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p-�8�*,N+�<�)�MD*V�R1 QSO2 PTU3.; 4 E ~R(a G ;A[he�a, [ U ~�RR(���a;�q. E  �℄ G s~ p-�;wYj;, hj E ;=[ pd-�; G-yJ�~;w;. G ;�a H  �℄ G s~ U-Φ-��$;, hj-℄ G ;A[*he�a T , y9 G = HT , [ (H ∩ T )HG/HG 6 Φ(H/HG)ZU (G/HG), Us
ZU (G/HG) ~na G/HG ; U-�s2. �djC, hj E ;A/ p-�a℄ G s~ U-Φ-��$;,H: E ℄ G s~ p-�;wYj;. ��LO, 96.R(a~ p-���;lXQE~_, �[�
.A/Cl;�j.��� Sylow p-�a, U-Φ-��$�a, p-���a, p-�1a
MR (2000) L0�! 20D10, 20D15, 20D20J1��! O15246ÆI% A4E
� 1000-8314(2018)03-0297-12

1 ��9�6�q�:`�}Q'`.  >N G �{�Z`, p �{�Z	�. �r
NTm�}�}:. ;Q
0:WOnTm, C
��	� [1–3].3 π }
Q	��!:�p P :�ZP"��. ` G :gd�` E ��\ G r}�:vXi: (π-�:vXi:), gi E = 1 {
 G :
Q	lT E :xI� H/K (��=, x>℄Æ� |H/K|� π r:pp�Z	�f') }:v:.  >N U �{
Q���`:�p. �m ZπU(G) �{ G : πU-�r1, �` G :
Qgd π-�:vXi�`:"}. $b, ZU(G) = ZPU(G), ��� G : U-�r1. 2�u~D\#, 3 π = {p} v,

ZpU(G) } G :7�d� pd-xI�}:v:	.gd�`.�:vXi�`n π-�:vXi�`FQ'`:�^Q�v>:M*, �Z�.v>:`%�P�> u. )g, k` G :
Q	�Æn 4 Æ:v�`}�:vXi:, G9 G }���: (Huppert, Doerk). ` G }M���: (�FT G :<ZP:vxI�
H/K, G :<ZW	
N\ H/K oS4K��^) 3Z�3,\ G :�Zgd�` E,x8 E 6 ZU(G) Z G/E }�1: (	 [4, �& C]). aTe�!�:℄H�i, C
��	� [5–11]. >:x>F�}Ng":0WO, \& p-�:vXi�`:�Z0P�}^.�> 1.1 ` G :�` H ��\ G r} U-Φ-��#:, gi,\ G :�Z)gd�` T , x8 G = HT , Z (H ∩ T )HG/HG 6 Φ(H/HG)ZU(G/HG), Tr HG } G :	l
� 2015 N 12 Y 20 e�6, 2017 N 9 Y 6 e�66VY.
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298 � 9 N � A � 39 �T H :	.gd�`, Z ZU (G/HG) }m` G/HG : U-�r1. >k7, ` G :�` H ��\ G r}: c-gd: [12], gi,\ G :�Zgd�` T , x8 G = HT , Z H ∩ T 6 HG; Uc-gd: [13], gi,\ G :�Z)gd�` T ,x8 G = HT , Z (H ∩ T )HG/HG 6 ZU(G/HG); SΦ-��#: [14], gi,\ G :�Z)gd�` T , x8 G = HT , Z H ∩ T 6 Φ(H). P�GEk c-gd�`, Uc-gd�`D�
SΦ-��#�`B} U-Φ-��#�`. 2")�B, Km���!*.# 1.1 3 G = Z4 ×S4, Tr Z4 = 〈a〉 }�Z 4 Æ:v`, Z S4 }�Z 4 )F�`.3 H = Z2 × Z4, Tr Z2 = 〈a2〉 Z Z4 = 〈(1234)〉, G9

HG = Z2 × 1, Φ(H/HG) = (Z2 × Z2)/(Z2 × 1),Z ZU (G/HG) = (Z4 × 1)/(Z2 × 1). |F5 H \ G r:)gd�#oQ G n Z4 × A4.fEiB, H \ G r} U-Φ-��#:, 2 H \ G r��} Uc-gd:, ?�} SΦ-��#:. >:x>�ig".�" 1.1 3 E }` G :�Zgd�`, P } E :�Z Sylow p-�`Z |P | > p. �r,\ P :�Z�` D, x8 1 < |D| < |P |, Z"/!*:

(1) gi |D| = 2 Z P }�ZP
y 2-`, G9 P :
Q 2 Æn 4 Æ:v�`\ Gr} U-Φ-��#:;

(2) S^, P :
Q |D| Æ�`\ G r} U-Φ-��#:.I( E 6 ZpU(G).�& 1.1 :iB	l.,:�w, g":+ZD�}Tr:x>�w, �v�>?uRQFG.(/ 1.1 3 P }` G :�Zgd p-�`. �r,\ P :�Z�` D, x8 1 <

|D| < |P |, Z"/!*:

(1) gi |D| = 2 Z P }�ZP
y 2-`, G9 P :
Q 2 Æn 4 Æ:v�`\ Gr} U-Φ-��#:;

(2) S^, P :
Q |D| Æ�`\ G r} U-Φ-��#:.I( P 6 ZU (G).(/ 1.2 3 P }` G :�Z Sylow p-�`Z |P | > p. �r,\ P :�Z�` D,x8 1 < |D| < |P |, Z"/!*:

(1) gi |D| = 2 Z P }�ZP
y 2-`, G9 P :
Q 2 Æn 4 Æ:v�`\ Gr} U-Φ-��#:;

(2) S^, P :
Q |D| Æ�`\ G r} U-Φ-��#:.I( G } p-���:.

2 C�H-?" 2.1 [15] (1) k` G } p-���:, Z Op′(G) = 1, G9 G Q��: Sylow p-�`.

(2) k T }` G :�Z)gd�`, Z |G : H | }	� p :N?, G9 Op(G) 6 T .



3 S a�( g�� �-V p-�;wYj�a;A[Q�~_ 299?" 2.2 3 H n K }` G :�`, H 6 K Z H \ G r} U-Φ-��#:.

(1) ,\ G :�Z)gd�` T , x8 G = HT , HG 6 T Z
(H ∩ T )/HG 6 Φ(H/HG)ZU (G/HG).

(2) H \ K r} U-Φ-��#:.

(3) gi N } G :�Zgd�`Z7� N 6 H {
 (|H |, |N |) = 1, G9 HN/N \
G/N r} U-Φ-��#:.

(4) gi H }�Z p-`, Z N } G :�Z	lT Op(G) :gd�`, G9 HN/N\ G/N r} U-Φ-��#:.F P�rk, ,\ G :�Z)gd�` T0, x8 G = HT0, Z (H ∩ T0)HG/HG 6

Φ(H/HG)ZU (G/HG).

(1) 3 T = T0HG. fEiB, �` T x8 (1) !*.

(2) ZN (1) :�m, ��5 K :�` T1 = T ∩K. Ek T1 } K :)gd�` (	
[1, > A `, K& 14.1(a)]), Z7� HT1 = HT ∩K = K. 2�, P [2, > 1 `, �& 2.7(a)]�k

(H ∩ T1)/HG = (H ∩ T )/HG ∩K/HG

6 Φ(H/HG)(ZU (G/HG) ∩K/HG)

6 Φ(H/HG)ZU(K/HG).|F5 HG 6 HK , Z,\�^ (H ∩ T1)HK/HK
∼= ((H ∩ T1)/HG)(HK/HG)/(HK/HG).I(,  >�P [1, > A `, �&9.2(e)] n [2, > 1 `, �& 2.6(d)] 85

(H ∩ T1)HK/HK 6 Φ(H/HK)ZU (K/HK).e�B H \ K r} U-Φ-��#:.

(3) ZN (1) :�m. $b TN/N } G/N :�Z)gd�` (	 [1, > A `, K&
14.1(b)]), x8 (HN/N)(TN/N) = G/N . gi N 6 H , G9 H ∩ TN = (H ∩ T )N . %\r (|H |, |N |) = 1, G9 N 6 T , �I HN ∩ T = (H ∩ T )N . U (2) :Æ6%�,  >Q

(HN ∩ TN)(HN)G/(HN)G = (H ∩ T )(HN)G/(HN)G

6 Φ(HN/(HN)G)ZU (G/(HN)G).P(�k HN/N \ G/N r} U-Φ-��#:.

(4) ZN (1) :�m. |F5K& 2.1(2) �B N 6 Op(G) 6 T . I(, %�T (3),  >L_iB HN/N \ G/N r} U-Φ-��#:.?" 2.3 [16] 3` G : Sylow p-�`} p2 Æ:, Z Op′(G) = 1. gi G Q��:~,gd�` Soc(G), Z Soc(G) �^T�Z p Æ:v`, G9 G } p-���:.`% F ��`!, gi F = ∅ {
 1 ∈ F , ZFd�` G, m` G/GF :
Q�
+�T F , Tr GF =
⋂
{N |N EG,G/N ∈ F}. `! F ��
n:, }n3 G/Φ(G) ∈ F v�Q G ∈ F .?" 2.4 [2,17−18] 3 F }�Z
n`!, Z F } F :?LR (	 [2, P. 3] { [1, >

IV `, �& 3.7 n�G 3.9]). 3 E }` G :�Zgd p-�`, G9 E 6 ZF(G) 3Z�3"/m�}!*::

(1) G/CG(E) ∈ F (p).



300 � 9 N � A � 39 �
(2) E/Φ(E) 6 ZF (G/Φ(E)).?" 2.5 [19] 3 P }�Z p-`, Z α } P :�Z p′-��^.

(1) gi [α,Ω2(P )] = 1, G9 α = 1.

(2) gi [α,Ω1(P )] = 1, Z p }�ZV	�{
 P }
y:, G9 α = 1.|F5, ` G :�` H ��\ G r} s-qy: [20]{
 s-Mgd:,gi H U G :
Q Sylow �` P }�qy:, � HP = PH .?" 2.6 [2,15,21] (1) 3 V }` G :�Z 4 Æ s-Mgd�`. gi V = A×B, Tr
|A| = |B| = 2 Z A \ G r} s-Mgd:, G9 B \ G r?} s-Mgd:.

(2) 3 H }` G :�Z p-�`, G9 H \ G r} s-Mgd:3Z�3 Op(G) 6

NG(H).

3 K:���G'?" 3.1 3 N } G :�Z~,gd�`, G9 N 6 Op(G) {
 |N | = p.F gi N � Op(G), G9 N ∩Op(G) = 1. |F5 NOp(G)/Op(G) } p-` G/Op(G):~,gd�`. I( G-�^ N ∼= NOp(G)/Op(G) �B |N | = p."A+ZK&}iBD� 1.1 :x>�w.?" 3.2 3 P }` G:�Zgd p-�`. gi P :<Z~.�`\ Gr} U-Φ-��#:, G9 P 6 ZU (G).F N~,K)J. �r�6�!*, Z3 (G,P ) }�Zx8 |G| + |P | 	,:K). >�k"A:�w\&8G.

(1) ` G :	lT P :~,gd�`}��:,  >�� N , Z N 7� P/N 6

ZU(G/N) n |N | > p.gi P } G :�Z~,gd�`, G9 (1) $b!*. %\r N < P . PK& 2.2(3)k (G/N,P/N) 7�K&�r, T} (G,P ) :7^�B P/N 6 ZU(G/N), Z |N | > p. 3
L(6= N) } G :2�Z	lT P :~,gd�`. %�=�k P/L 6 ZU(G/L). 2(v,

G-�^ N ∼= NL/L �B |N | = p. U8G�B (1) }!*:.

(2) N 6 Φ(P ), P(\&	s8G.�r Φ(P ) = 1, G9 N \ P r}��:. 3 B } N \ P r:�Z�, Z^ N1 }
N :�Z~.�`. � K = N1B, ^ K } P :�Z~.�`, Z KG = 1 = Φ(K). P�r, K \ G r} U-Φ-��#:, T},\ G :�Z)gd�` T , x8 G = KT , Z
K ∩ T 6 ZU (G). I�K& 2.1(2) nK& 3.1 �B N 6 Op(G) 6 T , 
D N1 = K ∩N 6

K ∩ T 6 ZU(G). �p N :~,5, ^Q N 6 ZU (G), �I |N | = p, 8G. I( Φ(P ) > 1,ZP (1) k N 6 Φ(P ). G9 P/Φ(P ) 6 ZU(G/Φ(P )). (v, PK& 2.4(2),  >85
P 6 ZU(G), 8G. e��!-K&:iB.?" 3.3 3 P }` G :�Zgd p-�`. �r P :<Z p Æ�`\ G r} U-

Φ-��#:. 3 P }�ZP
y 2-`v, ����r P :<Z 4 Æ:v�`\ G r?}
U-Φ-��#:, G9 P 6 ZU(G).F �r�6�!*, Z3 (G,P ) }�Zx8 |G| + |P | 	,:K). gi p > 2 {
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 P }
y:, G9 >N Ω �{ P :�` Ω1(P ); S^, 3 Ω = Ω2(P ).  >�k"/�w858G.

(1) ,\ G :�Z	lT P :gd�` R, x8 P/R } G :�ZP:vxI�Z
R 6 ZU(G). 2�, FT G :d�gd�` V , gi V < P , G9 V 6 R.$b, ,\ G :�Zgd�` R, x8 P/R } G :�ZxI�. I� (G,R) 7�K&�r, 
D >�P (G,P ) :7^85 R 6 ZU(G), Z P/R }P:v:. %�=, �8
V 6 ZU (G). gi V � R, G9 P = RV 6 ZU(G), 8G. I( V 6 R.

(2) �,\ G :gd�` M , x8 |G/M | = p, Z G = PM .gk�b, �,\ G :�Zgd�` M , x8 |G/M | = p, Z G = PM . G9P (1)k P ∩M 6 ZU(G). |F5 G-�^ G/M ∼= P/(P ∩M) �B P/(P ∩M) } G ::vxI�. I(, P�Gk P 6 ZU (G), 8G.

(3) Ω 6 ZU (G), P(\&	s8G.gi Ω � P , G9P (1) k Ω = P . 3 L = 〈x〉, Tr x ∈ P \ R, G9 L } p Æ{
 4 Æ:. P�r, L \ G r} U-Φ-��#:, T}�pK& 2.2(1) k, ,\ G :�Z)gd�` T , x8 G = LT , LG 6 T Z (L ∩ T )/LG 6 Φ(L/LG)ZU(G/LG). gi
T < G, G9,\ G :�Z	l T :~.�` M . fEiB M 7� M EG, |G : M | = pn G = PM , eU (2) 8G. I( T = G, �I L/LG 6 Φ(L/LG)ZU (G/LG). |F5
L/LG = Φ(L/LG)(L/LG ∩ZU(G/LG)) = L/LG ∩ZU (G/LG), I( L/LG 6 ZU(G/LG). [P (1) n [2, > 1 `, �& 2.6(d)],  >85 1 < LR/R 6 ZU(G/R) = ZU(G)/R, e�B
P/R 6 ZU(G)/R, �I P 6 ZU (G), 8G.Po�k Ω < P . [P (1),  >Q Ω 6 ZU (G). (v,  >�P (1), K& 2.4(1) D�K& 2.5 85 G/CG(Ω) ∈ F (p) Z CG(Ω)/CG(P ) ∈ Np, Tr F } U :?LRZ Np }
Q p-`�!:`%. +
�p,  >85 G/CG(P ) ∈ NpF (p) = F (p). [)PK& 2.4(1)^k P 6 ZU(G). U8G�!-K&:iB.(/ 1.1 �F& �r�6�!*, Z3 (G,P ) }�Zx8 |G|+ |P | �	,:K). >�k"/�w858G.

(1) |D| > p Z |P : D| > p (PK& 3.2 nK& 3.3 *8).

(2) FT P :d� |D| Æ�` H , Q H/HG 6 ZU(G/HG).P�rk, ,\ G :�Z)gd�` T , x8 G = HT , Z (H ∩ T )HG/HG 6

Φ(H/HG)ZU (G/HG). gi T < G, G9,\ G :�Z	l T :~.�` M . fEiB M 7� M E G, |G/M | = p n G = PM . |F5 |P : P ∩ M | = |G/M | = p. I(
(G,P ∩M) 7�D��r, eP (1) �k, �I (G,P ) :7^�B P ∩M 6 ZU(G). P�G�k, (v P 6 ZU (G), 8G. ` T = G, Z H/HG 6 Φ(H/HG)ZU (G/HG). [P<z

H/HG = Φ(H/HG)(H/HG ∩ ZU(G/HG)) = H/HG ∩ ZU(G/HG), >85 H/HG 6 ZU(G/HG).

(3) 3 N } G :�Z	lT P :~,gd�`, G9 |N | < |D|.�r |N | > |D|. r H } N :�Z |D|Æ�`. $b HG = 1,ZP (2)k H 6 ZU (G).+I N :~,5�B N 6 ZU(G). e�B |N | = p Z |D| = 1, 2eU (1) 8G.�r |N | = |D|. I� |P : D| > p, 
D,\ P :�Z�` S, x8 N } S :�Z~.�`. gi N = Φ(S), G9 S }:v`, T} N ?}:v:Z |N | = |D| = p, eU (1) 8G. I( Φ(S) < N , G9,\ N :�Z	l Φ(S) :~.�` N1. fEiB,\ S :2�Z~.�` B, x8 B ∩ N = N1. |wo, PT N/Φ(S) \ S/Φ(S) r}�



302 � 9 N � A � 39 ��:, r B1/Φ(S) } N/Φ(S) \ S/Φ(S) r:�Z�, G9 S :�` B = B1N1 7�o��
. I� |B| = |D|, 
DP (2) k B/BG 6 ZU(G/BG). �#, �r BG = B. (v
S = N × B Z |D| = |N | = |S/B| = p, 8G. T), r 1 < BG < B, G9 S = N × BG.|F5 1 < B/BG 6 ZU(G/BG) ∩ S/BG, Z,\ G-�^ S/BG

∼= N . I(,  >85
S/BG 6 ZU(G/BG), �=Q |N | = |S/BG| = p, 8G. 	s�r BG = 1, G9 B 6 ZU (G).(v N1 = N ∩B 6 N ∩ ZU(G) = 1. P(�k |N | = p, 8G. o�8G�B |N | < |D|.

(4) P/N 6 ZU (G/N). I(, N } G :��	lT P :~,gd�`, Z |N | > p.P (3) nK& 2.2(3), P/N :<Z |D|/|N | Æ�`\ G/N r} U-Φ-��#:. %\�r |D|/|N | = 2 Z P/N }�ZP
y 2-`.gi |N | = 2, G9 N 6 ZU(G) ∩ Z(P ) Z |D| = 4.  >�>iB, \eu\#", P:
Q 2 Æn 4 Æ�`\ G r} U-Φ-��#:. 3 L } P :d� 2 Æ�`. I�gd�`\ G r�} U-Φ-��#:, 
D�Or LG = 1. � H = N × L, G9 H } P :�Z 4 Æ�`. �#, gi HG = N , G9P (2) �k H/N 6 ZU(G/N) = ZU (G)/N , �I
L 6 ZU(G). T), r HG = H . I� |N | = 2 = |H/N |, 
DP�Gk H 6 ZU (G),  >�=85 L 6 ZU (G). �o,�LiB L\ Gr} U-Φ-��#:. [PK& 3.3, P 6 ZU (G),8G. Do�B |N | > 2, �IPK& 3.1 k N 6 O2(G). 3 X/N } P/N :d� 4 Æ:v�`. gi N 6 Φ(X), G9 X }:v`, (v N }:v`Z |N | = 2, 8G. `
N � Φ(X), +I,\ X :�Z~.�` X1, x8 X = X1N . I� |X1| = |D|, 
DP�rnK& 2.2(4) k X/N \ G/N r} U-Φ-��#:. P(�k (G/N,P/N) 7�D��r. [P (G,P ) :7^k P/N 6 ZU(G/N). ` (4) !*.

(5) 	s:8G.�r Φ(P ) = 1. 3 S } P :�Z7� N 6 S n |S| = p|D| :�`. r B } N \ Sr:�Z�,�^ N1 } N :�Z~.�`. � K = N1B,G9 K } S :�Z~.�`Z
KG = 1. I� |K| = |D|, 
DP (2) k K 6 ZU(G). +I N1 = K ∩N 6 ZU(G) ∩N = 1.P(�k |N | = p, 8G. ` Φ(P ) > 1. [P (4), N 6 Φ(P ), �I P/Φ(P ) 6 ZU (G/Φ(P )).(v,  >�PK& 2.4(2) 85 P 6 ZU (G), 8G. D��(8i.�-℄N�=iBD� 1.2,  >�#\&g"+ZK&.?" 3.4 3 P }` G :�Z Sylow p-�`. gi P :<Z~.�`\ G r}
U-Φ-��#:, G9 G } p-���:{
 |P | = p.F �r�6�!*, �^ G }�Z~,ÆK). $b, |P | > p2.  >�k"/�w\&8G.

(1) G �}�ZP
y1`.gi G }�ZP
y1`, G9 ZU(G) = 1 = (P1)G, Tr P1 } P :d�~.�`.P�r, P1 \ G r} U-Φ-��#:, T},\ G :�Z)gd�` T , x8 G = P1T Z
P1 ∩ T 6 Φ(P1). I� G }�ZP
y1`, 
DfEiB T = G. (v P1 6 Φ(P1), �
P1 = 1, 8G. ` (1) !*.

(2) 3 N } G :�Z~,gd�`. G9 G/N } p-���:{
 |PN/N | = p. P(�k Op′(G) = 1.r M/N } PN/N :�Z~.�`. G9 M = NP1, Tr P1 = P ∩M } P :�Z~.�`. PK& 3.1, N 6 Op(G) {
 |N | = p. [PK& 2.2(3)(4),  >85 M/N \
G/N r} U-Φ-��#:. e�B G/N 7�K&�r, +I G :7^�B (2) !*.

(3) 1 < P ∩N < P .



3 S a�( g�� �-V p-�;wYj�a;A[Q�~_ 303P (2) k 1 < P ∩N . �r P 6 N , G9 >�PK& 2.2(2) n G :7^85 N }
p-���:. [P (2) nK& 2.1(1) 85 P E N . �I85 P E G Z P = N . [)P (2)k ZU(G) = 1. r P1 } P :d�~.�`, G9 (P1)G = 1 = Φ(P1). P�r, P1 \ G r} U-Φ-��#:, T},\ G :�Z)gd�` T , x8 G = P1T Z P1 ∩ T = 1. I�K& 2.1(2) nK& 3.1 �B P 6 Op(G) 6 T , 
D P1 = P1 ∩ T = 1, (v |P | = p, 8G.` (3) !*.

(4) G Q��:~,gd�`, �� N .�r N1 n N2 } G :+ZtH:~,gd�`. P (2),  >�D�iBR! 3 u\4. �#, gi G/N1 n G/N2 B} p-���:, G9 G ∼= G/(N1 ∩N2) } p-���:,8G. T), �t��5, �r G/N1 } p-���:, Z |G/N2|p = p. P (3) k p | |N2|, +I G-�^ N2
∼= N2N1/N1 �B |N2| = p Z |P | = p2. [)P (3),  >85 |N1 ∩ P | = p.|F5 N1 ∩ P } N1 :�Z Sylow p-�`. I( N1 }�ZP
y1`. P�rnK&

2.2(2) k N1 ∩ P \ N1 r} U-Φ-��#:. %�T (1) :iB, �ke}��L:. 	s,r |G/N1|p = |G/N2|p = p, G9 |P ∩N1| = |P ∩N2| = p, Z |P | = p2. fEiB, N1 n N2rppQ�Z}P
y1`. %�ToA:iB�ke}��L:. I( (4) !*.

(5) Op(G) = 1, +I ZU(G) = 1.�r Op(G) 6= 1, G9P (4) k N 6 Op(G). 2�, P (2), (4) nK& 2.3, |N | > p.G9\eu\#", ZU(G) = 1. [)P (2) k G/N } p-���:{
 |P/N | = p. �#�r |P/N | = p, G9 N } P :�Z~.�`. gi N = Φ(P ), G9 P }:v:, +I N ?}:v:Z |N | = p, 8G. 
D,\ P :�Z~.�` P1, x8 N � P1, T}
P = NP1. $b, (P1)G = 1. P�r, P1 \ G r} U-Φ-��#:, T},\ G :�Z)gd�` T , x8 G = P1T , Z P1 ∩ T 6 Φ(P1). Ek P � T , ZPK& 2.1(2) nK&
3.1 k N 6 Op(G) 6 T . I(, N } T :�Z Sylow p-�`. [P Schur-Zassenhaus �&, T = NTp′ , Tr Tp′ } T :�Z Hall p′-�`. gi N 6 Φ(G), G9 G = P1Tp′ . P(�k P = P1(P ∩ Tp′) = P1, 8G. U8G�B N � Φ(G), T},\ G :�Z~.�` M , x8 G = N ⋊M , G9 P = N ⋊ (P ∩M). I� P ∩M < P , 
D,\ P :�Z	l P ∩M :~.�` P2. $b (P2)G = 1. P�r, ,\ G :�Z)gd�` K, x8
G = P2K, Z P2 ∩K 6 Φ(P2). I�K& 2.1(2) nK& 3.1 �B N 6 Op(G) 6 K, 
D
P2 ∩N 6 P2 ∩K 6 Φ(P2). (v P2 = (P ∩M)(P2 ∩N) = P ∩M , �I |N | = p, 8G. %\�r G/N } p-���:. $b, (v N � Φ(G). PUo��_)�:Æ6�ke}��L:. I( Op(G) = 1. [�p (2), ^Q ZU (G) = 1.

(6) 	s:8G.gi PN < G, G9PK& 2.2(2) n G :7^k PN } p-���:. P(�k N }
p-���:. [P (2), (3)nK& 2.1(1),^Q N 6 Op(G), 2eU (5)8G. I( G = PN ,ZEk N = Op(G) < G. 
D,\ G :�Z	l N :~.�` M . fEiB M 7�
M E G, G = PM n |G/M | = p. |F5 |P : P ∩ M | = |G/M | = p. I(, P1 = P ∩M} P :�Z~.�`, ZP (5) k (P1)G = 1. P�r, P1 \ G r} U-Φ-��#:, T},\ G :�Z)gd�` T , x8 G = P1T , Z P1 ∩ T 6 Φ(P1). PK& 2.1(2) k
N = Op(G) 6 T , +I P ∩N 6 P1 ∩ T 6 Φ(P1) 6 Φ(P ). (v,  >�P [3, > IV `, �& 4.7] 85 N } p-?0:, 2eU (2) n (5) 8G. e��!-K&:iB.?" 3.5 3 p } |G| :�Z	I�. �r` G :<Z p Æ�`\ G r} U-Φ-��#:. 3 p = 2 Z G Q�ZP
y: Sylow 2-�`v, ����r G :<Z 4 Æ:v�`\ G r?} U-Φ-��#:, G9 G } p-���:.
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(1) Op′(G) = 1, Z G }�Z~,P p-���`.ePK& 2.2(2)(3) n G :7^*8.

(2) G/Φ(G) }�ZP
y1`.P (1) n [22, �& 1], G/Φ(G) Q��:~,gd�` L/Φ(G) = GU
p

Φ(G)/Φ(G),Z$b p | |L/Φ(G)|. �r L/Φ(G) < G/Φ(G), G9P (1) k L/Φ(G) }
y:, �I L}��:. [P (1) n [23, �& 3.4.2],  >85: (i) GU
p }�Z p-�`, ZT?n�}

p {
 4 (3 GU
p }�ZP
y 2-`v); (ii) GU

p

/Φ(GU
p

) } G :�ZP:vxI�. ^
x ∈ GU

p

\ Φ(GU
p

), G9P (i), H = 〈x〉 } p Æ{
 4 Æ:. 2� HG 6 Φ(GU
p

). |wo,gi HG � Φ(GU
p

), G9 GU
p

/Φ(GU
p

) = HGΦ(G
U

p

)/Φ(GU
p

) }:v:, 2eU (ii) 8G.P�r, H \ G r} U-Φ-��#:, T}�pK& 2.2(1) k,\ G :�Z)gd�`
T , x8 G = HT , HG 6 T Z (H ∩ T )/HG 6 Φ(H/HG)ZU(G/HG). I�K& 2.1(2) �B
GU

p

6 Op(G) 6 T , 
D H/HG 6 Φ(H/HG)ZU (G/HG). [P<z
H/HG = Φ(H/HG)(H/HG ∩ ZU(G/HG)) = H/HG ∩ ZU(G/HG),

H/HG 6 ZU(G/HG), �I 1 < HΦ(GU
p

)/Φ(GU
p

) 6 ZU(G/Φ(GU
p

)). P(�k
GU

p

/Φ(GU
p

) 6 ZU(G/Φ(GU
p

)),2eU (ii) 8G. I( G/Φ(G) = L/Φ(G) }P
y:.

(3) Φ(G) = Z(G).P (1) n (2), F (G) = Φ(G) = Op(G) > Z(G). gi C = CG(Op(G)) < G, G9P (2)k C 6 Φ(G). 3 M } G :d�~.�`. P (1),  >85 Op(G) 6 M = ZUp(M), T}
Op(G) 6 ZU(M). [PK& 2.4(1), M/CM (Op(G)) = M/C ∈ F (p) ⊆ U , Tr F } U :?LR. P(�k M/C }���:, Z G/C }�Z~,P���`. I( G/C }��:
(	 [24, Huppert 10.3.4]), (v G ?}��:, 2eU (2) 8G. I( C = G, Z (3) }!*:.

(4) 	s:8G.|F5, gi G :
Q p Æn 4 Æ (3 p = 2 v) W	�T Φ(G) = Z(G), G9 G} p-?0: (	[3, > IV `, �& 5.5]). I(, ,\ x ∈ G \ Φ(G) }�Z p Æ{
 4 ÆW	. � H = 〈x〉. gi H gdT G, G9P (2) k G = HΦ(G) = H , 8G. [)P (2)k HG 6 Φ(G). P�r, H \ G r} U-Φ-��#:, T}�pK& 2.2(1) k,\ G :�Z)gd�` T , x8 G = HT , HG 6 T Z (H ∩ T )/HG 6 Φ(H/HG)ZU (G/HG). I�
TΦ(G)/Φ(G) } G/Φ(G) :�Z)gd�`, I( TΦ(G) = Φ(G) {
 G. k T = G, G9 H/HG 6 ZU (G/HG). U (1) %�,  >L_85 HΦ(G)/Φ(G) 6 ZU(G/Φ(G)) = 1, 2eU x :7^8G. bI3 T 6 Φ(G) v, G = HT = H , 8G. `K&8i.(/ 1.2 �F& �r�6�!*, Z3 G }�Z~,ÆK).  >�k"/�w858G.

(1) Op′(G) = 1, |D| > p Z |P : D| > p.ePK& 2.2(3)�K& 3.4�K& 3.5 D� G :7^*8.

(2) Op(G) = G Z Op(G) 6= 1.gi Op(G) < G,G9,\ G:�Z	l Op(G):~.�`M . EkM 7�MEG,

|G/M | = p n G = PM . I� |P : P ∩M | = |G : M | = p, 
DP (1) nK& 2.2(2) k M7�D��r, T} G :7^�B M } p-���:, Z G } p-��:. [P (1) nK&
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2.1(1) k P ∩M EM , �I P ∩M EG. |F5 G/(P ∩M) } p-���:, ZP (1) nD� 1.1 k P ∩M 6 ZU (G). I( G } p-���:, 8G. ` Op(G) = G.�r Op(G) = 1. �p (1),  >Q ZU(G) = 1. 3 H } P :d� |D| Æ{
 4 Æ:v (3 |D| = 2 Z P P
yv) �`, G9$b HG = 1. I� H \ G r} U-Φ-��#:,
D�po��i�Q H 6 Φ(H), � H = 1, 8G. ` Op(G) > 1.

(3) 3 N } G :�Z	lT Op(G) :~,gd�`, G9 |N | < |D|.gi H } G:�Z U-Φ-��#: p-�`,G9P (2), H/HG 6 Φ(H/HG)ZU(G/HG).[P<z H/HG = Φ(H/HG)(H/HG ∩ ZU(G/HG)) = H/HG ∩ ZU (G/HG),  >85
H/HG 6 ZU(G/HG). +I (3) �%�TD� 1.1 iB:�w (3) 8i.

(4) G/N } p-���:, |N | > p Z N } G :��	lT Op(G) :~,gd�`.2�, ZU(G) = 1.P (3) nK& 2.2(3), P/N :<Z |D|/|N | Æ�`\ G/N r} U-Φ-��#:. %\r |D|/|N | = 2 Z P/N }�ZP
y 2-`.gi |N | = 2, G9 N 6 ZU(G) ∩ Z(P ) Z |D| = 4. 3 L } P :d� 2 Æ�`. |F5gd�`\ G r�} U-Φ-��#:.  >�r LG = 1. � H = N × L, G9 H } P:�Z 4 Æ�`, ZP (2) nK& 2.6(1) k HG = N . I� H \ G r} U-Φ-��#:,
DP (2) k H/N 6 ZU (G/N) = ZU (G)/N , T} H 6 ZU(G) Z L 6 ZU (G). P(�k
L \ G r} U-Φ-��#:. e�B, (v P :
Q 2 Æn 4 Æ�`\ G rB} U-Φ-��#:. I(PK& 3.5 k G } 2-���:, 8G. ` |N | > 2. UD� 1.1 iB:�w
(4) %�,  >L_85, \eu\#" P/N :
Q 2 Æ{
 4 Æ:v�`\ G/N r}
U-Φ-��#:. ��$�, G/N 7�D��r. I(, G :7^�B G/N } p-���:,Z (4) }!*:.

(5) 	s:8G.P (1) n (4), Φ(G) = 1 = ZU (G). I( G = N ⋊M , G9 P = N(P ∩M), Tr M} G :�Z�	l N :~.�`. Ek P ∩M < P , T},\ P :�Z	l P ∩M :~.�` P1. [P (1) n (3) k,\ P1 :�Z�` H , 7� P1 ∩ N 6 H n |H | = |D|.2�, Ek HG = 1. P�r, H \ G r} U-Φ-��#:, 
D >�P (2) n (4) 85
H 6 Φ(H), � H = 1, 8G. U8G�!-D�:iB.�" 1.1 �F& F |G| + |E| N�8fIJ. IK& 2.2(3) �B (G/Op′(E),

E/Op′(E)) 7��&�r. 
D3 Op′(E) > 1 v, fI�k E/Op′(E) 6 ZpU(G/Op′ (E)),�I E 6 ZpU (G).  >%\r Op′(E) = 1. |F5,  >�PK& 2.2(2) nD� 1.2 85 E } p-���:. I(, K& 2.1(1) �B P E E, +I P EG. [PD� 1.1,  >85
P 6 ZU(G). 	t, P�G8k E 6 ZpU (G). �&�(8i.

4 =7ABP�& 1.1 *8�6 4.1 !*.2$ 4.1 3 E }` G :�Z��gd�`. FT<Z	I� p ∈ π(E) n E :EZ Sylow p-�` Ep, �r,\ Ep :�Z�` D, x8 1 < |D| < |Ep|, Z"/!*:

(1) gi |D| = 2 Z Ep }�ZP
y 2-`, G9 Ep :
Q 2 Æn 4 Æ:v�`\ Gr} U-Φ-��#:;

(2) S^, Ep :
Q |D| Æ�`\ G r} U-Φ-��#:.I( E 6 ZU(G).



306 � 9 N � A � 39 ��b�& [1, p. 389]:�G, ` G :�Zgd�` N ��\ G r} F -�r1:, giFT G :<ZxI� H/K, H/K \ G r} F -r1:, � H/K ⋊ (G/CG(H/K)) ∈ F .` G :
Qgd F -�r1�`:"}�� G : F -�r1, ��� ZF(G).2$ 4.2 3 F }�Z	l���`!:
n`!, X n E }` G :gd�`Z7� E }��:, F (E) 6 X 6 E n G/E ∈ F . FT<Z	I� p ∈ π(X) n X :EZ
Sylow p-�` Xp, �r,\ Xp :�Z�` D, x8 1 < |D| < |Xp|, Z"/!*:

(1) gi |D| = 2 Z Xp }�ZP
y 2-`, G9 Xp :
Q 2 Æn 4 Æ:v�`\
G r} U-Φ-��#:;

(2) S^, Xp :
Q |D| Æ�`\ G r} U-Φ-��#:.I( G ∈ F .F �r X = E, G9P�6 4.1 k E 6 ZU(G) 6 ZF(G). I( G ∈ F . %\r
X = F ∗(E), G9[)P�6 4.1 k F ∗(E) 6 ZU (G) 6 ZF(G), [P [2, > 1 `, �&
2.8(ii)],  >�=85 E 6 ZF (G), �I G ∈ F .2$ 4.3 3 G }�Z��`. G9 G }���:3Z�3 G :<Z)gd�`\
G r} U-Φ-��#:.F Æ>5$b,  >F |G| NfIJ$iB#R5. 3 N } G :�Z~,gd�`. $b, N }�Z%<
y p-`, Tr p }�Z	�. I�K& 2.2(3) �B G/N 7��6�r, 
DfI�k G/N }���:. 2�, P�rk N :d��`\ G r} U-Φ-��#:, G9 >�PD� 1.1 85 N 6 ZU(G). I( G }���:.2$ 4.4 3 P }` G:�Z Sylow p-�`,Tr p} |G|:�Z7� (|G|, p−1) = 1:	I�. �r,\ P :�Z�` D, x8 1 < |D| < |P |, Z P :<Z |D| Æ�`\ Gr} U-Φ-��#:. 3 P }�ZP
y 2-`Z |D| = 2 v, ����r P :<Z 4 Æ:v�`\ G r?} U-Φ-��#:, G9 G } p-?0:.F PD� 1.2 *�85 G } p-���:{
 |P | = p. |F5 (|G|, p− 1) = 1. fEiB, (v G } p-?0:.'(m�, D� 1.2 x����b-rHB8:�i, )g [12, �&4.2], [13, �61.3n1.5], [14, �&3.1], [25, �&3.4], [26, �&3] n [27, �&3.1].� �  � 3 � 5
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Abstract Let E be a normal subgroup of a finite group G and U the class of all finite

supersolvable groups. E is said to be p-hypercyclically embedded in G if every pd-G-chief

factor below E is cyclic. A subgroup H of G is U-Φ-supplemented in G if there exists a

subnormal subgroup T of G such that G = HT and (H∩T )HG/HG 6 Φ(H/HG)ZU(G/HG),

where ZU(G/HG) is the U-hypercentre of G/HG. In this paper, it is proved that E is p-

hypercyclically embedded in G if some classes of p-subgroups of E are U-Φ-supplemented

in G. As applications, some new characterizations of p-supersolvability of finite groups are

obtained and some recent results are extended.

Keywords Sylow p-subgroup, U-Φ-Supplemented subgroup, p-Supersolvable

group, p-Nilpotent group
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