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1 ��ÆW3%SWT�(_N�, {�=�BA�{P��[21,23] . Y1;�5�n: {P_No��W3%SWT��&pth�2[18, 27]. �){P\/W�*3�s��"M�5W3%SWT�;w�, H�*;+(w�U�w, P*w=NdW`, E�*;�1w, 39*�39�;py[10,18,22].16, cDα
0+u(t) + f(t, u(t)) = 0 �V2lW3%SWT�.(rp�HA,W3%SWT�Ap�PeW3%53. 0Cp�PeW3%53;W3%SWT��VPlSWT�. Bagley-TorvikT�

ADα
0+y(t) +BD

3
2

0+y(x) + Cy(x) = f(x))Dt;PlW3%SWT�,�A A,B,C V�3, f VfFq3. 0eT��Jl2|OaHAaw�;&I, Y+�Z [27] D%.

Rehmans Henderson[9]�5[�;��W9I�;PlW3%SWT�;*;+(wsY�w:














cDα
0+x(t) = f(t, x(t),cDδ

0+x(t)), t ∈ [0, T ], α ∈ (1, 2), δ ∈ (0, 1),

ax(0)− bx′(0) =

∫ T

0

g(s, x(s))ds, cx(T ) + dx′(T ) =

∫ T

0

h(s, x(s)ds,�A f �K�X6q3;W3%53. Stanék[25]�5[Pk;W3% Bagley-TorvikSWT�pt
u′′ +AcDα

0+u = f(t, u,cDµ

0+u, u
′), t ∈ [0, T ]�[ 2015 z 11 $ 26 �-7, 2017 z 7 $ 12 �-7z^d.
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310 4 � z ? A 	 39 =(9I� u′(0) = 0, u(T ) + au′(T ) = 0 ;*;+(wsU�w. 0P α ∈ (1, 2), µ ∈

(0, 1), f ) Carathéodoryq3, cD0+ ) Caputo tW3%53.��B�A{P\F%e�pr;eo, �=N�'V;JI, *�*;VD }w�u=. e"SWT�)D
hr?l2e#',0peo;3�pt. e"SWT�Nd	h�e"�k;SWT�Ndh�Y[[14] . _�Tk, ;�e";VhwW3%SWT�9\Fh�96hr;�5, }�{PX6\F�1A>.:\/?6, �;� Caputo tW3%SWT�;9\F;D*w�5#�:

u′′ +AcDα
0+u = f(t, u,cDµ

0+u, u
′), t ∈ [0, 1],�A α ∈ (1, 2), A ∈ R, f �K�>%53, � u,cD

µ

0+u, u
′, µ ∈ (0, 1). �50LW3%SWT�;D*wV�D�[10, 22]. �Z�5�;�e";PlW3%SWT�9\F

(��V BVP(1.1)) ;*;+(w:






















u′′ +AcDα
0+u = p(t)f(t, u,cDµ

0+u, u
′), a.e. t ∈ (ti, ti+1], i ∈ N

m
0 ,

u′(0) = 0, u(1) = 0,

∆u(ti) = I(ti, u(ti),
cDδ

0+u(ti), u
′(ti)), i ∈ N

m
1 ,

∆u′(ti) = J(ti, u(ti),
cDδ

0+u(ti), u
′(ti)), i ∈ N

m
1 ,

(1.1)0P cDb
a+ �&
 a V�B; b > 0 % Caputo W3%53, α ∈ (1, 2), δ ∈ (0, 1), A ∈ R,

m V433, 0 = t0 < t1 < t2 < · · · < tm < tm+1 = 1, Nm
0 = {0, 1, 2, · · · ,m}, Nm

1 =

{1, 2, · · · ,m}, p ∈ L1(0, 1). ��+( k > −1,−1 < l 6 0 (α + k + l > 0), gW |p(t)| 6

tk(1− t)l, t ∈ (0, 1), f : (0, 1)×R
3 → RV Carathéodoryq3, I, J : {ti : i ∈ N

m
1 }×R

3 → RVM� Carathéodoryq3.�nq3 x : (0, 1] → R gW
x|(ti,ti+1],

cDδ
0+x|(ti,ti+1], x

′|(ti,ti+1] ∈ C0(ti, ti+1], i ∈ N
m
0 ,k;�g+(��g

lim
t→t

+
i

x(t), lim
t→t

+
i

Dδ
0+x(t), lim

t→t
+
i

x′(t),Q� x′′ ∈ AC2(0, 1), x gW (1.1) A;i�eT�, � x V9\F (1.1) ;*.�Z;s;)Q� Schauder�IBFN[17] T BVP(1.1)*;+(wFN, FNI��(uN. dZw��}�. A 2 ', -���_{s�N, �9[T� u′′ +AcDα
0+u =

h(t), t ∈ (0, 1] V}K*;;H�-% (�)d 2.3), Q�96[e"T� u′′ +AcDα
0+u =

h(t), t ∈ (ti, ti+1], i ∈ N
m
0 ;W~V}K*;�-% (��N 2.4). A 3 ', Q�A 2 ';)n� BVP(1.1) L{V=��WT�, Æw T BVP(1.1) *;+(wFN. A 4 ', 8R6nFN;��. A 5 ', U)
Z�D%�p998A;\F.

2 �℄ql�'.d-�W3%S�W;��_{�[11, 22], Æw5nÆeD��N. W��
Gamma q3, Beta q3sW3;3q3V Γ(α), B(p, q) s Eα,β(x), �FV
Γ(α) =

∫ +∞

0

xα−1e−xdx, B(p, q) =

∫ 1

0

xp−1(1− x)q−1dx, Eα,β(x) =

∞
∑

χ=0

xχ

Γ(χα+ β)
.



3 � ` � <�f#<X4& Bagley-Torvik quÆ:℄G 311g� 2.1[22] q3 g : (a,∞) 7→ R ;[n α > 0 % Riemann-Liouville W3%�WFV
Iαa+g(t) =

1

Γ(α)

∫ t

a

(t− s)α−1g(s)ds, t > a.g� 2.2[11, 22] � n − 1 < α < n, q3 g : (a,∞) 7→ R ;[n α > 0 % Riemann-

Liouville W3%53FV
Dα

a+g(t) =
1

Γ(n− α)

[

∫ t

a

g(s)

(t− s)α−n+1
ds

](n)

, t > a.g� 2.3[11, 22] � n− 1 < α < n, q3 g : (a,∞) 7→ R ;[n α > 0 % Caputo 53FV
cDα

a+g(t) =
1

Γ(n− α)

∫ t

a

g(n)(s)

(t− s)α−n+1
ds, t > a.� 2.1[11, 22] � g ∈ AC2(a, b), - cDα

a+g(t) =
1

Γ(n−α)

∫ t

a

g(n)(s)
(t−s)α−n+1ds, t > a.�w 2.1[22] � α ∈ (n − 1, n), n V433, -W3%SWT� cDα

a+x(t) = 0 ;V}*K*V x(t) = c0(t − a)n−1 + c1(t − a)n−2 + c2(t − a)n−3 + · · · + cn−1, �A ci ∈ R,

i = 0, 1, 2, · · · , n− 1.�w 2.2[17] (Schaefer �IBFN) � Ω V Banach E� X ;�OQ
, T : Ω 7→ ΩV
V};Q ( T V}���,
u��ViN/
u),- T ( Ω A=���e�IB. � x ∈ C0[0, 1], � ‖x‖0 = max
t∈[0,1]

|x(t)|. �
X =







u : (0, 1] 7→ R

∣

∣

∣

∣

∣

u|(ti,ti+1],
cDδu|(ti,ti+1], u

′|(ti,ti+1] ∈ C0(ti, ti+1], i ∈ N
m
0 ,

lim
t→t

+
i

u(t), lim
t→t

+
i

cDδ
0+u(t), lim

t→t
+
i

u′(t) �g, i ∈ N
m
0







.N u ∈ X , F
‖u‖ = max

{

sup
t∈(ti,ti+1]

|u(t)|, sup
t∈(ti,ti+1]

|Dδ
0+u(t)|, sup

t∈(ti,ti+1]

|u′(t)|, i ∈ N
m
0

}

.�w 2.3 X ) Banach E�.� �. Banach E�F5n, jb5n�Z.� 2.2 Ω ⊂ X )iN/
;!W��I�) Ω)�,
u, Q� Ω, {t→ cDδ
0+x(t) :

x ∈ Ω}
� {t→ x(t) : x ∈ Ω}( (ti, ti+1] (i ∈ N
m
0 )�K)=MV};,N�� ǫ > 0,+( θ > 0,N�� x ∈ Ωs�� s1, s2 ∈ (ti, ti+1],<� |s1−s2| < θ, 7� |x(s1)−x(s2)| < ǫ,

|cDδ
0+x(s1)−

cDδ
0+x(s2)| < ǫ 
� |x′(s1)− x′(s2)| < ǫ.kP5W3%hw Bagley-TorvikT�$9\F;V}*:

x′′ +AcDα
0+x = h(t), t ∈ [0, 1], x(0) = x0, x′(0) = x1, (2.1)�A x0, x1 ∈ R, α ∈ (1, 2), A ∈ R, +( k > −1 s −1 < l 6 0 (2 + k + l > 0), $9

|h(t)| 6 tk(1− t)l, t ∈ (0, 1).



312 4 � z ? A 	 39 =Q� Laplace �~TR�* (2.1), “( 2 − α �=�33�33��"*"6V�.;Iv”[21, p.139, 20, p.156]. ^jQ� PicardE0���9[ (2.1);V}*;2�-%,TR�L�Z [20–21].� x1 ∈ R. �, Picard q3|℄
φ0(t) = x0 + x1t+

Ax0t
2−α

Γ(3− α)
+
Ax1t

3−α

Γ(4− α)
+

∫ t

0

(t− s)h(s)ds, t ∈ [0, 1],

φi(t) = φ0(t)−
A

Γ(2 − α)

∫ t

0

(t− s)1−αφi−1(s)ds, t ∈ [0, 1], i = 1, 2, · · · .pz 2.1 φi ( [0, 1] �V}.� ���6
∣

∣

∣

∫ t

0

(t− s)h(s)ds
∣

∣

∣
6

∫ t

0

(t− s)sk(1− s)lds 6

∫ t

0

(t− s)l+1skds

6 tk+l+2

∫ 1

0

(1− w)l+1wkdw

= tk+l+2B(l + 2, k + 1).�) t 7→ φ0(t) ( [0, 1] �V}, *Q, �F t 7→ φ1(t) ( [0, 1] �V}. �3�muR��5n t 7→ φi(t) ( [0, 1] �V}.pz 2.2 {φi(t)} ( [0, 1] ��>,X.� N t ∈ [0, 1], �
|φ1(t)− φ0(t)| =

∣

∣

∣
−

A

Γ(2− α)

∫ t

0

(t− s)1−αφ0(s)ds
∣

∣

∣

6
|A‖|φ0‖0
Γ(2 − α)

∫ t

0

(t− s)1−αds

6
|A‖|φ0‖0
Γ(3 − α)

t2−α.�),

|φ2(t)− φ1(t)| =
∣

∣

∣
−

A

Γ(2− α)

∫ t

0

(t− s)1−α[φ1(s)− φ0(s)]ds
∣

∣

∣

6
|A|

Γ(2 − α)

∫ t

0

(t− s)1−α|φ1(s)− φ0(s)|ds

6
|A|

Γ(2 − α)

∫ t

0

(t− s)1−α |A‖|φ0‖0
Γ(3− α)

s2−αds

=
|A|2‖φ0‖0
Γ(3 − α)

B(2− α, 3− α)

Γ(2− α)
t4−2α.L:?, �

|φ3(t)− φ2(t)| =
∣

∣

∣
−

A

Γ(2− α)

∫ t

0

(t− s)1−α[φ2(s)− φ1(s)]ds
∣

∣

∣

6
|A|

Γ(2− α)

∫ t

0

(t− s)1−α|φ2(s)− φ1(s)|ds
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6
|A|

Γ(2− α)

∫ t

0

(t− s)1−α|A‖|φ0‖0
B(2− α, 3− α)

Γ(2− α)Γ(3 − α)
s4−2αds

=
|A|3‖φ0‖0
Γ(3− α)

B(2− α, 3− α)

Γ(2− α)

B(2− α, 5− 2α)

Γ(2 − α)
t6−3α.&�3�muR, N i = 1, 2, · · · , t ∈ [0, 1], �

|φi+1(t)− φi(t)| 6
|A|i+1‖φ0‖0
Γ(3− α)

i
∏

j=2

B(2− α, 2(j + 1)− 1− (j − 1)α)

Γ(2− α)
t2(i+1)−iα

6
|A|i+1‖φ0‖0
Γ(3− α)

i
∏

j=2

B(2− α, 2(j + 1)− 1− (j − 1)α)

Γ(2− α)
.Ab

+∞
∑

i=1

ui =:

+∞
∑

i=1

|A|i+1‖φ0‖0
Γ(3− α)

i
∏

j=2

B(2 − α, 2(j + 1)− 1− (j − 1)α)

Γ(2− α)
.��68N!W.; i s δ ∈ (0, 1), �

ui+1

ui
=

|A|B(2 − α, i(2− α)− 1)

Γ(2− α)

=
|A|

Γ(2− α)

∫ 1

0

(1− w)1−αwi(2−α)−1dw

6
|A|

Γ(2− α)

∫ δ

0

(1− w)1−αwi(2−α)−1dw +
|A|

Γ(2− α)

∫ 1

δ

(1− w)1−αwi(2−α)−1dw

6
|A|

Γ(2− α)

∫ δ

0

(1− w)1−αdwδi(2−α)−1 +
|A|

Γ(2− α)

∫ 1

δ

(1− w)1−αdw

6
|A|

Γ(3− α)
δi(2−α)−1 +

|A|(1 − δ)2−α

Γ(3− α)
.N�� ǫ > 0, +( δ ∈ (0, 1),gW |A|(1−δ)2−α

Γ(3−α) < ǫ
2 . N0e δ, �+(!W.;33 N > 0,gW |A|

Γ(3−α)δ
i(2−α)−1 < ǫ

2 , i > N , ?
 0 < |A|
Γ(3−α)δ

i(2−α)−1 + |A|(1−δ)2−α

Γ(3−α) < ǫ
2 + ǫ

2 = ǫ,

i > N , *Q
lim

i→+∞

ui+1

ui
= 0,�) +∞

∑

i=1

ui ,X. �), �G?,XFN68
φ0(t) + [φ1(t)− φ0(t)] + [φ2(t)− φ1(t)] + · · ·+ [φi(t)− φi−1(t)] + · · · , t ∈ [0, 1]�>,X, *Q φi ( [0, 1] ��>,X.pz 2.3 φ(t) = lim

i→+∞
φi(t) )�WT�

x(t) = x0 + x1t+
Ax0t

2−α

Γ(3− α)
+
Ax1t

3−α

Γ(4− α)
+

∫ t

0

(t− s)h(s)ds

−
A

Γ(2− α)

∫ t

0

(t− s)1−αx(s)ds, t ∈ [0, 1] (2.2);U�V}*.



314 4 � z ? A 	 39 =� �)d 2.1–2.2, φi ( [0, 1] ��>,X. � φ(t) = lim
i→+∞

φi(t), - φ ( [0, 1] �V}. ^j5n φ(t) ) (2.2) ;U�*. ��68
φ(t) = lim

i→+∞
φi(t) = lim

i→+∞

[

x0 + x1t+
Ax0t

2−α

Γ(3− α)
+
Ax1t

3−α

Γ(4− α)
+

∫ t

0

(t− s)h(s)ds

−
A

Γ(2− α)

∫ t

0

(t− s)1−αφi−1(s)ds
]

= x0 + x1t+
Ax0t

2−α

Γ(3− α)
+
Ax1t

3−α

Γ(4 − α)
+

∫ t

0

(t− s)h(s)ds

−
A

Γ(2− α)

∫ t

0

(t− s)1−αx(s)ds.?
 φ ) (2.2) ( [0, 1] �;V}*.�� ψ �) (2.2) ;V}*, -
ψ(t) = x0 + x1t+

Ax0t
2−α

Γ(3− α)
+
Ax1t

3−α

Γ(4− α)
+

∫ t

0

(t− s)h(s)ds

−
A

Γ(2− α)

∫ t

0

(t− s)1−αψ(s)ds, t ∈ [0, 1].L:�)d 2.2, ��3�muRD9
|ψ(t)− φi(t)| 6

|A|i+1‖φ0‖0
Γ(3− α)

i
∏

j=2

B(2 − α, 2(j + 1)− 1− (j − 1)α)

Γ(2− α)
, t ∈ [0, 1].L:?, D5

lim
i→∞

|A|i+1‖φ0‖0
Γ(3− α)

i
∏

j=2

B(2− α, 2(j + 1)− 1− (j − 1)α)

Γ(2− α)
= 0,?
 lim

i→+∞
φi(t) = ψ(t). �) φ(t) ≡ ψ(t), t ∈ [0, 1], *Q (2.2) �U�V}* φ.pz 2.4 � x ) (2.1) ;*, - x ) (2.2) ;*.� �V x ) (2.1) ;*, ?


x(t) = x0 + x1t+

∫ t

0

(t− s)h(s)ds−

∫ t

0

(t− s)AcDα
0+x(s)ds.�� x(0) = x0, x

′(0) = x1, &�F 2.3 sJ 2.1, Ko�;96
∫ t

0

(t− s)cDα
0+x(s)ds =

1

Γ(2− α)

∫ t

0

(t− s)

∫ s

0

(s− u)1−αx′′(u)duds

= −
Ax0t

2−α

Γ(3− α)
−
Ax1t

3−α

Γ(4− α)
+

A

Γ(2− α)

∫ t

0

(t− s)1−αx(s)ds,-
x(t) = x0 + x1t+

∫ t

0

(t− s)h(s)ds+
Ax0t

2−α

Γ(3− α)
+
Ax1t

3−α

Γ(4− α)

−
A

Γ(2− α)

∫ t

0

(t− s)1−αx(s)ds, t ∈ [0, 1].*Q96 (2.2). 5nR
.
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x(t) = x0 + x1t+

∫ t

0

(t− s)E2−α,2(−A(t− s)2−α)h(s)ds, t ∈ [0, 1]. (2.3)� � x ) (2.1) ;*. �)d 2.3–2.4 D6, x ) (2.2) ;*. � Picard q3℄, Ko8$�;96
φi(t) = φ0(t) +

−A

Γ(2 − α)

∫ t

0

(t− s)1−αφi−1(s)ds

= φ0(t) +

i−1
∑

j=1

(−A)j

Γ(j(2 − α))

∫ t

0

(t− s)j(2−α)−1φ0(s)ds

+
(−A)i

Γ(i(2− α))

∫ t

0

(t− u)i(2−α)−1φ0(u)du.� φ0 0��%D9
φi(t) = x0 + x1t+

Ax0t
2−α

Γ(3− α)
+
Ax1t

3−α

Γ(4− α)
+

∫ t

0

(t− s)h(s)ds

+

i
∑

j=1

(−A)j

Γ(j(2− α))

∫ t

0

(t− s)j(2−α)−1
[

x0 + x1s+
Ax0s

2−α

Γ(3− α)
+
Ax1s

3−α

Γ(4− α)

+

∫ s

0

(s− u)h(u)du
]

ds

= x0 + x1t+
Ax0t

2−α

Γ(3− α)
+
Ax1t

3−α

Γ(4− α)
+

∫ t

0

(t− s)h(s)ds

+ x0

i
∑

j=1

(−A)jtj(2−α)

Γ(j(2 − α) + 1)
+ x1

i
∑

j=1

(−A)jtj(2−α)+1

Γ(j(2 − α) + 2)

+Ax0

i
∑

j=1

(−A)jt(j+1)(2−α)

Γ((j + 1)(2− α) + 1)
+Ax1

i
∑

j=1

(−A)jt(j+1)(2−α)+1

Γ((j + 1)(2− α) + 2)

+

i
∑

j=1

(−A)j

Γ(j(2− α))

∫ t

0

∫ t

u

(t− s)j(2−α)−1(s− u)dsh(u)du

= x0

i
∑

j=0

(−A)jtj(2−α)

Γ(j(2− α) + 1)
+ x1

i
∑

j=0

(−A)jtj(2−α)+1

Γ(j(2− α) + 2)
+Ax0

i
∑

j=0

(−A)jt(j+1)(2−α)

Γ((j + 1)(2− α) + 1)

+Ax1

i
∑

j=0

(−A)jt(j+1)(2−α)+1

Γ((j + 1)(2− α) + 2)
+

∫ t

0

i
∑

j=0

(−A)j(t− u)j(2−α)+1

Γ(j(2− α) + 2)
h(u)du

→ x0 + x1t+

∫ t

0

(t− s)E2−α,2(−A(t− s)2−α)h(s)ds, i→ +∞,*Q,

x(t) = lim
i→+∞

φi(t) = x0 + x1t+

∫ t

0

(t− s)E2−α,2(−A(t− s)2−α)h(s)ds,^j96 (2.3).



316 4 � z ? A 	 39 =e(� x gW (2.3). ^j5n x ) (2.1) ;*. � (2.3) �6 x(0) = x0, x
′(0) = x1.&�F 2.3 sJ 2.1, Ko8$�; x′′ s cDα

0+x, D9
x′′ +AcDα

0+x = h(t), t ∈ [0, 1],*Q, x ) (2.1) ;*. 5nR
.� α ∈ (1, 2). q3 x : [0, 1] 7→ R �V
u′′ +AcDα

0+u = h(t), t ∈ (ti, ti+1], i ∈ N
m
0 (2.4);W~V}*;;) x gW x|(ti,ti+1] ∈ C0(ti, ti+1], �g lim

t→t
+
i

x(t) (i ∈ N
m
0 ) +(��g.e(� (2.4) ;W~V}*.�w 2.4 � α ∈ (1, 2), - x ) (2.4) ;W~V}*;!W��I�)+(�3

cj, dj ∈ R (j ∈ N
m
0 ), $9

x(t) =

i
∑

j=0

cj +

i
∑

j=0

dj(t− tj)

+

∫ t

0

(t− s)E2−α,2(−A(t− s)2−α)h(s)ds, t ∈ (ti, ti+1], i ∈ N
m
0 . (2.5)� 5nWZ�.a� 1 � x ) (2.4) ;W~V}*. 5n x gW (2.5).�)d 2.5, +( c0, d0 ∈ R, gW

x(t) = c0 + d0t+

∫ t

0

(t− s)E2−α,2(−A(t− s)2−α)h(s)ds, t ∈ (0, t1].?
4 i = 0 ", (2.5) �T. e(��4 i = 0, 1, · · · , ν ", (2.5) �T, 
x(t) =

i
∑

j=0

cj +

i
∑

j=0

dj(t− tj)

+

∫ t

0

(t− s)E2−α,2(−A(t− s)2−α)h(s)ds, t ∈ (ti, ti+1], i = 0, 1, · · · , ν. (2.6)^j5n4 i = ν + 1 ", (2.5) �T. ��3�muRD6, (2.5) N�� i ∈ N
m
0 �T.V[P% x ( (tν+1, tν+2] �;�-%, ^j�� Φ ( (tν+1, tν+2] gW

x(t) = Φ(t) +

ν
∑

j=0

cj +

ν
∑

j=0

dj(t− tj)

+

∫ t

0

(t− s)E2−α,2(−A(t− s)2−α)h(s)ds, t ∈ (tν+1, tν+2]. (2.7)�F 2.3 sJ 2.1, N t ∈ (tν+1, tν+2], �
h(t) = AcDα

0+x(u) + x′′(t) = A
1

Γ(2− α)

∫ t

0

(t− s)1−αx′′(s)ds+ x′′(t)

= A

ν
∑

τ=0

∫ tτ+1

tτ
(t− s)1−αx′′(s)ds+

∫ t

tν+1
(t− s)1−αx′′(s)ds

Γ(2− α)
+ x′′(t).
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x′′(t) = Φ′′(t) +

[

ν
∑

j=0

cj +

ν
∑

j=0

dj(t− tj) +

∫ t

0

(t− s)E2−α,2(−A(t− s)2−α)h(s)ds
]′′

= Φ′′(t) +
[

∫ t

0

∞
∑

χ=0

(−A)χ(t− s)χ(2−α)+1

Γ(χ(2 − α) + 2)
h(s)ds

]′′

= Φ′′(t) + h(t) +

∫ t

0

∞
∑

χ=1

(−A)χ(t− s)χ(2−α)−1

Γ(χ(2 − α))
h(s)ds._Q, �

ν
∑

τ=0

∫ tτ+1

tτ
(t− s)1−αx′′(s)ds+

∫ t

tν+1
(t− s)1−αx′′(s)ds

Γ(2− α)

=
1

Γ(2− α)

ν
∑

τ=0

∫ tτ+1

tτ

(t− s)1−α
(

τ
∑

j=0

cj +

τ
∑

j=0

dj(s− tj)

+

∫ s

0

(s− u)E2−α,2(−A(s− u)2−α)h(u)du
)′′

ds

+
1

Γ(2− α)

∫ t

tν+1

(t− s)1−α
(

Φ(s) +

ν
∑

j=0

cj +

ν
∑

j=0

dj(s− tj)

+

∫ s

0

(s− u)E2−α,2(−A(s− u)2−α)h(u)du
)′′

ds

=

∫ t

tν+1
(t− s)1−αΦ′′(s)ds

Γ(2− α)

+

∫ t

tν+1
(t− s)1−α

(∫ s

0
(s− u)E2−α,2(−A(s− u)2−α)h(u)du

)′′
ds

Γ(2− α)

= cDα

t
+
ν+1

Φ(t) +

∫ t

0
(t− s)1−α

(∫ s

0
(s− u)E2−α,2(−A(s− u)2−α)h(u)du

)′′
ds

Γ(2− α)

= cDα

t
+
ν+1

Φ(t) +

∫ t

0
(t− s)1−αh(s)ds

Γ(2− α)
+

∫ t

0

∞
∑

χ=1

(−A)χ(t− u)χ(2−α)+1−α

Γ((χ+ 1)(2− α))
h(u)du,�)

h(t) = AcDα
0+x(u) + x′′(t)

= AcDα
t+
ν+1

Φ(t) +A
[

cDα
t+
ν+1

Φ(t) +

∫ t

0 (t− s)1−αh(s)ds

Γ(2 − α)

+

∫ t

0

∞
∑

χ=1

(−A)χ(t− u)χ(2−α)+1−α

Γ((χ+ 1)(2− α))
h(u)du

]

+Φ′′(t) + h(t) +

∫ t

0

∞
∑

χ=1

(−A)χ(t− s)χ(2−α)−1

Γ(χ(2− α))
h(s)ds

= AcDα

t
+
ν+1

Φ(t) + Φ′′(t) + h(t).
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t
+
ν+1

Φ(t) = 0( (tν+1, tν+2]�.�)d 2.5,L:?,+(�3 cν+1, dν+1 ∈

R, $9
Φ(t) = cν+1[E2−α,1(−A(t− tν+1)

2−α) +A(t− tν+1)
2−αE2−α,3−α(−A(t− tν+1)

2−α)]

+ dν+1(t− tν+1)[E2−α,2(−A(t− tν+1)
2−α)

+A(t− tν+1)
2−αE2−α,4−α(−A(t− tν+1)

2−α)].� Φ 0� (2.7), T6 (2.5) 4 i = ν + 1 "�T. T�, (2.5) N�� i ∈ N
m
0 �T.a� 2 � x gW (2.5). ^j5n x ) (2.4) ;W~V}*.�V x gW (2.5), ?
 x|(ti,ti+1] ∈ C0(ti, ti+1] (i ∈ N

m
0 ), Q� lim

t→t
+
i

x(t) (i ∈ N
m
0 ) +(��g. k5n x′′(t) +AcDα

0+x(t) = h(t), t ∈ (ti, ti+1] (i ∈ N
m
0 ).(#�, N t ∈ (ti, ti+1], �

x′′(t) +ADα
0+x(t) = A

i−1
∑

τ=0

∫ tτ+1

tτ
(t− s)1−αx′′(s)ds+

∫ t

ti
(t− s)1−αx′′(s)ds

Γ(2− α)
+ x′′(t).���G 1 iL;TR, 96

x′′(t) = h(t) +

∫ t

0

∞
∑

χ=1

(−A)χ(t− s)χ(2−α)−1

Γ(χ(2− α))
h(s)ds.}D
96

i−1
∑

τ=0

∫ tτ+1

tτ
(t− s)1−αx′′(s)ds+

∫ t

ti
(t− s)1−αx′′(s)ds

Γ(2− α)

=

∫ t

0
(t− s)1−αh(s)ds

Γ(2− α)
+

∫ t

0

∞
∑

χ=1

(−A)χ(t− u)χ(2−α)+1−α

Γ((χ+ 1)(2− α))
h(u)du.�)

x′′(t) +ADα
0+x(t) = h(t) +

∫ t

0

∞
∑

χ=1

(−A)χ(t− s)χ(2−α)−1

Γ(χ(2− α))
h(s)ds

+

∫ t

0
(t− s)1−αh(s)ds

Γ(2− α)
+

∫ t

0

∞
∑

χ=1

(−A)χ(t− u)χ(2−α)+1−α

Γ((χ+ 1)(2− α))
h(u)du

= h(t), t ∈ (ti, ti+1], i ∈ N
m
0 .?
 x ) (2.4) ;W~V}*. 5nR
.�w 2.5 � α ∈ (1, 2), δ ∈ (0, 2− α), x ) (2.4) ;W~V}*, -

cDδ
0+x(t) =

i
∑

j=0

dj

Γ(2− δ)
(t− tj)

1−δ

+

∫ t

0

(t− s)1−δE2−α,2−δ(−A(t− s)2−αh(s)ds, t ∈ (ti, ti+1], i ∈ N
m
0 (2.8)
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x′(t) =

i
∑

j=0

dj +

∫ t

0

E2−α,1(−A(t− s)2−αh(s)ds, t ∈ (ti, ti+1], i ∈ N
m
0 . (2.9)� �� x ) (2.4) ;W~V}*. ��N 2.4, D9 (2.5). N t ∈ (ti, ti+1], KoPb�;9

c
D

δ
0+x(t)

=

∫ t

0
(t− s)−δx′(s)ds

Γ(1− δ)

=

i−1
∑

w=0

∫ tw+1

tw
(t− s)−δx′(s)ds

Γ(1− δ)
+

∫ t

ti
(t− s)−δx′(s)ds

Γ(1− δ)

=

i
∑

τ=0

∫ tτ+1

tτ
(t− s)−δ

( τ
∑

j=0

cj +
τ
∑

j=0

dj(s− tj) +
∫ s

0
(s− u)E2−α,2(−A(s− u)2−α)h(u)du

)

′

ds

Γ(1− δ)

+

∫ t

ti+1
(t− s)−δ

( i
∑

j=0

cj +
i
∑

j=0

dj(s− tj) +
∫ s

0
(s− u)E2−α,2(−A(s− u)2−α)h(u)du

)

′

ds

Γ(1− δ)

=
i

∑

j=0

dj

Γ(2− δ)
(t− tj)

1−δ +

∫ t

0

∞
∑

χ=0

(−A)χ(t− u)χ(2−α)+1−δ

Γ(χ(2− α) + 2− δ)
h(u)du

=
i

∑

j=0

dj

Γ(2− δ)
(t− tj)

1−δ +

∫ t

0

(t− s)1−δ
E2−α,2−δ(−A(t− s)2−α)h(s)ds.?
, (2.8) �T. LND9 (2.9). 5nR
.

3 BVP(1.1) fur�' T BVP(1.1) ;*;+(w)n. ��k;I��T.

(H1) f ) Carathéodoryq3, ,

(a) N�� (x1, x2, x3) ∈ R
3, t 7→ f (t, x1, x2, x3) ( (ti, ti+1) (i ∈ N

m
0 ) D�;

(b) NÆy?� t ∈ (ti, ti+1] (i ∈ N
m
0 ), (x1, x2, x3) 7→ f (t, x1, x2, x3) ( R

3 V};

(c) N�� r > 0, +( Mr > 0, gW
‖f(t, x1, x2, x3)| 6Mr, a.e. t ∈ (ti, ti+1], i ∈ N

m
0 , |xi| 6 r (i = 1, 2, 3).

(H2) I )M� Carathéodoryq3, ,

(a) N�� i ∈ N
m
1 , (x1, x2, x3) 7→ I (ti, x1, x2, x3) ( R

3 �V};

(b) N�� r > 0, +( Mr,I > 0, gW
|I(ti, x1, x2, x3)| 6Mr,I , i ∈ N

m
1 , |xi| 6 r (i = 1, 2, 3).

(H3) p ∈ L1(0, 1), +( k > −1,−1 < l 6 0 (α+ k + l > 0), $9
|p(t)| 6 tk(1− t)l, t ∈ (0, 1).
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fx(t) = f(t, x(t), cDδ

0+x(t), x
′(t)),

Ix(ti) = I(ti, x(ti),
cDδ

0+x(ti), x
′(ti)),

Jx(ti) = J(ti, x(ti),
cDδ

0+x(ti), x
′(ti)).�w 3.1 � α ∈ (1, 2), δ ∈ (0, 1), (H1)–(H3) �T, x ∈ X , - u ∈ X )























u′′ +AcDα
0+u = f(t, x,cDµ

0+x, x
′), t ∈ (ti, ti+1], i ∈ N

m
0 ,

u′(0) = 0, u(1) = 0,

∆u(ti) = I(ti, x(ti),
cDδ

0+x(ti), x
′(ti)), i ∈ N

m
1 ,

∆u′(ti) = J(ti, x(ti),
cDδ

0+x(ti), x
′(ti)), i ∈ N

m
1

(3.1);*;!W��I�)
u(t) = −

[

m
∑

j=1

Ix(tj) +

m
∑

j=1

Jx(tj)(1 − tj) +

∫ 1

0

(1− s)E2−α,2(−A(1− s)2−α)p(s)fx(s)ds
]

+
i

∑

j=1

Ix(tj) +
i

∑

j=1

Jx(tj)(t− tj)

+

∫ t

0

(t− s)E2−α,2(−A(t− s)2−α)p(s)fx(s)ds, t ∈ (ti, ti+1], i ∈ N
m
0 . (3.2)� � x ∈ X ,+(�3 r > 0,gW ‖x‖ = r < +∞. �����3Mr,Mr,I ,Mr,J > 0,gW

|fx(t)| = |f(t, x(t), Dδ
0+x(t), x

′(t))|

= |f(t, x(t), cDδ
0+x(t), (t− ti)

1−α(t− ti)
α−1x′(t))|

6Mr, t ∈ (ti, ti+1), i ∈ N
m
0 ,

|Ix(ti)| = |I(ti, x(ti), D
δ
0+x(ti), x

′(ti))| (3.3)

= |I(ti, x(ti), D
δ
0+x(ti), (ti+1 − ti)

1−α(ti+1 − ti)
α−1x′(ti))|

6Mr,I , i ∈ N
m
1 ,

|Jx(ti)| = |J(ti, x(ti), D
δ
0+x(ti), x

′(ti))| 6Mr,J , i ∈ N
m
1 .�),

∣

∣

∣

∫ t

0

(t− s)α−1

Γ(α)
p(s)fx(s)ds

∣

∣

∣
6

∫ t

0

(t− s)α−1

Γ(α)
|p(s)fx(s)|ds 6

∫ t

0

(t− s)α−1

Γ(α)
sk(1 − s)lMrds

6Mr

∫ t

0

(t− s)α−1

Γ(α)
sk(t− s)lds

=Mrt
α+l+k

∫ 1

0

(1 − w)α+l−1

Γ(α)
wkdw

=Mrt
α+l+kB(α+ l, k + 1)

Γ(α)
<∞, t ∈ [0, 1].
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∣

∣

∣

∫ t

0

p(s)fx(s)ds
∣

∣

∣
6MrB(l + 1, k + 1) <∞, t ∈ [0, 1].� x ) BVP(3.1) ;*. ��N 2.4 s u′′ + AcDα

0+u = fx(t), +(�3 ci, di (i ∈ N
m
0 ), $9

u(t) =

i
∑

j=0

cj +

i
∑

j=0

dj(t− tj)

+

∫ t

0

(t− s)E2−α,2(−A(t− s)2−α)p(s)fx(s)ds, t ∈ (ti, ti+1], i ∈ N
m
0 . (3.4)��N 2.5, �

u′(t) =
i

∑

j=0

dj +

∫ t

0

E2−α,1(−A(t− s)2−αh(s)ds, t ∈ (ti, ti+1], i ∈ N
m
0 . (3.5)g: ∆u(ti) = Ix(ti), ∆u′(ti) = Jx(ti), i ∈ N

m
1 
� (3.4)–(3.5), 96 ci = Ix(ti),

di = Jx(ti), i ∈ N
m
1 .g: u′(0) = u(1) = 0 s (3.4)–(3.5), ^j96 d0 = 0 
�

c0 +

m
∑

j=1

Ix(tj) +

m
∑

j=1

Jx(tj)(1 − tj) +

∫ 1

0

(1− s)E2−α,2(−A(1− s)2−α)p(s)fx(s)ds = 0,�)
c0 = −

[

m
∑

j=1

Ix(tj) +
m
∑

j=1

Jx(tj)(1 − tj) +

∫ 1

0

(1− s)E2−α,2(−A(1− s)2−α)p(s)fx(s)ds
]

.� ci, di 0� (3.4), 96 (3.2).�� u gW (3.2). ��5n x ∈ X . 0��, L:�N 2.4 5n;�G 1, D
5n ugW (3.1) A;i�eT�. �), x ∈ X � x ) BVP(3.1) ;*. 5nR
.N x ∈ X , c0x ��N 3.1 A;F, �F;Q Tx V
(Tx)(t) = −

[

m
∑

j=1

Ix(tj) +
m
∑

j=1

Jx(tj)(1 − tj) +

∫ 1

0

(1− s)E2−α,2(−A(1 − s)2−α)p(s)fx(s)ds
]

+

i
∑

j=1

Ix(tj) +

i
∑

j=1

Jx(tj)(t− tj)

+

∫ t

0

(t− s)E2−α,2(−A(t− s)2−α)p(s)fx(s)ds, t ∈ (ti, ti+1], i ∈ N
m
0 .�w 3.2 �� (H1)–(H3) �T, - T : X → X )
V};Q, � x ∈ X ) BVP(1.1);*;!W��I�) x V T ( X A;�IB.� L/D�AZ [25] A;�N 3.3 
�Z [12, 15] A�N 2.2 ;5n. Q�J 2.2,5nL:, )' .

(H4) +(�3 Ii (i ∈ N
m
1 ), Aj , Bj(j = 1, 2, 3) > 0, σij > 0(i, j = 1, 2, 3), D�q3
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φ0 : (0, 1) → R gW

|f(t, x1, x2, x3)− φ0(t)| 6

3
∑

j=1

Aj |x1|
σ1j |x2|

σ2j |x3|
σ3j , a.e. t ∈ (ti, ti+1), i ∈ N

m
0 ,

|I(ti, x1, x2, x3)− Ii| 6

3
∑

j=1

Bj |x1|
σ1j |x2|

σ2j |x3|
σ3j , i ∈ N

m
1 ,

|J(ti, x1, x2, x3)− Ji| 6

3
∑

j=1

Cj |x1|
σ1j |x2|

σ2j |x3|
σ3j , i ∈ N

m
1 ,�A xj ∈ R (j = 1, 2, 3).�

Φ(t) = −
[

m
∑

j=1

Ij +

m
∑

j=1

Jj(1− tj) +

∫ 1

0

(1 − s)E2−α,2(−A(1− s)2−α)p(s)φ0(s)ds
]

+

i
∑

j=1

Ij +

i
∑

j=1

Jj(t− tj)

+

∫ t

0

(t− s)E2−α,2(−A(t− s)2−α)p(s)φ0(s)ds, t ∈ (ti, ti+1], i ∈ N
m
0 ,
�

σ = max
{

σi : i = 1, 2, 3, σ1 =
3

∑

i=1

σi1, σ2 =
3

∑

i=1

σi2, σ3 =
3

∑

i=1

σi3

}

,

Pj = (E2−α,2(|A|) +E2−α,2−δ(|A|) +E2−α,1(|A|))B(k + 1, l+ 1)Aj +mBj

+
(

2m+
m

Γ(2− δ)

)

Cj , j = 1, 2, 3.gw 3.1 �� α ∈ (1, 2), δ ∈ (0, 1), (H1)–(H4) �T. �n℄I�7��T:

(i) σ = max{σi(i = 1, 2, 3)} ∈ (0, 1);

(ii) σ = max{σi(i = 1, 2, 3)} = 1 �
3

∑

j=1

Pj‖Φ‖
σj−1 < 1;

(iii) σ = max{σi(i = 1, 2, 3)} > 1 �
(σ − 1)σ−1

σσ
>

3
∑

j=1

Pj‖Φ‖
σj−σ,- BVP(1.1) =���e*.� ��5n Φ ∈ X . N r > 0, �

Ωr = {x ∈ X : ‖x− Φ‖ 6 r},-
‖x‖ 6 ‖x− Φ‖+ ‖Φ‖ 6 r + ‖Φ‖, x ∈ Ωr.
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|f(t, x(t), Dδ

0+x(t), x
′(t))− φ0(t)| 6

3
∑

j=1

Aj |x(t)|
σ1j |Dδ

0+x(t)|
σ2j |x′(t)|σ3j

6

3
∑

j=1

Aj [r + ‖Φ‖]σj , t ∈ (ti, ti+1), i ∈ N
m
0 ,

|I(ti, x(ti), D
δ
0+x(ti), x

′(ti)) − Ii| 6
3

∑

j=1

Bj [r + ‖Φ‖]σj , i ∈ N
m
1 ,

|J(ti, x(ti), D
δ
0+x(ti), x

′(ti)) − Ii| 6

3
∑

j=1

Cj [r + ‖Φ‖]σj , i ∈ N
m
1 .� T ;F, �

Dδ
0+(Tx)(t) =

i
∑

j=1

Jx(tj)

Γ(2− δ)
(t− tj)

1−δ

+

∫ t

0

(t− s)1−δE2−α,2−δ(−A(t− s)2−αp(s)fx(s)ds, t ∈ (ti, ti+1], i ∈ N
m
0
�

(Tx)′(t) =
i

∑

j=1

Jx(tj) +

∫ t

0

E2−α,1(−A(t− s)2−αp(s)fx(s)ds, t ∈ (ti, ti+1], i ∈ N
m
0 ,?


|(Tx)(t)− Φ(t)| 6

m
∑

j=1

|Ix(tj)− Ij |+

m
∑

j=1

|Jx(tj)− Jj |

+

∫ 1

0

E2−α,2(|A|)|p(s)||fx(s)− φ0(s)|ds

6 m

3
∑

j=1

Bj [r + ‖Φ‖]σj +m

3
∑

j=1

Cj [r + ‖Φ‖]σj

+

∫ 1

0

E2−α,2(|A|)s
k(1 − s)lds

3
∑

j=1

Aj [r + ‖Φ‖]σj

=
3

∑

j=1

[mBj +mCj +E2−α,2(|A|)B(k + 1, l + 1)Aj ][r + ‖Φ‖]σj .L:?, �
|Dδ

0+(Tx)(t)−Dδ
0+Φ(t)|

6

m
∑

j=1

|Jx(tj)− Jj |

Γ(2− δ)
+

∫ t

0

E2−α,2−δ(|A|)s
k(1− s)l|fx(s)− φ0(s)|ds

6

3
∑

j=1

[ mCj

Γ(2− δ)
+E2−α,2−δ(|A|)B(k + 1, l + 1)Aj

]

[r + ‖Φ‖]σj ,
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|(Tx)′(t)− Φ′(t)| 6

3
∑

j=1

[mCj +E2−α,1(|A|)B(k + 1, l+ 1)Aj ][r + ‖Φ‖]σj .�)
‖Tx− Φ‖ 6

3
∑

j=1

[mBj +mCj +E2−α,2(|A|)B(k + 1, l+ 1)Aj ][r + ‖Φ‖]σj

+

3
∑

j=1

[ mCj

Γ(2− δ)
+E2−α,2−δ(|A|)B(k + 1, l + 1)Aj

]

[r + ‖Φ‖]σj

+

3
∑

j=1

[mCj +E2−α,1(|A|)B(k + 1, l+ 1)Aj ][r + ‖Φ‖]σj

=
3

∑

j=1

[(E2−α,2(|A|) +E2−α,2−δ(|A|) +E2−α,1(|A|))B(k + 1, l+ 1)Aj +mBj

+
(

2m+
m

Γ(2− δ)

)

Cj

]

[r + ‖Φ‖]σj

6 [r + ‖Φ‖]σ
3

∑

j=1

Pj‖Φ‖
σj−σ.~� 1 σ < 1.�V+(!W.; r0 > 0 gW [r0 + ‖Φ‖]σ

3
∑

j=1

Pj‖Φ‖
σj−σ < r0, � Ωr0 = {x ∈ X :

‖x− Φ‖ 6 r0}. �
�BD9
‖Tx− Φ‖ 6 [r0 + ‖Φ‖]σ

3
∑

j=1

Pj‖Φ‖
σj−σ

6 r0.�) Tx ∈ Ωr0 . � Schaefer �IBFN, T ��IB x ∈ Ωr0 , - x ) BVP(1.1) ;*.~� 2 σ = 1.* (ii) A;�=%, +( r0 >

3∑

j=1

Pj‖Φ‖σj

1−
3∑

j=1

Pj‖Φ‖σj−1
> 0. � Ωr0 = {x ∈ X : ‖x− Φ‖ 6 r0}.�
�Bd, �

‖Tx− Φ‖ 6 [r0 + ‖Φ‖]
3

∑

j=1

Pj‖Φ‖
σj−1

6 r0,?
 Tx ∈ Ωr0 . � Schaefer �IBFN, T ��IB x ∈ Ωr0 , - x ) BVP(1.1) ;*.~� 3 σ > 1.� r0 = ‖Φ‖
σ−1 > 0. � Ωr0 = {x ∈ X : ‖x − Φ‖ 6 r0}. *
�Bd, Q� (iii) A;�=%, �
‖Tx− Φ‖ 6

(

3
∑

j=1

Pj‖Φ‖
σj−σ

)

[r0 + ‖Φ‖]σ

=
(

3
∑

j=1

Pj‖Φ‖
σj−σ

)[ ‖Φ‖

σ − 1
+ ‖Φ‖

]σ

6
‖Φ‖

σ − 1
= r0,
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 Tx ∈ Ωr0 . � Schaefer �IBFN, T ��IB x ∈ Ωr0 , - x ) BVP(1.1) ;*.T�, FN 3.1 5nR
.

(H5) +(�3 Mf ,MI ,MJ > 0, gW
|f(t, x1, x2, x3)| 6Mf , a.e. t ∈ (ti, ti+1], xj ∈ R (j = 1, 2, 3), i ∈ N

m
0 ,

|I(ti, x1, x2, x3)| 6MI , xj ∈ R (j = 1, 2, 3), i ∈ N
m
1 ,

|J(ti, x1, x2, x3)| 6MJ , xj ∈ R (j = 1, 2, 3), i ∈ N
m
1 .gw 3.2 � α ∈ (1, 2), δ ∈ (0, 2−α), (H1)–(H3) s (H5) �T, - BVP(1.1) =���e*.� ( (H1) A� φ0(t) = 0, Ii = Ji = 0, σj = 0. � (H5) 6 (H4) �T (A1 =Mf , B1 =

MI , C1 =MJ , A2 = A3 = B2 = B3 = C2 = C3 = 0). &�FN 3.1, D6 BVP(1.1) =���e*. 5nR
.

4 y���'f%RQ6nFN;��.x 4.1 Ab�e"W3%SWT�9\F:






















u′′(t)− cD
3
2

0+u(t) = 1 +A1[u(t)]
σ +A2[

cD
1
8

0+u(t)]
σ +A3[u

′(t)]σ,

t ∈ (ti, ti+1], i ∈ N
10
0 ,

u′(0) = 0, u(1) = 0,

∆u(ti) = 0, ∆u′(ti) = J0 + C1[u(ti)]
σ + C2[D

1
8

0+u(ti)]
σ + C3[u

′(ti)]
σ, i ∈ N

10
1 ,

(4.1)�A Ai > 0, Ci > 0 (i = 1, 2, 3), α = 3
2 , p(t) = 1, J0 ∈ R, σ > 0, m = 10, 0 = t0 < t1 =

1
11 < · · · < t10 = 1

2 < t11 = 1, N10
0 = {0, 1, 2, · · · , 10}, N10

1 = {1, 2, · · · , 10}. �n
I�7��T:

(i) σ ∈ (0, 1);

(ii) σ = 1��
3

∑

j=1

[

(E 1
2 ,2

(1) +E 1
2 ,

15
8
(1) +E 1

2 ,1
(1))Aj +

(

20 +
10

Γ(12 )

)

Cj

]

< 1;

(iii) σ > 1 ��
3

∑

j=1

[

(E 1
2 ,2

(1) +E 1
2 ,

15
8
(1) +E 1

2 ,1
(1))Aj +

(

20 +
10

Γ(12 )

)

Cj

]

6
(σ − 1)σ−1

σσ
,- BVP(4.1) =���e*.� N�� BVP(1.1), � A = −1, α = 3

2 , δ =
1
8 , p(t) = 1, k = l = 0, - α+ k + l > 0,Q�

f(t, x, y, z) = 1 +A1x
σ +A2y

σ +A3z
σ, t ∈ (ti, ti+1], i ∈ N

10
0 ,

I(ti, x, y, z) = 0, i ∈ N
10
1 ,
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J(ti, x, y, z) = J0 + C1x

σ + C2y
σ + C3z

σ, i ∈ N
10
1 .� φ0(t) = 1, Ii = 0, Ji = J0 (i ∈ N

10
1 ) 
�

σ11 = σ, σ21 = 0, σ31 = 0, σ1 = σ,

σ12 = 0, σ22 = σ, σ32 = 0, σ2 = σ,

σ13 = 0, σ23 = 0, σ33 = σ, σ3 = σ, σ = max{σ1, σ2, σ3},D6 (H4) �T. Ko�;9
Pj = (E 1

2 ,2
(1) +E 1

2 ,
15
8
(1) +E 1

2 ,1
(1))Aj +

(

20 +
10

Γ(158 )

)

Cj , j = 1, 2, 3.�F
Φ(t) = −

[

m
∑

j=1

J0(1− tj) +

∫ 1

0

(1 − s)E2−α,2(−A(1− s)2−α)p(s)ds
]

+

i
∑

j=1

J0(t− tj)

+

∫ t

0

(t− s)E2−α,2(−A(t− s)2−α)p(s)ds, t ∈ (ti, ti+1], i ∈ N
m
0 ,96

‖Φ‖ 6

3
∑

j=1

[

(E 1
2 ,2

(1) +E 1
2 ,

15
8
(1) +E 1

2 ,1
(1))Aj +

(

20 +
10

Γ(12 )

)

Cj

]

.��FN 3.1, �n℄I�7��T:

(i) σ ∈ (0, 1);

(ii) σ = 1,
3
∑

j=1

Pj < 1;

(iii) σ > 1, (σ−1)σ−1

σσ >
3
∑

j=1

Pj ,- BVP(4.1) =���e*. 5nR
.

5 q��e"W3%SWT�)SWT�;D��5^!7�[3, 15, 28], }�{P\F�1*>. �.e"W3%SWT�A;53)jD
WVZL: �)53;�U��B (start-

ing point);e"W3%SWT�; _�L)53;�Pe�B;e"W3%SWT�. �.e"W3%SWT�Ae""�;)j�D
WVZL: �L)5" (instantaneous)e"W3%SWT�;_�L)V5" (non-instantaneous)e"W3%SWT�. �ZA,^j�5;�U��B;5"e"W3%SWT�,  T[�Le"W3%SWT�9\F*;+(.� 5.1 �Z��[ Riemann-Liouville W3%�W
� Caputo W3%53;(MF[11,22]. �Zf;%, 0CF��B���B. :\/?6, 	3�{Pr;W3%�WsW3%53;F, R� He *W3%53[31−−32] , ℄0; Riemann-Liouville53[8],

Riemann-Liouville W3%53[11], Hadamard W3%53[11]
� Erdélyi-KoberW3%53[11], L/D�AZ [2, 7, 16, 26]. L/�D
���ZTR�5��LtW3%53;



3 � ` � <�f#<X4& Bagley-Torvik quÆ:℄G 327e"W3%SWT�;9\F;D*w, R�, ;�℄0;W3%e"W3%SWT�;9\F, ;� He *W3%53;e"W3%SWT�;9\F=.� 5.2 16, Duffing 2QT�[4, 29]

y′′(t) + ly′(t) +my(t) + n[y(t)]3 = g(t),�A l )Xxa3, m,n )�ZUa3, f )QU. ���%W3% Duffing 2QT�
y′′(t) +AcDα

0+y(t) +By(t) + C[y(t)]3 = g(t), α ∈ (0, 2)) Duffing 2QT�;Pkv%, �)W3% Bagley-Torvik T�;Pkv%. �), L/D�5e"W3% Duffing 2QT�9\F;*;+(w�U�w�P*w.� 5.3 (Z [15] A, \/�5�e"W3%SWT�SE�9\F;*;+(wsU�w:


















cDα
0+x(t) = f(t, x(t), x′(t), x′′(t)), t ∈ (ti, ti+1], i ∈ N

m
0 ,

∆x(ti) = Ai(x(ti)), ∆x′(ti) = Bi(x(ti)), ∆x′′(ti) = Ci(x(ti)), i ∈ N
m
1 ,

x(i−1)(0) = λix
(i−1)(T ) + ξi

∫ T

0

qi(s, x(s), x
′(s), x′′(s))ds, i = 1, 2, 3,�A cDα

0+ ) α ∈ (2, 3) % Caputo 53, f, q1, q2, q3 : [0, T ]×R → R )V}q3, 0 = t0 <

t1 < · · · < tm < tm+1 = T , Ai, Bi, Ci : R → R VV}q3, λi 6= 1, ξi ∈ R )�3. L/D�5k;e"b%W3%SWT�9\F;*;+(wsU�w:


















x′′′(t) +AcDα
0+x(t) = f(t, x(t), x′(t), x′′(t)), t ∈ (ti, ti+1], i ∈ N

m
0 ,

∆x(ti) = Ai(x(ti)), ∆x′(ti) = Bi(x(ti)), ∆x′′(ti) = Ci(x(ti)), i ∈ N
m
1 ,

x(i−1)(0) = λix
(i−1)(T ) + ξi

∫ T

0

qi(s, x(s), x
′(s), x′′(s))ds, i = 1, 2, 3s































x′′′′(t) +AcD
β

0+x(t) = f(t, x(t), x′(t), x′′(t)), t ∈ (ti, ti+1], i ∈ N
m
0 ,

∆x(ti) = Ai(x(ti)), ∆x′(ti) = Bi(x(ti)), ∆x′′(ti) = Ci(x(ti)),

∆x′′′(ti) = Di(x(ti)), i ∈ N
m
1 ,

x(i−1)(0) = λix
(i−1)(T ) + ξi

∫ T

0

qi(s, x(s), x
′(s), x′′(s))ds, i = 1, 2, 3, 4,�A α ∈ (0, 3), β ∈ (0, 4). �%SWT�(_N�si��A�D�;��, ��Z [6,

19, 24]. �), �5W3%SWT�
x′′′(t) +AcDα

0+x(t) = f(t, x(t), x′(t), x′′(t));*;+(wsU�w;�D��[5]. 9%SWT�%e(3wYW`��A[1]. T�
x′′′′(t) +AcD

β

0+x(t) = f(t, x(t), x′(t), x′′(t))�VW3%3wYT�. 0CT�;�pC0�v(Z [13] A�Bd.�
 �K�s���1%L�Z�N�ZD%[vr;y℄ �, \/()�&Bs`q!
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[25] Stanék S. Two-point boundary value problems for the generalized Bagley-Torvik frac-

tional differential equation [J]. Central European Journal of Mathematics, 2013, 11:574–

593.

[26] Sayevand K, Pichaghchi K. Analysis of nonlinear fractional KdV equation based on

He’s fractional derivative [J]. Nonlinear Science Letters A, 2016, 7(3):7–85.

[27] Torvik P J, Bagley R L. On the appearance of the fractional derivative in the behavior

of real materials [J]. J Appl Mech, 1984, 51:294–298.

[28] Ur Rehman M, Eloe P W. Existence and uniqueness of solutions for impulsive fractional

differential equations [J]. Appl Math Comput, 2013, 224:422–431.

[29] Wang G, He S. A qualitative study on detection and estimation of weak signals by using

chaotic Duffing oscillators [J]. IEEE translations on circuits and systems I-foundamental

theory and applications, 2003, 50:945–953.

[30] Wang J, Hu Y. On chain rule in fractional calculus [J]. Thermal Science, 2016,

20(3):803–806.

[31] Wang K, Liu S. He’s fractional derivative for non-linear fractional heat transfer equation

[J]. Thermal Science, 2016, 20(3):793–796.



330 4 � z ? A 	 39 =
[32] Wang K, Liu S. A new solution procedure for nonlinear fractional porous media equation

based on a new fractional derivative [J]. Nonlinear Science Letters A, 2016, 7(4):135–

140.

Boundary Value Problems for Fractional Order

Bagley-Torvik Models with Impulse Effects

LIU Yuji1

1School of Statistics and Mathematics, Guangdong University of Finance and

Economics, Guangzhou 510320, China. E-mail: liuyuji888@sohu.com

Abstract The author converts the boundary value problem for impulsive fractional order

Bagley-Torvik differential equation to an integral equation technically (a new method). By

defining a weighted function Banach space and a completely continuous operator, some exis-

tence results for solutions are established. This analysis relies on the well known Schauder’s
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