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DOI: 10.16205/j.cnki.cama.2017.0033R�Z|v�upU�Sa[� SobolevivU�f�∗0./1y	 q4Rn#D� R2 48LS9 Q2 = [0, 1]2 �s�` (t, s, γ(t, s)) B#;t��V0A
Tα,βf(u, v, x) =

∫
Q2

f(u − t, v − s, x− γ(t, s))eit
−β1 s−β2

t−1−α1s−1−α2dtds/ Sobolev D� L
p
r(R

2+n) > Lp(R2+n) 4B�)i, r4 x ∈ Rn, (u, v) ∈ R2, (t, s, γ(t, s)) =

(t, s, tp1sq1 , tp2sq2 , · · · , tpnsqn ) G R2+n �{�`, | β1 > α1 > 0, β2 > α2 > 0. �b&q�m|^/R R3 �Bdb}*B&q. JG	�, �>R#�D��1�zt��V0AB Sobolev �)i.^eP �t�#;�V0A, �`, L�,, 8LS9
MR (2000) �{℄k 42B20, 42B35�}Y℄k O174.2��L�o A��K_ 1000-8314(2017)04-0405-14

1 ���7�+A}f,� b > a > 0, (u, x) ∈ Rn+1,H�r�[ (t, γ(t)) = (t, tp1 , tp2 , · · · , tpn)A":s��U/�
Ta,bf(u, x) =

∫ 1

0

f(u− t, x− γ(t))eit
−b

t−1−adt,q3 p1, p2, · · · , pn ! n b��A%�+. /� Ta,b �G{US�q\j:7Ap33Æ>�AA�2, 4� Hilbert Æ��r�[A Hilbert Æ�~�ys��U/�^z\j[1−2]. K��, Zielinski[3]�q Wainger -<A��XM3&Xp3Q�Hr�[A6":��A�sh Hilbert Æ�, �'aQ:  n = 1, γ(t) = t2, � Ta,b � L2 �Æ(9{,9 b > 3a. �z%p1�� Chandarana � 1996 j�M [4] 3℄.F: 
γ(t) = tk, k > 2, � Ta,b � L2 �Æ(9{,9 b > 3a. =�, M [4] �'aQ: 
b > 3a { 1 + 3a(b+1)

b(b+1)+(b−3a) < p < 1 + b(b+1)+(b−3a)
3a(b+1) , � Ta,b ! Lp(R2) �AÆ(/�. 1�, Chandarana[5]��q%X.z�?l= n = 2 A}f.  $%�P4Æ~�D℄�M
N 2015 k 9 � 16 �%>, 2016 k 8 � 25 �%>k^a.
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[6] 3AlQ�+ p APE, �{d)QdA'a. 1�, �z%p��Al= n Hm"C�3r�[A":s��U/�[7−9]C. .z�Ap3���M [10–11] C.(7�+}fAwN,UzB�A?lR�!�r�[A":s��U/�?lFr�_A":s��U/�.r�_A":s��U/��|�WR�a�H�: � x ∈ Rn,

(u, v) ∈ R2, (t, s, γ(t, s)) = (t, s, tp1sq1 , tp2sq2 , · · · , tpnsqn) { α = (α1, α2), β = (β1, β2). r�_ (t, s, γ(t, s)) A":s��U/� Tα,β H�F
Tα,βf(u, v, x) =

∫

Q2

f(u− t, v − s, x− γ(t, s))eit
−β1s−β2

t−1−α1s−1−α2dtds, (1.1)q3 f ∈ S(R2+n). ��/� Tα,β $F Ta,b A"�e/�.y`W�q��XM [12] 3p3Q7K%Rf�A/�
Sa,bf(u, v, x) =

∫

Q2

f(u− t, v − s, x− (ts)k)e−i(ts)−b

(ts)−1−adtds,�'aQ:  k > 2, b > 3a { | 1
p
− 1

2 | <
b−3a
2b , � Sa,b � Lp(R3) �Æ(. 2008 j, P4Æ�R�j[13]'aQ: �� n = 1, γ(t, s) = tksj , β1 > 3α1 > 0 { β2 > 3α2 > 0. V

σ = min
{
β1−3α1

2β1
, β2−3α2

2β2

}
.  (k, j) 6= (−β1,−β2) { | 1

p
− 1

2 | < σ, �2�� f ∈ S(R3) QjA�+ C, �? ‖Tα,βf‖Lp(R3) 6 C‖f‖Lp(R3). 2011 j $%�P4Æ�R�j�9\	�M [14] 3p3Q7K%Rf�fz�A/� (� (1.1)), 3[A%p�_EF~WHI.Wl A [14] �H γ(t, s) = (tp1sq1 , tp2sq2 , · · · , tpnsqn), q3 0 < p1 < p2 < · · · <

pn, 0 < q1 < q2 < · · · < qn. � β1 > (n + 2)α1 > 0, β2 > (n + 2)α2 > 0 { σ =

min
{
β1−(n+2)α1

2β1
, β2−(n+2)α2

2β2

}
. K��A α = (α1, α2), β = (β1, β2),

(1)  β1 = (n+ 2)α1 > 0 { β2 > (n+ 2)α2 > 0, �/� Tα,β � L2(R2+n) �Æ(;

(2)  ∣∣ 1
p
− 1

2

∣∣ < σ, �2�� f ∈ S(R2+n) QjA�+ C, �?
‖Tα,βf‖Lp(R2+n) 6 C‖f‖Lp(R2+n).�

Tα,β,sf(u, v, x) =

∫ 1

0

f(u− t, v − s, x− γ(t, s))eit
−β1s−β2

t−1−α1dt,�
Tα,βf(u, v, x) =

∫ 1

0

Tα,β,sf(u, v, x)s
−1−α2ds.�(Æ�s� [

1
2 , 2

] 3A C∞ t+ φ, K��A t ∈ R, YF ∞∑
ν=−∞

φ(2νt) = 1.  φ (ÆAPE, �� Tα,β,s U'F
Tα,β,sf(u, v, x) =

∞∑

ν=0

Iν,sf(u, v, x), (1.2)q3
Iν,sf(u, v, x) =

∫ 1

0

f(u− t, v − s, x− γ(t, s))eit
−β1s−β2

φ(2νt)t−1−α1dt. (1.3)
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T̃α,βf(u, v, x) =

∫ 1

0

T̃α,β,sf(u, v, x)s
−1−α2ds

=

∫ 1

0

∞∑

ν=0

Iν,sf(u, v, x)s
−1−α2ds, (1.4){9 β1 > α1 > 0, β2 > α2 > 0 �, YF Tα,β,sf = T̃α,β,sf , Tα,βf = T̃α,βf .e5M [13, HI 1.1–1.2],M [15] ?=Q: 9 n = 1, γ(t, s) = tksj �, "�C��":s��U/� Tα,β �m�C� R3 �. Lpγ(R

3) = Lp(R3) AÆ(h.	Mp3Q/� Tα,β �Tu- SobolevC��AÆ(h. &X�iTu- SobolevC� Lps A\j_l.� s ∈ R, f ∈ S ′(Rn), Bessel K Bs !I�� f �A7�/�, qH���W
Fourier Æ�Af�d):

B̂s(f)(ξ) = (1 + |ξ|2)
s
2 f̂(ξ).H.D, Riesz K Rs !I�� f �A7�/�, qH�x� Fourier Æ�Af�d):

R̂s(f)(ξ) = |ξ|sf̂(ξ),q3 û �� u AZJyÆ�{∨��ZJyiÆ�.W
 1.1 [16] � s F�+, 1 < p <∞. Tu- Sobolev C� Lps(R
n) !2ÆYF

Bs(u) ∈ Lp(Rn)Al�t+ u ∈ S ′(Rn) G!AC�, qP+H�F
‖u‖Lp

s(Rn) = ‖Bs(u)‖Lp(Rn).u- Sobolev C� L̇ps(R
n) !2ÆYFWSh2A��U� u ∈ S ′(Rn) 2G!AC�:

‖u‖L̇p
s(Rn) = ‖Rs(u)‖Lp(Rn) <∞.9 s > 0 �,

‖u‖Lp
s(Rn) ≃ ‖u‖L̇p

s(Rn) + ‖u‖Lp(Rn);9 k FT[$+�,

‖f‖Lp

k
(Rn) ≈

∑

|α|6k

‖∂αf‖Lp(Rn).W_d)	MA:w%p.Wl 1.1 � γ(t, s) = (tp1sq1 , tp2sq2 , · · · , tpnsqn), q3 0 < p1 < p2 < · · · < pn, 0 <

q1 < q2 < · · · < qn, { α1, α2, β1, β2 9F%+, K��A r > 0, Æ β1 >
α1−rl
r+1
n+2

, β2 >
α2
r+1
n+2

,



408 ,ok= A  38 8q3 l = min{1, p1}, �2��|G� f ∈ S(R2+n) A�+ C, �? ‖T̃α,βf‖L2(R2+n) 6

C‖f‖L2
r(R

2+n).� 1.1 9� r = 0 �, HI 1.1 3 β1 APE%!HI A 3 p = 2 �AJF}f. =�, x
�>)HI 1.1 KHI A(1) Æ�2hA℄..�,	*�, 	M��MQ Tα,β . Lpr(R
2+n) = Lp(R2+n) AÆ(h.Wl 1.2 � γ(t, s) = (tp1sq1 , tp2sq2 , · · · , tpnsqn), q3 0 < p1 < p2 < · · · < pn,

0 < q1 < q2 < · · · < qn, { α1, α2, β1, β2 9F%+. V
̺ = min

{β1 − (n+ 2)(α1 − (β1 + l)r)

2β1
,
β2 − (n+ 2)(α2 − β2r)

2β2

}
,q3 l = min{1, p1}. K��A r > 0,  ∣∣ 1

p
− 1

2

∣∣ < ̺, �2��|G� f ∈ S(R2+n) A�+ C, �? ‖T̃α,βf‖Lp(R2+n) 6 C‖f‖Lp
r(R2+n).� 1.2 9 r = 0 �, HI 1.2 A%pX`QHI A(2).HI 1.1–1.2, �h?=~W?X.~n 1.1 �� γ(t, s) = (tp1sq1 , tp2sq2 , · · · , tpnsqn), q3 0 < p1 < p2 < · · · < pn,

0 < q1 < q2 < · · · < qn, � β1 > (n+ 2)α1 > 0, β2 > (n+ 2)α2 > 0, �V
̺ = min

{β1 − (n+ 2)(α1 − (β1 + l)r)

2β1
,
β2 − (n+ 2)(α2 − β2r)

2β2

}
,q3 l = min{1, p1}. K��A 0 6 r < (n+1)α1

(n+2)(α1+l)
,

(1) Æ β1 >
α1−rl
r+1
n+2

, β2 >
α2
r+1
n+2

, � Tα,β !. L2
r(R

2+n) = L2(R2+n) Æ(A;

(2)  | 1
p
− 1

2 | < ̺, �2��|G� f ∈ S(R2+n) A�+ C, �?
‖Tα,βf‖Lp(R2+n) 6 C‖f‖Lp

r(R2+n).	ME 2 #'aHI 1.1, E 3 #'aHI 1.2, E 4 #�?X 1.1 ���"�C��AH0�ys��U/�A Sobolev Æ(hO7. ,B, p′ = p
p−1 ��-� p AKo-�. FRv�, 	M�De C,C0 ���|G�2��C�A:w�+A%�+, {q,xI�++\=. �3� A ∼ B !-2��+ C,C0, �? C0 6 A/B 6 C, f � g ��2��+ C, �? f 6 Cg.

2 Xm 1.1 V�r%�M [14] 2-,  i 6= j �, Æ pi = pj , ��� n HA}f�F n− 1 H+I. �,,��z�h, ~W�� 0 < p1 < p2 < · · · < pn, 0 < q1 < q2 < · · · < qn.F�gM, &X*�zb�7A�I. 4��HI 1.1 A'a3v=�wAI�.



4 p �;u 8LS9�s�`B#;�V� Sobolev D��B�)i 409� η = (η1, η2) ∈ R2, ξ = (ξ1, ξ2, · · · , ξn) ∈ Rn { Ω(t) !(Æ�s� [
1
2 , 1

] A C∞ t+. K ν = 0, 1, 2, · · · , H��U
Jν,s(η, ξ) =

∫ 2

1
2

Ω(t)eiψ(2
−νt,s)dt,q3 ψ(t, s) = t−β1s−β2 −

(
tη1 + sη2 +

n∑
k=1

tpksqkξk
)
. j� Jν,s(η, ξ) Æ�Wg�.�l 2.1 [14] 2�%�+ C, �?

|Jν,s(η, ξ)| 6 Cs
β2

n+2 2−
νβ1
n+2 ,q3 C .|G�-� n, β1, β2, pk, qk �t+ Ω, � ν, η { ξ Qj. (1.4) �� Minkowski �C�, �?

‖T̃α,βf‖L2(R2+n) 6

∫ 1

0

‖T̃α,β,sf‖L2(R2+n)s
−1−α2ds.<�=HI 1.1 A��;� β2 >

α2
r+1
n+2

, .l'
‖T̃α,β,sf‖L2(R2+n) 6 sβ2r+

β2
n+2 ‖f‖L2

r(R
2+n). (2.1)�� Plancherel HI, �?

‖T̃α,β,sf‖L2(R2+n) �
∥∥∥

∞∑

ν=0

Îν,sf
∥∥∥
L2(R2+n)

. (2.2)1ÆP:�, �? Îν,sf(η, ξ) = mν,s(η, ξ)f̂(η, ξ), q3
mν,s(η, ξ) = 2να1

∫ 2

1
2

φ(t)t−1−α1eiψ(2
−νt,s)dt =: 2να1Lν,s(η, ξ){

ψ(t, s) = t−β1s−β2 −
(
tη1 + sη2 +

n∑

k=1

tpksqkξk

)
.V ζ = (η, ξ) = (η1, η2, ξ1, ξ2, · · · , ξn) ∈ R2+n, �-�� Plancherel HI, %~ (2.1)–(2.2),w'aHI 1.1, .l-a

∣∣∣
∞∑

ν=0

mν,s(ζ)
∣∣∣ � sβ2r+

β2
n+2 (1 + |ζ|2)

r
2 (2.3)j� ζ ∈ R2+n z0!M��. F,lw~Wb7.sz 2.1 K��A r > 0, 2�� ζ { ν QjA�+ C > 0, �?

|Lν,s(ζ)| 6 C(1 + |ζ|2)
r
2 2−ν(β1+l)r−

νβ1
n+2 sβ2r+

β2
n+2 . (2.4)&X-a�}L�b7 2.1 'aHI 1.1. b7 2.1 A'a�1�	#H�.Wl 1.1 T�q ��K��A r > 0, Æ β1 >

α1−rl
r+1
n+2

, β2 >
α2
r+1
n+2

, q3 l = min{1, p1}.
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|mν,s(ζ)| � 2να12−ν(β1+l)r−

νβ1
n+2 sβ2r+

β2
n+2 (1 + |ζ|2)

r
2 . (2.5) (2.5) �HI 1.1 A��;� β1 >

α1−rl
r+1
n+2

, �?
∣∣∣

∞∑

ν=0

mν,s(ζ)
∣∣∣ 6

∞∑

ν=0

|mν,s(ζ)| =

∞∑

ν=0

2ν(α1−(β1+l)r−
β1

n+2 )sβ2r+
β2

n+2 (1 + |ζ|2)
r
2

� sβ2r+
β2

n+2 (1 + |ζ|2)
r
2 ..M,  Plancherel HI, Æ

‖T̃α,β,sf‖L2(R2+n) �
∥∥∥

∞∑

ν=0

Îν,sf
∥∥∥
L2(R2+n)

=
∥∥∥

∞∑

ν=0

mν,s(ζ)f̂
∥∥∥
L2(R2+n)

� sβ2r+
β2

n+2 ‖(1 + |ζ|2)
r
2 f̂‖L2(R2+n)

� sβ2r+
β2

n+2 ‖((1 + |ζ|2)
r
2 f̂)∨‖L2(R2+n)

= sβ2r+
β2

n+2 ‖f‖L2
r(R

2+n). (2.6);� β2 >
α2
r+1
n+2

�s β2r +
β2

n+2 − 1− α2 > −1, �! (2.6) �?
‖T̃α,βf‖L2(R2+n) 6

∫ 1

0

‖T̃α,β,sf‖L2(R2+n)s
−1−α2ds

�

∫ 1

0

sβ2r+
β2

n+2ds‖f‖L2
r(R

2+n)

� ‖f‖L2
r(R

2+n). (2.7)W_p3 β1 = α1−rl
r+1
n+2

�zJF}f.K��A r > 0, �%+ ε (ε 6 r), b7 2.1 ), 2�� ν { ζ QjA�+ C, �?
|Lν,s(ζ)| 6 C(1 + |ζ|2)

(r−ε)
2 2−ν(β1+l)(r−ε)−

νβ1
n+2 sβ2(r−ε)+

β2
n+2 ,

|Lν,s(ζ)| 6 C(1 + |ζ|2)
(r+ε)

2 2−ν(β1+l)(r+ε)−
νβ1
n+2 sβ2(r+ε)+

β2
n+2 .,�?

|mν,s(ζ)| 6 C(1 + |ζ|2)
r
2 sβ2r+

β2
n+2 min

{ (1 + |ζ|2)
ε
2 sβ2ε

2νε(β1+l)
,

2νε(β1+l)

(1 + |ζ|2)
ε
2 sβ2ε

}
.� N !4� log2(1+|ζ|2)sβ2+m

2(β1+l)
AHa%$+, �

∣∣∣
∞∑

ν=0

mν,s(ζ)
∣∣∣

� (1 + |ζ|2)
r
2 sβ2r+

β2
n+2

( ∞∑

ν>N

(1 + |ζ|2)
ε
2 sβ2ε

2νε(β1+l)
+

N−1∑

ν=0

2νε(β1+l)

(1 + |ζ|2)
ε
2 sβ2ε

)

� (1 + |ζ|2)
r
2 sβ2r+

β2
n+2
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r+1
n+2

, β2 >
α2
r+1
n+2

�,T̃α,β !. L2
r(R

2+n)= L2(R2+n) AÆ(/�. HI 1.1 '�.sz 2.1 T�q K��A r > 0, 2�B�+ τ YF τ − 1 < r 6 τ . W_K τ ��ngOF'a.E 1 � 'a 0 < r 6 1 A}f.� φ !zb(Æs� [
1
2 , 2

] A C∞ t+, h φ(t)t−1−α, φ(t)t−k, φ(t)tk, φ(t)(k) x!(Æs� [
1
2 , 2

] A C∞ t+, �W*6X34[,
^�C�AT+, h��q>z$F Ω. �WM3, Ω �5�J>zb(Æs� [
1
2 , 2

] A C∞ t+, ��=AK1q68f��~�=, ���
^H5%p.U��U�?
Lν,s(ζ) =

∫ 2

1
2

Ω(t)e
−i(2−νtη1+η2s+

n∑

k=1

(2−νt)pksqk ξk)
ei2

νβ1t−β1s−β2
dt

≃ 2−νβ1sβ2

∫ 2

1
2

Ω(t)e
−i(2−νtη1+η2s+

n∑

k=1

(2−νt)pksqk ξk)
dei2

νβ1 t−β1s−β2

≃ I + II, (2.8)� (2.8) 3,

I ≃ 2−νβ1sβ2

∫ 2

1
2

Ω′(t)eiψ(2
−νt,s)dt ≃ 2−νβ1sβ2Lν,s(ζ),

II ≃ 2−νβ1sβ2

∫ 2

1
2

Ω(t)eiψ(2
−νt,s)

(
2−νη1 +

n∑

k=1

pk2
−νpksqkξkt

pk−1
)

≃ sβ22−ν(β1+1)η1Lν,s(ζ) +

n∑

k=1

2−ν(β1+pk)sβ2+qkξkLν,s(ζ).�I 2.1 �?
|Lν,s(ζ)| � s

β2
n+2 2−

νβ1
n+2 , (2.9)<�= l = min{1, p1}, 0 < s < 1, |η1| 6 |ζ|, |η2| 6 |ζ|, |ξi| 6 |ζ|, i = 1, 2, · · · , n, �!

|II| � sβ22−ν(β1+l)|ζ||Lν,s(ζ)|

� sβ22−ν(β1+l)s
β2

n+2 2−
νβ1
n+2 (1 + |ζ|). (2.10)K I 6Y�*X', ��mU��U N − 1 -, �?

|I| � 2−ν(β1+l)−
νβ1
n+2 sβ2+

β2
n+2 (1 + |ζ|) + 2−νNβ1sNβ2

∣∣∣
∫ 2

1
2

Ω(t)e−iψ(2−νt,s)dt
∣∣∣.



412 ,ok= A  38 8�I 2.1, ��(U4A$+ N , �?
2−νNβ1sNβ2

∣∣∣
∫ 2

1
2

Ω(t)e−iψ(2−νt,s)dt
∣∣∣

� 2−νNβ1sNβ2s
β2

n+2 2−
νβ1
n+2

� 2−ν(β1+l)−
νβ1
n+2 sβ2+

β2
n+2 (1 + |ζ|)..M?=

|I| � 2−ν(β1+l)−
νβ1
n+2 sβ2+

β2
n+2 (1 + |ζ|). (2.11) (2.8) { (2.10)–(2.11) �?

|Lν,s(ζ)| � 2−ν(β1+l)−
νβ1
n+2 sβ2+

β2
n+2 (1 + |ζ|). (2.12) (2.12) %~ r = 0 �Ag�� (2.9) �?, Kzz 0 6 r 6 1, Æ

|Lν,s(ζ)| = |Lν,s(ζ)|
r
|Lν,s(ζ)|

1−r

� 2−ν(β1+l)r−
νβ1
n+2 sβ2r+

β2
n+2 (1 + |ζ|)r

� 2−ν(β1+l)r−
νβ1
n+2 sβ2r+

β2
n+2 (1 + |ζ|2)

r
2 .E 2 � ��b7 2.1 KYF τ − 1 < r 6 τ A r 9!M, q3 τ F�a� 2 A%$+. fZ.l�'ab7 2.1 K τ < r 6 τ + 1 x!M��. K Lν,s(ζ) IU��U�?f� (2.8) A�3�:

Lν,s(ζ) ≃ I + II.ng���?j� II AW*g�:

|II| � sβ22−ν(β1+l)|ζ||Lν,s(ζ)|

� sβ22−ν(β1+l)|ζ|(1 + |ζ|2)
r−1
2 2−ν(β1+l)(r−1)−ν

β1
n+2 sβ2(r−1)+

β2
n+2

� (1 + |ζ|2)
r
2 2−ν(β1+l)r−

νβ1
n+2 sβ2r+

β2
n+2 . (2.13)H.D, K I I N − 1 -U��U, �?

|I| � (1 + |ζ|2)
r
2 2−ν(β1+l)r−

νβ1
n+2 sβ2r+

β2
n+2 + 2−νNβ1sNβ2

∣∣∣
∫ 2

1
2

Ω(t)e−iψ(2−νt,s)dt
∣∣∣

� (1 + |ζ|2)
r
2 2−ν(β1+l)r−

νβ1
n+2 sβ2r+

β2
n+2 + 2−νNβ1sNβ2s

β2
n+2 2−

νβ1
n+2 .�(U4A$+ N , �?

|I| � (1 + |ζ|2)
r
2 2−ν(β1+l)r−

νβ1
n+2 sβ2r+

β2
n+2 . (2.14)E~ (2.13)–(2.14) Ag�, b7 2.1 KYF τ < r 6 τ + 1 A r x!M./,, b7 2.1 ?'.

3 Xm 1.2 V�r&X'aHI 1.2 39 max
{

2β1

2β1−(n+2)(α1−(β1+l)r)
, 2β2

2β2−(n+2)(α2−β2r)

}
< p 6 2 A}f, p > 2 A}f�KoX'?=. F,lw�W�I.



4 p �;u 8LS9�s�`B#;�V� Sobolev D��B�)i 413�l 3.1 K��A 1 < q < 2 ~�zz%$+ N , !M
‖Iν,sf‖Lq(R2+n) � 2ν(α1−N(β1+l))sβ2N‖f‖Lq

N
(R2+n), (3.1)q3 Iν,sf AH��x2*.F�'X'ANkh, &X���*�I'aHI 1.2, M\�IA'a��1�d).  Minkowski �C�, �? Iν,s � Lq(R2+n) �AÆ(h:

‖Iν,sf‖Lq(R2+n) � 2να1‖f‖Lq(R2+n)

∫ 1

0

|φ(t)|t−1−α1dt ≃ 2να1‖f‖Lq(R2+n). (3.2)K r ∈ (0, N), � (3.1)–(3.2) +����,HI, �?
‖Iν,sf‖Lq(R2+n) � 2ν(α1−(β1+l)r)sβ2r‖f‖Lq

r(R2+n). (3.3) N A��h, (3.3) Kzz r > 0 I!M.  (2.5) %~ Plancherel HI, �?
‖Iν,sf‖L2(R2+n) � 2ν(α1−(β1+l)r−

β1
n+2 )sβ2r+

β2
n+2 ‖f‖L2

r(R
2+n). (3.4)K p ∈ (q, 2), � (3.3)–(3.4) +��-���,HI, �?

‖Iν,sf‖Lp(R2+n) � 2ν(α1−(β1+l)r−
β1

n+2
2(q−p)
qp−2p )sβ2r+

β2
n+2

2(q−p)
qp−2p ‖f‖Lp

r(R2+n). (3.5)<r�7�/�hNZ, ;� 2β1

2β1−(n+2)(α1−(β1+l)r)
< p 6 2 { 2β2

2β2−(n+2)(α2−β2r)
< p 6 2U�C�� α1 − (β1 + l)r − 2β1

(n+2)p′ < 0 { α2 − β2r −
2β2

(n+2)p′ < 0. Z�%+ δ YF
δ < min

{
(β1 + l)r +

2β1
(n+ 2)p′

− α1, β2r +
2β2

(n+ 2)p′
− α2

}
,� α1 − (β1 + l)r − 2β1

(n+2)p′ + δ < 0 { α2 − β2r −
2β2

(n+2)p′ + δ < 0. K�* δ, �Hzb(U!0� 1 A�+ q, �?
α1 − (β1 + l)r −

β1
n+ 2

2(q − p)

qp− 2p
= α1 − (β1 + l)r −

2β1
(n+ 2)p′

+ δ,

α2 − (β2 +m)r −
β2
n+ 2

2(q − p)

qp− 2p
= α2 − β2r −

2β2
(n+ 2)p′

+ δ..M (3.5) � Minkowski �C��?, KzzA%�+ r, Æ
‖T̃α,β,sf‖Lp(R2+n) �

∥∥∥
∞∑

ν=0

Iν,sf
∥∥∥
Lp(R2+n)

≃ sβ2r+
β2

n+2
2(q−p)
qp−2p

∞∑

ν=0

2
α1−(β1+l)r−

2β1
(n+2)p′

+δ
‖f‖Lp

r(R2+n)

≃ sβ2r+
β2

n+2
2(q−p)
qp−2p ‖f‖Lp

r(R2+n). (3.6)



414 ,ok= A  38 8� (3.6) � Minkowski �C��?, KzzA%�+ r, Æ
‖T̃α,βf‖Lp(R2+n) 6

∫ 1

0

‖T̃α,β,sf‖Lp(R2+n)s
−1−α2ds

�

∫ 1

0

sβ2r+
β2

n+2
2(q−p)
qp−2p −1−α2ds‖f‖Lp

r(R2+n)

�

∫ 1

0

s
β2r+

2β2
(n+2)p′

−δ−α2−1
ds‖f‖Lp

r(R2+n)

� ‖f‖Lp
r(R2+n). (3.7)HI 1.2 9 max

{
2β1

2β1−(n+2)(α1−(β1+l)r)
, 2β2

2β2−(n+2)(α2−β2r)

}
< p 6 2 �A}f,�'.Z�=_�I 3.1 A'a. FQ'a\�I3Ag�, P[K N ��ngO. q+IRO�b7 2.1 H.. FC$v�, P[�d)℄V'a.�l 3.1 T�q Xv' N = 1 � (3.1) !M.U��U, �?

Iν,sf(u, v, x) =

∫ 1

0

f(u− t, v − s, x− γ(t, s))eit
−β1s−β2

φ(2νt)t−1−α1dt

=: III + IV, (3.8)� (3.8) 3,

III = 2να12−νβ1sβ2

∫ 1

0

Ω(t)f(u − 2−νt, v − s, x− γ(2−νt, s))ei2
νβ1 t−β1s−β2

dt

≃ 2−νβ1sβ2Iν,sf(u, v, x),

IV = 2να12−νβ1sβ2

n+2∑

j=1

σj

∫ 1

0

Ω(t)∂jf(u− 2−νt, v − s, x− γ(2−νt, s))ei2
νβ1 t−β1s−β2

dt,�J σ = (σ1, σ2, · · · , σn+2) = (2−ν , 0, p12
−νp1sq1tp1−1, · · · , pn2

−νpnsqntpn−1). ZU�g�
III { IV. K IV,  Minkowski �C�, �)

‖IV‖Lq(R2+n)

� 2να12−νβ1sβ2

∥∥∥
n+2∑

j=1

σj

∫ 1

0

Ω(t)∂jf(u− 2−νt, v − s, x− γ(2−νt, s))ei2
νβ1 t−β1s−β2

dt
∥∥∥
Lq(R2+n)

� 2να12−ν(β1+l)sβ2

n+2∑

j=1

‖∂jf‖Lq(R2+n)

� 2να12−ν(β1+l)sβ2‖f‖Lq
1(R

2+n).K III,  Minkowski �C�, Y�Æ
‖III‖Lq(R2+n) � 2−νβ1sβ2‖Iν,sf‖Lq(R2+n).



4 p �;u 8LS9�s�`B#;�V� Sobolev D��B�)i 415K III �� S − 1 -U��U, 6Y~�X', ��(U4A S, �?
‖III‖Lq(R2+n) � 2να12−ν(β1+l)sβ2‖f‖Lq

1(R
2+n) + 2να12−νSβ1sSβ2‖Iν,sf‖Lq(R2+n)

� 2να12−ν(β1+l)sβ2‖f‖Lq
1(R

2+n)..MÆ
‖Iν,sf‖Lq(R2+n) � ‖III‖Lq(R2+n) + ‖IV‖Lq(R2+n) � 2να12−ν(β1+l)sβ2‖f‖Lq

1(R
2+n).

N = 1 A}f,?'.���I 3.1 3Ag�K N − 1 !M, ��J>
∥∥∥
∫ 1

0

Ω(t)f(· − 2−νt, · − s, · − γ(2−νt, s))ei2
νβ1 t−β1s−β2

dt
∥∥∥
Lq(R2+n)

� 2−ν(N−1)(β1+l)sβ2(N−1)‖f‖Lq

N−1(R
2+n), (3.9)q3 N F�a� 2 A%$+. e5ng��.l'a (3.1) K N �!M. H.� N = 1A}f, ��U��U, �?

‖Iν,sf‖Lq(R2+n) � ‖III‖Lq(R2+n) + ‖IV‖Lq(R2+n), (3.10)ng�� (3.9), K IV Æ�Wg�:

‖IV‖Lq(R2+n)

� 2να12−ν(β1+l)sβ2

·
∥∥∥
n+2∑

j=1

σj

∫ 1

0

Ω(t)∂jf(u− 2−νt, v − s, x− γ(2−νt, s))ei2
νβ1 t−β1s−β2

dt
∥∥∥
Lq(R2+n)

� 2να12−ν(β1+l)sβ22−ν(N−1)(β1+l)sβ2(N−1)
n+2∑

j=1

‖∂jf‖Lq

N−1(R
2+n)

� 2ν(α1−N(β1+l))sβ2N‖f‖Lq

N
(R2+n). (3.11)H.D, K III I S − 1 -U��U, ��(U4A S, �?

‖III‖Lq(R2+n) � 2ν(α1−N(β1+l))sβ2N‖f‖Lq

N
(R2+n) + 2να12−νSβ1sSβ2‖Iν,sf‖Lq(R2+n)

� 2ν(α1−N(β1+l))sβ2N‖f‖Lq

N
(R2+n). (3.12)���, .l�YF S > N + lN

β1
A S ��.  (3.10)–(3.12), �I 3.1 ?'.FC!HI 1.2 A'a, .l�6X�W}f

2 6 p < min
{ 2β1
(n+ 2)(α1 − (β1 + l)r)

,
2β2

(n+ 2)(α2 − β2r)

}
.



416 ,ok= A  38 8�� p 6 2 A}f~��7AKoX'?=. ���, T̃α,β A�1/� T̃ ∗
α,β H��

f ∈ C∞
0 (R2+n) �, {6Æ�Wf�:

T̃ ∗
α,βf(u, v, x) =

∫ 1

0

T̃ ∗
α,β,sf(u, v, x)s

−1−α2ds

=

∫ 1

0

∞∑

ν=0

I∗ν,sf(u, v, x)s
−1−α2ds,q3

I∗ν,sf(u, v, x) =

∫ 1

0

f(u+ t, v + s, x+ γ(t, s))eit
−β1s−β2

φ(2νt)t−1−α1dt, ν = 1, 2, · · · .�iK T̃α,β Æ(hA'a, �hNZ�Ob/�6Æ\=AÆ(h. <�=, 9
2 6 p < min

{ 2β1
(n+ 2)(α1 − (β1 + l)r)

,
2β2

(n+ 2)(α2 − β2r)

}�, Æ
max

{ 2β1
2β1 − (n+ 2)(α1 − (β1 + l)r)

,
2β2

2β2 − (n+ 2)(α2 − β2r)

}
< p 6 2.%~xM2?%p��� Hölder �C�, �?

‖T̃α,βf‖Lp(R2+n) = sup
‖g‖

Lp′ (R2+n)61

|〈T̃α,βf, g〉|

= sup
‖g‖

Lp′ (R2+n)61

|〈f, T̃ ∗
α,βg〉|

6 sup
‖g‖

Lp′ (R2+n)61

‖f‖Lp
r(R2+n)‖T̃

∗
α,βg‖Lp′

−r
(R2+n)

� sup
‖g‖

Lp′ (R2+n)61

‖f‖Lp
r(R2+n)‖Br(g)‖Lp′

−r
(R2+n)

� ‖f‖Lp
r(R2+n).�*H�zb�Cx� Bessel K A��h2?=. HI 1.2 '�.

4 Æ�: ObjdwVQN`t�b\x�V Sobolev �g�� n,m > 2, k > 1. � Sd−1 F Rd �A7K~_ (d = n,m), Bd = Bd(0, 1) F Rd �A7K~. W_p30�ys��U/�
Sα,βf(x, y, z) =

∫

Bn×Bm

f(x− u, y − v, z − γ(|u|, |v|))ei|u|
−β1 |v|−β2

K(u, v)dudv,q3 γ(t, s) = (tp1sq1 , tp2sq2 , · · · , tpksqk) (V t = |u|, s = |v|), 0 < p1 < p2 < · · · < pk, 0 <

q1 < q2 < · · · < qk, (x, y, z) ∈ Rn × Rm × Rk, K(u, v) = |u|−n−α1 |v|−m−α2Ω(u, v) {
Ω(u, v) ∈ L1(Sn−1 × Sm−1) j�ÆP u, v 9FT"u-t+. P[?=�W%p.Wl 4.1 �� γ(t, s) = (tp1sq1 , tp2sq2 , · · · , tpksqk), q3 0 < p1 < p2 < · · · < pk,

0 < q1 < q2 < · · · < qk. � β1 > (k + 2)α1 > 0, β2 > (k + 2)α2 > 0, �V
̺ = min

{β1 − (k + 2)(α1 − (β1 + l)r)

2β1
,
β2 − (k + 2)(α2 − β2r)

2β2

}
,



4 p �;u 8LS9�s�`B#;�V� Sobolev D��B�)i 417q3 l = min{1, p1}. K��A 0 6 r < (k+1)α1

(k+2)(α1+l)
,

(1) Æ β1 >
α1−rl
r+1
k+2

, β2 >
α2
r+1
k+2

, � Sα,β !. L2
r(R

n+m+k) = L2(Rn+m+k) Æ(A;

(2)  | 1
p
− 1

2 | < ̺, �2��|G� f ∈ S(Rn+m+k) A�+ C, �?
Sα,βf‖Lp(Rn+m+k) 6 C‖f‖Lp

r(Rn+m+k).HI 4.1 A'a�M [13] 3HI 4 A'aH., �,.W.�� �B7A���<�r$3, &\P4Æ '� $% 'AÆ����-<,-0�. M�h����
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The Boundedness of Certain Oscillatory Integrals on

Unit Square Along Surfaces on Sobolev Spaces

ZHAO Junyan1

1Department of Mathematics, Zhejiang University, Hangzhou 310027, Chi-

na; Department of Mathematics, Zhejiang Normal University, Jinhua 321004,

Zhejiang, China. E-mail: zhaojunyan929@163.com

Abstract Let Q2 = [0, 1]2 be the unit square in two dimensional Euclidean space R2. The

author studies the boundedness properties from Sobolev spaces Lpr(R
2+n) to Lp(R2+n) of

the oscillatory singular integral operator Tα,β defined on the set S(R2+n) of Schwartz test

funtions f by

Tα,βf(u, v, x) =

∫

Q2

f(u− t, v − s, x− γ(t, s))eit
−β1s−β2

t−1−α1s−1−α2dtds,

where x ∈ Rn, (u, v) ∈ R2, (t, s, γ(t, s)) = (t, s, tp1sq1 , tp2sq2 , · · · , tpnsqn) is a surface on

R2+n, and β1 > α1 > 0, β2 > α2 > 0. The results extend and improve some known results

on R3. As applications, the author obtains some Sobolev boundedness results of rough

singular integral operators on the product spaces.

Keywords Hyper singular oscillatory integral, Surface, Multiparameter, Unit

square
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