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1 ���RDq�Q9B	UY$J




ut + px = 0,

vt + py = 0,

Et + (pu)x + (pv)y = 0,

(1.1)u5 p, (u, v) z E = u2+v2

2 + p ^���BqU�+JzlY. Q9 (1.1) L�!BZ')�,<k<^L�oIY$J5<qUM�zoiM�P;9zi"�ig (% [1]).%�I [2] 50mZQ9 (1.1) <\=z7<8YU. bQ9F}B#�oIY$J�2
Mach '�fq�<zi'6ig. LQ9 (1.1) <t:F}B�oIY$J<t:0mz7�8<"-. lO<�8'�F�%A= [3–4].�I}q�Q9 (1.1) Big, t::L!
�>�p����zi�� g<G\)^F. �iK16���B!im��u$<ziL"6<Y���8OM�t:. �G\)��U, bK1F}"�Bzi[G3<�?^Y$Jy4z
x��
��gz�� gÆ<�)5& (% [5–6]). fD>OoIY$J<
�K11<!3/�i^Ov�
I [7]. �bI5, t:Z}+J BÆY<ziR/[G3�?^Y$<G��)K1, �(RZ
�K1<!31, \n<0tF�%I [8–11]. �P, L�oIY$J, �iK11<!3/�i^Okw�!F'<. �,, C`q�Q9 (1.1) <\nK1!�xz	 )<. �I [7] 5<)MYU�8, Mf�RDq�Q9 (1.1) <
�K1Æ	J 2014 n 7 � 12 �#:, 2016 n 7 � 1 �#:keg.
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478 (onA A � 38 =�BziG3<[Zi�?^Y$J. );+'<!, Mf<YUyF})M>OoIY$J<
�K1.�I<k<!(Rq�Q9 (1.1) >�p�<
�K1<!31. 6u�5�f<ÆY (% [12–14]), bK1F}Æ�BziG3<[Zi�?^Y$J<G��)K1. Mf^S^O�?^Y$J�^�Z<i1, �Q��
i1&hbG��)K1#p�1<!3/�i.

2 �yZd�Ælf��&�^F<C/B p = p0, u = v = 0, �&��H
�)��B. . t = 0 ��,
�ka8i?a=>�p�, ��GDQ9 (1.1) <1 (u, v, p) <		Ui1:




p(t, r, θ) = p(t, r, 0),
(
u(t, r, θ)

v(t, r, θ)

)
=

(
cos θ − sin θ

sin θ cos θ

)(
u(t, r, 0)

0

)
,

(2.1)u5 t > 0, θ ∈ R }� r > 0. �P (r, θ) B (x, y) rg<�N�. Lp�1, � (2.1) 5

(1.1), F;




ut + pr = 0,

pt + pur +
pu

r
= 0,

(2.2)u5 u = u(t, r, 0) B9a+J.��
�p�<+JB�+J b0 > 0. �,, �
�w��zi}�+J σ (> b0) a=|F<�� g, u5�� σ !F'<�*z1 (u, p) zv�E (%; 1). p�Y$J
(2.2) <G\)1 (u, p) = (U(ξ), P (ξ))

(
ξ = r

t

)
, F;





Uξ =
UP

ξ(ξ2 − P )
,

Pξ =
UP

ξ2 − P
.

(2.3)�5G\)N� (ξ, η) =
(
x
t
, y
t

)
, �Q9 (1.1) Æ�B





−ξuξ − ηuη + pξ = 0,

−ξvξ − ηvη + pη = 0,

−ξEξ − ηEη + (pu)ξ + (pv)η = 0.

(2.4)℄�Z η = η(ξ) B!KZ, �Y$J (2.4) < Rankine-Hugoniot nQ�B




[ξu− p]S = [ηu],

[ξv]S = [ηv − p],

[ξE − pu]S = [ηE − pv],

(2.5)
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| 1 
g|u5 S = η′(ξ), [q] = q1 − q2, q1, q2 B�Z η = η(ξ) X�<XiC/. �:L!i, !KZ� ξ :Æ<daBN|, � S = ∞, �




ξ [u] = [p],

[v] = 0,

ξ [E] = [pu],�	FQ9 


ξ =

√
p1 + p2

2
,

ξ (u1 − u2) = p1 − p2.

(2.6)�PMf�bZ~a!K.��9 ξσ = σ B��H/, � (2.6) F;



U(σ) = 2

(
σ − p0

σ

)
,

P (σ) = 2σ2 − p0.

(2.7)\=, 
�<�Fr�! r = b0t, ��GD ξb = b0 B
�<H/. \zYg, ��F5&,^3�
��g<+J�>

�<+J, �
U(b0) = b0. (2.8)PMf<K1!: L (

√
p0,

√
2p0) 5<ji σ, � [b0, σ] 5p�Y$J (2.3) 4�35&

(2.7) <1. �P σ >
√
p0 J

O5&, σ <

√
2p0 J

x} U(σ) < σ, ���<�~+Jb
��<+J.�I<<x0t	U.[p 2.1 L�� 0 < b0 <

√
2p0, /�Az< σ ∈ (

√
p0,

√
2p0), �;K1 (2.3), (2.7),

(2.8) � [b0, σ] 5/�Az<#p�1 (U(ξ), P (ξ)). ,=, U(ξ) z P (ξ) � [b0, σ] 5IBA$x'.
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3 \q 2.1 Z�u$W�5z
ÆY�[G3<Y$J (2.3) Æ�BG3<Y$J. ℄ s = 1

ξ
, ��

sb =
1
b0
z sσ = 1

σ
, �Y$J (2.3) F}deB





Ũs =
sŨ P̃

s2P̃ − 1
,

P̃s =
Ũ P̃

s2P̃ − 1
,

(3.1)u5 (Ũ , P̃ )(s) = (U, P )
(
1
s

)
. 5z��5ÆY

I = sŨ , K = s2P̃ , (3.2)�Y$J (3.1) Æ�B




s
dI

ds
=

I(2K − 1)

K − 1
,

s
dK

ds
=

K(2K − 2 + I)

K − 1
.

(3.3)��5ÆY τ , F; 



dI

dτ
= I(2K − 1),

dK

dτ
= 2K

(
K − 1 +

1

2
I
)
,

(3.4)

ds

dτ
= s(K − 1). (3.5)\L
�35& (2.7) z (2.8), p�Y$J (3.4) 4	U�35&<1:

Iσ = I(sσ) = 2(1−M), Kσ = K(sσ) = 2−M, Ib = I(sb) = 1, (3.6)u5 M = p0

σ2 ∈
(
1
2 , 1
)
.B&hEM 2.1, W&h�i�M.
p 3.1 L�� M ∈

(
1
2 , 1
)
, �?^Y$J (3.4) z&�5& (I,K)|τ=0 = (Iσ,Kσ)� 0 < I 6 1 5/�Az<#p�1 (I,K) = (I(τ ;M),K(τ ;M)).� $W��9&�5&
I 0 < Iσ < 1 z 1 < Kσ < 3

2 . �7C<�?^Y$J<&)K1p�1</�i, ,l&hL 0 < I 6 1, x' K !	3<. � (3.4), 	
d lnK

dτ
= 2K − 1 + (I − 1) =

d ln I

dτ
+ (I − 1),�L 0 < I 6 1, 	

d

dτ
ln

K

I
= I − 1 6 0.VRÆ�z�� Kτ > 0, F;

2−M 6 K 6
2−M

2(1−M)
. (3.7)�M 3.1 &
.



4 t �v� >sH ;M"r�R:=H℄*2 4815z�, .Y$J (3.4) <� 2 iY$5TX, L I > 0, 	 dK
dτ > 2K(K − 1). VRÆ�z&)5& Kσ > 1, F;x' K 	�ji	Y< τ )T��s.�

L : K − 1

2
I = 1, 0 < I < 1.��M 3.1 zÆg<��F', Y$J (3.4) <ez5.(Z L ÆT'<�^�ZI	z+Z I = 1 �ji	Y< τ )\, (%; 2). �B� I = 1 Æ	 Iτ > 0, �MfF}.>� I(τ ;M) = 1 51' τ P;9x' τ = τ̃ (M).

| 2 `V� (3.4) X�|. �� L i L1 aR℄�
�� K −
1

2
I = 1 (0 < I < 1)i I = 1 (K > 1). v� L2 i L3 aR℄�
 M = 0.7 i M = 0.85 Xjav�.
p 3.2 x' τ = τ̃ (M) �~! (

1
2 , 1
) Æ!sh6DA�<.� $W��9x' I(τ ;M)zK(τ ;M)L τ zM I!F8<.L>� I(τ̃ (M);M) =

1 X�n
 M }8, F;
τ̃M = −IM (τ̃ (M);M)

Iτ (τ̃ (M);M)
. (3.8)MfKu: L M ∈

(
1
2 , 1
)
, x' IM � τ = τ̃ (M) 
I IM < 0. VRÆ&Kuz�� Iτ > 0�F&h�M#R. BZ&hKu, LY$J (3.4) z&)5& (3.6) n
 M }8, F;




dIM
dτ

= (2K − 1)IM + 2IKM ,

dKM

dτ
= KIM + 2

(
2K − 1 +

1

2
I
)
KM ,

(3.9)

IM |τ=0 = −2, KM |τ=0 = −1. (3.10)
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(
1
2 , 1
)
, � τ ∈ [0, τ̃(M)] ÆI	 IM < 0 z KM < 0. ��/�zi τ∗, �;� τ = τ∗ )$-	 IM = 0,KM 6 0 � KM = 0, IM 6 0 #R. ��

(3.10), � τ∗ )	 dIM
dτ > 0 � dKM

dτ > 0. ��. (3.9) F;
dIM
dτ

(τ∗) 6 0 y dKM

dτ
(τ∗) 6 0dN. �M 3.2 ;&.
p 3.3 L�� 1

2 < M < 1, x' τ = τ̃(M) 
I
(1 −M)exp(2τ̃ (M)) 6 2−M. (3.11)� C`K1 




dH

dτ
= 2H(H − 1),

H |τ=0 = 2−M.

(3.12)��M 3.1 ���
dK

dτ
>

dH

dτ
, (3.13)Æ&K1�~! [0, τ̃(M)] Æ/�Az<p�1. 1K1 (3.12) �Q� (3.13), F;

K >
2−M

(2−M)− (1 −M)exp(2τ̃ (M))
.VRÆ�z (3.7) < (2−M)− (1−M)exp(2τ̃(M)) > 0. �M 3.3 &
.L~, &hU&�M.
p 3.4 L�� 0 < b0 <

√
2p0, /�Az< M ∈

(
1
2 , 1
)
, �;Ug>�#R:

2p0
M

(1−M)exp(τ̃ (M)) = b20. (3.14)� $W&h/�i. �
F (M) :=

2p0
M

(1−M)exp(τ̃ (M)).�!n
 M <ziWmx'. ℄ M1 = 2p0

2p0+b2
0

, ���M 3.2 F;
F (M1) = b20exp(τ̃ (M1)) > b20. (3.15)\zYg, � τ̃ (M) 	ziz.<Æ3 τ̂ , �L-	< M ∈

(
1
2 , 1
)
, 	 τ̃ (M) 6 τ̂ . �F}n� M2 = 4p0exp(τ̂)

b2
0
+4p0exp(τ̂)

, �;9
F (M2) =

1

2
b20exp[τ̃ (M2)− τ̂ ] 6

1

2
b20 < b20. (3.16)� τ̃ (M) N3, ��-Q��M 3.2 F', � 1 a6/�zB M3 ∈

(
1
2 , 1
)
, �;

τ̃(M3) > ln
16p0
b20

.Q� (3.11) F;
(1−M3)exp(τ̃ (M3)) 6 (2−M3)exp(−τ̃ (M3)) 6

b20
8p0

.
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F (M3) =

2p0
M3

(1−M3)exp(τ̃ (M3))

6 4p0(1−M3)exp(τ̃ (M3))

6
1

2
b20 < b20. (3.17)VR (3.15)–(3.17)��WmiF;,-�/�zB M∗ ∈ [M1,max{M2,M3}),�; F (M∗)

= b20.Ug&hAzi.,l&h F (M)�~! ( 12 , 1)!sh6DA$<x'. Lx' F (M)n
 M }8, F;
F ′(M) =

2p0(1−M)

M

(
τ̃ ′(M)− 1

M(1−M)

)
exp(τ̃ (M)).� τ̃ ′(M) <�1� (3.8) �Q� (3.4) 5<� 1 iY$, F;

τ̃ ′(M)− 1

M(1−M)
= −IM (τ̃ (M);M)

Iτ (τ̃ (M);M)
− 1

M(1−M)

=
1

Iτ (τ̃ (M);M)

(
− IM (τ̃ (M);M)− I(τ̃ (M);M)[2K(τ̃(M);M)− 1]

M(1−M)

)
.�

G : = −IM (τ ;M)− I(τ ;M)[2K(τ ;M)− 1]

M(1−M)
,

H : = −KM (τ ;M)− K(τ ;M)[2K(τ ;M)− 2 + I(τ ;M)]

M(1−M)
.Ug&h� τ = τ̃ (M) )	 G < 0, ��!`x<0t.Q� (3.6) z (3.10) F', L M ∈

(
1
2 , 1
)
, 	





G|τ=0 = 2− 2(1−M)[2(2−M)− 1]

M(1−M)
=

6(M − 1)

M
< 0,

H |τ=0 = 1− (2−M)[2(2−M)− 2 + 2(1−M)]

M(1−M)
=

5M − 8

M
< 0.

(3.18),=, �� (3.4) z (3.9) �Mz
(.<�,, F;9x' G z H <Y$




dG

dτ
= (2K − 1)G+ 2IH,

dH

dτ
= KG+ (4K − 2 + I)H.

(3.19)VRÆ�z&�'; (3.18) �;, L�� τ ∈ [0, τ̃(M)] I	 G < 0. �M 3.4 ;&.[p 2.1 X�t L M = M∗, ��M 3.1, � τ ∈ [0, τ∗] 5, Y$ (3.4) z&)5& (I,K)|τ=0 = (2(1−M∗), 2 −M∗) /�Az<#p�1 (I∗(τ),K∗(τ)), �P τ∗ �>�
I∗(τ) = 1 1;. 

�M 3.4 F'

2p0
M∗

(1 −M∗)exp(τ∗) = b20. (3.20)
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



ds

dτ
= s[K∗(τ) − 1],

s|τ=0 =

√
M∗

p0
,F;

s = s(τ) =

√
M∗

p0
exp
{∫ τ

0

[K∗(τ) − 1] dτ
}
, ∀τ ∈ [0, τ∗]. (3.21)�B (I∗(τ),K∗(τ)) ! (3.4) <1, � d

dτ ln I∗(τ) = 2[K∗(τ)− 1] + 1. LÆ&�F. 0 9 τ∗�^, ���9�� I∗(τ∗) = 1, F;
∫ τ∗

0

[K∗(τ)− 1] dτ = −1

2
ln 2(1−M∗)− 1

2
τ∗.�Æ�5
 (3.21) �Q� (3.20), F;

s(τ∗) =

√
M∗

p0
exp
(
− 1

2
ln 2(1−M∗)− 1

2
τ∗
)

=

√
M∗

2p0(1 −M∗)
exp

(
− 1

2
τ∗
)
=

1

b0
= sb.� sτ > 0, 1 (3.21) ;9
I τ∗ = τ(sb) <x' τ = τ(s). � (I∗∗(s),K∗∗(s)) =

(I∗(τ(s)),K∗(τ(s))). �,
U(ξ) = ξI∗∗

(1
ξ

)
, P (ξ) = ξ2K∗∗

(1
ξ

)
, ∀ξ ∈ [b0, σ

∗], (3.22)�y.f
I�35& (2.7), u5 σ∗ =
√

p0

M∗
. l5z�, 	

U(b0) = b0I
∗∗

( 1

b0

)
= b0I

∗(τ(sb)) = b0I
∗(τ∗) = b0.��GD (3.22) 5<x'
I�35& (2.8).Ug&hEM 2.1 <� 2 i0t. L (3.22) 5E�<x' U(ξ) }8, �Q� (3.4) z

(3.5) }��� ξ = 1
s
, F;

dU(ξ)

dξ
= I∗(τ) +

1

s

dI∗(τ)

dτ

dτ

ds
sξ

= I∗(τ)− I∗(τ)[2K∗(τ) − 1]

K∗(τ) − 1
= −I∗(τ)K∗(τ)

K∗(τ) − 1
< 0. (3.23)K)?, Lx' P (ξ) }8, F;

dP (ξ)

dξ
=

2K∗(τ)

s
+

1

s2
dK∗(τ)

dτ

dτ

ds
sξ

=
2K∗(τ)

s
− 2K∗(τ)[K∗(τ) − 1 + 1

2I
∗(τ)]

s[K∗(τ) − 1]

= − I∗(τ)K∗(τ)

s[K∗(τ) − 1]
< 0.EM 2.1 &
.
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4 l�r�It:ZRDq�Q9:L!
�a=>�p�P��<G\)^F. ��
�}�+J b0 a=p�, ��^F5'Xzi}F'<�+J σ a=�F<�� g. �:L!zG\)��U, bK1F}"�Bzi[G3<[Zi�?^Y$J<G��)K1. 6u�5f<ÆY, �K1BÆBG3<[Zi�?^Y$J (3.4) 4G��3
(3.6) <�)K1. 

L�^�Zi1<^S^O, sh&hZ, L�� 0 < b0 <

√
2p0,K1 (3.4), (3.6) /�Az<#<�6D��<p�1. x�<Y0 b0 <

√
2p0 !BZ�&^F!. ξ > σ ��*u�� g9 ξ < σ, L b0 >

√
2p0 <{hkw��z(. Mf*�mbK1<t:. );+'<!, Lq�Q9<Æ&YU8wF}�Jt:>OoIY$<\L�K1y�lL b0 ��|Y0, �!�B�O5&�F;9���~<+Jb
��+J. S�n�~��
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Abstract This paper is concerned with self-similar flows of the two-dimensional pressure-

gradient system caused by the uniform expansion of an axially symmetrical piston into the

undisturbed fluid. Under the axisymmetric and self-similar assumptions, the problem can be

reduced to a free boundary value problem of an autonomous nonlinear system of ordinary

differential equations. The authors establish the global existence of the positive smooth

solutions to the free boundary value problem by analyzing carefully the properties of the

integral curves of the ODE system.
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