ M $V�`qD�F�

D(ω ⊗A m) = (−1)nωD(m) + d(ω) ⊗A m, ω ∈ Ωn
Der(A), m ∈ M, (2.6)L% D H': Ω•

Der(A) ⊗A M.lE 2.4 Xl D =�hZ D2 1 M "=lE

D2 : M → Ω2

Der(A) ⊗A M. (2.7)1V&�={f��D�F�:wXl [15,17] .lE 2.5 A-:w M "=�g:wXl3�g�,W (M,D, σ), �G D : M →

Ω1
Der(A)⊗A M 3�gZ A-Xl� σ : M⊗A Ω1

Der(A) → Ω1
Der(A)⊗A M 3�gnV�F

D(ma) = D(m)a + σ(m ⊗ da), ∀m ∈ M, a ∈ A (2.8)=:w�#�
3 h , C

∞(Lp × R
q) ( k � 0 ) ;1�+G�%i(B 2 +GBFj=
&88=V&�Xlz�hj=�g;J,j�� Lp Z p [6\�<fRF��Bg48 A = C∞(Lp × R

q).

3.1 mGi N-reg+ Ω•� N Z�N F� N = Lp ×R
q, �G Lp 3 p [fRF�� R

q 3 q [�.F��ZU��"�� N Z
N = Lp × R

q = {(~n, ~x) = (n1, · · · , np, x1, · · · , xq) | nµ ∈ Z, xi ∈ R, 1 6 µ 6 p, 1 6 i 6 q},

A = C∞(N) = C∞(Lp × R
q).lE 3.1 48 A G���gx8 f(~n, ~x) ∈ A, �� µ-Ur (1 6 µ 6 p) = XZ

△µf(~n, ~x) = (Eµ − id)f, (3.1)�G Eµ 3� µ-Ur=	�\?R
Eµf(~n, ~x) = f(~n + µ̂, ~x), µ̂ = (0, · · · ,

µ︷︸︸︷
1 , · · · , 0︸ ︷︷ ︸
p

). (3.2)L>&Z�{�D�F��N {+=WX{.zUWX?R�lE 3.2 $ (~n, ~x) Z�N F� N = Lp × R
q G���C� ∆µ 3�"F�= X?R� ∂i 3O"=WX?R�C (~n, ~x) "=�F� T(~n,~x)(N) Z

T(~n,~x)(N) = Span{∆1, · · · , ∆p, ∂1, · · · , ∂q}.
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q G��\gx8 f(~n, ~x), g(~n, ~x), �F� T(~n,~x)(N) ='$, ∂i, ∆µ ;#f`�F


∂i(fg) = ∂i(f)g + f∂i(g), i = 1, · · · , q, (3.3)

∆µ(fg) = ∆µ(f)Eµg + f∆µ(g), µ = 1, · · · , p. (3.4)" (3.4) D>��F�	88F�3{�=�'$, ∂i Y	I�}Pm.�L'$, ∆µ�Y	�g{�=I�}Pm.�lE 3.3 C (~n, ~x) "=(�F� T ∗
(~n,~x)(N) Z�F� T(~n,~x)(N) =J�F��

T ∗
(~n,~x)(N) = Span{dn1, · · · , dnµ, · · · , dnp, dx1, · · · , dxi, · · · , dxq},nVf`�F







〈dnµ, ∆ν〉 = δµ
ν ,

〈dnµ, ∂j〉 = 0,

〈dxj , ∆µ〉 = 0,

〈dxj , ∂i〉 = δ
j
i ,

dnµ ∧ dnµ = 0,

dnµ ∧ dnν = −dnν ∧ dnµ, µ 6= ν,

dnµ ∧ dxi = −dxi ∧ dnµ,

dxi ∧ dxi = 0,

dxi ∧ dxj = −dxj ∧ dxi, i 6= j,

[dxi, f(~n, ~x)] = 0, i = 1, · · · , q,

[dnµ, f(~n, ~x)] = △µf(~n, ~x)dnµ, µ = 1, · · · , p.

(3.5)

"+F� N = Lp × R
q "=�/z(�/X�Z

T (N) :=
⋃

(~n,~x)∈N

T(~n,~x)(N) (3.6)z
T ∗(N) :=

⋃

(~n,~x)∈N

T ∗
(~n,~x)(N). (3.7)" (3.5)D>�Z A-w Ω∗ z% A-w Ω∗ 3�P=�̀ q%0BgZ A-w Ω∗.�L�7
F� N = Lp ×R

q, 48 A = C∞(N) +�48=Gx Z(A) ZS��%�� Z(A) = A.�u Ω∗
Der(A) J� Ωn

Der(A) 1a,+" A '$=RX,WX48�4 Ωn
Der(A) G��,3{�WX fdn1 ∧ · · · ∧ dnp ∧ dx1 ∧ · · · ∧ dxq, p + q = n, f ∈ C∞(N) ?z={.�18�{f�D< Ω∗

Der(A) = Ω∗
Der(A) = Ω∗(A)."+D�1 T ∗(N) "n3;JWX48 Ω∗ = ⊕

m∈Z
Ωm, �'$,Z

1︸︷︷︸
0-}0, dnµ, dxi

︸ ︷︷ ︸
1-}0 , dnµ ∧ dnν , dnµ ∧ dxi, dxi ∧ dxj

︸ ︷︷ ︸
2-}0 , · · · , dn1 ∧ · · · ∧ dnp ∧ dx1 ∧ · · · ∧ dxq

︸ ︷︷ ︸
(p+q)-}0 .�u ω ∈ Ωr(A) 3�g r-{. (0 6 r 6 p + q), 4 ω Dv[

ω =
∑

µ1µ2···µki1i2···il
k6p,l6q,k+l=r

fµ1µ2···µki1i2···il
(~n, ~x)

· dnµ1 ∧ dnµ2 ∧ · · · ∧ dnµk ∧ dxi1 ∧ dxi2 ∧ · · · ∧ dxil .
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ω =

∑

IJ

fIJdnI ∧ dxJ .jF��N =WX?R d �f�"+D< Ω∗(A) n$�gX,WX48�lE 3.4 J&WX48 Ω∗(A), �"=�N WX?R d Z
d : Ωr(A) → Ωr+1(A).

(1) � f(~n, ~x) ∈ Ω0(A) = A, 4 df = dDf + dCf, �G= dDf , dCf X�F�Z
dDf =

p∑

µ=1

∆µfdnµ,

dCf =

q∑

i=1

∂ifdxi.

(2) �
ω =

∑

IJ

fIJχI ∧ dxJ ∈ Ωr(A),4
dω =

∑

IJ

dfIJ ∧ χI ∧ dxJ . (3.8)ZU��"�X�# dD, dC ZN zZ�WX?R��>�N =WX?R d 3N WX?R dD zZ�WX?R dC ?z��
d = dD + dC . (3.9)"+D<

d(dnµ) = 0, d(dxj) = 0. . 3.1 � d 3�g�N WX?R�4D;#f`�F

(1) d(ω ∧ τ) = (dω) ∧ τ + (−1)deg ωω ∧ dτ ,

(2) d2 = 0,

(3) (df)(v) = v(f), ∀f ∈ Ω0(A), v ∈ T (N).i� Ω∗(A) 3�gX,WX48�D��1Z
Ω∗(A) =

p+q⊕

r=0

Ωr(A),�G Ωr(A) 3"F�1 Lp × R
q "= r-{.n$� Ω0(A) = A.

3.2 ^�%v?�!Ly�L>&Z�{�1�N F� N = Lp × R
q G���D�<:�g<z\{� . 3.2 \{

0 → R
i
−→ Ω0(A)

d
−→ Ω1(A)

d
−→ Ω2(A)

d
−→ · · ·

d
−→ Ωp+q(A) → 03<z=�
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4 q � � _ � & � � z $ ��+% ℄ [14] GL>=�y<:�N =/�Xlz�h�
4.1 ^�%fy	��u (P, p, M, G) 3�gF�1 (p + q)-[
e{ M , ,n�Z G =M G-/��$
e{M �N �Z M ≃ N = Lp×R

q,4J& N G���C (~n, ~x),J�=g[ p−1(~n, ~x)Pn&,n� G. �N M/ Q(N, G) F�ZB#8tg[=�
Q(N, G) =

⋃

(~n,~x)∈N

p−1(~n, ~x). (4.1)�u,n� G3�gm�9:� GL(m, R),D<:ÆAr℄/ V = V (N, Rm, GL(m, R)).++�J& N G���C (~n, ~x), J�g[ F(~n,~x) = p−1(~n, ~x) Pn)m�F� R
m, �

GL(m, R) %[ &D��N r℄/ V (N, GL(m, R)) F�Z
V (N, GL(m, R)) =

⋃

(~n,~x)∈N

p−1(~n, ~x). (4.2)�N M/"=�N *s3�f=�g�# s:

s : N = Lp × R
q = {(~n, ~x)} → Q(N, G), s(~n, ~x) ∈ G. (4.3)L>A��N r℄/"=�g�N *s s Z�f�#


s : N = Lp × R
q = {(~n, ~x)} → V (N, GL(m, R)), s(~n, ~x) ∈ R

m. (4.4)X� Γ(Q) z Γ(V ) �M/zr℄/"=*s��1B 3.1 +GF�=�/z(�/3F� N = Lp × R
q "\g�N r℄/=UR�(�/ T ∗N 1��F�Xlz�h+%�O)XK�=[ �

4.2 o�}^�%��lE 4.1 �gZ A-w X-WXXl	u� X-WX883�f=�gm��#

D : Γ(V ) → Γ(T ∗N) ⊗ Γ(V ), (4.5)nVf`�F

D(s1 + s2) = D(s1) + D(s2), (4.6)

D(fs) = fDs + df ⊗Ds, (4.7)J&�� s, s1, s2 ∈ Γ(V ), f ∈ A = C∞(N) $V�`q%8�ABgB#=�|℄�$ {sα, 1 6 α 6 m} 3m�F� Γ(V ) =
�4
{dnµ ⊗ sα, dxi ⊗ sβ , 1 6 µ 6 p, 1 6 i 6 q, 1 6 α, β 6 m} Z*sF� Γ(T ∗N) ⊗ Γ(V ) =�W
��+Z A-wu� X-WX?R8�Dv[

D(sα) = −(BD,µ)β
αdnµ ⊗ sβ − (BC,i)

γ
αdxi ⊗ sγ . (4.8)
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 ℄�= ��v W'�XY�EdR>R�b�i�2 4271K\"fB�+�̀ q- ��<EÆz/F��"=8 BD,µ, BC,i G39:�A�
B = BD,µdnµ + BC,idxi 3�N Xl 1-{.�[Z℄ [14] =�gTq�G�A�8
BD,µ F�1�f (~n, ~x) ↔ (~n + µ̂, ~x) "��D�v[

BD,µ((~n, ~x), (~n + µ̂, ~x)), (4.9)	!�Z
BD,µ(~n, ~n + µ̂, ~x). (4.10)J&��*s s = fαsα, #

Ds = dfα ⊗ sα + fαDsα

= (dD + dC)fα ⊗ sα + fα[−(BD,µ)β
αdnµ ⊗ sβ − (BC,i)

γ
αdxi ⊗ sγ ],

= ∆µfαdnµ ⊗ sα + ∂if
αdxi ⊗ sα

− fα(BD,µ)β
αdnµ ⊗ sβ − fα(BC,i)

γ
αdxi ⊗ sγ

= (∆µfβ − fα(BD,µ)β
α)dnµ ⊗ sβ + (∂if

β − fα(BC,i)
β
α)dxi ⊗ sβ

= DDµ
fβdnµ ⊗ sβ + DCi

fβdxi ⊗ sβ . (4.11)�G DDµ
fβ z DCi

fβ X�Z
DDµ

fβ = ∆µfβ − fα(BD,µ)β
α (4.12)z

DCi
fβ = ∂if

β − fα(BC,i)
β
α, (4.13)DqX�3r℄ fα =N zZ�u�88�L>A�D<r℄ fα =�N Uu�88Z

Dfβ = DDµ
fβdnµ + DCi

fβdxi

= (∆µfβ − fα(BD,µ)β
α)dnµ + (∂if

β − fα(BC,i)
β
α)dxi. (4.14)++�D�Bg A-:w Γ(V ) "=:wXl� . 4.1 � σ : Γ(V )⊗Γ(T ∗N) → Γ(T ∗N)⊗Γ(V ) 3�g A :w�#�nVf`�F


σ(sα ⊗ dfα) = dfα ⊗ sα + ∆µfβ(BD,µ)α
βdnµ ⊗ sα,

D : Γ(V ) → Γ(T ∗N) ⊗ Γ(V ) 3�gZ A-wXl�4 (Γ(V ),D, σ) 3�g A-:w Γ(V ) "=:wXl�M $ {sα, 1 6 α 6 m} Zm�F� Γ(V ) =�W
� fα ∈ A, 4#
σ(sα ⊗ dfα) = dfα ⊗ sα + ∆µfβ(BD,µ)α

βdnµ ⊗ sα

= [∆µfβdnµ + ∂if
βdxi] ⊗ sβ + [fα(~n + µ̂, ~x)

− fα(~n, ~x)](BD,µ)β
αdnµ ⊗ sβ , (4.15)

Dsα · fα = [−(BD,µ)β
αdnµ ⊗ sβ − (BC,i)

γ
αdxi ⊗ sγ ] · fα

= −fα(~n + µ̂, ~x)(BD,µ)β
αdnµ ⊗ sβ − fα(BC,i)

γ
αdxi ⊗ sγ , (4.16)
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Dsα · fα + σ(sα ⊗ dfα) = fαDsα + dfα ⊗ sα, (4.17)

D(sα · fα) = Dsα · fα + σ(sα ⊗ dfα). (4.18)B� (Γ(V ),D, σ) 3 A-:w Γ(V ) "=�g:wXl���`q<:^ A-:w Γ(V ) "=:wXl�1�℄G%C Z A-wXl D.

4.3 o�}^�%"�1�s+G�`q%k:F� 2.4 <:V&�=�N �h�"F� 4.1 D>��gV&� X-WXXl
D : Γ(V ) → Γ(T ∗N) ⊗ Γ(V )#f`{.


Ds = (∆µfβ − fα(BD,µ)β
α)dnµ ⊗ sβ + (∂if

β − fα(BC,i)
β
α)dxi ⊗ sβ ."F� 2.4, D<�h 2-{.


D2 : Γ(V ) → Ω2(N) ⊗ Γ(V ).l� 4.1 �u s = fαsα ∈ Γ(V ) 3�N r℄/ V (N, GL(m, R)) =�g*s�4�h D2 ;#f{.

D2s = −

1

2
[fα(Fµ,ν)t

αdnµ ∧ dnν + fα(Fi,j)
t
αdxi ∧ dxj + 2fα(Fµ,i)

t
αdnµ ∧ dxi] ⊗ st,�G

Fµ,ν = ∆µBD,ν − ∆νBD,µ + BD,µBD,ν(~n + µ̂, ~x)

− BD,νBD,µ(~n + ν̂, ~x), (4.19)

Fi,j = ∂iBC,j − ∂jBC,i + BC,iBC,j − BC,jBC,i, (4.20)

Fµ,i = ∆µBC,i − ∂iBD,µ + BD,µBC,i(~n + µ̂, ~x) − BC,iBD,µ, (4.21)DqX�3V&� X�h{.��P=Z��h{.z X-WX�h{.�M �u s = fαsα,4 Ds = (∆µfβ−fα(BD,µ)β
α)dnµ⊗sβ +(∂if

β−fα(BC,i)
β
α)dxi⊗sβ .S D =f`�F


D(ω ⊗A m) = (−1)nωD(m) + d(ω) ⊗A m,�)% D [ : Ds "�D<:,j�
5 J � A �� & z _ � & � � : 2 Q k H I1�+G�`q%S V&�Xlz�hjFj�aWX� Xz X-WXU&�D�A:�7�hZa+D�<:J�=D�U&��gVm�U&�u��&�Jm�_I=n��M#�4#�#�ga�h�1�J&�WXU& (DD)�WX- XU&
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(D∆) z X- XU& (∆∆), J�=^�m�_IX�Z
DD :∂xi

~Ψ = ~ΨBC,i(~x), ∂xj
~Ψ = ~ΨBC,j(~x) ⇒

∂xi
BC,j(~x) − ∂xj

BC,i(~x) + BC,i(~x)BC,j(~x) − BC,j(~x)BC,i(~x) = 0,

D∆ :∂x
~Ψn = ~ΨnU(~n, ~x), ∆µ

~Ψn = ~ΨnV (~n, ~x) ⇒

∆µU(~n, ~x) − ∂xV (~n, ~x) + V (~n, ~x)U(~n + µ̂, ~x) − U(~n, ~x)V (~n, ~x) = 0,

∆∆ :∆ν
~Ψn = ~ΨnBD,ν(~n), ∆µ

~Ψn = ~ΨnBD,µ(~n) ⇒

∆µBD,ν(~n) − ∆νBD,µ(~n) + BD,µ(~n)BD,ν(~n + µ̂) − BD,ν(~n)BD,µ(~n + ν̂) = 0.Dq�3FP 4.1 G<:= 3 JLz=�h�`qi(�N Xl 1-{. B = BD,µdnµ + BC,idxi = 3 J;J,j�D�A:J�=a�hM#��& 3 JLz=D�U&�
(1) d BD,µ = 0, BC,i ∈ GL(2, R), i = 1, 2, ��N Xl 1-{.Z B = BD,µdnµ +

BC,idxi = BC,1dx + BC,2dt, �G=89:Z
BC,1(x, t) =

(
0 u∗(x, t)

−u(x, t) 0

)
, BC,2(x, t) =




−i |u(x, t)|

2
i
du(x, t)

dx

i
du∗(x, t)

dx
i |u(x, t)|2



 .J�=a�hM#Z
F12 := ∂tBC,1(x, t) − ∂xBC,2(x, t) + BC,2(x, t)BC,1(x, t) − BC,1(x, t)BC,2(x, t)

=

(
Z11 0
0 Z22

)

= 0, (5.1)�G
Z11 =

∂u

∂t
+ i

∂2u

∂x2
+ 2i |u|2 u, Z22 =

∂u∗

∂t
− i

∂2u∗

∂x2
− 2i |u|2 u∗.D  (5.1) ��&Vm��F℄U&


∂u(x, t)

∂t
+ i

∂2u(x, t)

∂x2
+ 2i |u(x, t)|2 u(x, t) = 0. (5.2)

(2) d BC,i, BD,µ ∈ GL(2, R), i = µ = 1, ��N Xl 1-{.Z B = BD,µdnµ +

BC,idxi = BC,1dx + BD,1dn, �G89:Z
BC,1(x, n) =




−1

γ

ik
eiθn

γ

ik
e−iθn −1



 , BD,1(x, n) =

(
−1 + e−

i
2
(θn+1−θn) ik

ik −1 + e
i
2
(θn+1−θn)

)
.J�=a�hM#Z

F12 := △1BC,1(x, n) − ∂xBD,1(x, n) + BD,1(x, n)BC,1(x, n + 1) − BC,1(x, n)BD,1(x, n)

=

(
Z11 0
0 Z22

)

= 0, (5.3)



430 9 � ~ � 37 > A Æ�G
Z11 = −

i

2
e−

i
2
(θn+1−θn)∂t(θn+1 − θn) + e−

i
2
(θn+1−θn) − γe−iθn+1,

Z22 =
i

2
e

i
2
(θn+1−θn)∂t(θn+1 − θn) + γe−iθn − γeiθn+1. D< (5.3) ��&f` X-WXU&


∂tθn+1 − ∂tθn = γ sin
1

2
(θn+1 + θn), (5.4)�G n 3;8�℄�1fR\D� t 3Z�=+��℄�_U&3<h-e?U&=�gD�N �wz�

(3) d BC,i = 0, BD,µ ∈ GL(2, R), i, µ = 1, 2, ��N =Xl 1-{.Z B =

BD,µdnµ + BC,idxi = BD,1dm + BD,2dn, �G=8Z
BD,1(m, n) =



λ − 1
λ

um,n−1

um,n −2



 , BD,2(m, n) =



λ − 1 +
um,n

um−1,n

λ

um−1,n

um,n −1



 .J�=a�hM#Z
F12 := △2BD,1(m, n) −△1BD,2(m, n) + BD,2(m, n)BD,1(m, n + 1)

− BD,1(m, n)BD,2(m + 1, n)

=

(
λ
[ um,n

um−1,n

+
um,n+1

um−1,n

−
um+1,n

um,n

−
um+1,n

um,n−1

]
0

0 0

)

= 0. (5.5)D�= (5.5) ��&f` XU&

qm+1,n − 2qm,n + qm−1,n = ln

eqm,n+1−qm,n + 1

eqm,n−qm,n−1 + 1
, (5.6)�G

um,n = eqm,n ._U&3�L3fU&=�gD�N �wz [22] .

6 � ��℄-48=4((M�i(^N /"=V&�Xlz�h=l�,j�;Jv&-&�g{�=
&88=WX�`qFj=48,�"3&�=��LB =w�3�g:w�`q0Bg^�gZ A-w Ω∗(A). PÆA�01J�=% A-w Ω∗(A) Pj�8�PjZ4D{f&�WX�|=�g�~Pj�`q0Fj^8tPj1D�QG=� �N M/�Æ/�Xl��hj��D�Bg :fRrRPj��D=8�bP+�PÆ`q�o#BgV&��|=I℄��+�#D|S 8tPjJFjV&�=��,WPj�2J�1FjV&�!j+(j^�KV&�oRU&�#t{f�J�=V&�48 A 3 Moyal %�48�8tU&=D��zV&�a�h�1�A<`q1��
5�O> Ixbw&�H(=$��
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Abstract Derivation-based differential calculus is of great importance in noncommutative

geometry, noncommutative gauge theory and integrable systems. This paper gives the con-

nection and curvature from a class of deformed derivation-based differential calculus. By

means of this theory, the authors obtain the zero-curvature representation of the continuous,

semi-discrete and discrete integrable systems in an unified manner.
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