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1 f�bU7F`℄uE-�ojR"N
�|W�	 [1−2]. �V/`℄uE	�SMfq3\�, �,Æ��>yM�\[M�℄#MoI�'GM??, JINu�>qI=b� [1−8], 7b
�C4o_�SM, �u?VP�>WB`℄uE-� [9−23]. �+�FW1�f;��=U7FzW%WO`-q1 =`℄uE)Æ~-�.)Dn3D�;��U7FO`-q1 )Æ~-�:

µ
∂ui

∂t
− ε2Lui + Tui = fi(t, x, ui), 0 < t 6 T0, x ∈ Ω, i = 1, 2, · · · ,m, (1.1)

ui = gi(t, x), x ∈ ∂Ω, i = 1, 2, · · · ,m, (1.2)

ui(0, x) = hi(x), i = 1, 2, · · · ,m, (1.3)_�
L =

n∑

j,k=1

αjk(x)
∂2

∂xj∂xk
,

n∑

j,k=1

αjk(x)ξjξk > λ

n∑

j=1

ξ2j , λ > 0,

T ui =

∫

Ω

K(t, x, y)uidy,d ε o µ (y==��, x = (x1, x2 · · · , xn) ∈ Ω, Ω ( R
n �=f�fj, T0 (y��,

∂
∂n
��oÆ� ∂Ω s="M<8�. �w:	, 2016 W 2 m 16 l
:, 2016 W 12 m 24 l
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[H1] 7F�
 L =1�� fi (, fi(t, x0, ui(t, x0) "), gi, hi o K oaÆ=C\jR((Wiv=n�, d gi(0, x) = Ai(x), x ∈ ∂Ω, �2o�� Ni > 0 o Mi > 0, �;

−Ni 6 fiui 6 −Mi (i = 1, 2, · · · ,m);

[H2] K(t, x, y) > 0,
∫
Ω
K(t, x, y)uidy 6 d, _� d > 0 (��.

2 83V30&*�>,G+e 2.1 p u = (u1, u2, · · · , um), u = (u1, u2, · · · , um) � (t, x) ∈ [0, T0] × (Ω + ∂Ω)s=ivn�, ui 6 ui (i = 1, 2, · · · ,m), G�
µ(ui)t − ε2Lui + Tui − fi(t, x, ui) 6 0 6 µ(ui)t − ε2Lui + Tui − fi(t, x, ui),

ui 6 gi(t, x) 6 ui, x ∈ ∂Ω, ui 6 Ai(x) 6 ui, t = 0,r" u o u W�(zW%WS%)Æ~-� (1.1)–(1.3) =s�o3�.+F 2.1 (�=+F) �w [H1], [H2] #9, f;`(W==y�� ε0, µ0, ∀ε ∈

(0, ε0), µ ∈ (0, µ0), p)Æ~-� (1.1)–(1.3) fWHs�3� (u, u), rzW%WS%)Æ~-� (1.1)–(1.3) 2o� u = (u1, u1, · · · , um), d ui 6 ui 6 ui, (t, x) ∈ [0, T0]× (Ω + ∂Ω).m w u0i = ui > u0i = ui (i = 1, 2, · · · ,m) (;`)�n�, rT�3�7F1 W�
p+;`B5K� {uki }, {u
k
i } (i = 1, 2, · · · ,m):

µ(uki )t − ε2Luki + Tuki +
m∑

l=1

Nlu
k
i =

m∑

l=1

Nlu
k−1
i + fi(t, x, u

k−1
i ), x ∈ Ω,

uki = gi(t, x), x ∈ ∂Ω, uki (0, x) = hi(x), x ∈ Ω,

µ(uki )t − ε2Luki + Tuki +

m∑

l=1

Nlu
k
i =

m∑

l=1

Nlu
k−1
i + fi(t, x, u

k−1
i ), x ∈ Ω,

uki = gi(t, x), x ∈ ∂Ω, uki (0, x) = hi(x), x ∈ Ω.��s, d�w, 7FO`-q%WzWS%�)Æ~-�=2o'WF4F}, dsÆ;�"C=7FO`-q%WzWS%�)Æ~-�#Y0�2o9`=� [3].C wi = u0i − u1i , d�w, f
µ(wi)t − ε2Lwi + Twi +

m∑

l=1

Nlwi

= µ(ui)t − ε2Lui + Tui + fi(t, x, ui) > 0, x ∈ Ω,

wi = 0, x ∈ ∂Ω, wi(0, x) = 0, x ∈ Ω.h� wi > 0[1,2], �
u1i 6 u0i , x ∈ Ω+ ∂Ω, i = 1, 2, · · · ,m.�4+;
u1i > u0i , x ∈ Ω+ ∂Ω, i = 1, 2, · · · ,m.
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µ(wi)t − ε2Lwi + Twi +
m∑

l=1

Nlwi

= Ni(u
0
i − u0i ) + [fi(t, x, u

0
i )− fi(t, x, u

0
i ) > 0, x ∈ Ω,

wi = 0, x ∈ ∂Ω, wi(0, x) = 0, x ∈ Ω,r wi > 0, �
u1i 6 u1i , x ∈ Ω+ ∂Ω, i = 1, 2, · · · ,m.1��+;

ui = u0i 6 u1i 6 · · · 6 uki 6 · · · 6 uki 6 · · · 6 u1i 6 u0i = ui,

0 6 t 6 T0, x ∈ Ω + ∂Ω, i = 1, 2, · · · ,m.d+ [1–2], o�+=�w3, #9
lim
k→∞

uki = ui, 0 6 t 6 T0, x ∈ Ω+ ∂Ω, i = 1, 2, · · · ,m,d u = (u1, u2, · · · , um) �zW%WS%)Æ~-� (1.1)–(1.3) ='W�. C4 2.1 {�.

3 '�nYQ*T �zW%WS%)Æ~-� (1.1)–(1.3) =!w1 (
Tui = fi(t, x, ui), 0 < t 6 T0, x ∈ Ω, i = 1, 2, · · · ,m. (3.1)d�w}, Fredholm CzWS%� (3.1) f'W=W�iv� (U100, U200, · · · , Um00).w1 ="��( U = (U1, U2, · · · , Um), d

Ui(t, x) =

∞∑

j,k=0

Uijkε
jµk, i = 1, 2, · · · ,m. (3.2)� (3.2) 5o1 (1.1), g ε = µ = 0 �(1 (3.1), g (3.2) �= (U100, U200, · · · ,

Um00) ��zW1 (3.1) =W��. d (3.1), Hh j, k = 0, 1, · · · , j + k 6= 0, d εjµk =�0J=1�, f
TUijk(t, x)

= fiui
(t, x, Ui00)Uijk + Fijk, j, k = 0, 1, · · · , j + k 6= 0, i = 1, 2, · · · ,m, (3.3)_� Fijk (	0Z}=n�, _�
1E. �T�, d�w, Fredholm CzWS%� (3.3)fW�� (U1jk, U2jk, · · · , Umjk), j, k = 0, 1, · · · , j + k 6= 0, i = 1, 2, · · · ,m. d (3.2), ;9kU7FO`-q1 )Æ~-�="�� U = (U1, U2, · · · , Um). 6�*
o x0 ∈ Ω-:L, d*
G�kU7FO`-q1 =Æ���o)��� (1.2)–(1.3), �[tI
po x0 ∈ Ω Z�=R�|��>y: Z = (Z1, Z1, · · · , Zm) oÆ��>y: V =

(V1, V1, · · · , Vm) [�)��>y: W = (W1,W1, · · · ,Wm).
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4 j x0 Ii*L :��o x0 ∈ Ω =Bj_ox �= σ = |x−x0|

ε
. wR�|��>y: Z = (Z1, Z1, · · · ,

Zm) (
Zi =

∞∑

j,k=0

zijkε
jµk, i = 1, 2, · · · ,m, (4.1)�C

ui = Ui + Zi, i = 1, 2, · · · ,m. (4.2)o x0 =Bjs, � (4.1)–(4.2) 5ozW%WS%)Æ~-�=1 (1.1), +;
µ
∂zi

∂t
− ε2Lzi + Tzi = fi(t, x0 ± εσ, Ui + zi)− fi(t, x0 ± εσ, zi), i = 1, 2, · · · ,m,�HU7F:� ε, µ =Js%, H`= εjµk (j, k = 0, 1, · · · ) =a0J=1�, f
Tzi00 = fi(t, x, zi00), i = 1, 2, · · · ,m, (4.3)

lim
x→x0

zi00 = Ui00(t, x0), i = 1, 2, · · · ,m, (4.4)

Tzijk = F ijk , j, k = 0, 1, · · · , j + k 6= 0, i = 1, 2, · · · ,m, (4.5)

lim
x→x0

zijk = Uijk(t, x0), j, k = 0, 1, · · · , j + k 6= 0, i = 1, 2, · · · ,m, (4.6)_� F ijk (	0Z}=n�, �I=�
o.1E. d (4.3)–(4.6) +Y0;9 zijk (i =

1, 2, · · · ,m), �d�w}, �I�fR�|��F�:
zijk = O

(
exp

(
− kijk

|x− x0|

ε

))
, j, k = 0, 1, · · · , i = 1, 2, · · · ,m, (4.7)_� kijk (�7==y��._oW`(Wiv=W_n� ψ(x), �;

ψ(x) =





1, 0 6 |x− x0| 6
1

3
δ,

0,
2

3
δ 6 |x− x0|,_� δ (�e==��. g zijk = ψzijk (j, k = 0, 1, · · · , i = 1, 2, · · · ,m). (>S�b�,3Kkib zijk /5� zijk. �;9= zijk 5o (4.1), �;9>o x0 ∈ Ω =Bj=|��>y: Z = (Z1, Z2, · · · , Zm).

5 �A$^l℄o Ω =Æ� ∂Ω =Bj�9W`����1 (ρ, φ), o Ω =Æ� ∂Ω =BjR=HWA P =�� ρ (ρ 6 ρ0) (A P 9 ∂Ω = 3, v6 ρ0 (�e==y��, ��oÆ� ∂Ωs=HWA=RM7oÆ� ∂Ω =Bj 0 6 ρ 6 ρ0 Ru�9Æ. K φ = (φ1, φ2, · · · , φn−1)(o ∂Ω s=W` n− 1 )U`����1, dwA P =�� φ (�lA P =RM7o



4 ^ ZS$ O�� <��V8GPa.r{X&XT&>S�}�
�� 369Æ� ∂Ω =ÆA Q =�� φ 9�. d., o ∂Ω =Bj 0 6 ρ 6 ρ0 �, f
L = ann

∂2

∂ρ2
+

n−1∑

j,i=1

ajn(x)
∂2

∂ρ∂φi
+

n−1∑

j,i=1

aij
∂2

∂φi∂φj
+ bin

∂

∂ρ
+

n−1∑

i=1

bi
∂

∂φi
,_� ann, ajn, aij , bin, bi (Z}n�, �I=�
1E.no 0 6 ρ 6 ρ0 s_oW�I�'G�= [1−2] :

ζ =
h(ρ, φ)

ε
, ρ = ρ, φ = φ, (5.1)_� h(ρ, φ) (�7hC=n�. �{W�F, 3Kkb ρ /5� ρ. h�f

L =
1

ε2
K0 +

1

ε
K1 +K2, (5.2)_� K0 = annh

2
ρ

∂2

∂ζ2 , K K1,K2 =�
o.1E. wzW%WS%)Æ~-� (1.1)–(1.3)=� (u1, u2, · · · , un) (
ui = Ui + Zi + Vi, i = 1, 2, · · · ,m, (5.3)_�

Vi =

∞∑

j,k=0

vijk(t, ρ, φ)ε
jµk, i = 1, 2, · · · ,m. (5.4)� (3.2), (4.1), (5.2)–(5.4) 5o (1.1)–(1.2), � ε, µ s%U7F:, nd εjµk (j, k =

0, 1, · · · ) �0J=1�, ;9
K0vi00 − Tvi00

= −[fi(t, ρ, φ, Ui00 + zi00 + vi00)− fi(t, ρ, φ, Ui00 + zi00)], i = 0, 1, · · · ,m, (5.5)

vi00 = gi(t, 0, φ)−−(Ui00 + zi00), i = 0, 1, · · · ,m (5.6)o
K0vijk − Tvijk = −fiui

(t, ρ, φ, Ui00 + zi00 + vijk)vijk +Gijk,

j, k = 0, 1, · · · , j + k 6= 0, i = 1, 2, · · · ,m, (5.7)

vijk = −(Uijk + zijk), j, k = 0, 1, · · · , j + k 6= 0, i = 1, 2, · · · ,m, (5.8)_� Gijk (	0Z}=n�, �I=�
1E.d (5.5)–(5.8) o�w}, TeY0;9�f��F�=� vijk(t, ρ, φ):

vijk(t, ρ, φ) = O
(
exp

(
− k̂ijk

ρ

ε

))
, j, k = 0, 1, · · · , i = 1, 2, · · · ,m, (5.9)_� k̂ijk (�7==y��.n_oW`(Wiv=W_n� ψ(ρ), �;

ψ(ρ) =





1, 0 6 ρ 6
1

3
δ,

0,
2

3
δ 6 ρ.g vijk = ψvijk (j, k = 0, 1, · · · , i = 1, 2, · · · ,m). (>S�b�, 3Kkib vijk /5�

vijk. d (5.4), �;9�fÆ��>yF�=n� V = (V1, V2, · · · , Vm).
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6 'N$^l℄w

ui = Ui + Zi + Vi +Wi, i = 1, 2, · · · ,m (6.1)o
Wi(τ, x) =

∞∑

j,k=0

wijk(τ, x)ε
jµk, i = 1, 2, · · · ,m, (6.2)_� τ = t

µ
(x �= [1−2].� (6.1)–(6.2) 5o (1.1), (1.3), � ε, µ s%U7F:, nd εjµk (j, k = 0, 1, · · · ) �0J=1�, ;9

∂wi00

∂τ
+ Twi00 = fi(0, x, Ui00 + zi00 + vi00 + wi00)

− fi(0, x, Ui00 + zi00 + vi00), i = 1, 2, · · · ,m, (6.3)

wi00 = hi(x)− Ui00 − zi00 − vi00, i = 1, 2, · · · ,m, (6.4)

∂wijk

∂τ
= fiui

(0, x, Ui00 + Zi00 + Vi00 +Wi00)wijk + F̃ijk,

j, k = 0, 1, · · · , j + k 6= 0, i = 1, 2, · · · ,m, (6.5)

wijk = −(Uijk + zijk + vijk), j, k = 0, 1, · · · , j + k 6= 0, i = 1, 2, · · · ,m, (6.6)_� F̃ijk (	0Z}=n�, _�
V1E. d (6.3)–(6.6), /ITY0;9 wijk (j, k =

0, 1, · · · , i = 0, 1, · · · ,m), d�I�f)��F�:
wijk = O

(
exp

(
− k̃ijk

t

µ

))
, j, k = 0, 1, · · · , i = 1, 2, · · · ,m, (6.7)_� k̃ijk (�7==y��.n_oW`(Wiv=W_n� ψ̃(τ), �;

ψ̃(τ) =





1, 0 6 τ 6
1

3
δ,

0,
2

3
δ 6 τ.g wijk = ψ̃wijk (j, k = 0, 1, · · · , i = 1, 2, · · · ,m). (>S�b�, 3Kkib wijk /5�

wijk. n� wijk(τ, x)5o (6.2),�;9�f)��>yF�=n�W = (W1,W2, · · · ,Wm).d (6.1), ;��U7FO`-q1 )Æ~-� (1.1)–(1.3) =� (u1, u2, · · · , um) fn3D�=	�s%�:
ui ∼

M∑

j=0

N∑

k=0

(Uijk + zijk + vijk + wijk)ε
jµk +O(λ),

i = 1, 2, · · · ,m, 0 < ε, µ≪ 1, (6.8)_� λ = max(εM+1µN , εMµN+1), 0 < ε, µ≪ 1.
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7 �*dph_a+F 7.1 o�w [H1], [H2] 3, U7FO`-q1 )Æ~-� (1.1)–(1.3) 2o�
u = (u1, u2, · · · , um), �o [0, T0]× (Ω + ∂Ω) shh=�� ε, µ #9W�f�=	�s%� (6.8).m �4
pY
n� αi, βi :

αi = Yi − riλ, βi = Yi + riλ, i = 1, 2, · · · ,m, 0 < ε, µ≪ 1, (7.1)_� ri (i = 1, 2, · · · ,m) (�e3=y��, �I�o3K"C, K
Yi =

M∑

j=0

N∑

k=0

(Uijk + zijk + vijk + wijk)ε
jµk.5i

αi 6 βi. (7.2)d�w�Q(+, 2oy�� Di1 (i = 1, 2 · · · ,m), o x ∈ ∂Ω s#9
αi|∂Ω 6 gi(t, 0, φ) +

[ M∑

j=0

N∑

k=0
j+k 6=0

(Uijk + zijk + vijk + wijk)ε
jµk

]
∂Ω

− riλ

6 gi(t, x) + (Di1 − ri), x ∈ ∂Ω.Mg ri > Di1, �f
αi 6 gi(t, x), x ∈ ∂Ω, i = 1, 2, · · · ,m. (7.3)d (4.7), (5.9), (6.7), 2oy�� Di2 (i = 1, 2, · · · ,m), f

αi|t=0 =

M∑

j=0

N∑

k=0
j+k 6=0

[Uijk + zijk + vijk + wijk ]t=0ε
jµk − riλ 6 hi(x) + (Di2 − ri)λ.h�, 7 ri > Di2 ~, f

αi 6 hi(x), t = 0, i = 1, 2, · · · ,m. (7.4)�4+;
βi|∂Ω > gi(t, x), βi|t=0 > hi(x), i = 1, 2, · · · ,m. (7.5)6{

µ
∂αi

∂t
− ε2Lαi + Tαi − fi(t, x, αi) 6 0, 0 < t 6 T0, x ∈ Ω, i = 1, 2, · · · ,m, (7.6)

µ
∂βi

∂t
− ε2Lβi + Tβi − fi(t, x, βi) > 0, 0 < t 6 T0, x ∈ Ω, i = 1, 2, · · · ,m. (7.7)/IfWn3 3 �eD:

(i) 7 Ω\
(
ρ >

(
2
3

)
δ
) ~; (ii) 7 (

1
3

)
δ 6 ρ 6

(
2
3

)
δ ~; (iii) 7 0 6 ρ 6

(
1
3

)
δ ~. 6�{LeD (iii), _i=eD1�.
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(
1
3

)
δ ~. d�~C4oh1� (4.7), (5.9), (6.7) Hh ε, µ �e�=, 2oy�� Di3 (i = 1, 2, · · · ,m), �;

µ
∂αi

∂t
− ε2Lαi + Tαi − fi(t, x, αi)

= µ
∂Yi

∂t
− ε2LYi + TYi − fi(t, x, Yi) + [fi(t, x, Yi)− fi(t, x, Yi − riλ)]

6 [TUi00 − fi(t, x, Ui00)]

+

M∑

j=0

N∑

k=0
j+k 6=0

[TUijk(t, x) − fiui
(t, x, Ui00)Uijk − Fijk ]ε

jµk

+ [Tzi00 − fi(t, x, zi00)] +
M∑

j=0

N∑

k=0
j+k 6=0

[Tzijk − F ijk]εjµ
k

+ [K0vi00 − Tvi00 + fi(t, ρ, φ, Ui00 + zi00 + vi00)− fi(t, ρ, φ, Ui00 + zi00)]

+
M∑

j=0

N∑

k=0
j+k 6=0

[K0vijk − Tvijk + [fi(t, ρ, φ, Ui00 + zi00 + vi00)

− fi(t, ρ, φ, Ui00 + zi00)]]ε
jµk

+
[∂wi00

∂τ
+ Twi00 − fi(0, x, Ui00 + zi00 + vi00 + wi00)− fi(0, x, Ui00 + zi00 + vi00)

]

+
M∑

j=0

N∑

k=0
j+k 6=0

[∂wijk

∂τ
− fiui

(0, x, Ui00 + Zi00 + Vi00 +Wi00)wijk − F̃ijk

]
εjµk

+ [Di3 − (M +N)ri]λ 6 [Di3 − (M +N)ri]λ.�r, Mg ri (i = 1, 2, · · · ,m) �e3, �; ri >
Di3

M+N
, v~�{L>�?� (7.6).�4, �?� (7.7) V#9. d (7.2)–(7.7) �
�C4 (C4 2.1), ;9 αi 6 ui 6 βi (i =

1, 2, · · · ,m), (t, x) ∈ [0, T0 × [Ω + ∂Ω]. h�, d (7.1), f (6.8). C4 7.1 {�."�C�W�Z
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Abstract The singular perturbation problem for the nonlinear reaction diffusion integral

differential problem with two parameters is considered. By using the singular perturbation

method, the outer solution, interior shock layer, boundary layer and initial layer corrective

terms are constructed, then the formal asymptotic expansion of solution is obtained. Finally,

the uniform validity of asymptotic expansion for solution to this problem is proved by using

the comparison theorem for integral differential equation.
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