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1 ���
1941 ?, Myers C� [1] TL;'+MC�V)/6�.r� 1.1 (Myers) _ (M, g) h n-����3,�I2b Ric(g) > (n − 1)δ2 > 0,D,� M �"h�R/, �Is/OÆ2b

diam(M, g) 6
π

δ
.

Myers /6� (8b*� Bonnet-Myers 6�) h�3xdT/+Mp	6�. f<Z|�'f<1�, V: Myers 6�/}Z, ��� [2–6] ,us9T/����. *8f<V� Myers 6�}Z+ Bakry-Émery!EO/ (oF m-Bakry-Émery!EO/), ���
[7–10] ,us9T/����.

1967 ?, Calabi C� [11] T-+'V:!EO//BAP&\�2�/rDRy.r� 1.2 (Calabi) ~_ (M, g)h n-����3,�Is/!EO/CG, vRic(g) >

0. ~_ γ(s) h M \/�2�, s ∈ (A,B) 
 −∞ 6 A < B 6 +∞, �I γ(s) \�"CQf4:, D:W-/_N� [a, b] ⊆ (A,B), 8
∫ b

a

√
K(s)ds

6

((
1 +

1

2
log

(B − a)(b −A)

(B − b)(a−A)

)2

− 1
) 1

2

< 1 +
1

2
log

(B − a)(b −A)

(B − b)(a−A)
, (1.1)
	 2017 � 5 A 23 Xj,, 2018 � 11 A 12 Xj,!IL.
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336 p $ � � A t 40 �H! K(s) = Ric(γ̇(s),γ̇(s))
n−1 . Y^,\�1eT/ A oF B 1:�K�o�K%,Q)U�1e9
e_T/ A oF B M�:�K�oF�K%.d� 6�/35, Calabi L;',� Myers-�6�.r� 1.3 (Calabi) ~_ (M, g) h n-����3,�Is/!EO/CG. Y^"C4 P0 ∈ M , d-! P0 �>/8+w�2� γ(s) 2b

lim
a→∞

sup
{∫ a

0

√
K(s)ds− 1

2
log a

}
= ∞, (1.2)H! K(s) = Ric(γ̇(s),γ̇(s))

n−1 , D M h�R,�._ (M, g) h n-����3,�, f h M \/Yiao. Bakry-Émery !EO//6/Y� (� [12]):

Ricf := Ric + Hess f .Y^ f h�o, Ricf �h!EO/. 1 Bakry-Émery!EO/h!EO//}Z. ::W-/ m > n, m-Bakry-Émery!EO/ Ricf,m 6/�
Ricf,m = Ric +∇∇f − ∇f ⊗∇f

m− n
, (1.3)\eTY^ m = n, y���� f h�o/J�.C	�T, �9-+ Bakry-Émery!EO/
 m-Bakry-Émery!EO/�/ Calabi-�6�.{

Kf(s) =
Ricf (γ̇(s), γ̇(s))

n− 1
, (1.4)�9-+C Ricf > 0 /w��/ √

Kf (s) /rDRy.r� 1.4 ~_"CCG�o K, d-
|Hess f | 6 K, |∇f | 6 K._ γ(s)(s ∈ (A,B)) h M \/�2�, DT −∞ 6 A < B 6 +∞, �~_ γ(s) CN�

(A,B) \�"CQf4:, D::W-/ [a, b] ⊂ (A,B), 88
( ∫ b

a

√
Kf (s)ds

)2

6

(
1 +

1

2
log

(B − a)(b −A)

(B − b)(a−A)

)2

− 1 + F (A,B, a, b),DT F (A,B, a, b) /6/D,� 4 UJ�:�� 1 A = −∞, B = +∞.

F (A,B, a, b) = 2
(√ K

n− 1
+

K

n− 1

)
(b− a).�� 2 A > −∞, B = +∞.

F (A,B, a, b) = 2
(√ K

n− 1
+

K

n− 1

)
(b−A) log

b −A

a−A
.�� 3 A = −∞, B < +∞.

F (A,B, a, b) = 2
(√ K

n− 1
+

K

n− 1

)
(B − a) log

B − a

B − b
.
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F (A,B, a, b) =
(√ K

n− 1
+

K

n− 1

)
(B − a+ b−A) log

(B − a)(b−A)

(B − b)(a−A)
.* K = 0 b, 6� 1.4 �h6� 1.2. k6� 1.3 /G>, C~_ Ricf > 0 /w��,�9-++M,�h�R/�Dw�.r� 1.5 _ (M, g) h n-����3,�, f h M \/Yiao, �_ Ricf (g) > 0.Y^l~_"CCG�o K, d-

|Hess f | 6 K, |∇f | 6 K.Y^"C P0 ∈ M, d-W-! P0 �>/�2� γ(s) 82b
lim
a→∞

sup
{∫ a

0

√
Kf(s)ds−

1

2
log a−

(
2
(√ K

n− 1
+

K

n− 1

)
a log a

) 1

2

}
= ∞, (1.5)D M +6h�R/.Y^Q~_ |∇f | /8	 , �9*�,-+ √

Kf(s) /rDRy.r� 1.6 _ (M, g) h n-����3,�, f h M \/Yiao. ~_"CCG�o K, d- |∇f | 6 K, �2b Ricf (g) > 0, _ γ(s)(s ∈ (A,B)) h M \/�2�, DT
−∞ 6 A < B 6 +∞. Y^l~_ γ(s) C (A,B) �"CQf4:, D::W-/N�
[a, b] ⊂ (A,B) 
W-/Jo ε ∈ (0, 1), 88

( ∫ b

a

√
Kf (s)ds

)2

6

(
P (ε) +

1

2
log

(B − a)(b−A)

(B − b)(a−A)

)2

− P 2(ε) + F (A,B, a, b, ε),DT P (ε) 
 F (A,B, a, b, ε) /6/D,� 4 UJ�:�� 1 A = −∞, B = +∞.

P (ε) = 1,

F (A,B, a, b, ε) =
( 1√

ε
+ 2

)2K(b− a)

n− 1
.�� 2 A > −∞, B = +∞.

P (ε) =
1

1− ε
,

F (A,B, a, b, ε) =
(√2

ε
+ 2

)2K(b−A)

n− 1
log

b−A

a− A
.�� 3 A = −∞, B < +∞.

P (ε) =
1

1− ε
,

F (A,B, a, b, ε) =
(√2

ε
+ 2

)2K(B − a)

n− 1
log

B − a

B − b
.�� 4 A > −∞, B < +∞.

P (ε) =
1√
1− ε

,

F (A,B, a, b, ε) =
(( 1

2
√
ε
+

3

2

)
(B −A) + (b − a)

) K

n− 1
log

(B − a)(b −A)

(B − b)(a−A)
.



338 p $ � � A t 40 �& 1.1 Y^Q K = 0, * ε M� 0, D6� 1.6 �h Calabi /6� (6� 1.2).Y^Q K 6= 0, D6� 1.6 /w��6� 1.4 T/w�)[, )6� 1.6 /�1*�6� 1.4 /�1)[, >1C:�'J� 1 N�, * ε → 0 b, F (A,B, a, b, ε) → +∞ I
P (ε) > 1.+M`S/
u: C{6� 1.6 +(/~_w��, �9>F-+{6� 1.4 +(/�1? Y^$�h�6/k, *# F (A,B, a, b) /Æ#e*n�{:C6� 1.4 /6/.r� 1.7 _ (M, g) h n-����3,�, f h M \/Yiao. ~_"CCG�o K, d- |∇f | 6 K �I Ricf (g) > 0, ,u"C P0 ∈ M , d-W-! P0 �>/�2�
γ(s) 82b

lim sup
a→∞

{∫ a

0

√
Kf(s)ds−

1

2
log a−

( 8Ka

n− 1
log a

) 1

2

}
= ∞, (1.6)D M +6h�R/.& 1.2 d�6� 1.6 /35, Q ε = 1

2 , �9-+6� 1.7. * K >
n−1
9 b,

8K

n− 1
> 2

(√ K

n− 1
+

K

n− 1

)
.1 6� 1.7 T/w� (1.6) )H:6� 1.5 T/w� (1.5).::�2� γ(s), {

Kf,m(s) =
Ric(γ′(s), γ′(s))

m− 1
.#5 Calabi 6�/L;A?, �9-+�:/6�.r� 1.8 _ (M, g) h n-����3,�, f h M \/Yiao, �2b Ricf,m >

0(m > n). _ γ(s) h M \/�2�, DT s ∈ (A,B), −∞ 6 A < B 6 +∞, ,u~_
γ(s) C (A,B) \78Qf4:, D::W-N� [a, b] ⊆ (A,B), 88

∫ b

a

√
Kf,m(s)ds

6

((
1 +

1

2
log

(B − a)(b −A)

(B − b)(a−A)

)2

− 1
) 1

2

< 1 +
1

2
log

(B − a)(b −A)

(B − b)(a−A)
. (1.7)* A = −∞ oF B = +∞ b, �9�,C
g+MÆ#eT* A M�: −∞ oF B M�: +∞.d�,\6�/35, �9-+)+UA9,�h�R/�Dw�.r� 1.9 _ (M, g) h n-����3,�, f h M \/Yiao, �2b Ricf,m >

0(m > n). Y^"C P0 ∈ M , d-W-! P0 �>/�2� γ(s) 82b
lim
a→∞

sup
{∫ a

0

√
Kf,m(s)ds− 1

2
log a

}
= ∞, (1.8)D M +6h�R/.
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2 Riccati jq�{ Riccati vl	��9X)mT Riccati �1e
 Riccati A�.U64 P ∈ M ,u!4 P �>/�2^� γ(s)(s hh��o). �9* m(s) Æf,4 P �?���Æ� s /�2LC γ(s) �/B�O/ (H!y`(�=?�&�6/B�O/). &\Wd�2^�, m(s) :: s > 0 8hYi/. �9mM, m(t) 2b Riccati�1e
Ric(γ′(s), γ′(s)) 6 −m′(s)− m(s)2

n− 1
, (2.1) �1e/L;���� [9, 11, 13]. Y^* H(s) = −m(s)

n−1 , K(s) = Ric(γ′(s),γ′(s))
n−1 , D

K(s) 6 H ′(s)−H2(s). (2.2)�C�9mT� [11] T/+M2�.�� 2.1 _ γ : (A,B) → M Æf M \�Qf4:/�2�, s hh��o, DT
(−∞ 6 A < s < B 6 +∞), { K(s) = Ric(γ′(s),γ′(s))

n−1 , D"C+M6/CN� (A,B) \/��ao h(s), 2b Riccati A�
dh(s)

ds
= h2(s) +K(s). (2.3)Y^{ Kf(s) =

Ricf (γ
′(s),γ′(s))
n−1 , 7 (2.2) �}�

Kf(s) 6 H ′(s)−H2(s) +
∇∇f(γ′(s), γ′(s))

n− 1
. (2.4)1� ∇∇f(γ′(s), γ′(s)) = f ′′(γ(s)), r,

Kf(s) 6 H ′(s)−H2(s) +
f ′′(γ(s))

n− 1
. (2.5)_ h(s) �h2� 2.1 Tr6//, Sg* g(s) = f(γ(s))

n−1 , D
dh(s)

ds
= h2(s)− g′′(s) +Kf (s). (2.6)

3 t� 1.4 {t� 1.5 p!�
3.1 r� 1.4 n �r� 1.4 n � 76� 1.4T/w�, }� Ricf > 0, Kf (s) > 0, |g′′(s)| 6 K

n−1 , ,u
|g′(s)| 6 K

n−1 . #5� [11] T/L;A?, �9D,� 4 UJ�L;6�.

3.1.1 �� 1 A = −∞ � B = +∞1�:r8/ s ∈ (−∞,+∞), g′′(s) 6 K
n−1 , r, dh(s)

ds > h2(s)− K
n−1 .�� 3.1 _ h(s) 
 K Y\rn, D

h2(s) 6
K

n− 1
.



340 p $ � � A t 40 � * l(s) = h(s)−
√

K
n−1 , D
l′(s) = h′(s) > l

(
l + 2

√
K

n− 1

)
.~_"C4 s0 ∈ R, d- l(s0) > 0, D}� l′(s0) > 0. !=Q) s > s0, �8 l(s) > 0, 1 �8 l′(s) > l2(s). :�1e l′(s) > l2(s) $
drD, -+

1

l(s0)
− 1

l(s)
> (s− s0).!=

l(s) >
1

l−1(s0)− (s− s0)
.Y^Q s M�: s0 + l−1(s0), D lim

s→s0+l−1(s0)
l(s) = +∞, < l(s0 + l−1(s0)) < ∞ 5;.1 -+::W-/ s, 88 l(s) 6 0. Y^* l̃(s) = h(s) +

√
K

n−1 , 5{(/A?�L; l̃(s) > 0. !=��'2�/L;.35a���1e�(2.6) 
,\2�, �9-+
(∫ b

a

√
Kf (s)ds

)2

6 (b− a)

∫ b

a

Kf (s)ds

= (b− a)

∫ b

a

[h′(s)− h2(s) + g′′(s)]ds

6 (b− a)(h(b)− h(a) + g′(b)− g′(a))

= 2(b− a)
(√ K

n− 1
+

K

n− 1

)
.!=��'J� 1 /L;.

3.1.2 �� 2 A > −∞ � B = +∞* s = A+ et, ω(t) /6/7�:/1eO�
h(s) = e−t

(
ω(t)− 1

2

)
,D t /QP���hIM
oW, I

dh

ds
= e−2t

(
ω′(t)− ω(t) +

1

2

)
,


h2(s)− g′′(s) = e−2t
(
ω2(t)− ω(t) +

1

4

)
− g′′(s).7 (2.6) , �-+

ω′(t) > ω2(t)− 1

4
− K

n− 1
e2t.
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2 −

√
K

n−1e
t, D

l′(t) > l2 + 2
(1
2
+

√
K

n− 1
et
)
l.#52� 3.1 /L;A?, �-+ l(t) 6 0. )+A:, * l̃(t) = ω(t) + 1

2 +
√

K
n−1e

t, D
l̃(t) > 0. 1 

−
(1
2
+

√
K

n− 1
et
)
6 ω(t) 6

1

2
+

√
K

n− 1
et. (3.1)#5 (2.6) 
�
-a���1e, -+

(∫ b

a

√
Kf (s)ds

)2

=
(∫ b′

a′

√
ω′(t)− ω2(t) +

1

4
+ g′′(s)e2t dt

)2

6 (b′ − a′)
(
ω(b′)− ω(a′) +

1

4
(b′ − a′) +

∫ b′

a′

g′′(s)e2t dt
)
. (3.2)!=-+

∫ b′

a′

g′′(s)e2tdt =

∫ b

a

g′′(s)(s−A)ds

= g′(s)(s−A)|ba −
∫ b

a

g′(s)ds

6 2
K

n− 1
(b−A). (3.3)1 

(∫ b

a

√
Kf (s)ds

)2

6 (b′ − a′)
(
1 +

√
K

n− 1
(eb

′

+ ea
′

) +
1

4
(b′ − a′) + 2

K

n− 1
(b −A)

)

6

(
1 +

1

2
(b′ − a′)

)2

− 1 + 2

√
K

n− 1
(b −A)(b′ − a′) + 2

K

n− 1
(b −A)(b′ − a′).1� b′ − a′ = log b−A

a−A
, r,

(∫ b

a

√
Kf (s)ds

)2

6

(
1 +

1

2
log

b−A

a−A

)2

− 1 + F, (3.4)DT F = 2
(√

K
n−1 + K

n−1

)
(b −A) log b−A

a−A
.

3.1.3 �� 3 A = −∞ � B < +∞* s = −s, A = −B, B = +∞, h(s) = −h(−s) 
 g(s) = g(−s), D J��[j�J� 2. 1 
(∫ b

a

√
Kf (s)ds

)2

6

(
1 +

1

2
log

b−A

a−A

)2

− 1 + F, (3.5)DT F = 2
(√

K
n−1 + K

n−1

)
(B − a) log B−a

B−b
.



342 p $ � � A t 40 �
3.1.4 �� 4 A > −∞ � B < +∞* L = B −A, s = A+B

2 + L
2 tanh t(D t /QP��hIM
oW), ,u ω(t) /6/7�:/1eO�

h(t) =
2

L
(ω(t) + tanh t) cosh2 t,D8

dh

ds
=

4

L2
cosh4 t(ω′(t) + 2ω(t) tanh t+ 1 + tanh2 t) (3.6)


h2(s) =
4

L2
cosh4 t(ω2(t) + 2ω(t) tanh t+ tanh2 t). (3.7)7 (2.6), -+

ω′(t) > ω2(t)− 1− L2

4 cosh4 t
g′′(s) > ω2(t)− 1− KL2

4(n− 1)
.B#52� 3.1 /L;A?, -+

−
(
1 +

L

2

√
K

n− 1

)
6 ω(t) 6 1 +

L

2

√
K

n− 1
. (3.8)�e (2.6), (3.6) 
 (3.7), �#5�
-a���1e, -+

(∫ b

a

√
Kf (s)ds

)2

=
(∫ b′

a′

√

ω′(t)− ω2(t) + 1 +
L2

4 cosh4 t
g′′(s)dt

)2

6 (b′ − a′)
(
ω(b′)− ω(a′) + b′ − a′ +

∫ b′

a′

L2

4 cosh4 t
g′′(s)dt

)
. (3.9)1� A < s < B 
 L = B −A, r,

−1 <
2

L

(
s− A+B

2

)
< 1.7: dt = 2

L
cosh2 tds, 1

cosh2 t
= 1− 4

L2

(
s− A+B

2

)2
, r,

∫ b′

a′

L2

4 cosh4 t
g′′(s)dt

=
L

2

∫ b

a

(
1− 4

L2

(
s− A+B

2

)2)
g′′(s)ds

=
L

2

[
(g′(b)− g′(a))− 4

L2

∫ b

a

(
s− A+B

2

)2

g′′(s)ds
]

=
L

2

[
(g′(b)− g′(a))− 4

L2

((
g′(b)(b − A+B

2

)2

− g′(a)
(
a− A+B

2

)2)

− 2

∫ b

a

g′(s)
(
s− A+B

2

)
ds

]

6
2KL

n− 1
+

2K

n− 1
(b− a). (3.10)
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 (3.10), -+
(∫ b

a

√
Kf (s)ds

)2

6 (b′ − a′)
(
2 + L

√
K

n− 1
+ b′ − a′ +

2KL

n− 1
+

2K

n− 1
(b− a)

)

= (1 + b′ − a′)2 − 1 + (b′ − a′)L
(√ K

n− 1
+

2K

n− 1

)
+

2K

n− 1
(b − a)(b′ − a′).1�

b′ − a′ =
1

2
log

(b −A)(B − a)

(B − b)(a−A)
,r,

(∫ b

a

√
Kf(s)ds

)2

6

(
1 +

1

2
log

(b −A)(B − a)

(B − b)(a−A)

)2

− 1 + F, (3.11)DT F =
(√

K
n−1 + K

n−1

)
(B − a+ b−A) log (B−a)(b−A)

(B−b)(a−A) .!=��'6� 1.4 /L;.

3.2 r� 1.5 n �r� 1.5 n � _ M hC�/, 76� 1.5 T/w�, D:: M \/W-4 P0,"C! P0 �>/�2^�, !=�"CQf4:. v �2�� γ(s)(0 6 s < ∞), D76� 1.4 T/J� 2 /L;�M, :W- a ∈ (1,∞), 8
∫ a

1

√
Kf(s)ds 6 1 +

1

2
log a+

((
2

√
K

n− 1
+ 2

K

n− 1

)
a log a

) 1

2

,H< (1.5) 5;. 1 M h�,�.!=��'6� 1.5 /L;.

4 t� 1.6 {t� 1.7 p!�R56� 1.4 
6� 1.5 T Hess f 8	/w�g, *-+�q/�1.

4.1 r� 1.6 n �r� 1.6 n � { g(s) = f(γ(s))
n−1 . 86�/~_w�, |g′(s)| 6 K

n−1 . �9#56�
1.4 /L;A?, D 4 UJ�L; 6�.

4.1.1 �� 1 A = −∞ z B = +∞:W-/ s ∈ (−∞,+∞), 8 dh
ds > h2(s)− g′′(s).�� 4.1 _ h 
 K Y\rn. :W- ε ∈ (0, 1), D8

−
( 1√

ε
+ 1

) K

n− 1
6 h(s) 6

( 1√
ε
+ 1

) K

n− 1
.



344 p $ � � A t 40 � * l(s) = (1 − ε)(h(s) + g′(s)), #5�
-a���1e, -+
−2l(s)g′(s) > − ε

1− ε
l2(s)− 1− ε

ε
g′2(s),D

l′(s) = (1 − ε)(h′(s) + g′′(s)) > (1− ε)h2

= (1 − ε)(
1

1− ε
l(s)− g′(s))2

=
1

1− ε
l2(s)− 2l(s)g′(s) + (1− ε)g′2(s)

> l2(s)− (1− ε)2

(n− 1)2ε
K2.#52� 3.1 /L;A?, -+

− 1− ε

(n− 1)
√
ε
K 6 l(s) 6

1− ε

(n− 1)
√
ε
K,<6

−
( 1√

ε
+ 1

) K

n− 1
6 h(s) 6

( 1√
ε
+ 1

) K

n− 1
.#5�
-a���1e�(2.6) 
2� 4.1, D-+

(∫ b

a

√
Kf(s)ds

)2

6 (b − a)

∫ b

a

(h′(s)− h2(s) + g′′(s))ds

6 (b − a)(h(b)− h(a) + g′(b)− g′(a))

6 2
( 1√

ε
+ 2

) K

n− 1
(b − a).

4.1.2 �� 2 A > −∞ z B = +∞* s = A+ et, ω(t) /6/7,�1eO�:

h(s) = e−t
(
ω(t)− 1

2

)
.�q6� 1.4 T/J� 2 /L;, -+

ω′(t) > ω2(t)− 1

4
− g′′(s)e2t.�e2� 4.1 /L;A?
6� 1.4 T/J� 2 /L;, :W- ε ∈ (0, 1), 8

− 1

2(1− ε)
−
(√2√

ε
+ 1

) K

n− 1
et 6 ω(t) 6

1

2(1− ε)
+
(√2√

ε
+ 1

) K

n− 1
et. (4.1)Sg#5�
-a���1e
 (2.6), -+

(∫ b

a

√
Kf(s)ds

)2

6

( ∫ b′

a′

√
ω′(t)− ω2(t) +

1

4
+ g′′(s)e2t dt

)2

6 (b′ − a′)

∫ b′

a′

(
ω′(t) +

1

4
+ g′′(s)e2t

)
dt

6 (b′ − a′)
(
ω(b′)− ω(a′) +

1

4
(b′ − a′) +

∫ b′

a′

g′′(s)e2tdt
)
, (4.2)
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∫ b′

a′

g′′(s)e2tdt =

∫ b

a

g′′(s)etds =

∫ b

a

g′′(s)(s−A)ds

= g′(s)(s−A)|ba −
∫ b

a

g′(s)ds

6 2(b−A)
K

n− 1
. (4.3)� (4.1) 
 (4.3) 'Z (4.2), -+

( ∫ b

a

√
Kf(s)ds

)2

6 (b′ − a′)
( 1

1− ε
+
(√2

ε
+ 1

) K

n− 1
(eb

′

+ ea
′

) +
1

4
(b′ − a′) + 2(b−A)

K

n− 1

)

6

( 1

1− ε
+

1

2
(b′ − a′)

)2

− 1

(1− ε)2
+ F,DT F =

(
2
√

2
ε
+ 4

)
K

n−1 (b−A)(b′ − a′).7:
b′ − a′ = log

b−A

a−A
,r,

(∫ b

a

√
Kf (s)ds

)2

6

( 1

1− ε
+

1

2
log

b−A

a−A

)2

− 1

(1− ε)2
+ F, (4.4)DT F =

(
2
√

2
ε
+ 4

)
K(b−A)
n−1 log b−A

a−A
.

4.1.3 �� 3 A = −∞ z B < +∞* s = −s, A = −B, B = +∞, h(s) = −h(−s) 
 g(s) = g(−s),  J��[j�J�
2, D

( ∫ b

a

√
Kf(s)ds

)2

6

( 1

1− ε
+

1

2
log

B − a

B − b

)2

− 1

(1− ε)2
+ F, (4.5)DT F =

(
2
√

2
ε
+ 4

)
K(B−a)

n−1 log B−a
B−b

.

4.1.4 �� 4 A > −∞ z B < +∞* L = B −A, S = A+B
2 + L

2 tanh t, ω(t) /6/7�eO�:

h(t) =
2

L
(ω(t) + tanh t) cosh2 t.{6� 1.4 T/J� 4 /L;A?, -+

ω′(t) > ω2(t)− 1− L2

4
g′′(s).#52� 4.1 �{/L;A?, :W- ε ∈ (0, 1), -+

− 1√
1− ε

− L

2

( 1√
ε
+ 1

) K

n− 1
6 ω(t) 6

1√
1− ε

+
L

2

( 1√
ε
+ 1

) K

n− 1
. (4.6)
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-a���1e, -+
(∫ b

a

√
Kf (s)ds

)2

=
(∫ b′

a′

√

ω′(t)− ω2(t) + 1 +
L2

4 cosh4 t
g′′(s)dt

)2

6 (b′ − a′)

∫ b′

a′

(
ω′(t)− ω2(t) + 1 +

L2

4 cosh4 t
g′′(s)

)
dt

6 (b′ − a′)
(
ω(b′)− ω(a′) + b′ − a′ +

∫ b′

a′

L2

4 cosh4 t
g′′(s)dt

)
. (4.7)7 (3.10), -+

∫ b′

a′

L2

4 cosh4 t
g′′(s)dt 6

2KL

n− 1
+

2K

n− 1
(b− a). (4.8)� (4.6) 
 (4.8) 'Z (4.7), -+

(∫ b

a

√
Kf(s)ds

)2

6 (b′ − a′)
(
2

1√
1− ε

+ L
K

n− 1

( 1√
ε
+ 1

)
+ b′ − a′ + 2

K

n− 1
L+ 2

K

n− 1
(b− a)

)

=
( 1√

1− ε
+ b′ − a′

)2

− 1

1− ε
+
( 1√

ε
+ 3

)KL(b′ − a′)

n− 1
+

2K(b− a)(b′ − a′)

n− 1
.1�

b′ − a′ = arctanh
2b−A−B

L
− arctanh

2a−A−B

L

=
1

2
log

(b −A)(B − a)

(B − b)(a−A)
,r,

(∫ b

a

√
Kf (s)ds

)2

6

( 1√
1− ε

+
1

2
log

(b−A)(B − a)

(B − b)(a−A)

)2

− 1

1− ε
+ F, (4.9)DT F =

K

2(n− 1)

((
1√
ε
+ 3)(B −A) + 2(b− a)

)
log

(b−A)(B − a)

(B − b)(a−A)
.1 ��'6� 1.6 /L;.

4.2 r� 1.7 n �#56� 1.5 �{/L;A?, �L;6� 1.7.r� 1.7 n � ~_ 6��:, D: M \/W-4 P0, "C! P0 �>/�2^�, �"CQf4:. { �2�� γ(s)(0 6 s < ∞), DC6� 1.6 T/J� 2 /L;T,Q ε = 1
2 , D ∫ a

1

√
Kf (s)ds 6 2 +

1

2
log a+

( 8Ka

n− 1
log a

) 1

2

.
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5 m-Bakry-Émery �
Æ�mT m-Bakry-Émery !EO// Riccati �1e, ��� [9] T/H. A, ::O6/�2� γ(s)

Ricf,m(γ′(s), γ′(s)) 6 −m′
f (s)−

m2
f (s)

m− 1
, (5.1)DT mf (s) = m(s) − 〈∇f, γ′(s)〉. Y^�9* Kf,m =

Ricf,m(γ′(s),γ′(s))
m−1 , ,u Hf,m(s) =

−mf(s)
m−1 , D

Kf,m(s) 6 H ′
f,m(s)−H2

f,m(s). (5.2)#5� [11] T6�/L;A?, �-+6� 1.8 
6� 1.9.#� J�`KVt��\/�0.k � } � � � �
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LI Guanxun1 LIU Han1 ZHANG Shijin2 ZHENG Yi1

1School of Mathematics and Systems Science, Beihang University, Beijing

100191, China.

E-mail: 641783717@qq.com; 1242073963@qq.com; zhengyitangshan@163.com
2Corresponding author. School of Mathematics and Systems Science, Beihang

University, Beijing 100191, China. E-mail: shijinzhang@buaa.edu.cn

Abstract In this paper, the authors obtain two theorems about the estimate for the

integral of the Bakry-Émery Ricci curvature along a geodesic on Riemannian manifold. As

an application, the authors obtain the sufficient conditions for compactness. They are as

generalizations of one theorem of Calabi.
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