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1  � �� Σg +BfP g > 2 D=N_��d� Nielsen-Thurston HZ! Σg �D�N_DN^Hv^P 3 F [1]: (i) 6xD� (ii) =�D� (iii) pseudo-Anosov.6x��D “6x” S�t16x��+5wD��� 19 )�h�Wiman[2] "fSS�Bf g>2 D=N_��d�z�D�N_D6x��6xE6=mP 4g + 2. 1966p�Harvey[3] "fS�iE6D6xS`yi g Q={�?D� 1991p�R [4] �NS=N_~�=N_��d�D�N_D~ZN_D6x��DE66x����iE66x�7��dBfD{sj� 1993 p�IN�R [5] 1*+�dDAHv	D��N_D6xAHv�'D 4g+2 's��	�qH}�Y+OyD�
Nielsen l+SPi6x��qHD*wF [6]. yi�A
DTC3+�HBfD�d�6x��qHF	kb�*#��<6x$6!�6x��DqHF+f�D�

1997 p� Kulkarni �R [7] 1*+��x g > 3, �d Σg ��}6x n> 4g D6x��qH� Σg �iy6xP 4g � 4g+2 D6x��Db� 2010 p� Hirose �R [8] 1S
Kulkarni D(Z	;K/�< g>12 !� Σg ��}6x n>3g D6x��qH� Σg �iy6xP 4g+2, 4g, 3g + 3 � 3g D6x��Db��R� Kulkarni ~ Hirose DÆ.�t1S<6xnayb��< n>3(g − 1) !6x��G�YD��dDLwj0{�6x��qHFD^F�t1D\Y+Gy�d?��dA
B?D^#M�t1lb^#JDj0��s���d�Kz�^#JB?DLw(sDyQHL	? Zn DH?���4WB??�^#JDLwR�/W(� Harvey[3] l+Du�6x��Dj0~ Riemann-Hurwitz p' [9] �:6x��DkiR��S 2014 q 4 � 21 Æ,�� 2015 q 12 � 11 Æ,�kde�
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434 3 r q 9 37 6 A �R�E�{ g = 2 ~ g = 3 !PL�l+�*1FTCD#G\Y�5E�:+S�d;m�mD6x���zG�YD��d~6x��qHF�
2 � K � x

Σg +BfP g D=N_D��d��JVat1 Σg �D�N_DAHv�-Zl+6x��DN��
2.1 �rÆvV� 2.1 (6x��) Σg ��N_DAHv f +6xP n (∈ Z+) D6x����x

fn = idΣg
, ∀i ∈ Z+, 1 6 i < n, f i 6= idΣg

.m4N� 2.1, S�6xP n D6x�� f , �d Σg �D�}yJ x, Q	 fn(x) = x,WS�a� n D! 2 j, x=m5� Σg �DJ x′, \C f j(x′) = x′, ���
Mj(f) = {x ∈ Σg | f j(x) = x, ∀i ∈ Z+, 1 6 i < j, f i(x) 6= x}.�|%A j  - n. ��
� ∃s, q ∈ Z+, z1 0<q <j, %B n= sj + q, �S� x ∈ Mj,	 x = fn(x) = fsj+q(x) = f qfsj(x) = f q(x) 6= x, ℄T� Σg �;	�bJD���G

M(f) =
n−1⋃

j=1

Mj(f) = {x ∈ Σg | ∃j, 1 6 j < n, f j(x) = x},& M(f) P f D{�J��� Σg �N��YuX�S� x1, x2 ∈ Σg, x1 ∼ x2 ⇔ ∃r ∈ Z, %B f r(x1) = x2.�iuX+F�uX��P (i) �N� 2.1 % fn = idΣg
, 4W ∀x ∈ Σg, fn(x) = x, �

x ∼ x; (ii) � x1 ∼ x2, �	 r ∈ Z, %B f r(x1) = x2, �+ f−r(x2) = x1, � x2 ∼ x1;

(iii) � x1 ∼ x2, x2 ∼ x3, �	 r1, r2 ∈ Z, %B f r1(x1) = x2, f r2(x2) = x3, �+
f r1+r2(x1) = f r2f r1(x1) = x3, � x1 ∼ x3.V� 2.2 S��1F�uX�∀x ∈ Σg, x ;�DF�F+ [x] = {f r(x) | r ∈ Z}. Va	`yiF�F [x] = {f r(x) | r ∈ Z} %G�d Σg �6x�� f G�YDyiwA��v�d Σg ^$'ybwA�HywA1D�9={Gy f r (∃r ∈ Z) DG�!zyi�9�PVyi�9�W�HwA1DPi�9��={�vF��x!HywA1D�9:Gyi�9�Va3B?SyiwA�� Σg

f
, wA�� Σg

f
1yi�9+ ΣgDyiwA�Va	YdDgC�qz 2.1 [10] � f +=N_��d Σg ��N_D6x����wA�� Σg

f
+=N_D��d�A
H�	���

p : Σg →
Σg

f
, x 7→ [x].



4 y 8�4 >O`��e�O`E7y�� 435;}?�∀x∈Σg−M(f), [x]	 ni�9�� p−1([x])	 ni�9�W x′∈Mj(f)⊂M(f), [x′]	 j i�9�� p−1([x′]) 	 j i�9�� Bf = p(M(f)), ��� p |Σg−M(f) + Σg−M(f)? Σg

f
−Bf D n 5M����1 p + Σg ? Σg

f
{ Bf P^#�D^#M� Bf 1DJ%G f D^#J�

2.2 Z�URe_�R1Vat1D6x��+�N_DAHv�;{^#� Bf +	\��� Bf =

{x1, · · · , xk}, k +^#JDi2�YdS^#� Bf 1DJ/i?��4�J8& Σg

f
1DJ [x] ��P x. q� x ∈

Σg

f
− Bf , x̃ ∈ p−1(x), N���

Ωf,x : π1

(Σg

f
− Bf , x

)
→ Zn.s��Y�-Z Σg,

Σg

f
+��d�^#� Bf +	\��;{ Σg,

Σg

f
− Bf Q+AWOGD�� l + Σg

f
−Bf �{ x PÆJD�W� [l] + π1

(Σg

f
−Bf , x

) 1 l ;�DHYF�� l̃ + l � Σg �{ x̃ P|JDAWB��;}? l̃ D3Jx+ p−1(x) 1DJ��+
∃r ∈Z+, r 6 n, %B f r(x̃) + l̃ D3J��+VaN� Ωf,x([l]) = r (mod n).qz 2.2 ��

Ωf,x : π1

(Σg

f
− Bf , x

)
→ Zn, [l] 7→ r+H?���� x, x′ + Σg

f
− Bf 1�℄HDPiJ� l : [I, 0, 1] →

[Σg

f
− Bf , x, x

]
, �P Σg

f
− Bf+AWOGD��+5�AW α : [I, 0, 1] →

[Σg

f
− Bf , x′, x

]
. �1 β = α ∗ l ∗ α−1 +{ x′PÆJD�W��92LwD%$Va%A α 
>+Hs�

α♯ : π1

(Σg

f
− Bf , x

)
→ π1

(Σg

f
− Bf , x′

)
, [l] 7→ [β] = [α] ∗ [l] ∗ [α−1].qz 2.3 � x, x′ + Σg

f
− Bf 1�℄HDPiJ��Y1J�(#	�

π1

(Σg

f
− Bf , x

) α♯
//

Ωf,x

%%LLLLLLLLLLL

π1

(Σg

f
− Bf , x′

)

Ωf,x′

xxrrrrrrrrrrr

ZngC 2.2–2.3 D"f+�:D��J����gC 2.3 %A�VaN�D���Hs}�Y+~Æ�	DÆJq�WuD��1={�P Ωf : π1

(Σg

f
− Bf

)
→ Zn.�P Zn +#		�t Ωf 
>+ π1

(Σg

f
−Bf

) D#	� H1

(Σg

f
−Bf

) ? Zn DH?
ωf , �

ωf : H1

(Σg

f
− Bf

)
→ Zn.V� 2.3 � xi ∈ Bf , x̃i ∈ p−1(xi), � x̃i ∈ Mji

(f), Va	 2 ni =
n
ji
&P^#J

xi D^#*��
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∀xi ∈ Bf = {x1, · · · , xk}Q5�
z xi D*^aD�u Di⊂

Σg

f
, %B Di �
z Bf1Dz=J� Di D�+�P Si, �vNo!�\_P!_�� p−1(Di) =

ji⋃
α=1

Vα, z1
Vα +�d Σg ���℄#D���q� x̃i ∈p−1(xi), � x̃i ∈ Vαi

(Sii 1 6 αi 6 ji), �
Vαi

+{ x̃i P1fD�u�� Vαi
= {reiθ | 0 6 r 6 ǫ, 0 6 θ 6 2π}.qz 2.4 � xi ∈ Bf , x̃i ∈ p−1(xi), � x̃i ∈ Mji

(f), ��� f ji \/� Vαi
= {reiθ |

0 6 r 6 ǫ, 0 6 θ 6 2π} �+{ x̃i P1fDp<�
f ji|Vαi

: Vαi
→ Vαi

, reiθ 7→ re
i(θ+2π· p

ni
)
,S�yb 2 p, z1 gcd{p, ni} = 1.l5fD+ gcd{p, ni} = 1, ��
�� gcd{p, ni} = t 6= 1. ;}? f ji � Vαi

�DEap<6x+ ni, W
(f ji)

ni
t (reiθ) = re

i(θ+2π p
ni

·
ni
t

)
= rei(θ+2π p

t
) = reiθ, ∀r∈(0, ǫ], ∀θ∈ [0, 2π],℄T�qz 2.5 � xi ∈ Bf , x̃i ∈ p−1(xi), x̃i ∈ Mji

(f), Di + Σg

f
1
z xi D�u��

Di �
z Bf 1Dz=J� Si + Di D�+��vNo!�\_P!_��	 ji =

gcd{ωf(Si), n}.� � y ∈ Si, � Si ={:G Σg

f
−Bf 1{ y PÆJD�W�� ỹ (∈ p−1(y)) ∈ Vαi

,

S̃i + Si ��d Σg �D{ ỹ P|JDB��� ỹ = ǫeiθ, � S̃i D3JP ǫe
i(θ+2π· 1

ni
)
(�J

1).

} 1&>Va� ωf (Si). ;X�� f ji , �gC 2.4 %
f ji|Vαi

: Vαi
→ Vαi

, reiθ 7→ re
i(θ+2π· p

ni
)



4 y 8�4 >O`��e�O`E7y�� 437+{ x̃i P1fDp<�� gcd{p, ni} = 1, ;{ ∃u, v ∈ Z, %B
up − vni = 1, (2.1)�J�℄� u +\C (2.1) DEa! 2��	

(f ji)u(ỹ) = (f ji)u(ǫeiθ) = ǫe
i(θ+2π· p

ni
·u)

= ǫe
i(θ+2π· 1

ni
)
,� (f ji)u(ỹ) + S̃i D3J�� ωf DN�% ωf(Si) = uji.� (2.1) 	

up − vni = up − v
n

ji

= 1,�	
(uji)p − vn = ωf (Si)p − vn = ji.;{ ji = gcd{ωf(Si), n}. gCB"��v3	 ni = n

ji
= n

gcd{ωf (Si),n}
. |% ni >2, ��
�	 ni = 1, 1! ωf (Si) ≡

0 (mod n), �5f�u Di LwF��
z Σg

f
D;	^#J�Æ Di D�Y℄T (��d Σg

f
DLwj0�zBf (�P γ) ~^#J Bf ={x1, · · · , xk} ?�).V� 2.4 & Σγ(n1, · · · , nk) PBf γ, 8	 k i^#J�^#*�P n1, · · · , nk D��d��x γ = 0, & S2(n1, · · · , nk) P8	 k i^#J�^#*�P n1, · · · , nk D S2.�R�N 2 6 n1 6 n2 6 · · · 6 nk 6 n.��dD24�3={l+ Riemann-Hurwitz p'�

χ(Σg)

n
= χ

(Σg

f

)
−

k∑

i=1

(
1 −

1

ni

)
, (2.2)z1 χ(Σg) +�d Σg DrE(j2� χ(Σg) = 2 − 2g, χ

(Σg

f

)
= 2 − 2γ.

2.3 �rÆvR\�V� 2.5 (6x��qH) �d Σg �P6x�� f, f ′ &PqH��x5� Σg �D�N_AHv h, %B f ′ = h · f · h−1.Vg 2.1 [6,§11] �d Σg �P6x�� f, f ′ qH�<�.<
(i) �� f, f ′ 6x℄H�
(ii) ^#� Bf , Bf ′ �9i2℄H�
(iii) 5dtU Bf ′ 1D�9�	 ωf (Si) = ωf ′(Si) (i = 1, 2, · · · , k).m4NH 2.1 	YU(Z�qz 2.6 �� ωf (Si)= θi, �2D [g; n; θ1, · · · , θk] �(�d Σg �6x��DyiqHF�S� θi = ωf(Si) 	YdD�:gC�qz 2.7 � Di + Σg

f
1Da�u�-
zyi^#J xi, Si + Di D�+�vNo!�\_P!_� ωf (Si) = θi, � k∑

i=1

θi ≡ 0 (mod n).



438 3 r q 9 37 6 A �� �P ωf +H?���;{ k∑
i=1

θi =
k∑

i=1

ωf (Si) = ωf

( k⋃
i=1

Si

)
= ωf (∨kS1), z1

∨kS1 + k i S1 DyJ��>LwF��
z Σg

f
D;	^#JD�W��F�WHY�%)�W��1 ωf (∨kS1) ≡ 0 (mod n), ;{gCB"�qz 2.8 f +�d Σg �6xP n D6x����x gcd{d, n} = 1, l^ fd x+�d Σg �6xP n D6x���� �N� 2.1, fn = idΣg

, ∀i ∈ Z+, 1 6 i < n, f i 6= idΣg
,�	 (fd)n = fdn = (fn)d =

idΣg
, �x ∃m ∈Z+, 1 6 m < n, (fd)m = idΣg

, � gcd{d, n} = 1 % m ≡ 0 (mod n), Æ mD�Y℄T�
2.4 �rÆvR
���qz 2.9 [3] � f +=N_��d Σg �6xP n D�N_D6x���� Σg � fG�YB?D��d Σg

f
≈ Σγ(n1, · · · , nk) <�.<YUF 'M:

(i) η = ηi (i = 1, 2, · · · , k), z1 η = lcm{n1, · · · , nk}, ηi = lcm{n1, · · · , ni−1, n̂i, ni+1,

· · · , nk}, �J n̂i �(�K ni;

(ii) η |n, �x γ = 0, � η=n;

(iii) k 6= 1, ��x γ = 0, � k > 3;

(iv) �x η +s2�� η = 2αq, z1 α, q ∈ Z+, 2 ∤ q, � ni (i = 1, 2, · · · , k) 1m�
2α  -D2Di2+s2��k 2.1 <�6x��B?D��d Σg

f
≈ S2(n1, n2, n3), �gC 2.9 1 γ = 0, k

= 3 !�	 lcm{n1, n2} = lcm{n1, n3} = lcm{n2, n3} = n.�g 2.1 [7] �x�6x��B?��d Σg

f
≈ S2(n1, n2, n3), �^#*� n1, n2, n3{�6x n &�\CYUuX:

(i) �x n1 |n2, l^ n2 = n3 = n;

(ii) �x n1 = pm, p +92�� n1 ∤n2, � n3 = n.� (i) �N� 2.4, n1 6 n2 6 n3. � n2 6= n, � n2 < n, lcm{n1, n2} = n2 6= n, ÆKZ 2.1 ℄T�� n = lcm{n2, n3} = lcm{n, n3}, n3 6 n B n3 = n.

(ii) �F =� n2 = pm1q, 0 6 m1 < m, gcd{p, q} = 1, ��KZ 2.1, 	 n =

lcm{n1, n2}=pmq= lcm{pm, n3} = lcm{pm1q, n3}, ;{ n3 = pmq = n.

3 � 	 a lVg 3.1 =N_��d Σg, Bf g > 3, f + Σg �6xP n D�N_D6x����x n > 3(g − 1), l^��d Σg

f
≈S2, � f qH�Yd� (I)–(III) ;�(D6x��1Dii6x�� (�P f ′) Db�� ∃d ∈ Z+, gcd{d, n} = 1, {� Σg �D=N_AHv

h, %B f = h · f ′d · h−1, z1 I = (n1, n2, · · · ) +^#*��
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(I) S�} g > 3, Q	YU�g�o} Dh g `$,� I [g;n; θ1, θ2, θ3]

1.1 � (2, 4g, 4g) [g; 4g; 2g, 2g − 1, 1]

1.2 � (2, 2g + 1, 4g + 2) [g; 4g + 2; 2g + 1, 2g, 1]
1.3(i) 3λ (3, g + 1, 3g + 3) [g; 3g + 3; 2g + 2, 3λ, 1]
1.3(ii) 3λ + 1 (3, g + 1, 3g + 3) [g; 3g + 3; g + 1, 3(2λ + 1), 1]

1.4(i) 3λ  3λ + 1 (3, 3g, 3g) [g; 3g; g, 2g − 1, 1]
1.4(ii) 3λ + 2 (3, 3g, 3g) [g; 3g; 2g, g − 1, 1]

(II) < n > 3g !�	YU 5 4�g�o} Dh g `$,� I [g; n; θ1, θ2, θ3] o} Dh g `$,� I [g;n; θ1, θ2, θ3]

1.5 4 (4, 6, 12) [4; 12; 9, 2, 1] 1.8 10 (5, 6, 30) [10; 30; 24, 5, 1]
1.6 6 (4, 5, 20) [6; 20; 15, 4, 1] 1.9 12 (4, 9, 36) [12; 36; 27, 8, 1]
1.7 9 (4, 7, 28) [9; 28; 7, 20, 1]

(III) < 3(g − 1) 6 n < 3g !�	YU 22 4�g�o} Dh g `$,� I [g; n; θ1, θ2, θ3] o} Dh g `$,� I [g;n; θ1, θ2, θ3]

1.10 3 (4, 8, 8) [3; 8; 2, 5, 1] 1.18 7 (4, 10, 20) [7; 20; 5, 14, 1]
[3; 8; 6, 1, 1] 1.19 9 (4, 24, 24) [9; 24; 6, 17, 1]

1.11 3 (7, 7, 7) [3; 7; 1, 5, 1] [9; 24; 18, 5, 1]
[3; 7; 2, 4, 1] 1.20 9 (6, 8, 24) [9; 24; 20, 3, 1]

1.12 4 (5, 10, 10) [4; 10; 2, 7, 1] 1.21 10 (4, 14, 28) [10; 28; 21, 6, 1]
[4; 10; 8, 1, 1] 1.22 12 (5, 7, 35) [12; 35; 14, 20, 1]

1.13 4 (9, 9, 9) [4; 9; 4, 4, 1] 1.23 13 (4, 18, 36) [13; 36; 9, 26, 1]
1.14 5 (6, 12, 12) [5; 12; 10, 1, 1] 1.24 14 (5, 8, 40) [14; 40; 24, 15, 1]
1.15 6 (5, 15, 15) [6; 15; 3, 11, 1] 1.25 15 (6, 7, 42) [15; 42; 35, 6, 1]

[6; 15; 6, 8, 1] 1.26 15 (4, 11, 44) [15; 44; 11, 32, 1]
1.16 6 (4, 16, 16) [6; 16; 4, 11, 1] 1.27 16 (5, 9, 45) [16; 45; 9, 35, 1]
1.17 7 (6, 9, 18) [7; 18; 3, 14, 1] 1.28 18 (4, 13, 52) [18; 52; 39, 12, 1]

[7; 18; 15, 2, 1] 1.29 21 (4, 15, 60) [21; 60; 15, 44, 1]o} Dh g `$,� I [g, n; θ1, · · · , θ4] o} Dh g `$,� I [g, n; θ1, · · · , θ4]

1.30 3 (2, 3, 3, 6) [3; 6; 3, 4, 4, 1] 1.31 4 (2, 2, 5, 5) [4; 10; 5, 5, 2, 8]
[4; 10; 5, 5, 4, 6]�k 3.1 < g > 21 !�

(i) =N_��d Σg �6xP n D�N_D6x����x n > 3(g − 1), � n =

4g + 2, 4g, 3g + 3 � 3g.

(ii) � f1, f2 + Σg �6xQP n D6x����x n > 3(g − 1), � f2 qH� f1 Dyib�� 3.1 4NH 3.1 =B�6x�ayb (ÆR [8] l+DF n > 3g ℄�), �
n > 3(g − 1) !�<�dBf$6 (g > 21) !��}�N_D6x��D6x-	 4 4g'�� n = 4g + 2, 4g, 3g + 3 � 3g. ;< g 6 21 !
B?nU�
z�� 4 F6x��1D�A�{�+[ 4 i^#JD�A��5f-	�6x$6!6x��DqHF"	�$IyDg'�W6x$a!�A+�D��.�
B?��d�+ S2 Di��A�



440 3 r q 9 37 6 A ��Yd�!l+DNH 3.1 D"fy)�{���DL 5.1–5.2 D�:y)=B�
Harvey[3] D(Z (gC 2.9) l+S��d�6x��G�YD��d�z^#Ji2~^#*�D�:z4�K�gC 2.9 ~ Riemann-Hurwitz p'��:+�/iD��1={,9�:�)n�{b9�:�:Y!�L 5.1–5.2 D�:y)��1S��NBfD��d3={�:+z={�mD6x���S���dDLwj0�/W�B6x��DqHF�/i/y!Dt1�
4 X h 3.1 T � p�g 4.1 =N_��d Σg, BfP g > 3, f + Σg �6xP n D�N_D6x����x n > 3(g − 1), l^��d Σg

f
≈S2, �^#*� I =(n1, · · · , nk) +� 2 ;U�g

(z1 k +^#JDi2). O 2

(a) < k = 3 !�n| g n I n| g n I

1.1 �} 4g (2, 4g, 4g) 1.3 3 ∤g+1 3g+3 (3, g+1, 3g+3)

1.2 �} 4g+2 (2, 2g+1, 4g+2) 1.4 �} 3g (3, 3g, 3g)
1.5 4 12 (4, 6, 12) 1.8 10 30 (5, 6, 30)
1.6 6 20 (4, 5, 20) 1.9 12 36 (4, 9, 36)
1.7 9 28 (4, 7, 28) – – – –
1.10 3 8 (4, 8, 8) 1.20 9 24 (6, 8, 24)
1.11 3 7 (7, 7, 7) 1.21 10 28 (4, 14, 28)
1.12 4 10 (5, 10, 10) 1.22 12 35 (5, 7, 35)
1.13 4 9 (9, 9, 9) 1.23 13 36 (4, 18, 36)
1.14 5 12 (6, 12, 12) 1.24 14 40 (5, 8, 40)
1.15 6 15 (5, 15, 15) 1.25 15 42 (6, 7, 42)
1.16 6 16 (4, 16, 16) 1.26 15 44 (4, 11, 44)
1.17 7 18 (6, 9, 18) 1.27 16 45 (5, 9, 45)
1.18 7 20 (4, 10, 20) 1.28 18 52 (4, 13, 52)
1.19 9 24 (4, 24, 24) 1.29 21 60 (4, 15, 60)

(b) k = 4 !�
g n I g n I

1.30 3 6 (2, 3, 3, 6) 1.31 4 10 (2, 2, 5, 5)� -Z"f�NHF Y��d Σg

f
≈S2. � Riemann-Hurwitz p' (� (2.2)), =B

k∑

i=1

(
1 −

1

ni

)
=

2g − 2

n
+ χ

(Σg

f

)
. (4.1)�� χ

(Σg

f

)
6 0, �

k∑

i=1

(
1 −

1

ni

)
6

2g − 2

n
,



4 y 8�4 >O`��e�O`E7y�� 441� n > 3(g − 1) � 2 6 n1 6 n2 6 · · · 6 nk 6 n, =%
k

2
6

k∑

i=1

(
1 −

1

ni

)
6

2g − 2

n
6

2

3
,�1 k6

4
3 , �+ k=1, ÆgC 2.9(iii) ℄T�;{ χ

(Σg

f

)
=2− 2γ >0, γ <1, =B γ = 0, �

Σg

f
≈S2, χ

(Σg

f

)
= 2.��^#Ji2 k. � (4.1) � n > 3(g − 1), 2 6 n1 6 n2 6 · · · 6 nk 6 n, =B

k

2
6

k∑

i=1

(
1 −

1

ni

)
= χ

(Σg

f

)
+

2g − 2

n
= 2 +

2g − 2

n
6 2 +

2

3
=

8

3
,�+ k6

16
3 , ��gC 2.9(iii), < γ =0 !� k > 3, ;{ k D=m)P 3, 4, 5. Yd^�/i�:�

(a) k = 3.

(4.1) =�P
3∑

i=1

(
1 −

1

ni

)
= 2 +

2g − 2

n
. (4.2)/W

3
(
1 −

1

n1

)
6

3∑

i=1

(
1 −

1

ni

)
= 2 +

2g − 2

n
6 2 +

2

3
=

8

3
,*B n1 6 9, ;{ 2 6 n1 6 9, YdS n1 D�H�)^�/i�Z�

(a.1) n1 |n2.��H 2.1(i) B n2 = n3 = n, (4.2) =�P
2g = n

(
1 −

1

n1

)
. (4.3)Gy (4.3) S`yi n1 �lNF (n1 |n2) Y�: g Æ n DuX�;}?NHD\NF � n>3(g − 1), � n∈Z+, �v3={�:+\CF D g ~ n, /WB?℄�D

I = (n1, n2, n3) D)��:�Y�< n1 = 2 !�� (4.3) B n = 4g, 	 I = (2, 4g, 4g) (�H 4.1(1.1)).< n1 = 3 !�� (4.3) B n = 3g, 	 I = (3, 3g, 3g) (�H 4.1(1.4)).< n1 = 4 !�� (4.3) B n = 8
3g,� n > 3(g−1),B g 6 9,� n ∈ Z+, ;{ g = 3, 6, 9,;B24�� 3 ;U� O 3

g n I g n I

3 8 (4, 8, 8) (�H 4.1(1.10)) 6 16 (4, 16, 16) (�H 4.1(1.16))

9 24 (4, 24, 24) (�H 4.1(1.19)) – – – –< n1 = 5, � (4.3) B n = 5
2g > 3(g − 1), � g 6 6, � n ∈ Z+, ;{ g = 4, 6, ;B24�� 4 ;U� O 4

g n I g n I

4 10 (5, 10, 10) (�H 4.1(1.12)) 6 15 (5, 15, 15) (�H 4.1(1.15))



442 3 r q 9 37 6 A �< n1 = 6, � (4.3) B n = 12
5 g > 3(g − 1), g 6 5, �	 g = 5, n = 12, I = (6, 12, 12)

(�H 4.1(1.14))< n1 = 7, � (4.3) B n = 7
3g > 3(g − 1), g 6 9

2 , �	 g = 3, n = 7, I = (7, 7, 7)

(�H 4.1(1.11))< n1 = 8, � (4.3) B n = 16
7 g > 3(g − 1), g 6 21

5 < 7, �� n ∈ Z+, t_	\CF D g.< n1 = 9, � (4.3) B n = 9
4g > 3(g−1), g 6 4,�	 g = 4, n = 9, I = (9, 9, 9) (�H

4.1(1.13)).

(a.2) n1 ∤n2.

(a.2.1) < n1 +92�� n1 = 2, 3, 5, 7 !�-Z� n = lcm{n1, n2} % n = n1n2, ���H 2.1(ii) B n3 = n = n1n2, 1! (4.2) =�P
2g = (n1 − 1)

( n

n1
− 1

)
. (4.4)~ (a.1) D\YF6�Gy (4.4) S`yi92 n1 �lNF Y�: g Æ n DuX��(�z=F �:+ g ~ n, /WB?℄�D I = (n1, n2, n3) D)��:�Y�< n1 =2 !�� (4.4) B n = 4g + 2, I = (2, 2g + 1, 4g + 2) (�H 4.1(1.2)).< n1 = 3 !�� (4.4) B n = 3g + 3, I = (3, g + 1, 3g + 3), �� n1 ∤ n2 B 3 ∤ g + 1

(�H 4.1(1.3)).< n1 = 5 !�� (4.4) B n = 5
2g + 5 > 3(g − 1), �B g 6 16, Vy\d��

gcd{n1, n2} = 1 % n1 6= n2, ;{ n1 < n2 = n
n1

, �	 5
2g + 5 = n > n2

1 = 25, 	 g > 8, �
8 < g 6 16, � n ∈ Z+, ;{ g = 10, 12, 14, 16. ;B24�� 5 ;U�O 5

g n I g n I

10 30 (5, 6, 30) (�H 4.1(1.8)) 14 40 (5, 8, 40) (�H 4.1(1.24))

12 35 (5, 7, 35) (�H 4.1(1.22)) 16 45 (5, 9, 45) (�H 4.1(1.27))< n1 =7 !�� (4.4) B n = 7
3g+7 > 3(g−1),�B g 6 15,Vy\d�n1 < n2 = n

n1

,�	 n = 7
3g + 7 > n2

1 = 49, 	 g > 18, ;{_	 g \CF �
(a.2.2) �x n1 = 4, 8, 9,� n1 ={^*P92DbDg'���H 2.1(ii) B n3 = n,1! (4.2) =�P

2g − 1 = n
(
1 −

1

n1
−

1

n2

)
. (4.5)~�dD�:\YF6�Gy (4.5) S n1 = 4, 8, 9 �lNF Y^��: g Æ n DuX��:�Y�< n1 =4=22 !�� n1 ∤n2 =� n2 = 2λ � λ, λ ∈ Z+, 2 ∤ λ.�x n2 =2λ, � n = lcm{n1, n2} = lcm{4, 2λ} = 4λ = 2n2, � (4.5) B n = 8g+4

3 , �(� n > 3(g − 1) B g 6 13, � n ∈ Z+ � g > 3, ;{	 g = 4, 7, 10, 13, ;B24�� 6;U� O 6

g n I g n I

4 12 (4, 6, 12) (�H 4.1(1.5)) 10 28 (4, 14, 28) (�H 4.1(1.21))

7 20 (4, 10, 20) (�H 4.1(1.18)) 13 36 (4, 18, 36) (�H 4.1(1.23))



4 y 8�4 >O`��e�O`E7y�� 443�x n2 =λ, � n= lcm{n1, n2} = lcm{4, λ}=n1n2 =4λ, � (4.5) B n= 4(2g+3)
3 = 8

3g

+4, � n > 3(g − 1) B g 6 21, � n ∈ Z+ % g + 3 D�2� g = 3, 6, 9, 12, 15, 18, 21,;B24�� 7 ;U� O 7

g n I g n I

6 20 (4, 5, 20) (�H 4.1(1.6)) 15 44 (4, 11, 44) (�H 4.1(1.26))

9 28 (4, 7, 28) (�H 4.1(1.7)) 18 52 (4, 13, 52) (�H 4.1(1.28))

12 36 (4, 9, 36) (�H 4.1(1.9)) 21 60 (4, 15, 60) (�H 4.1(1.29))< g = 3 !� n2 = n
n1

= 12
4 = 3 < n1, Æ n1 6 n2 ℄T��1���4�A�< n1 = 8 = 23 !�� n1 ∤ n2 =� n2 = 4λ � 2λ � λ, λ ∈ Z+, 2 ∤ λ. �x

n2 = 4λ, n = lcm{n1, n2} = lcm{8, 4λ} = 8λ = 2n2, � (4.5) B n = 8(2g+1)
7 > 3(g + 1),

g 6
29
5 < 6, � n ∈ Z+ % 2g + 1 + 7 D�2� g = 3, n = 8, n2 = n

2 = 4 < n1, �1���4�A��x n2 = 2λ, n = lcm{n1, n2} = lcm{8, 2λ} = 8λ = 4n2, � (4.5) B
n = 8(2g+3)

7 > 3(g + 1), g 6 9, � n ∈ Z+ % 2g + 3 + 7 D�2�B g = 2, 9. �P4�AQB? n2 < n1, �1Qw����x n2 = λ, n = lcm{n1, n2} = lcm{8, λ} = 8λ = 8n2,� (4.5) B n = 8(2g+7)
7 > 3(g + 1), g 6

77
5 < 16, � n ∈ Z+ % 2g + 7 + 7 D�2�B

g = 7, 14. �P4�AQB? n2 < n1, �1Qw���B&�< n1 = 8 !_	w�D(x�< n1 = 9 = 32 !�� n1 ∤ n2 =� n2 = 3λ + 1 � 3λ + 2 � 3λ, λ ∈ Z+, 3 ∤ λ, ~
n1 = 8 !HvD�:y)�E�_	w�D(x�

(a.2.3) E��Z n1 = 6.� (4.2), (� n > 3(g − 1), =B
1

n2
+

1

n3
>

1

6
, (4.6);X? n1 6 n2 6 n3 B 6 6 n2 6 12, �P n1 ∤ n2, ;{ n2 6= 6, 12. �x n2 = 7, �

n = lcm{6, 7} = 42, �KZ 2.1 B n3 = 42, 9� (4.2) B g = 15, �	 g = 15, n =

42, I = (6, 7, 42) (�H 4.1(1.25)). �x n2 = 8, � n = lcm{6, 8} = 24, �KZ 2.1 B
n3 = 24, 9� (4.2) B g = 9, �	 g = 9, n = 24, I = (6, 8, 24) (�H 4.1(1.20)). �x n2 = 9, � n = lcm{6, 9} = 18, �KZ 2.1 B n3 = 18, 9� (4.2) B g = 7, �	
g = 7, n = 18, I = (6, 9, 18) (�H 4.1(1.17)). �x n2 =10, � n = lcm{6, 10} = 30, �KZ 2.1 B n3 = 30, 9� (4.2) B g = 23

2 , ����x n2 =11, � n = lcm{6, 11} = 66, �KZ 2.1 B n3 = 66, 9� (4.2) B g = 25. ;}?1! 3(g − 1) = 72 > n, ~NHF ℄T����
k = 3 D�A�ZM��
(b) < k = 4 !� (4.1) =�P

4∑

i=1

(
1 −

1

ni

)
=

2g − 2

n
+ χ

(Σg

f

)
=

2g − 2

n
+ 2 6

8

3
, (4.7)	

4

3
6

4∑

i=1

( 1

ni

)
6

4

n1
, (4.8)



444 3 r q 9 37 6 A �;{ n1 6 3, n1 = 2 � 3. ! n1 D)9� (4.7), �HvD\Y�N n2 D�)�{1FK��:�:y)�(x�� 8 ([� O 8

n1 = 2
n2 = 2

n3 = 2 n4 = 2 g = 1, n = 2
n3 = 3 n4 = 3 g = 2, n = 6
n3 = 4 n4 = 4 g = 2, n = 4
n3 = 5 n4 = 5 g = 4, n = 10

n2 = 3 n3 = 3 n4 = 6 g = 3, n = 6
n1 = 3 n2 = 3 n3 = 3 n4 = 3 g = 2, n = 3�J�ZD+ g > 3 D�d�t< k = 4 !	YdP4�A�O 9

g n I g n I

3 6 (2, 3, 3, 6) (�H 4.1(1.30)) 4 10 (2, 2, 5, 5) (�H 4.1(1.31))

(c) < k = 5 !� (4.1) =�P
5∑

i=1

(
1 −

1

ni

)
=

2g − 2

n
+ χ

(Σg

f

)
=

2g − 2

n
+ 2 6

8

3
, (4.9)	

7

3
6

5∑

i=1

1

ni

6
5

n1
,�+ n1 6 15

7 < 3, ;{ n1 = 2, 9� (4.9) ℄�B? n2 = n3 = 2, �! n1 = n2 = n3 = 29� (4.9),  H=B
5

6
6

( 1

n4
+

1

n5

)
6

2

n4
, (4.10)� n4 6

12
5 < 3, ;{ n4 = 2. 9� (4.9) B n5 6 3. (i) n1 = n2 = n3 = n4 = n5 = 2, ÆgC 2.9(iv) ℄T� (ii) n1 =n2 =n3 =n4 =2, n5 = 3 ÆgC 2.9(i) ℄T�;{_	 5 i^#JD�A��H 4.1 "M�Vg 3.1 R�o (1) <^#Ji2P k=3 !�Va%A�^#*�F�6x!�℄�D^#J (�P xi) +�PJ�� f(xi) = xi. ��H 4.1 %�< Σg

f
≈S2(n1, n2, n3)!�B+	�PJ�1! n3 =n,� gcd{θ3, n} = n

n3

= 1, θ3 =m�)+Æ n�9D 2��1-wq�}<Db3	 θ3 = 1, �J�℄(&� θ3 = 1, θ3 �z=)B?D+ θ3 = 1!S�D6x��DbDqHF�!+�vD��=%��ib3+~6x n �9D 2�YdS�H 4.1 1;U�g^��:��?Dp'	
gcd{θi, n} =

n

ni

, (4.11)

k∑

i=1

θi ≡ 0 (mod n). (4.12)
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(1.1) g �}� n = 4g, I = (2, 4g, 4g), 1! gcd{θ1, n} = n
n1

= 2g, ;{ θ1 = 2g, �
θ3 = 1, � 3∑

i=1

θi ≡ 0 (mod 4g) B θ2 = 2g − 1, �\C (4.11). �+B?BfP g D=N_��d�6xP 4g D6x��DqHF� [g; 4g; 2g, 2g − 1, 1] (NH 3.1(1.1)).

(1.2) g �}� n = 4g + 2, I = (2, 2g + 1, 4g + 2), 1! gcd{θ1, n} = n
n1

= 2g + 1, ;{ θ1 = 2g + 1, � θ3 = 1, � 3∑
i=1

θi ≡ 0 (mod 4g + 2) B θ2 = 2g, �\C (4.11). �+B?BfP g D=N_��d�6xP 4g + 2 D6x��DqHF [g; 4g + 2; 2g + 1, 2g, 1]

(NH 3.1(1.2)).

(1.3) 3 ∤ g + 1, n = 3g + 3, I = (3, g + 1, 3g + 3), �:B θ1 = g + 1 � 2(g + 1), �
θ3 = 1, 9� (4.12) B θ2 = 2g + 1 � g. B?YdPD24�

(A) [g; 3g + 3; g + 1, 2g + 1, 1], (B) [g; 3g + 3; 2(g + 1), g, 1].;}? 3 ∤ g + 1, � g = 3λ � 3λ + 1, λ ∈ Z+. < g = 3λ !� 2g + 1 = 6λ + 1, 1! (4.11)�'M� (B) �\C�B [g; 3g + 3; 2(g + 1), 3λ, 1] (NH 3.1(1.3(i))). < g = 3λ + 1 !�
(A) �\CF �B [g; 3g + 3; g + 1, 3(2λ + 1), 1] (NH 3.1(1.3(ii))).

(1.4) g �}� n = 3g, I = (3, 3g, 3g), ~ (1.3) F6�� θ1 = g � 2g, θ3 = 1 B
θ2 =2g − 1 � g − 1, B?PD24�

(C) [g; 3g; g, 2g − 1, 1], (D) [g; 3g; 2g, g − 1, 1].;X gcd{θ2, n} = n
n2

= 1 +a'M�S g D�)/i^F� g = 3λ, 3λ + 1, 3λ + 2,

λ ∈ Z+. < g = 3λ !�S θ2 DPi�)Q	 gcd{θ2, n} = 1, t (C)–(D) Q\C��xl
(C) �(D6x��G g − 1 3b��	 [g; 3g; g(g − 1), (2g − 1)(g − 1), g − 1]. ;}?

g(g − 1) = 3λ(3λ − 1) = 9λ · (λ − 1) + 6λ = n(λ − 1) + 2g ≡ 2g (mod n),

(2g − 1)(g − 1) = n · 6λ − n + 1 ≡ 1 (mod n),�1 (D) + (C) D g − 1 3b�< g = 3λ !� (C) ~ (D) qH�< g = 3λ + 1 !�
g − 1 = 3λ, (D) �\C�< g = 3λ + 2 !� 2g − 1 = 6λ + 3, (C) �\C�(Z�< g = 3λ, 3λ + 1 !� [g; 3g; g, 2g − 1, 1] (NH 3.1(1.4(i))); < g = 3λ+2 !�
[g; 3g; 2g, g−1, 1] (NH 3.1(1.4(ii))).z=�g+�\C (4.11)–(4.12) YD�:�:��J���

(2) <^#Ji2 k =4 !�Z�: g =3, n=6, I =(n1, n2, n3, n4)= (2, 3, 3, 6) !D�g� n4 = n = 6, ;{ θ4 = 1. n1 = 2, gcd{θ1, n}= 6
2 = 3, ;{ θ1 = 3. nα = 3 (α = 2, 3),

gcd{θα, n}= 6
3 =2, ;{ θα =2 � 4. �� 4∑

i=1

θi ≡ 0 (mod 6) % θ2 = θ3 =4, �B?yD24 [3; 6; 3, 4, 4, 1] (NH 3.1(1.30)).��: g = 4, n = 10, I = (n1, n2, n3, n4) = (2, 2, 5, 5) !D�g� nα = 2 (α = 1, 2),

gcd{θα, n}= 10
2 =5, ;{ θα =5. nβ =5 (β =3, 4), gcd{θβ, n}= 10

5 =2, ;{ θβ =2 � 4 � 6� 8. �� 4∑
i=1

θi ≡ 0 (mod 10) % θ1 =θ2 =5, θ3 =2, θ4 =8 � θ1 =θ2 =5, θ3 =4, θ4 =6, �B?PD24 [4; 10; 5, 5, 2, 8], [4; 10; 5, 5, 4, 6] (NH 3.1(1.31)).

5 b | j �i 5.1 < g = 2 !��x f +=N_��d Σ2 �6xP n D�N_D6x������d Σ2

f
+Y�;U�g��� f yNÆ�1;l6x��1Dii6x��Db
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n Σ2

f
[g; n; θ1, θ2, · · · ] n Σ2

f
[g; n; θ1, θ2, · · · ]

2 Σ1(2, 2) [2; 2; 1, 1] – – –
2 S2(2, 2, 2, 2, 2, 2) [2; 2; 1, 1, 1, 1, 1, 1] 6 S2(3, 6, 6) [2; 6; 4, 1, 1]
3 S2(3, 3, 3, 3) [2; 3; 1, 1, 2, 2] 6 S2(2, 2, 3, 3) [2; 6; 3, 3, 2, 4]
4 S2(2, 2, 4, 4) [2; 4; 2, 2, 1, 3] 8 S2(2, 8, 8) [2; 8; 4, 1, 3]
5 S2(5, 5, 5) [2; 5; 1, 1, 3] 10 S2(2, 5, 10) [2; 10; 5, 4, 1]� < g = 2 !� χ(Σ2) = 2 − 2g = −2, Riemann-Hurwitz p'�P

k∑

i=1

(
1 −

1

ni

)
+

χ(Σ2)

n
=

k∑

i=1

(
1 −

1

ni

)
+

−2

n
= χ

(Σ2

f

)
. (5.1)�x χ

(
Σ2

f

)
6 0, � (5.1) {� ni > 2, =B

k

2
6

k∑

i=1

(
1 −

1

ni

)
6

2

n
, (5.2)�1� kn 6 4. �|B?\C�F' kn 6 4 � n > 1, k 6= 1 (gC 2.9(iii)) D! 2 n ~

k, -	 k = 2, n = 2, �6xP 2 D6x���S���d	 2 i^#J��|%A^#*� n1 = n2 = n = 2, 9� (5.1) B χ(Σ2

f
) = 2 − 2γ = 0, γ = 1,  H�Y�

n = 2 Σ2

f
≈ Σ1(2, 2) [2; 2; 1, 1]��dD�:%�< kn > 4 !	 χ

(
Σ2

f

)
= 2 − 2γ > 0, γ < 1, �1! Σ2

f
≈ S2,

χ
(

Σ2

f

)
= 2, Riemann-Hurwitz p'�P

k∑

i=1

(
1 −

1

ni

)
= χ

(Σ2

f

)
+

2

n
= 2 +

2

n
. (5.3)

Wiman[2] *+BfP g D=N_��d�D�N_D6x��D6xE6P 4g +2,< g = 2 !6xE6P 10. YdS 2 6 n 6 10 D 28y�Z�< n = 2 !� ni D=m�)P 2, (5.3) P
k∑

i=1

(
1 −

1

ni

)
= 2 +

2

2
= 3. (5.4)! ni D=m�)9� (5.4) B k = 6, ni= 2 (i=1, 2, 3, 4, 5, 6). � gcd{n, θi} = n

ni
~

6∑
i=1

θi ≡ 0 (mod 2), =B θi =1 (i = 1, 2, 3, 4, 5, 6).

n = 2 Σ2

f
≈ S2(2, 2, 2, 2, 2, 2) [2; 2; 1, 1, 1, 1, 1, 1]< n = 3 !� ni D=m�)P 3, (5.3) P

k∑

i=1

(
1 −

1

ni

)
= 2 +

2

3
=

8

3
. (5.5)



4 y 8�4 >O`��e�O`E7y�� 447! ni =m�)9� (5.5) B k = 4, ni= 3 (i = 1, 2, 3, 4). � gcd{n, θi} = n
ni
~ 4∑

i=1

θi ≡

0 (mod 3), B θ1 = θ2 = 1, θ3 = θ4 = 2.

n = 3 Σ2

f
≈ S2(3, 3, 3, 3) [2; 3; 1, 1, 2, 2]< n = 4 !� ni =mP 2 � 4. (5.3) P

k∑

i=1

(
1 −

1

ni

)
= 2 +

2

4
=

5

2
. (5.6)	P4�A\C (5.6): k = 5, ni = 2 (i = 1, 2, 3, 4, 5) ~ k = 4, n1 = n2 = 2, n3 = n4 = 4.I 1 4�A	 θi = 2 (i = 1, 2, 3, 4, 5), ; 5∑

i=1

2 6≡ 0 (mod 4), ���I 2 4�A��
gcd{n, θi} = n

ni
~ 4∑

i=1

θi ≡ 0 (mod 4) B θ1 = θ2 = 2, θ3 = 1, θ4 = 3.

n = 4 Σ2

f
≈ S2(2, 2, 4, 4) [2; 4; 2, 2, 1, 3]< n = 5 !� ni D=m�)P 5, (5.3) P

k∑

i=1

(
1 −

1

ni

)
= 2 +

2

5
=

12

5
. (5.7)! ni =m�)9� (5.7) B k = 3, n1 = n2 = n3 = 5. � gcd{n, θi} = n

ni
~ 3∑

i=1

θi ≡

0 (mod 5) B θ1 = θ2 = 1, θ3 = 3 � θ1 = θ2 = 2, θ3 = 1, �B?6x��DqHF [2; 5;

1, 1, 3] ~ [2; 5; 2, 2, 1], ;}? [2; 5; 2, 2, 1] D 3 3b~ [2; 5; 1, 1, 3] ℄F�
n = 5 Σ2

f
≈ S2(5, 5, 5) [2; 5; 1, 1, 3]< n = 6 !� ni D=m�)P 2, 3, 6. (5.3) P

k∑

i=1

(
1 −

1

ni

)
= 2 +

2

6
=

7

3
. (5.8)! ni =m�)9� (5.8) B? 3 4�A�

(i) k = 3, n1 = 3, n2 = n3 = 6, �:B θ1 = 4, θ2 = θ3 = 1.

(ii) k = 4, n1 = n2 = 2, n3 = n4 = 3, �:B θ1 = θ2 = 3, θ3 = 2, θ4 = 4.

(iii) k = 4, n1 = n2 = n3 = 2, n4 = 6, 1! lcm{n1, n2, n3} 6= n, ���4�A�
n = 6

Σ2

f
≈ S2(3, 6, 6) [2; 6; 4, 1, 1]

Σ2

f
≈ S2(2, 2, 3, 3) [2; 6; 3, 3, 2, 4]< n = 7 !� ni =mP 7, (5.3) P

k∑

i=1

(
1 −

1

ni

)
= 2 +

2

7
=

16

7
. (5.9)! ni =m�)9� (5.9) %�_	 k ∈ Z+ \C�< n = 8 !� ni =mP 2, 4, 8. (5.3) P

k∑

i=1

(
1 −

1

ni

)
= 2 +

2

8
=

9

4
, (5.10)
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(i) k=3, n1 =2, n2 =n3 =8, �:B θ1 = 4, θ2 = 3, θ3 = 1.

(ii) k = 3, n1 =n2 =n3 =4, 1! lcm{n1, n2} 6= n, ���4�A�
(iii) k = 4, n1 =n2 =n3 =2, n4 = 4, 1! lcm{n1, n2, n3} 6= n, ���4�A�

n = 8 Σ2

f
≈ S2(2, 8, 8) [2; 8; 4, 3, 1]< n = 9 !� ni =mP 3, 9. (5.3) P

k∑

i=1

(
1 −

1

ni

)
= 2 +

2

9
=

20

9
. (5.11)! ni =m�)9� (5.11) B k = 3, n1 = n2 = 3, n3 = 9, 1! lcm{n1, n2} 6= n, ���4�A�< n = 10 !� ni =mP 2, 5, 10. (5.3) P

k∑

i=1

(
1 −

1

ni

)
= 2 +

2

10
=

11

5
. (5.12)! ni =m�)9� (5.12) B k=3, n1 =2, n2 =5, n3 =10, �:B θ1 = 5, θ2 = 4, θ3 = 1.

n = 10 Σ2

f
≈ S2(2, 5, 10) [2; 10; 5, 4, 1]�vL 5.1 D;	�gQ�:M��i 5.2 < g = 3 !��x f +=N_��d Σ3 �6xP n D�N_D6x������d Σ3

f
+Y�;U�g��� f yNÆ�1;l6x��1Dii6x��DbqH� O 11

n Σ3

f
[g; n; θ1, θ2, · · · ]

2 Σ2 –
2 Σ1(2, 2, 2, 2) [3; 2; 1, 1, 1, 1]
3 Σ1(3, 3) [3; 3; 1, 2]
4 Σ1(2, 2) [3; 4; 1, 1]
2 S2(2, 2, 2, 2, 2, 2, 2, 2) [3; 2; 2, 2, 2, 2, 2, 2, 2, 2]
3 S2(3, 3, 3, 3, 3) [3; 3; 1, 1, 1, 1, 2]
4 S2(4, 4, 4, 4) [3; 4; 1, 1, 1, 1], [3; 4; 1, 1, 3, 3]
4 S2(2, 2, 2, 4, 4) [3; 4; 2, 2, 2, 1, 1]
6 S2(2, 2, 6, 6) [3; 6; 3, 3, 1, 5]
6 S2(2, 3, 3, 6) [3; 6; 3, 4, 4, 1]
7 S2(7, 7, 7) [3; 7; 1, 5, 1], [3; 7; 2, 4, 1]
8 S2(4, 8, 8) [3; 8; 2, 5, 1], [3; 8; 6, 1, 1]
9 S2(3, 9, 9) [3; 9; 3, 5, 1]
12 S2(3, 4, 12) [3; 12; 8, 3, 1]
12 S2(2, 12, 12) [3; 12; 6, 5, 1]
14 S2(2, 7, 14) [3; 14; 7, 6, 1]� < g = 3 !� χ(Σ3) = 2 − 2g = −4. �x��d Σ3

f
_	^#J�� Riemann-

Hurwitz p'�P
χ(Σ3) = n · χ

(Σ3

f

)
= n(2 − 2γ) = −4,



4 y 8�4 >O`��e�O`E7y�� 449�	 n(γ − 1) = 2, �� n, γ ∈ Z+, tB n = 2, γ = 2. 1!B?�d Σ3 DyiX5M���d+ Σ2.�x��d Σ3

f
	^#J�� Riemann-Hurwitz p'�P

k∑

i=1

(
1 −

1

ni

)
+

χ(Σ3)

n
=

k∑

i=1

(
1 −

1

ni

)
+

−4

n
= χ

(Σ3

f

)
= 2 − 2γ. (5.13)�x χ(Σ3

f
) 6 0, � (5.13) {� ni > 2, =B

k

2
6

k∑

i=1

(
1 −

1

ni

)
6

4

n
, (5.14)�B kn 6 8. \C�F' kn 6 8 � n > 1, k 6= 1 (gC 2.9(iii)) D! 2 n ~ k 	YU�D�

k = 2, n = 2, 3, 4, k = 3, n = 2, k = 4, n = 2.z3�Z�< k =2, n = 2 !��gC 2.9 % n1 =n2 =2, !�b249� (5.13) B
γ = 3

2 , �+ 2����< k = 2, n = 3 !� n1 = n2 = 3, 9� (5.13) B γ = 1, �+	
n = 3, Σ1(3, 3), [3; 3; 1, 2].< k=2, n=4 !�n1, n2 = 2� 4, 9� (5.13)B\Cw�D24
n1 = n2 = 2, γ = 1,�+	 n = 4, Σ1(2, 2), [3; 4; 1, 1]. < k=3, n=2!�n1 = n2 = n3 = 2,9� (5.13) B γ = 5

4 , �+ 2����< k = 4, n = 2 !� n1 = n2 = n3 = n4 = 2, 9�
(5.13) B γ =1, �+	 n = 2, Σ1(2, 2, 2, 2), [3; 2; 1, 1, 1, 1].Vy4�g� χ

(
Σ3

f

)
>0 !D�:y)~L 5.1 ℄6��J��=1�P �  � � � �
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Orientation Preserving Periodic Maps on Orientable

Closed Surfaces
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Abstract The author investigates the classification of the conjugate classes of orientation

preserving periodic maps on orientable closed surfaces. Kulkarni (1997) showed that if g is

greater than 3, any periodic map on the oriented surface of genus g with period more than or

equal to 4g is conjugate to a power of two types of periodic maps. After then Hirose (2010)

showed that if g is greater than 12, any periodic map on the surface with period more than

or equal to 3g is conjugate to a power of one of four types of periodic maps. Following the

work of Kulkarni and Hirose, the author gets the similar conclusion of Hirose’s when g is

greater than 21 if the period is more than or equal to 3(g−1). On this condition the author

can find more cases which are not included in the four types of periodic maps.

Keywords Closed surface, Orientable, Periodic map, Orientation preserving,
Conjugate classes
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