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1 {�v�%�, n�O/mZSÆ5C�w�0/�up5 (SPDE) S Dirichlet '�:



−∆u(x) = f(x, u(x)) + σ(x, u(x))Ẇ (x) + η(x), x ∈ D;

u(x) = 0, x ∈ ∂D; u(x) > 0, x ∈ D,
(1.1)5� D := (0, 1)d, {Ẇ (x), x ∈ D} m D := [0, 1]d WS��^, f � σ mq*hZ:[0, 1]d ×

R → R. 5 p5T (u, η) SW%u, η(x) m�0*a�6Lq1�T u �ySe%d.�%�, )��\tC!x d = 1, 2, 3.

Nualart � Tindel[1] Ob�q?�^�℄S}�X<mZS�w SPDE TSA}�WC'�, 5���n� σ(·) = 1 :tC�
 x ∈ D ⊆ R
d, d = 1, 2, 3 S;A. % [1] J�0�wp5'(2G7�VSD[C	�'�, z}'�q)n% [2]. &_=d�w�u"UhS�V�x�m�I, C"N`Y�u"Uh�� (F [2]) �9TA}�WCS�G. � , Yue � Zhang[3] Ob�q3�^�℄SmZS�w SPDE TSA}�WC'�, zS�m% [1] SW���. �qz"�Sfi, mZS SPDE }��L�q℄iz vg�WV��aS℄��$��, F% [4].=�, }% [5] �Ob�q?�^�℄S�w SPDE Sx�pk, 5�n�>s D =

(0, 1)d, d = 1, 2, 3. �� Laplace �-S~S�h, QN~S Green �x6W!QS
Fourier7x, 3 QN�x�T} L2(D)� L∞(D)-ox�Sp���. \W$, Martinez� Sanz-Solè[6] }��!x d > 4 dOb�(U�^ (colored noise) �℄S�w SPDE S���℄. keW, kqL d > 4 d, Green �x GD(x, ·) ∈ Lα(D), α ∈ [1, d

d−2 ), �02u�& 2017 + 7 { 8 MqO, 2018 + 7 { 4 MqOF|�.
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∫
D
GD(x, y)dW (y) �m6fS L2 	:, d=��'i(U�^ÆH� (1.1) �S��^,�g�;��N�S[a.dqmZS-+ SPDEs, Nualart � Pardoux[7] Ob�}tC [0, 1] WSW}kq?dt��^�℄St5CHp5S Dirichlet �V'�. Donati-Martin � Pardoux[8] �Æ�% [7] �S"�, 5�t5C7�d;2}1[7�yS7�, Udmq3�^�℄'�. ���i7jpk�!�TSA}C, Km*kQN�WC. � } 2009 *, Xu �

Zhang[9] Tj��WC'� QN�TSD/,C.3℄, Denis, Matoussi � Zhang[10] Ob��ÆaS"�, 5� SPDE mSa�:-xY{qTS	a.��Spkm.q-+$l���Su,9u. Gyöngy }% [11–12] �r?
;�kdt��^�℄S�0Hp5S~S�h. }% [13] �, Zhang ��mZS�0�u-����W�kdt��^�℄SmZS�0/�up5S_��℄, �d�&Ob�dt>sWD[S Skorohod�'��D[S-+	�'�℄|TSp�C.�%S#T$SmI�mZS�w SPDEs Sx��h ��% [13] SS�. �O%
[13] �Q�x&X4�}p5 (1.1) �;2S�0*a η S~S$���StC!a. W$% [1] 
NS`Ypk�)�JmZ'�uT2*mZS�w SPDE �D[S�w	�'�. =�)�&���!D[S�w	�'�~S�hTSA}�WC�T�q	��x�IY{C, QN~S�hSp�C. 3 , �i% [5] ��!Sv'��5m3,u�h/�Æ�x L2 	:, )�QNp�CS�.�%a/�RS�,O/:}W 2 R�, )�I��'�SvB. }W 3 R�, )�XY�~S�h�#TS�. }W 4 R, )�I��D[S�w	�'�}m3,u�h/x�TSA}�WC, �q	��xS�IY{C�p�C. W 5 R��q�!mZS�w SPDEs x�TSA}�WC5p�C. 5���JmZS�w SPDEs S,u�h�W 4 R�D[S�w	�'�S,u�h,.�N, q℄J'�'$ Ob�w SPDEs2uAhx�TSp�C, 6~S Green �xSp�C.

2 qhVP< D := (0, 1)d. �[��S}�tC (Ω,F , P ) �5W d-!��S�) Wiener �5
W = {W (x) : x ∈ D}, } D := [0, 1]d W8!<<�IS Gauss �0/, �0 EW (x) =

0, x ∈ D � EW (x)W (y) = x ∧ y =
d∏

j=1

(xj ∧ yj) x, y ∈ D. p5 (1.1) � Ẇ (x) m W �q
Lebesgue *aSAhMx, w� ∆ [a L2(D) tC�S Laplace �-. L u(x) .N 0Xd, )�?W
f�S�
1� u �2y�. !<f}p5 (1.1) ��j ob�?W�f�S"�7 η.< EuclidtC�S'2 〈·, ·〉, L2(D) �S'2 (·, ·), D WSWDVox || · ||∞,	!e"��4�u� 

Id := {1, 2, · · · }d, Idn := {1, · · · , n− 1}d.< C∞
0 (D) �j} D W�mmZ�4S*<q��I�x22StC.



3 4 F ��a n[�xq6T���^ 289)��[ d = 1, 2, 3, f, σ : D × R → R mq*�x�:�0/�G:O 1 A}0x L1, fQdK_ x, y ∈ D, u, v ∈ R,

|f(x, u)− f(y, v)|+ |σ(x, u)− σ(y, v)| 6 L1[|x− y|+ |u− v|].O 2 A}0x L2, fQ |f(0, 0)|+ |σ(0, 0)| 6 L2.O 3 f e%mV��I:�qWh��
tE.p5 (1.1) mW2T (u, η), fQ u(x) > 0 } D W2�, :}u#_a/�0p5
(1.1), g η(dx) m} D WS�0*afQ�5 u ty. �qp5 (1.1) STSN�[az.q% [3, [a2.1], 6/�[a 2.1.By 2.1 (u, η) �1 p5 (1.1) ST, O�

(i){u(x), x ∈ D} m D WSty�I�0/, :8!<<�0 u|∂D = 0;

(ii)η(dx) m D WS�0*a, fQdK_Z-4 K ⊂ D, m η(K) < +∞;

(iii) dq�mS φ ∈ C∞
0 (D), m

−(u,∆φ) = (f(u), φ) +

∫

D

φ(x)σ(u)W (dx) +

∫

D

φ(x)η(dx), P − a.s.; (2.1)

(iv)
∫
D u(x)η(dx) = 0.� 2.1 (i) )�GTTn�(fi% [3] �[� 4.1 TA}�WCS�Svd. keW, )�S�\ 1–3 9q% [3] �
NS�\,  :% [3] ��G (4.2) ��})�[�

3.1 S�G (3.14) �;

(ii)  �p�`��T�99S�0*a, )��u#_a/DIs"�0*a ηSAh (F [1, [�2.2] �S�!�5). r0[a7j7:

ηε(dx) :=
1

ε
(zε(x) + v(x))−dx,5� v m D W�[S�I�x�0 v|∂D = 0, zε mp5



−∆zε(x) = 1

ε (z
ε + v)−(x), x ∈ D,

zε|∂D = 0�WS L2(D) ∩C(D) T. �% [1, [�2.2] �S�!, q�} D WL ε =q 0 d, ηε Yu#p�Nu# η, 6dK_S φ ∈ C∞
0 (D),

lim
ε→0

∫

D

φ(x)ηε(dx) =

∫

D

φ(x)η(dx).k[a η > 0, d= η mW� D WS*a.

3 XaJdM�wR[dq n ∈ N
∗, < h := 1

n ,

Dn := {hi : i = (i1, i2, · · · , id) ∈ Idn},

Dn := {hj : j = 0, 1, · · · , n}d, ∂Dn := Dn\Dn.
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−
j ,∆n u�m Dn WS88�8 �hP,u�-: dq x ∈ Dn,

δ+j ψ(x) := n(ψ(x+ hej)− ψ(x)), δ−j ψ(x) := n(ψ(x) − ψ(x− hej)),

∆nψ(x) :=

d∑

j=1

δ+j δ
−
j ψ(x) =

d∑

j=1

n2(ψ(x+ hej)− 2ψ(x) + ψ(x− hej)),5� {ej}dj=1 m R
d S�)., ψ m[a} Dn WS�x, �0 ψ|x/∈Dn

= 0. dq t ∈
[ jn ,

j+1
n ), j = 0,±1,±2, · · · , � x = (x1, · · · , xd) ∈ R

d, [a�x:

kn(t) :=
j

n
, k+n (t) :=

j + 1

n
, kn(x) := (kn(x1), · · · , kn(xd)).< (un, ηn) mmZS�0p52





−∆nu
n(x) = f(x, un(x)) + σ(x, un(x))δ+1 · · · δ+d W (x) + ηn(x), x ∈ Dn;

un(x) > 0, x ∈ Dn ; un|∂Dn
= 0 ;

∑

x∈Dn

un(x)ηn(x) = 0
(3.1)ST.2}XYW!��XS,Hpk, 1 .F,H (F [14, W 298 V]):L)�{�� Dn WSC% (n− 1)d �X	�.F,H, _#*dq, SH�W k �u~6�df* i

n , i = (i1, · · · , id) ∈ Idn, �0
k = i1 + (n− 1)(i2 − 1) + · · ·+ (n− 1)d−1(id − 1). (3.2)O�
p52 (3.1) m2W�fÆp5S%, p5	�.F,H dfSfÆJ*m��Sd1�[, #dL�jUC� (1 M- Æ). h;wO/:<X (x1, · · · , x(n−1)d) 	�.FzH,, 5� {xi}16i6(n−1)d m Dn ��mX. <

un := (un(x1), · · · , un(x(n−1)d)),

ηn := (ηn(x1), · · · , ηn(x(n−1)d)),

fn(un) := (f(x1, u
n(x1)), · · · , f(x(n−1)d , u

n(x(n−1)d))),

σn(un)∆Wn := (σ(x1, u
n(x1))δ

+
1 · · · δ+d W (x1), · · · ,

σ(x(n−1)d , u
n(x(n−1)d)δ

+
1 · · · δ+d W (x(n−1)d))),%�p52 (3.1) q℄�m2W� (n− 1)d-!fÆp5, < 

−n2Anun = fn(un) + ndσn(un)∆Wn + ηn, (3.3)5��N^�PfÆ An := An,d m R
(n−1)d WSW�d15C�-. ��V, L d = 1 d,� An,1 = (An,1

ki )�jW� (n−1)×(n−1)fÆ,5�u~ An,1
kk = −2, An,1

ki = 1, |k−i| = 1,� An
ki = 0, |k − i| > 1. L d = 2, 3 d, �Sq℄i2 −An mW�d1�[Æ.O�< B := −n2An, %�

un = B−1fn(un) + ndB−1σn(un)∆Wn +B−1ηn.dq α ∈ Idn, [a
ϕα(x) := ϕα1

(x1) · · ·ϕαd
(xd), 5� ϕj(t) :=

√
2 sin(jπt), t ∈ R, j = 1, 2, · · · ;
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ϕn
αi
(xi) := ϕαi

(kn(xi)) + n[ϕαi
(k+n (xi))− ϕαi

(kn(xi))](xi − kn(xi)), 1 6 i 6 d;

ϕn
α(x) := ϕn

α1
(x1) · · ·ϕn

αd
(xd),%�m/�j:

B−1x =
∑

α∈Id
n

λα〈x, bα〉bα, x ∈ R
(n−1)d ,5�

bα :=
( 1

n

) d
2

(ϕα(x))x∈Dn
, λα :=

d∑

i=1

π2α2
i cαi

, α ∈ Idn,u�m n2An S��8
����; cj := sin2( jπ2n )(
jπ
2n )

−2 �0 4
π2 6 cj 6 1.dq x, y ∈ [0, 1]d, <

Kn(x, y) :=
∑

α∈Id
n

1

λα
ϕα(kn(x))ϕα(kn(y)), (3.4)

Kn(x, y) :=
∑

α∈Id
n

1

λα
ϕn
α(x)ϕα(kn(y)), (3.5)

K(x, y) :=
∑

α∈Id

1

π2|α|2ϕα(x)ϕα(y), (3.6)

K ′(x, y) :=
∑

α∈Id

1

π2|α|2ϕ
n
α(x)ϕα(y), (3.7)5� K(x, y) m D W Poissonp5S Dirichlet '�S Green �x, Kn(x, y) mm3,u�h/S~S Green �x; K ′(x, y) � Kn(x, y) u�m K(x, y) � Kn(x, y) �q�
 x S5C+� QNS�I�℄./�XYW��q Green �xSe�, �S�!q℄�O-COV�% [5, e�3.2,

3.3 �3.4] �QN.zY 3.1 < G = K,K ′,Kn,Kn. A}[Y{q!x d S0x C1, fQ∫

D

|G(x, y)|2dy 6 C1, x ∈ D. (3.8)dqK_ ε > 0, x, z ∈ D, A}0x B, fQ∫

D

|G(x, y)−G(z, y)|2dy 6 B|x− z|4γ(d,ε), (3.9)5�
γ(d, ε) :=





1

2
, L d = 1;

1

2
− ε, L d = 2;

1

4
− ε, L d = 3.

(3.10)dqK_S x ∈ Dn, �i (3.3) � (3.4), m
un(x) =

∫

D

Kn(x, y)f(kn(y), u
n(kn(y)))dy +

∫

D

Kn(x, y)η
n(kn(y))dy



292 y M + l A 3 40 i
+

∫

D

Kn(x, y)σ(kn(y), u
n(kn(y)))dW (y). (3.11)/e�m�q~S�hTSA}�WC.zY 3.2 �\ 1 � 2 2�, :A} p > d

2γ(d,ε) , fQ L1 �0
22p−1Lp

1C
p

2

D + 23p−2cpL
p
1(aB

p

2 + C
p

2

D) < 1, (3.12)5� cp � a m Burkholder"Uh� Kolmogorove��;2S0x, B m	:h (3.9)�
Green �x Kn S0x, CD := sup

x∈D

∫
D
|Kn(x, y)|2dy. %�, p5 (3.3) m�WT (un, ηn).)�J}W 5 R|�!e� 3.2.dq n ∈ N

∗, k un } Dn WS�, ��5C+�, q℄QN�IS℄|T ũn. �Odq[a}X4 {ti := i/n : i = 0, 1, 2, · · · , n}WS�x ψ,q℄��5C+�,Q [0, 1]W5�XS�x�, 6d t ∈ [ti, ti+1), i = 0, 1, · · · , n− 1[a ψ(t) := ψ(ti)+n(t− ti)(ψ(ti+1)−
ψ(ti)). � {un(x) : x ∈ Dn} k (3.11) [a. ��d���
 x1, x2, · · · , xd Y?\B5C+�, QN℄|T ũn(x1, x2, · · · , xd), %�dK_S x ∈ D, m

ũn(x) =

∫

D

Kn(x, y)f(kn(y), u
n(kn(y)))dy +

∫

D

Kn(x, y)ηn(kn(y))dy

+

∫

D

Kn(x, y)σ(kn(y), u
n(kn(y)))dW (y). (3.13)O/zm��S#TS�.BY 3.1 �\ 1, 2 � 3 2�, :A} p > d

2γ(d,ε) , fQ L1 �0
23p−2Lp

1(C̃D)
p

2 + 24p−3cpL
p
1(aB

p

2 + C̃
p

2

D) < 1, (3.14)5� cp � a m Burkholder"Uh� Kolmogorove��;2S0x, B m	:h (3.9)�
Green �x Kn S0x, C̃D := sup

x∈D

∫
D
|Kn(x, y)|2dy. %�

lim
n→∞

E
[
sup
x∈D

|ũn(x)− u(x)|p
]
= 0. (3.15)

4 `CAl}�7qhAXa9Tdq a = (a1, · · · , an) � b = (b1, · · · , bn) ∈ R
n, < a > b �j ai > bi, 1 6 i 6 n ∈ N

∗."r\ v(x) ∈ C(D) : v|∂D = 0, n�O/D[S�w	�'�:




−∆z(x) = η(x), x ∈ D ;

z(x) > −v(x), x ∈ D ;

z|∂D = 0 .

(4.1)p5 (4.1) TSN�[aO/ (F [3, [a3.1]).By 4.1 (z, η) �1 p5 (4.1) ST, O�
(i) z m D WS�I�x, �0 z(x) > −v(x), z|∂D = 0;
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(ii) η(dx) mW� D WS*a, fQd�mZ-4 K ⊂ D, m η(K) <∞;

(iii) d�m φ ∈ C∞
0 ([0, 1]), m

−(z,∆φ) =

∫

D

φ(x)η(dx);

(iv)
∫
D(z(x) + v(x))η(dx) = 0.p5 (4.1) TSA}�WC�!q)F% [1, [�2.2] �% [3, [�3.1], 5� ��i7jpk�!�GW/	�S�W;A.O/zSe�z.% [1, e�3.1].zY 4.1 Q z1 � z2 u�mp5 (4.1) �	��xB v1 � v2 ddfST, %�

‖z1 − z2‖∞ 6 ‖v1 − v2‖∞.2}kgXYD[S	�'� (4.1) S~S�h. K� Dn ��m��X22SX
x = (x1, · · · , x(n−1)d)  	�.FzH,. dq n ∈ N

∗, [a
V n := (V n

i )16i6(n−1)d = (v(xi))16i6(n−1)d .n�/� R
(n−1)d �GzwS5Cp52:





−n2AnZn = ηn,

Zn > −V n,

〈Zn + V n, ηn〉 = 0,

(4.2)5� ηn|∂Dn
= 0, An kp5 (3.3) eP. )�mO/S�.BY 4.1 p5 (4.2) m�WT (Zn, ηn).� < B = (b1, · · · , b(n−1)d)

′ := −n2An. k B mq)Æ, )�m Zn = B−1ηn. =�kp5Szw�G, )�m Zn > −V n, 6 Zn
1 > −V n

1 , Zn
2 > −V n

2 , · · · , Zn
(n−1)d > −V n

(n−1)d ;&m 〈Zn+V n, ηn〉 =
(n−1)d∑
k=1

(Zn
k +V

n
k )ηnk = 0,5� ηnk > 0. �L biv

n 6 0d,m ηni = −bivn;L biv
n > 0 d, m ηni = 0. d=, dq�[S V n, [���.zY 4.2 Q (Zni , ηni), i = 1, 2 u�mp5 (4.2) �zwB V ni ddfST, %�

sup
16k6(n−1)d

|Zn1

k − Zn2

k | 6 sup
16k6(n−1)d

|V n1

k − V n2

k |. ��!e� 4.2, )�GT/�SS� (F [13, e�3.1]).zY 4.3 QAnk (3.3)eP,�Anmy[Æ,:d�m b ∈ R
(n−1)d ,�0 〈b+, Anb〉 6

0. zY 4.2 ?�℄ < m := sup
16k6(n−1)d

|V n1

k − V n2

k |, M := (m, · · · ,m) ∈ R
(n−1)d . L

(Zni , ηni) mp5 (4.2) S�WTd, "&QN
−n2An(Zn1 − Zn2 −M)− n2AnM = ηn1 − ηn2 .



294 y M + l A 3 40 idWh	�5iW (Zn1 − Zn2 −M)+, QN
〈−n2An(Zn1 − Zn2 −M), (Zn1 − Zn2 −M)+〉

= 〈n2AnM, (Zn1 − Zn2 −M)+〉+ 〈ηn1 , (Zn1 − Zn2 −M)+〉

− 〈ηn2 , (Zn1 − Zn2 −M)+〉./�u�dWhU�o�S 3 7\B	::r0k[a, An mW�#dL�jSfÆ. ��V, L d = 1 d, An,1M = (−m, 0, · · · , 0,−m), %�
〈n2An,1M, (Zn1 − Zn2 −M)+〉

= −n2m(Zn1

1 − Zn2

1 −m)+ − n2m(Zn1

n−1 − Zn2

n−1 −m)+ 6 0;L d = 2, 3 d, D< An = An,d, �Sm
〈n2AnM, (Zn1 − Zn2 −M)+〉 6 0.5?, k m S[a, mO/S���-

{k;Zn1

k − Zn2

k > m} ⊂ {k;Zn1

k > −V n2

k +m} ⊂ {k;Zn1

k > −V n1

k }.k=QN
〈ηn1 , (Zn1 − Zn2 −M)+〉 6

(n−1)d∑

k=1

(Zn1

k − Zn2

k −m)+1
{Z

n1

k
>−V

n1

k
}
ηn1

k = 0.=�, 1Fm 〈ηn2 , (Zn1 − Zn2 −M)+〉 > 0. d=
〈−n2An(Zn1 − Zn2 −M), (Zn1 − Zn2 −M)+〉 6 0.pke� 4.3, )�Q;

|(Zn1 − Zn2 −M)+|2 = 0,_#* Zn1 − Zn2 6M . e���./���d~S�h\B5C+�QNvTS℄|T. r0KB Dn ��m��X22SH 	�.FzH,QN y = (y1, · · · , y(n−1)d). dq n ∈ N
∗, [a�I�x

zn, fQ}��XWB� zn(yk) = Zn
k , 1 6 k 6 (n − 1)d; � d��u
 x1, · · · , xd Y?45C+�, QN>s'�IS℄|T. keW, L d = 3 d, dq#�X (x1, x2, x3) ∈[

k1

n ,
k1+1
n

)
×
[
k2

n ,
k2+1
n

)
×
[
k3

n ,
k3+1
n

)
, )�q℄	�O/pk[a5WS�x�:

zn
(
x1,

k2
n
,
k3
n

)
= zn

(k1
n
,
k2
n
,
k3
n

)
+ n

(
x1 −

k1
n

)(
zn

(k1 + 1

n
,
k2
n
,
k3
n

)
− zn

(k1
n
,
k2
n
,
k3
n

))
,

zn
(
x1, x2,

k3
n

)
= zn

(
x1,

k2
n
,
k3
n

)
+ n

(
x2 −

k2
n

)(
zn

(
x1,

k2 + 1

n
,
k3
n

)
− zn

(
x1,

k2
n
,
k3
n

))
,

zn(x1, x2, x3) = zn
(
x1, x2,

k3
n

)
+ n

(
x3 −

k3
n

)(
zn(x1, x2,

k3 + 1

n
)− zn

(
x1, x2,

k3
n

))
.}|V, ��KB ηn(yk) = ηnk , 1 6 k 6 (n− 1)d,  �i��X Dn WS ηn S�x�5C+�, q℄[a�IS℄|T ηn(x), x ∈ D.



3 4 F ��a n[�xq6T���^ 295BY 4.2 � z m (4.1) ST, ℄|T zn kWv5C+�QN, %�
lim
n→∞

sup
x∈D

|zn(x) − z(x)| = 0.� )�J�!u2	%u.

(I) �\ v ∈ C2(D), )�m
Zn = B−1ηn.�i (3.5) �[aS Kn, ^Q

zn(x) =

∫

D

Kn(x, y)ηn(kn(y))dy.O*:� ηn S L2-	:. dq k = 1, · · · , (n − 1)d, T� ηnk = 0, T�L ηnk > 0 d,

Zn
k = −V n

k . �i V n|∂Dn
= 0, m

|ηn(x)| 6
d∑

j=1

n2
∣∣∣v
(
x+

1

n
ej

)
− 2v(x) + v

(
x− 1

n
ej

)∣∣∣

=

d∑

j=1

n2
∣∣∣
∫ xj+

1

n

xj

dy

∫ y

xj

∂2v(z)

∂z2j
dzj +

∫ xj

xj−
1

n

dy

∫ xj

y

∂2v(z)

∂z2j
dzj

∣∣∣

6 2d‖v‖2, x ∈ Dn. (4.3)d=, k (4.3), m
∫

D

|ηn(kn(y))|2dy 6 sup
x∈Dn

|ηn(x)| 6 2d‖v‖2. (4.4)�g (3.9) � (4.4), �i Hölder "Uh, )�Q;A}W�[Y{q (‖v‖2, d, B) S0x
C2, fQd ∀ε > 0,

|zn(x)− zn(z)|2 6

∣∣∣
∫

D

(Kn(x, y)−Kn(z, y))ηn(kn(y))dy
∣∣∣
2

6

( ∫

D

|Kn(x, y)−Kn(z, y)|2dy
)(∫

D

|ηn(kn(y))|2dy
)

6 C2|x− z|4γ(d,ε), x, z ∈ D. (4.5)k Arzela-Ascoli[�,)��P {zn(x), n > 1}m6dZS.�Wp�, {ηn(kn(·)), n >

1} }R�2_a/} L2(D) �6dZ. "r\LK�W-d, zn(·) } C(D) �W�p�N z(·), : ηn(kn(·)) } L2(D) Rp�N η(·). 3  ��2 (I) S�!, &GT�!
(z, η) mp52 (4.1) ST.KB Dn ��m��X22SH,  	�.FzH,QN x = (x1, · · · , x(n−1)d).dq φ ∈ C∞

0 (D), < φn := (φ(x1), · · · , φ(x(n−1)d)). k An Sd1C, m
−〈n2Anφn, Zn〉 = 〈φn, ηn〉.}Wh	�3W n−d, q℄QN

−
∫

D

∆nφ(kn(y))z
n(kn(y))dy =

∫

D

φ(kn(y))η
n(kn(y))dy.



296 y M + l A 3 40 i� n→ ∞, k φ(kn(y)) S9p�C, m
−
∫

D

∆φ(y)z(y)dy =

∫

D

φ(y)η(y)dy.�Wp�, k5Cp5 (4.2), q�
∫ 1

0

(zn(kn(y)) + v(kn(y)))η
n(kn(y))dy = 0. (4.6)�i (4.5) �u�p�[�, A}"Y{q n S0x N , fQ∫

D

(zn(kn(y)) + v(kn(y))− z(y)− v(y))2dy

6 N

∫

D

(zn(kn(y))− zn(y))2 + (zn(y)− z(y))2 + (v(kn(y))− v(y))2dy

6 N
( 1

n

)4γ(d,ε)

+N

∫

D

(zn(y)− z(y))2dy +N

∫

D

(v(kn(y))− v(y))2dy

→ 0, n→ ∞. (4.7)|� (4.6) �S n→ ∞, k ηn SRp��	:h (4.7), q℄QN∫

D

(z(y) + v(y))η(y)dy = 0.d=, (z, η) m (4.1) ST.

(II) dqW;A v ∈ C(D), KBH vm ∈ C2(D),m ∈ N
∗, fQL m → ∞ d,m sup

x∈D
|vm(x) − v(x)| → 0. KB Dn �m��X22SH,  	�.FzH,QN

x = (x1, · · · , x(n−1)d). dq n ∈ N
∗, [a

V m,n := (vm(xi))16i6(n−1)d .} R
(n−1)d �GzwS5Cp52:





−n2AnZm,n = ηm,n;

Zm,n > −V m,n;

〈Zm,n + V m,n, ηm,n〉 = 0m�WT (Zm,n, ηm,n)."s�I℄|T zn S��pk, )�q℄eP�I℄|T zm,n: ��}��X DnB zm,n(xk) = Zm,n
k , 1 6 k 6 (n− 1)d, |�i5C+����X Dn W zm,n S�x�QN D WS�I℄|T zm,n. �gWW$��!SS�, dq m ∈ N

∗, m
lim
n→∞

sup
x∈D

|zm,n(x)− z(m)(x)| = 0, (4.8)5� z(m)(x) m/��w	�'�




−∆z(m)(x) = η(m)(x), x ∈ D;

z(m)(x) > −vm(x), x ∈ D;

z(m)|∂D = 0

(4.9)ST.



3 4 F ��a n[�xq6T���^ 297k zm,n � zn S[a, }X x ∈ D W�x zm,n � zn S,�q℄��℄S3e 2d ���XWS�x,�j[. �O, L d = 1, x ∈ [ kn ,
k+1
n ) d, m

|zm,n(x)− zn(x)| =
∣∣∣(Zm,n

k − Zn
k ) +

(
x− k

n

) (Zm,n
k+1 − Zn

k+1)− (Zm,n
k − Zn

k )
k+1
n − k

n

∣∣∣

6 |(Zm,n
k − Zn

k ) ∨ (Zm,n
k+1 − Zn

k+1)|.d=
sup
x∈D

|zm,n(x)− zn(x)| = sup
16k6(n−1)d

|Zm,n
k − Zn

k |. (4.10)%�, ke� 4.2, m
sup
x∈D

|zm,n(x)− zn(x)| = sup
16k6(n−1)d

|Zm,n
k − Zn

k | 6 sup
16k6(n−1)d

|V m,n
k − V n

k |

= sup
x∈Dn

|vm(x) − v(x)| 6 sup
x∈D

|vm(x) − v(x)|. (4.11)ke� 4.1 �	:h (4.11), QN
sup
x∈D

|zn(x)− z(x)|

6 sup
x∈D

|zn(x)− z(m)(x)| + sup
x∈D

|z(m)(x)− z(x)|

6 sup
x∈D

|zn(x)− zm,n(x)| + sup
x∈D

|zm,n(x) − z(m)(x)| + sup
x∈D

|vm(x) − v(x)|

6 2 sup
x∈D

|vm(x)− v(x)| + sup
x∈D

|zm,n(x)− z(m)(x)|. (4.12)dq ε > 0, q℄KB m 8uD, fQ
sup
x∈D

|vm(x) − v(x)| 6 ε

4
. (4.13)dq�[S m, k (4.8) �;, A}W��x N , fQdK_ n > N ,

sup
x∈D

|zm,n(x) − z(m)(x)| 6 ε

2
. (4.14)S� (4.12)–(4.14), )�QNd n > N , m

sup
x∈D

|zn(x)− z(x)| 6 ε.k ε SK_C, [���.

5 XaJdAeZu�^}�!e� 3.2 8, XYW��02uSf	:. /�Se�q℄�i Kolmogrove�� BDG "Uh�!QN (F [3], W 159–160V).zY 5.1 < ψ mDWS�I�0/,[a�I�x Ĝ(x, y),�0dK_S x, x′ ∈ D,

‖Ĝ(x, y)− Ĝ(x′, y)‖2L2(D) 6 B|x− x′|4γ(d,ε),
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ĈD := sup

x∈D

∫

D

|Ĝ(x, y)|2dy <∞,5� γ(d, ε) k (3.10) [a. <
I(x) :=

∫

D

Ĝ(x, y)ψ(y)dW (y),%�dK_S p > d
2γ(d,ε) ,

E
[
sup
x∈D

|I(x)|p
]
6 2p−1cp(aB

p
2 + Ĉ

p

2

D)E[‖ψ‖p∞]2�, 5� a m Kolmogorov "Uh�;2S0x, cp m BDG "Uh�;2S[Y{q
p S0x.zY 3.2 ?�℄ n�O/ZHpk: dq�[ n ∈ N

∗, < un,0 = 0,




−n2AnV n,1 = fn(0) + ndσn(0)∆Wn,

−n2AnZn,1 = ηn,1,

Zn,1 > −V n,1,

〈Zn,1 + V n,1, ηn,1〉 = 0.

(5.1)d −n2An q), �05Cp5m�WST V n,1; pkD[S	�'�SS� (F[�
4.1), )��Pd8!�mS ω, (Zn,1, ηn,1) A}:�W. d= (un,1 := Zn,1 + V n,1, ηn,1)m (5.1) S�WT.O*\BZH. �\dq m > 2, \`[a� un,m−1, : un,m := Zn,m + V n,m �0/p5:





−n2AnV n,m = fn(un,m−1) + ndσn(un,m−1)∆Wn,

−n2AnZn,m = ηn,m,

Zn,m > −V n,m,

〈Zn,m + V n,m, ηn,m〉 = 0,%� (un,m := Zn,m + V n,m, ηn,m) A}:�W.ke� 4.2, m
sup

16k6(n−1)d
|un,m

k − u
n,m−1
k | 6 sup

16k6(n−1)d
|(V n,m

k − V n,m−1
k ) + (Zn,m

k − Zn,m−1
k )|

6 2 sup
16k6(n−1)d

|(V n,m
k − V n,m−1

k )|.Udm{
E
[

sup
16k6(n−1)d

|un,m
k − u

n,m−1
k |p

]
6 2pE

[
sup

16k6(n−1)d
|V n,m

k − V n,m−1
k |p

]
.KB�� Dn ��m��X:	�.FzH,SH x = (x1, · · · , x(n−1)d). [aW�~SS�0/ un,r(y), r > 0, y ∈ Dn, fQ un,r(xi) = u

n,r
i , 1 6 i 6 (n− 1)d. [aW�~SS�0/ vn,r(y), r > 0, y ∈ Dn, fQ vn,r(xi) = V n,r

i , 1 6 i 6 (n− 1)d. dq x ∈ Dn,

vn,m(x) =

∫

D

Kn(x, y)f(kn(y), u
n,m−1(kn(y)))dy
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+

∫

D

Kn(x, y)σ(kn(y), u
n,m−1(kn(y)))dW (y).<

I(k) := V n,m
k − V n,m−1

k = vn,m(xk)− vn,m−1(xk), 1 6 k 6 (n− 1)d,

I1(xk) :=

∫

D

Kn(xk, y)[f(kn(y), u
n,m−1(kn(y)))− f(kn(y), u

n,m−2(kn(y)))]dy,

I2(xk) :=

∫

D

Kn(xk, y)[σ(kn(y), u
n,m−1(kn(y)))− σ(kn(y), u

n,m−2(kn(y)))]dW (y),%�
I(k) = I1(xk) + I2(xk).`�DI:�, k�\ 1, m

E
[

sup
16k6(n−1)d

|I1(xk)|p
]
6 Lp

1C
p
2

DE
[
sup
y∈D

|(un,m−1 − un,m−2)(kn(y))|p
]
. (5.2)ke� 5.1�	:h (3.9) ��\ 1, q℄QN

E
[

sup
16k6(n−1)d

|I2(xk)|p
]

6 2p−1cpL
p
1(aB

p

2 + C
p

2

D)E
[
sup
y∈D

|(un,m−1 − un,m−2)(kn(y))|p
]
. (5.3)\W$, k	:h (5.2) � (5.3), m

E
[

sup
16k6(n−1)d

|I(k)|p
]

6 2p−1E
[

sup
16k6(n−1)d

|I1(xk)|p
]
+ 2p−1E

[
sup

16k6(n−1)d
|I2(xk)|p

]

6 [2p−1Lp
1C

p

2

D + 22p−2cpL
p
1(aB

p
2 + C

p

2

D)] ·E
[
sup
y∈D

|(un,m−1 − un,m−2)(kn(y))|p
]
.�℄, � C̃ := 22p−1Lp

1C
p

2

D + 23p−2cpL
p
1(aB

p

2 + C
p

2

D), m
E
[

sup
16k6(n−1)d

|un,m
k − u

n,m−1
k |p

]
6 C̃E

[
sup

16k6(n−1)d
|un,m−1

k − u
n,m−2
k |p

]

6 · · · 6 C̃m−1E
[

sup
16k6(n−1)d

|un,1
k − u

n,0
k |p

]
.k�G (3.12), A} p, fQ C̃ < 1, �A}W� un, fQ

lim
m→∞

E
[

sup
16k6(n−1)d

|un,m
k − un

k |p
]
= 0.}|V, q℄�! V n SA}C,

lim
m→∞

E
[

sup
16k6(n−1)d

|V n,m
k − V n

k |p
]
= 0.d=ke� 4.2, )�QNA}W��08
 Zn, fQ

lim
m→∞

E
[

sup
16k6(n−1)d

|Zn,m
k − Zn

k |p
]
= 0.



300 y M + l A 3 40 ipd ηn,m mW� (n− 1)d-!8
, L m→ ∞, kq Zn,m → Zn, )�m ηn,m → ηn. =�, &m 〈Zn + V n, ηn〉 = 0. < un = Zn + V n, %� (un, ηn) m (3.3) ST, A}CQ�.2}=IOb�WC. �\ (un
1 , η

n
1 ) � (un

2 , η
n
2 ) mp5 (3.3) S	�T. �W�:���P

E
[

sup
16k6(n−1)d

|un
1,k − un

2,k|p
]
6 2pE

[
sup

16k6(n−1)d
|V n

1,k − V n
2,k|p

]

6 C̃E
[

sup
16k6(n−1)d

|un
1,k − un

2,k|p
]
.d A}#� p, fQ C̃ < 1, %� un

1 = un
2 , a.s..�Wp�,KBDn��m��X 	�.FzH,, QNH x = (x1, · · · , x(n−1)d).dq φn ∈ C∞, m

(n−1)d∑

k=1

φn(xk)((η
n
1 )k − (ηn2 )k) = 0,_#* ηn1 = ηn2 , a.s., e�Q�.� V n m/�0p5

−n2AnV n = fn(un) + ndσn(un)∆Wn (5.4)ST,  : (un, ηn) �0p5 (3.3), %� (Zn := un − V n, ηn) m/�p5




−n2AnZn = ηn;

Zn > −V n;

〈Zn + V n, ηn〉 = 0

(5.5)ST.)` (3.13)��q�I�0/ ũn(x) S[a, KB Dn W�m��X	�.FzH,H QNSH z = (z1, · · · , z(n−1)d). 	�O/ph[a�I�0/ ηn(x)(- vn(x)): LX�}��Wd, dq 1 6 k 6 (n − 1)d, [a ηn(zk) = ηnk (- vn(zk) = V n
k ), dq����SX x ∈ D\Dn, k�� Dn W ηn(- vn) SB��i5C+�q℄QN, 5��V<�[ ηn|∂D = 0(- vn|∂D = 0). �� Kn(x, y) k�Ch (3.5) [a, N^R� vn �0:

vn(x) =

∫

D

Kn(x, y)f(kn(y), u
n(kn(y)))dy

+

∫

D

Kn(x, y)σ(kn(y), u
n(kn(y)))W (dy). (5.6)BY 3.1 ?�℄ k% [15, e� 2.3] �P, (2.1) &q℄UAV�j2O/2uAh.k Green �x K S[a, m

u(x) =

∫

D

K(x, y)f(y, u(y))dy +

∫

D

K(x, y)σ(y, u(y))W (dy) +

∫

D

K(x, y)η(dy).<Whob8	7 
v(x) :=

∫

D

K(x, y)f(y, u(y))dy +

∫

D

K(x, y)σ(y, u(y))W (dy).
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−∆z(x) = η(x),

z(x) > −v(x), x ∈ D,
∫
D(z(x) + v(x))η(dx) = 0

(5.7)m�WT (z(x), η(x)). KB Dn ��m��X,  	�.FzH,QNH
y = (y1, · · · , y(n−1)d). dq n ∈ N

∗, [a
V

n
:= (V

n

i )16i6(n−1)d = (v(yi))16i6(n−1)d .\W$n� R
(n−1)d �GzwS�05Cp52:





−n2AnZ
n
= ηn,

Z
n
> −V n

,

〈Zn
+ V

n
, ηn〉 = 0.

(5.8)eP�I�0/ zn(x): 0}��WB� zn(yk) = Z
n

k , 1 6 k 6 (n − 1)d, }�VWB�
zn|∂Dn

= 0, |�i5C+�QNa/XS�x�. k[� 4.2, m
lim
n→∞

sup
x∈D

|zn(x)− z(x)| = 0, a.s.. (5.9)eP�I�0/ vn(x): 0}��WB� vn(yk) = V
n

k , 1 6 k 6 (n − 1)d, }�VWB�
vn|∂Dn

= 0, |�i5C+�QNa/XS�x�. k[a (3.7), m
vn(x) =

∫

D

K ′(x, y)f(y, u(y))dy +

∫

D

K ′(x, y)σ(y, u(y))W (dy), x ∈ D.k% [3, [�4.1] �P, E(‖u‖p∞) < ∞; k% [5, e�3.2] �P, |ϕn
α(x) − ϕα(x)| 6 2d|α|

n , %�A} p > 1, m
lim
n→∞

E
[
sup
x∈D

|vn(x)− v(x)|p
]
= 0. (5.10)keW, k% [16, [�2.2] �P, T�! (5.10), �GT�!℄/	�;�: A}

p > 1 �0x C3, fQdK_S x, y ∈ D, m
(i) E[|vn(x)− vn(y)|p + |v(x) − v(y)|p] 6 C3|x− y|2pγ(d,ε);
(ii) lim

n→∞
E[|vn(x) − v(x)|p] = 0.k	:h (3.9), �\ 1 � 2, dqK_S x, z ∈ D, m
E[|v(x)− v(z)|p]

6 2p−1(1 + cp)C(L1, L2)E[(1 + ‖u‖2∞)
p

2 ]
(∫

D

|K(x, y)−K(z, y)|2dy
) p

2

6 2p−1(1 + cp)C(L1, L2)E[(1 + ‖u‖2∞)
p

2 ]B
p

2 |x− z|2pγ(d,ε).JWv	:h� v (2 vn, S�L2�. � (i) ��.pk% [5, e�3.2], q�
sup
x∈D

∫

D

(K ′(x, y)−K(x, y))2dy 6 C(d)
( 1

n

)4γ(d,ε)

. (5.11)
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E[|vn(x) − v(x)|p]

6 CpE
[(∫

D

|K ′(x, y)−K(x, y)|2f2(y, u(y))dy
) p

2

]

+ cpE
[( ∫

D

|K ′(x, y)−K(x, y)|2σ2(y, u(y))dy
) p

2

]

6 C(p, L1, L2)
( 1

n

)2pγ(d,ε)

[1 + E(‖u‖p∞)].|�Wh� n→ ∞, � (ii) ��.< un(x) := vn(x) + zn(x). d u(x) = v(x) + z(x), �i (5.9) � (5.10), m
lim
n→∞

E
[
sup
x∈D

|un(x)− u(x)|p
]
= 0. (5.12)d=,  ��![�, &GT�!

lim
n→∞

E
[
sup
x∈D

|un(x) − ũn(x)|p
]
= 0. (5.13)dqp5 (5.5) � (5.8), �ie� 4.2, m

sup
x∈D

|un(x)− ũn(x)| = sup
06k6(n−1)d

|V n

k − V n
k + Z

n

k − Zn
k |

6 2 sup
06k6(n−1)d

|V n

k − V n
k | 6 2 sup

x∈D
|vn(x)− vn(x)|. (5.14) �:�p�, eP?S�0/:

v̂n(x) : =

∫

D

Kn(x, y)f(kn(y), u
n(kn(y)))dy

+

∫

D

Kn(x, y)σ(kn(y), u
n(kn(y)))W (dy). (5.15)/%}".`+:d, D< f(u(x)) := f(x, u(x)),%�k v̂n S[a (5.15),T:� vn−vn,6Lq:� vn − v̂n � v̂n − vn. r0, k vn S�Ch (5.6), m

v̂n(x)− vn(x) =

∫

D

Kn(x, y)[f(un(kn(y)))− f(un(kn(y)))]dy

+

∫

D

Kn(x, y)[σ(un(kn(y))) − σ(un(kn(y)))]W (dy).k	:h (3.8) �e� 5.1, N^QN
E
[
sup
x∈D

|v̂n(x)− vn(x)|p
]

6 2p−1E
[
sup
x∈D

∣∣∣
∫

D

Kn(x, y)(f(un(kn(y))) − f(un(kn(y))))dy
∣∣∣
p]

+ 2p−1E
[
sup
x∈D

∣∣∣
∫

D

Kn(x, y)(σ(un(kn(y)))− σ(un(kn(y))))W (dy)
∣∣∣
p]

6 [2p−1Lp
1(C̃D)

p

2 + 22p−2cpL
p
1(aB

p

2 + C̃
p

2

D)]E
[
sup
x∈D

|un(x)− un(x)|p
]
. (5.16)



3 4 F ��a n[�xq6T���^ 303S� (5.14) � (5.16), < C̃′ := 23p−2Lp
1(C̃D)

p

2 + 24p−3cpL
p
1(aB

p

2 + C̃
p

2

D), m
E
[
sup
x∈D

|un(x) − un(x)|p
]

6 2pE
[
sup
x∈D

|vn(x) − vn(x)|p
]

6 22p−1E
[
sup
x∈D

|vn(x) − v̂n(x)|p
]
+ 22p−1E

[
sup
x∈D

|v̂n(x) − vn(x)|p
]

6 22p−1E
[
sup
x∈D

|vn(x) − v̂n(x)|p
]
+ C̃′E

[
sup
x∈D

|un(x)− un(x)|p
]
.k C̃′ < 1, �A}W�0x c′′, fQ

E
[
sup
x∈D

|un(x) − un(x)|p
]
6 c′′E

[
sup
x∈D

|vn(x) − v̂n(x)|p
]
.3 , J'��Sq	: vn − v̂n. k v̂n � vn S2uAh, m

v̂n(x) − vn(x) =

∫

D

(Kn(x, y)−K ′(x, y))f(kn(y), u
n(kn(y)))dy

+

∫

D

(Kn(x, y)−K ′(x, y))σ(kn(y), u
n(kn(y)))W (dy)

+

∫

D

K ′(x, y)(f(kn(y), u
n(kn(y))) − f(y, u(y)))dy

+

∫

D

K ′(x, y)(σ(kn(y), u
n(kn(y))) − σ(y, u(y)))W (dy)

:= Bn
1 (x) +Bn

2 (x) +Bn
3 (x) +Bn

4 (x). (5.17))�J�!L n→ 0 d,  4 7_=q 0. k	:h (5.11), m
lim
n→∞

sup
x∈D

∫

D

(K(x, y)−K ′(x, y))2dy = 0.k% [5, e�3.5], dqK_S ε > 0, A}0x C(d, ε), fQdq x ∈ D � n ∈ N
∗,

∫

D

|K(x, y)−Kn(x, y)|2dy 6 C(d, ε)n−2σ(d,ε), (5.18)5�
σ(d, ε) =





1− ε, L d = 1;

1

2
− ε, L d = 2;

1

5
− ε, L d = 3.=�, &GT�q un S	:. ke� 4.2, m

E
[
sup
x∈D

|un(x)|p
]
6 E

[
sup
x∈D

|vn(x)|p + sup
x∈D

|zn(x)|p
]
6 2E

[
sup
x∈D

|vn(x)|p
]
.pke� 5.1�	:h (3.8) � (3.9), A}0x C4, fQ

E
[
sup
x∈D

|vn(x)|p
]
6 C4E

[
sup
x∈D

∣∣∣
∫

D

K ′(x, y)f(y, u(y))dy
∣∣∣
p]

+ C4E
[
sup
x∈D

∣∣∣
∫

D

K ′(x, y)σ(y, u(y))W (dy)
∣∣∣
p]
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6 C4E

[
sup
x∈D

(1 + |u(x)|2) p

2

]
<∞,�m

E
[
sup
x∈D

|un(x)|p
]
<∞. (5.19)k	:h (5.11), (5.18) � (5.19), m

E
[
sup
x∈D

|Bn
1 (x)|p

]

6

[
sup
x∈D

(∫

D

|Kn(x, y)−K ′(x, y)|2dy
) p

2

]
·E

[
sup
y∈D

|f(kn(y), un(kn(y)))|p
]

6 C
[
sup
x∈D

( ∫

D

|Kn(x, y) −K ′(x, y)|2dy
) p

2

]
·
[
1 + E

(
sup
y∈D

|un(kn(y))|p
)]

6 C
[
sup
x∈D

( ∫

D

|Kn(x, y) −K ′(x, y)|2dy
) p

2

]
→ 0, L n→ ∞. (5.20)}|	:h (5.10) S�!, �G�

lim
n→∞

E[|Bn
2 (x)|p] = 0.keW, m

E[|Bn
2 (x)|p]

6 cpE
[( ∫

D

|Kn(x, y)−K ′(x, y)|2|σ(kn(y), un(kn(y)))|2dy
) p

2

]

6 CE
[( ∫

D

|Kn(x, y)−K ′(x, y)|2(1 + |un(kn(y))|2)dy
) p

2

]

6 C
[
1 + E

(
sup
y∈D

|un(kn(y))|p
)]

·
[ ∫

D

|Kn(x, y)−K ′(x, y)|2dy
] p

2

→ 0, L n→ ∞. (5.21)��qQ
lim
n→∞

E(|Bn
3 (x)|p + |Bn

4 (x)|p) = 0. (5.22)S� (5.20)–(5.22), QN
lim
n→∞

E
[
sup
x∈D

|v̂n(x) − vn(x)|p
]
= 0. (5.23)d=�2 (5.13) S�!. [���.�t ~>Mb�VHMs� Ralf Kornhuber Ms}�%(=�5�S�M�Ib.�d~>℄�Id�%:�
;S��SE{_F.< � U � o � r
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