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Abstract In this paper, the authors consider the asymptotic behavior of the monic

polynomials orthogonal with respect to the weight function w(z) = |ac|20‘e_(“"”4+t“"”2)7 z € R,
where « is a constant larger than —% and t is any real number. They consider this problem
in three separate cases: (i) ¢ > —2, (ii) ¢ = —2, and (iii) ¢ < —2, where ¢ := tN"2 is a
constant, N = n + « and n is the degree of the polynomial. In the first two cases, the
support of the associated equilibrium measure p is a single interval, whereas in the third
case the support of y; consists of two intervals. In each case, globally uniform asymptotic
expansions are obtained in several regions. These regions together cover the whole complex
plane. The approach is based on a modified version of the steepest descent method for
Riemann-Hilbert problems introduced by Deift and Zhou (1993).
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1 Introduction

In a recent paper [8], Clarkson et al. made a detailed study of the monic orthogonal
polynomials {5, (z;t)}22, associated with the generalized Freud weight

w(x;t) = |x|2o‘e_(w4+m2), z € R, (1.1)

where a > —% and ¢ € R. In particular, they showed that these polynomials satisfy a
differential-difference equation and a second-order linear differential equation. The coefficients
in these equations involve the coefficient 3, (¢; &) in the three-term recurrence relation

xS (x;t) = Spy1(x;t) + Bn(t; a)Sn—1 (1), (1.2)

where S_i(x;t) = 0 and Sp(x;t) = 1. The recurrence coefficient G, (t; «) satisfies the first
discrete Painlevé equation dPp, and is related to solutions of the fourth Painlevé equation
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Prv. As a follow-up, in [7] Clarkson and Jordaan investigated the asymptotic behavior of the
polynomials Sy, (z;t), as well as the recurrence coefficient 8, (t; «), when the degree n, or the
parameter ¢, tends to infinity. However, with regard to the polynomial S, (z;t), what they
gave is a solution S, (z) to an approximate equation (see [7, (4.12)]), and not an asymptotic
approximation to the polynomial S, (z;t).

In the present paper, we are mainly concerned with the problem of finding asymptotic
formulas for the monic polynomials S, (x;t), as n — oo, for all values of ¢, whether ¢ is fixed
or varying. This problem has actually already been studied by several people in special cases.
For instance, when v = 0 in (1.1) and the weight function is given in the form

wn(x) = e~ Naelt5a®) o5 g, (1.3)
asymptotic formulas (as n — o00) of the associated monic orthogonal polynomials have been
given by Bleher and Its in the case h < —2,/g and ¢ < § < 7! & > 0. Their method makes
use of a WKB formula (see [4, (7.5)]) from the differential equation theory. Without loss of
generality, one can assume the constant ¢ in (1.3) to be equal to 1. To simplify the calculation,
one may also take the parameter N to be equal to the degree n. Thus, in [19] Wong and Zhang
investigated the problem in the case when the weight function is given by w(z) = e~V (®) with

zt  h o,
and h = —2. At about the same time, results for the same case (i.e., h = —2) but with a

much more general V(z) was obtained by Claeys et al. [5]. For fixed ¢, asymptotic formulas
for the monic polynomials Sy, (z;t) in (1.2) can be written out directly from the results in [20].
Quite recently, in [2] and [3], Bertola and Tovbis obtained the asymptotics of the recurrence
coefficients for the orthogonal polynomials associated with the weight (1.3), where g € C, h =1
and the variable x is on the rays argax = 6 (for fixed ) in the complex plane. As a follow-up
of the investigations in [2] and [3], one may also consider the case when the weight function
has a singularity at the origin like the one in (1.1). But, we will leave this problem to a future
investigation.

In this paper, we shall study the behavior of S, (x;t) as n — oo, for all values of ¢t. Our
approach is completely based on the nonlinear steepest-descent method for Riemann-Hilbert
problems introduced by Deift and Zhou [12], and will not make use of any asymptotic result
from differential equation theory. We divide our discussion into three cases: (i) ¢ > —2, (ii)
¢ = —2, and (iii) ¢ < —2, where ¢ = tN~2 is a constant and N = n + a. As we shall show,
in the first two cases, the support of the associated equilibrium measure p; is a single interval,
whereas in the third case the support of u; consists of two intervals. In all three cases, we
will present infinite asymptotic expansions of S, (z;t) for z in various different regions. These
regions together cover the whole complex z-plane.

2 Riemann-Hilbert Problem

For notational convenience, from here on we will use 7, (z) to denote the monic orthogonal
polynomials in (1.2), and write p,(z) = v,7,(2) for the orthogonal polynomials with respect
to the weight in (1.1). Consider the following Riemann-Hilbert problem (RHP for short) for a
2 x 2 matrix-valued function Y:

(Ya) Y(2) is analytic in C\ R;
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(Ys) Y(2) takes continuous boundary values Y, () and Y_(x) such that

Vo) =v-@ (5 )

for z € R\ {0}, where w(z) is the weight function given by (1.1).
(Y.) For z € C\ R,

v =irroua) (G 0.

as z — o0.
(Yq) For z € C\ R,

1|z .
O (1 |Z|2a> 5 lf a < O,

1 1 .
O(l 1), if a >0,
as z — 0.

The following well-known theorem is due to Fokas, Its and Kitaev [15].

Theorem 2.1 The unique solution to the above RHP is given by

v = ([ Cr(s) )

enTn-1(2) cnC(mp—1w)(2)

where ¢, = —2miy2_, and

ClA(2) 1= — /w&dg, 2 e C\R,

T 2mi Ceo (— 2
1s the Cauchy transform of f.

To asymptotically evaluate the solution of the RHP for Y, we will first follow the nonlinear
steepest descent method introduced by Deift and Zhou [12], and further developed in [9-11].
This method consists of a sequence of transformations

Y >U—->T—-V =S,

which ultimately leads to a RHP that can be solved explicitly. The transformation ¥ — U is
just a rescaling, and the transformation U — T is a normalization process. The transformation
T — V involves a factorization of the jump matrix and deformation of contours so that V' can
be approximated by an exact solution to a RHP for n large. The final transformation V' — S
consists of some local analysis and the construction of parametrices. Since every step of the
transformation is explicit and reversible, one can obtain the asymptotics of Y, and hence of
mn(2), by a sequence of inverse transformations.

We define the first transformation Y — U by

N

U(z):= <N54 NO%> Y(N#z) <]\i) N

where N = n + «. Then, U satisfies the following RHP:
(U,) U(z) is analytic in C\ R;

w2
| ©
w2

N———
—
)
—
S—
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(Uy) U(z) takes continuous boundary values U, (z) and U_(x) such that

2« —(Nw4+tw2N%)
U+<x>=U_<x><(1) e[ X )

for z € R\ {0},
(U.) For z € C\ R,

U(z) = [1 +0(1/2)] <z0” z(_)”>

as z — 0o.
(Uq) U(z) has the same behavior as Y (z) for z near the origin.
From Theorem 2.1 and (2.1), it is easily seen that

Un(z) = N~ i, (Niz). (2.2)

For convenience, we have scaled the variable z by multiplying it by N i = (n+ oz)i.

3 Normalization and Auxiliary Functions

In order to normalize the behavior of U(z) at z = oo, we first need to introduce some
notations. Let a; be a positive real number, and denote by p+(s) a probability density function
supported on [—ay, a¢l, i.e., u(s) > 0 and

/ ue(s)ds = 1. (3.1)
The explicit formulas for «; and p(s) will be determined later.

Next, we introduce the so-called g-function which is the logarithmic potential of u(s); that
is

o) = 0u(z) = [ gl = shuls)ds, 2 € C\ (~oc,a1), (3.2
where for each s we view log(z — s) as an analytic function of the variable z with a branch cut
along (—oo0, s].

Similarly, we also define

g

9(z)=aq(z) = / log(z — s)p(s)ds, z€C\ [—ay,00), (3.3)
where for each s we view log(z — s) as an analytic function of the variable z with a branch cut
along [s, 00).

From (3.1)—(3.2), it is easy to check that the g-function satisfies the jump conditions

g+(x) —g—(x) =27, =z < —ay, (3.4)

and

at

g+(x) —g_(x) = 27Ti/ pe(s)ds, —op < < oy (3.5)

x
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On account of (3.2) and (3.4), one readily sees that ™(*) can be analytically extended to
C\ [—at, 4] and

en9(2) — 2"+ 0(2_1)] as z — 00. (3.6)

By adopting the convention that o3 denotes the Pauli matrix

o3 = ((1) _°1> (3.7)

we introduce the transformation
T(Z) — e—%NlNog U(z)e—(Ng(z)—%NlN—alogz)ag’ (38)

where [ is a constant to be determined. A straightforward calculation shows that T'(z) is the
unique solution of the following RHP:

(Ta) T(2) is analytic in C \ R;

(Ty,) For x € R\ {0},

J J
T =7 (7).

where

)

J21 ({E) = O;
(T.) T'(z) behaves like the identity matrix at infinity:

T(z)=[I+0(1/z)] asz— oo,

for z € C\ R;
(Tq) T'(z) has the following behavior for z € C\R as z — 0

o [I?! |Z|>, it a<o0,

z|* z|*

ro ] Ve )
=T ETY i s
|| ||

We proceed to seek for a probability density function p:(s) in (3.1) and a constant Iy
mentioned above so that Ji2 in jump condition (7},) becomes 1 for x € (—ay, o). Thus, we set

N(gs(z) +g_(z) — Iy) — (Nt + ta®N3) = 0 (3.9)
for x € (—ay, a¢). Tt follows from (3.9) by substituting = «; in (3.5) that
In =2g(ay) —af — tosz_%. (3.10)

Differentiating (3.9) yields

Gy(x)+G_(x) = %(41‘3 +2aN"2), € (—ay, o), (3.11)
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where
1 [
G(z) := —./ als) ds, z€C\[—a, ). (3.12)
) o, 5—2
For convenience, we set
G(z) = S8 (3.13)

3
V22— a?
where /22 — o2 is analytic in C\ [—ay, a¢] and behaves like z as z — oo. Since

- ~ 423 + Az N2
Cole) — G(o) = 2220 2 e (Cap ), (3.14)

3
T/ a2 — 1?2

we can solve this scalar RHP to give

~ 1 @ 453 1L 9tsN~™2 ds

G =
(Z) 2m2i —ay ‘/a%—s2 S—Z’

or, equivalently,

G(2) V2= a2 [ 434 2sNTE ds (3.15)
z) = : .
27TQi —ay ‘/a% —52 S —Z

From (3.1) and (3.12), it is easily seen that G(z) — 0 and 2G(z) — L as z — oco. Hence, we
have from (3.15)

463 1 9tsN™3

T T ds=0 (3.16)
—ay \/ OZ% — 82
and
 ggh 4 2As2N"2
s el © ds = 2. (3.17)

—a \/ OZ% — 52

Since the integrand is an odd function, we find that (3.16) is trivially true. By a change of
variable s = oy sin @, it follows that

~IN"3 +VEN-T 124
ar = ( 3 ) '

(3.18)

We next derive an explicit formula for the probability density function u:(s) in (3.1). From
(3.12), one observes

. . .1 (s—x)+ie
Gute) = iy Glo+ie) = i = [ 2 (o)

g

pe(s) ds (3.19)

= ue(x) + %P.V./

—ay

for z € (—ay, o), where P.V. denotes the Cauchy principal value (see [1, p.518]). Therefore,

pi(x) = Re G ().
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To evaluate G(z) in (3.15), we first note that for any integer m > 1 and z € C\ [—a, a] with
a > 0, Lemma 1 in [20] gives

[Z51]

¢ s™ 1 - 2 _m—1-2i 2™
B Y = L
where
91
Ao=1, A =]~ (3.21)

e

for i > 1, [z] denotes the largest integer < x, and v/22 — a2 takes branch cut along [—a, a] and
behaves like z as z — oo. It then follows from (3.15) and (3.20) that

G(2) V22— a2 [ 45+ 2sN72 ds
Z) =
2m2i oy a2 —s2 s—2
tN~22 223 )

NEET ANE

2 _ o2
= 7t(2z2+o<f+t]\7_% -

1

(3.22)

A combination of (3.19) and (3.22) gives that
/o2 2
VU TP (902 4 a2 +tN7F) (3.23)

pe(z) =Re Gy (2) = ———
for x € (—ay, ), where «y is shown in (3.18).

It is easy to see from (3.23) that u:(x) is not always larger than or equal to 0 for all ¢ € R.
Indeed, if t < t.. := —2v/N, then there exists § > 0 such that u(x) < 0 for x € (=4§,8) C
(—ay, at), which contradicts our assumption that p:(x) is positive in the support. This fact
shows that the support of ju;(z) consists of more than one interval if ¢ < —2v/N. In the
following, we divide our discussion into three cases: ¢ > —2, ¢ = —2 (i.e., the critical case)
and ¢ < —2, where ¢ = tN~% is a constant. In the last case, the support of p; consists of two

intervals.

3.1 Case for ¢ > —2
In this subsection, we consider the first case. Thus, we have
o < oy, = V2. (3.24)
We first proceed to calculate Iy in (3.10). By (3.1)—(3.2), the function g(z) — log(z + ) is
analytic in C\ [—ay, a¢] and
g(z) —log(z 4+ ) = 0, asz— . (3.25)

Let us define

9(2) —log(z + a)

2 3

H(z):= =
-

(3.26)

where /22 — a7 is analytic in C \ [—ay, a¢] and behaves like z as z — oco. It can be readily
verified that for © € (—ay, ay),

() + g—(x) — 2log(x + )
Hy(z)— H_(z) = 2 gi — .
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By the Plemelj formula (see [1, p.518]), we obtain

V22 —a? [* Hy(x)— H_(x) .

2mi r—z

9(2) —log(z + az) =

—at

Recall that t > —2v/N and a; in (3.18). From (3.9) it follows that

\Vz —at * 2log(x + ay) — lN—x4—tN_%x2d
x.
o Vai—a%(z—z)

Now, let z — o0o; on account of (3.25), we have

9(2) —log(z + as) =

& 1og(x+o¢t 1 / /O‘t o tN"3 2
N
oy VOF — x2 —ay N Of — x2 Vai—x?

Let the integrals on the left-hand side of (3.27) be denoted by Iy, Is and I3, respectively. It is
easily seen that

2 =0. (3.27)

ot dz

: —ay ag — a2 ( )
and
gt —I—tN" 2 3 4, Tt 4
Is = = —7ma; + ———aj. 3.29
3 o at — 1:2 ] t 2 \/N t ( )

To evaluate Iy, we note that for any 0 < a < b < oo,

b
1 b
%% ds=2rlog Vatvb (3.30)
. Vo-ab-») 2
(see [18, Lemma 1]). Hence, by taking s = 2 4+ a4, we obtain
I T dogs g g (3.31)
g —_— =T —. .
A Vs(2ay — s) 572
Inserting (3.28)—(3.31) into (3.27) gives
Oft 3 4
In=2log— —-a;, — ——= 3.32
N 0g B 3 Qy 2\/— t ( )

Let v(2) := /22 — a2(222 + a2 + tN~2), where /2% — o2 is analytic in C \ [—ay, oy] and

behaves likes z as z — oo. Clearly, vy (x) = £mipg(x) for x € [—ay, ay]. Define

o(z) := /z v(()d¢, ze€C\ (—o0,ay, (3.33)

where the path of integration from «; to z lies entirely in the region z € C\ (—o0, oy, except
for the initial point .
Similarly, we define

b(z) == / v(Q)d¢, z€C\ [~y 00), (3.34)
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where the path of integration from —a; to z lies entirely in the region z € C\ [—ay, ), except
for the initial point —qy.

The functions ¢(z) and ¢(z) defined above will play an important role in our argument, and
some of their properties are given below. For proofs of these results, see [20].

Proposition 3.1 Let C. ={z:Im 2z > 0} and C_ = {z : Im 2z < 0}. We have

¢(z) = ¢(z) F mi (3.35)
for z € Cy.. The mapping properties of ¢(z) are given by

o(x) >0, argop(z) =0, z€ (a,o0); (3.36)
dlon) =0, da(-a) =Fmi, 6£(0) = F5i; (3.37)
Re ¢u(z) = 0, argu(z) = igﬁ, 7€ (—an, ) (3.38)
and
o)~ 2 (3.39)
for z large enough. Similarly, the mapping properties of ¢(z) are given by
o(z) >0, argd(z) =0, & (—o0,—ay); (3.40)
(o) =0, fular) =%mi, 62(0) = +5i; (3.41)
Re ¢i(z) =0, argos(z) = q:gw, z € (—ay, o) (3.42)
and
3~ 2 (3.43)

for z large enough.
Proposition 3.2 With constant I given in (3.32) and Iy defined by
In = Iy + 2, (3.44)

the following connection formulas between the g-function (g-function) and ¢-function ((75-
function) hold

1 2
9(2) +o(2) = 5 (24 + f/Z—N + ZN), (3.45)
~ 2 -
9(z) + ¢(z) = %(z‘* + f/z—ﬁ + ZN). (3.46)
Furthermore, we have
~ v Ja(2), z € Cy,
9(z) = {g(z) + 27, zeC_ (3-47)
and
~ . Joz)+m7i, ze€Cy,
o) = {(b(z) —mi, zeC_. (3.48)
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3.2 Case for c = —2
Now, we consider the second case t.,. = —2v/N. With

o=y, =2, (3.49)
we have from (3.23)

() = () = V22 (3.50)

™

With a; = v/2 and t = —2v/N, the formula in (3.32) gives

1
In = 5 log 2. (3.51)

Let v(2) := 222v/22 — 2, where /22 — 2 is analytic in C \ [~v/2,v/2] and behaves likes z as
z — c0. Clearly, (v)4(x) = £rip(x) for € [—1/2,1/2]. Define

6(2) = / W) dC, €T\ (—o00,v3), (3.52)

where the path of integration from /2 to z lies entirely in the region z € C\ (—o0, v/2], except
for the initial point v/2.
Similarly, we define

3(z) = / WO)dC, zeC\ (=v3,00], (3.53)
-V2
where the path of integration from —v/2 to z lies entirely in the region z € C\ [—\/5, 00), except
for the initial point /2.
The functions ¢(z) and ¢(z) defined above play the same role as ¢(z) and ¢(z) defined in
(3.33)—(3.34) for case (i). The following are some of their properties.

Proposition 3.3 Denoting C;. ={z:Im 2z > 0} and C_ = {z : Im 2z < 0}, we have

6(2) = 3(2) F mi (3.54)

for z € C1. The mapping properties of ¢(z) are given by

o(x) >0, argo(x) =0, =z € (V2,00); (3.55)
6(V2) =0, ¢(—V2)=Fmi, $:(0) = Fis (3.36)
Re ¢4 (z) =0, argos(z) = igw, z € [0,V2); (3.57)
Re ¢(2) >0, Tm o(z) = —%ﬁ, 2 € (0, 00i). (3.58)

If z € Cy, we have
b(2) ~ —gi + %ﬁ (3.59)

as z — 0 and

bz) ~ 2 (3.60)
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for z large enough. Similarly, the mapping properties of a(z) are given by

d(z) >0, argd(z) =0, z e (—o0,—V2); (3.61)
BV =0, 6:(VD)==mi, 6:(0) = £ (3.62)
Reda(r) =0, argdu(e) =Fom o€ (~V3,0] (3.63)
Re ¢(2) >0, Im ¢(z) = g 2 € (0, 00i). (3.64)

If z € C4, we have
$(2) ~ gl + %7231 (3.65)

as z — 0 and

3~ 2 (3.66)

for z large enough.

Proposition 3.4 With constant Iy given in (3.51) and TN defined by
In = Iy + 2, (3.67)

the following connection formulas between the g-function (g-function) and ¢-function (5—
function) hold

g(z) + ¢(z) = %(24 —22% +1y), (3.68)

§(2) + 3(z) = %(24 _9:2 4 Ty) (3.69)
and

~«_ Ja(2), zeCy

9() = {g(z) +27i, zeC_. (3.70)

The material in this and the previous section parallels that in [19, §3].

3.3 Case for c < —2

In this third case, the equilibrium measure will be defined on two intervals, and we denote
them by E := [-b, —a] U [a,b] with 0 < a < b. To see that there are exactly two intervals and
these intervals are symmetric, we refer to [4, p.218] and [6, p. 603]. To normalize the behavior
of U(z) at z = oo, we define as in (3.1) a probability density function p(s) supported on E,
ie., ui(s) >0 and

/ ue(s)ds = 1. (3.71)
E

The explicit formula for a, b, and p;(s) will be determined later.
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Now, we repeat the analysis at the beginning of this section from (3.1) to (3.12) with the
interval [—a, ay] replaced by E. With this minor change, we define

—a b
g(z) = / log(z — s)ue(s) ds + / log(z — s)u(s)ds, z € C\ (—o0,b). (3.72)

—b

From (3.71)—(3.72), it is easily checked that

27ri, x € (—o0, —b),
2mi /—a pi(s)ds + i, € (—b,—a),

g+(2) —g-(2) = il e (—aa), (3.73)
2mi /b we(s)ds, x € (a,b).

Also, on account of (3.72)—(3.73), one readily sees that €"9(*) can be analytically extended to
C\ [-b,b] and (3.6) holds. As in the previous cases, we introduce the transformation 7T'(z)
given in (3.8), and obtain its associated RHP stated in (T,)-(Tq). To determine a probability
density function p(s) in (3.71) and a constant Iy mentioned above so that the entry Jio in
jump condition (7},) becomes 1 for x € E, we set

N(gi(z) + g—(z) —Iy) — (Nz* + ta®Nz) = 0 (3.74)

for x € E. By substituting x = b in (3.73), it follows from (3.74) that

Iy = 2g(b) — b* — th*N 3. (3.75)
Differentiating (3.74) yields
Gi(z)+G_(x) = i(4303 + 2th_%), r e L, (3.76)
7T
where
1
G(2) == —,/ pe(s) ds, zeC\E. (3.77)
mJps—2
Corresponding to (3.13), we set
G(z) = Gz) , (3.78)

V(22 —a?)(22 = b?)

where /(22 — a2)(22 — b?) is analytic in C \ E and behaves like 22 as z — oo (see [9, p. 171]).
Since

~ ~ i a3 rN~32
Gote) =G = \/(;’; _Z%t(;j —m v (3.79)

solving this scalar RHP gives

é( )_L/ 483 + 2tsN~2 ds
T o E(\/(S2—a2)(82—b2))+5_2’
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or equivalently

V(22 —a?)(22 - b?) 453 + 2tsN ™2 ds
G(z) = .
( ) 272 ~/E (\/(82_a2)(82_b2))+3—z

Recall (3.71) and (3.77). Since G(z) — 0 and zG(z) — L as z — oo, we have from (3.80)

(3.80)

s7ds =0 (3.81)

/ 483 4+ 2tsN~3
B (\/(s2 —a?)(s —b?))4

for 5 =0,1, and

3 _1

/ AT 2SN2 2gg— on (3.82)
B (V/(s2 —a?)(s? = b?))

(see [9, p.172]). Equations (3.81)—(3.82) are equivalent to

1

/ 483 + 2tsN~2 ds — 0 (3.83)
V(s

_a2 b2 —82)

and
b (4% + 2tsN~2)s2
o V(2 —a2)(0? -2

Now we have two equations with two unknowns a and b. By a change of variable

ds = . (3.84)

_ ab
\/b2 cos? 0 + a2 sin” 9

we obtain after a long and complicated calculation
tN~7 423 tN~7 —2\3
o= (- g o (-2 559

(see [4, p.218]). We next derive an explicit formula for the probability density function p(s)
n (3.71). It is well known that

pe(z) = Re G ().
To evaluate G(z) in (3.80), we need Lemma 1 in [20], which states that for b > a > 0, we have

ds = w(l - m) (3.86)

b 5 1
/a V(b—s)(s—a)s—=z

Recall that

L ogs= T (3.87)

b 1
a V/b—s)(s—a)s—=z _\/(,z—a)(z—b)7

where /(z —a)(z — b) takes branch cut along [a,b] and behaves like z as z — oo. It then
follows from (3.80) and (3.86)—(3.87) that

V(@2 —a?) (22— ?) 4s% + 2tsN~3 ds
“e= I, N

272 s2—a?)(s2 — b)), 5— 2
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V(22 —a?)(22 - b?) 423 4+ AN~ 22
— (4z BV e b2)) (3.88)

which gives

11:(z) = Re Gy (z 2'“7'\/ b2 — 22) > 0 (3.89)

for x € E, where a,b are given in (3.85).
Next, we proceed to calculate Iy in (3.75). By (3.71)(3.72), the function g(z) — 3 (log(z +
b) + log(z — b)) is analytic in C \ F and

g(z) — %(log(z +b) +log(z —b)) - 0 asz— . (3.90)

Let us define
g(z) — %(log(z +b) 4+ log(z — b))
NEETDICRrD

where /(22 — a2)(22 — b?) is analytic in C\ E and behaves like 22 as z — co. It can be readily
verified that for x € E,

H(z) = , (3.91)

Ho(z) — H (2) = g+ () + g_ () — log(b? _xg).
v . (V (2?2 —a?)(a? — b%))4

By the Plemelj formula (see [1, p.518]), we obtain

—a?) (22 — b2
9(2) — S (log(z + b) + log(z — b)) = V(2 —a b%) / Hi(z @) 40
2 x—z
From (3.74), it follows

g(z) — %(bg(z +b) + log(z — b))

_ \/(z2—a2)(z2—b2)/ In 4zt + tN~222 — log(b? — 2?)
2mi B (V(@? = a?)(@? = %)) (z - 2)

dz,

which is equivalent to

g(z) — %(log(z +b) + log(z — b))

B \/(z2—a2)(z2—b2)(/b In +a* + tN"222 2x de
- o o i@ — a1 — a2) 2° — 22

B b zlog(b? — 2?) dx
| e )

Now, let z — oco; on account of (3.90), we have

/ 2xln (x +tN_5x2)2x de
V@ —a?) B2 — 22) \/x2—a2 —22)

2 .2
- 2/ slog’ —27) 4, . (3.92)
Vi

2 02)(b2 — 22)
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Let the integrals on the left-hand side of (3.92) be denoted by I;, Iy and I3, respectively. As in
Subsections 3.1-3.2, we have

b
2z
112/ NS 2_$2)dx=7r, (3.93)
~3.2
/ @ AIN22E) o gy T Tyt (3.94)
N D) 2 1
and . i
__ logs 8—27710g7\/a+ b.
V(s—a)b—s) 2

Taking s = b? — 22, we obtain

b2 —a?

log s 1
I3 = ————ds=mlog—. 3.95
3 ) ﬁ(bQ—aQ—s) g2 ( )
Inserting (3.93)—(3.95) into (3.92) gives
1 N7t
lN=—10g2—§—|— T (3.96)

As before, let v(2) := 221/(22 — a2)(22 — b2), where /(22 — a2)(22 — b?) is analytic in C\ E
and behaves likes 22 as z — oco. Clearly, vy (x) = £mip(x) for x € E. Define

6(2) = /b V)¢, z€C\ (=00,b], (3.97)

where the path of integration from b to z lies entirely in the region z € C\ (—o0, b], except for
the initial point b. Similarly, define

3(z) = /_Zby(g) ¢, 2 €C\[-b,o00), (3.98)

where the path of integration from —b to z lies entirely in the region z € C\ [—b, 00), except
for the initial point —b. Moreover, we define

o(z) = /z v(()d¢, zeC\ (-o0,—a)U (a,0), (3.99)

where the path of integration from a to z lies entirely in the region z € C\ (—o0, —a) U (a, 00),
except for the initial point a. The following two results correspond to Propositions 3.1-3.2 for
case (i), and to Propositions 3.3-3.4 for case (ii).

Proposition 3.5 The mapping properties of ¢(z) are given by

o(x) >0, argp(x) =0, x€ (b,00); (3.100)
() =0, i) =FFi 6x(-b) = Frmi; (3.101)
Re ¢L(z) =0, argoy(x)= igw, z € (a,b) (3.102)
and
o
P(z) ~ = (3.103)
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for z large enough. Similarly, the mapping properties of a(z) are given by

d(x) >0, argd(z) =0, x € (—o0,—b); (3.104)
G(—b) =0, ¢i(—a)= igi, ¢+ (b) = £mi; (3.105)
Re du(z) = 0, argdu(z) = :Fgw, 2 € (—b,—a) (3.106)
and
B(2) ~ Z—; (3.107)

for z large enough. Moreover, the mapping properties of ¢(z) are given by

o(x) >0, argd(zr)=0, x¢€(—a,a); (3.108)
d(ka) =0, Bu(-b)=F5i, () =%5i (3.109)
and
_ 24
¢z) ~ 5 (3.110)

for z large enough.

Proposition 3.6 The following connection formula holds between the g-function and ¢-
function

2
(4+ —f/% in) = g=) + 6(2). (3111)
Furthermore, we have for z € Cy,
6(2) = f(z) o , (3.112)
o(z) F -

4 Contour Deformation

In this section, we consider the problem of contour deformation in three separate cases. We
give more details in the first case; for the other two cases, we only present the conclusions since
the results can be obtained in the same manner as in the first case.

4.1 Case for ¢ > —2

With the properties of ¢(z) and ¢(z) established in Proposition 3.1, the jump matrix for
T(z) in condition (7}) can be written as follows:

e2N¢+(m) 1
1) =7 () ) (a1)
for x € (0, o),
T T QN+ (2) ! 12
@ = (L (12)
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for z € (—ay,0),

e—2 (z
=1 ) (43
for x € (ay, 00),
rw =@ () (1.

for x € (—o0, —ay).
Note that for the jump matrix on (0, o), we have the following factorization:

2N (@) 1 B 1 0N/0 1 1 0 i
0 e2N¢,(z) - e2N¢,(z) 1 -1 0 e2N¢+(z) 1) ( . )

The first and the third matrices on the right-hand side of (4.5) have the analytic continuation

1 0
e2Né(2) 1

on both sides of (0,a;). When z € (—ay,0), we have a similar result with ¢(z) replaced by
¢(x). Based on the factorization in (4.5), we transform the RHP for T'(z) into a RHP for V(2)
given below, by opening a lens around (—ay, ;) going through the origin (see Figure 1). The
precise shape of the lens will be specified later; for now we choose it to be contained in the
region of analyticity of ¢(z) and a(z)

2y Z

III I o
-y 0 oy

v 1I

2y P2

Figure 1 The lens-shaped contour ¥ going through the origin.

4
Let ¥ = |J ¥; denote the lens-shaped contour shown in Figure 1. The second transformation

=1
T — V is then defined by

T(z) for z outside the lens-shaped region,

1
< 0) for z € I,
< ! 0) for z € 11,
1
T(z) < 0) for z € 111,

1
O) for z € IV,

(4.6)
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where regions I, I, ITI, IV are also shown in Figure 1. Furthermore, we define the jump matrices

1 0
Jv(z) = <e2N¢(z) 1) , z€X1 UMy, (4.7)
1 0
JV(Z) = <e2N$(z) 1) , z € X3 Uy, (48)
—2No(z)
Jv(x) = <(1) € . > , x < —ay, (4.9)
1 e_2N¢(w)
Jv(x) = 0 1 , T > oy, (4.10)
0 1
Jy(z) = <_1 0) ) x € (—ay,0) U (0, o). (4.11)

It is readily verified that V satisfies the conditions of the following RHP:
(Va) V(2) is analytic in C\ (X UR);
(W) for z € TUR,
Vi(z) = V_(z)Jv(z);

(V.) V(2) behaves like the identity matrix at infinity:
V(iz)=[I+0(1/2)] asz— oo,

for z € C\ (ZUR);

(Vd) if a <0,
V(z):O(IzIa Ija) asz— 0, z€e C\ZUR;
if >0,
(0] (:Z:a :Z:_a> as z — 0 for z outside the lens regions,
z z
(2) =

lz|7*  |z|7@ - .
(0] e o] as z — 0 for z inside the lens regions.
z z

From Proposition 3.1 and the behavior of ¢(2) in (3.33) near z = «4, the lens-shaped regions

can be chosen sufficiently small so that

Re ¢(z) <0 (4.12)
for z € TUII. Similarly, it can be shown that

Re ¢(z) <0 (4.13)

for z € IIT UIV. These together with (3.36) and (3.40) imply that the jump matrix Jy ()

tends exponentially to the identity matrix as n — oo, for z € (—o0, —ay) U (ay, 00) U X. When
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z € (—a,0) U (0,c), Jy(z) is the constant matrix given by (4.11). It is therefore natural to
suggest that for large n, the solution of the RHP for V(z) may behave asymptotically like the
solution of the following RHP for V. (z):

(Voo,a) Voo(2) is analytic in C\ [—ou, ay;

(Voop) for z € (—au,0) U (0, o),

0 1
Ve = V- () 5):
(Voo,e) Voo(z) behaves like the identity matrix at infinity:
Veo(2) = [T+ 0O(1/2)] as z — oo,

for z € C\ [—a, ay].

The construction of Vi (z) was done in [9-11], and we have

B()+B()"" Blz) —Bx)~!

B 2 2i
R R e e (419
—21 2
where
B(z) = (2132)4 (4.15)

with a branch cut along [—ay, ;] and 8(z) — 1 as z — oco. It is worthwhile to point out that

Voo (z) has the factorization

=3 (4 Tee (G D=5 S)een (D) e

where o3 is the Pauli matrix given in (3.7). By (4.6) and (4.12)—(4.13), it is clear that T~V

as n — oo. Hence, it follows that
T(2) ~Ve(z) for z € C\ [—ay, ay. (4.17)
On account of (3.8), we can work backwards to get
U(z) ~ e2NINosy_(2)elN(9(z)=gln) —alog2los (4.18)

where [ is given in (3.32).

Let L(z) represent the right-hand side of (4.18). By (3.47), it is easily verified that

g(z) —logz + wi = g(z) — log(—=2) (4.19)
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for z € C\ R, where log(—=z) is analytic in z € C\ [0, 00). Hence, we obtain from (3.44), (3.47)
and (4.19) that
L(Z) _ e%NlNO';; Vo (Z)e[ng(z)—i-a(g(z)—logz)]o‘se—%NlNg_g
_ e—OﬂTiO’ge%NTNUg Voo (Z)enﬁ(z)a'gea(g(z)—log z+7ri)<73e—%Nl~N03

_ e—awioge%NTNogVOO(Z)e[N@(z)—%TN)—alog(—z)]os (4.20)
for € C\ R.

4.2 Case for c = —2

Here, we follow the arguments given in Subsection 4.1, and transform the RHP for T'(z)
into the RHP for V(z) by opening a lens passing through —+/2,0 and /2 as shown in Figure
1. By the same reasoning given in Subsection 4.1, it is natural to suggest that for large n, the
solution of the RHP for V(z) should behave asymptotically like the solution of the following
RHP for V. (2):

(Vooa) Vio(2) is analytic in C \ [-v/2,/2];

(Vo) for @ € (—v/2,0) U (0,v/2),

(Voo.e) Voo (2) behaves like the identity matrix at infinity:
Veo(2) = [T+ O(1/2)] as z — .

This problem can be solved explicitly, and its solution is given by

B()+B()"T Blz) —Bx)~"

_ 2 2i
Vool2) B(z)—B(z)"Y Bz)+B(z)" L]’ (4.21)
—2i 9
where
Ble) = (i :L g) (4.22)

with a branch cut along [—v/2,v/2] and B(z) — 1 as z — oo (see (4.14)—(4.15)). Again, we note
that Voo (2) has the factorization given in (4.16).

4.3 Case for ¢ < —2

With the properties of ¢(2), ¢(z) and ¢(z) established in Proposition 3.6, the jump matrix

for T'(z) in condition (7}) can be written as follows:

e2N¢+ (I) 1 )

ra) =7 (© ) (423)
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for x € (a,b),

for x € (=b, —a),

for x € (b, ),

for x € (—o0, —b),

for z € (—a,0),

for x € (0, a).

. . 02No4 (x) 1
=@ (7
1 e—2No(z)
rw =@ (g )

1 e—2N5(z))

nmwitamri e—2N$(w)

(S

T =7 (T SR

)

Figure 2 The lens-shaped contour ¥ =%; U--- U 4.

2y

z,

From (4.5), the transformation 7' — V is then defined by

for z outside the lens,

0
) for z €1,
1
0) for z € 11,
1
0) for z € III,
1
(1)> for z € IV.

573

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)
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Furthermore, we define the jump matrix

1 0
<62N¢(z) 1) ’ z € X1 U2y,
( ING(2) 1) R z € Y3 Uy,
1 o—2Nd(x)
, r < —b,
0
1 e—2Ne()
Jv(z) = 0 ) x>0, (4.30)
0
< . ) x € (=b,—a)U(a,b),
n7r1+a7r1 —2N¢( )
—n7r1 ami |7 e (—CL, O)’
—n7r1 aTi —2N$(w)
. |, z€(0,a).
0 enfr1+a7'r1 ( )

Since ¢(z) > 0 for z € (—a,a), ¢(z) > 0 for z < —b and ¢(z) > 0 for z > b, as in the
previous cases we expect the solution of the RHP for V(z) to behave asymptotically like the
solution of the following RHP for V. (z):

(Voo,a) Voo(2) is analytic in C\ [—b, b];

(Voop) for z € E,

for x € (—a,0),

Vo) = V)-@) (7707 i),

and for z € (0, a),
e—nﬂ'l a1 O
Vo) = V)-@) (7757 tan)

(Voo,e) for z e C\ E,
Voo(2) = [T+ 0O(1/2)] as z — .

We construct Vi (z) in terms of the Szego function D associated with e®™ on E, which is an

analytic function on C\ [—b, b] satisfying Dy (z)D_(z) = 1for z € E, and D4 (z) = e~ ™D _(x)
for x € [~a,0] and Dy (z) = e™*D_(x) for z € [0,a]. We seek the function D(z) in the form
D(z) = exp(ﬁ) Then the problem is reduced to constructing a scalar function 5(2), which is
an analytic function on C\ E satisfying Dy (z)+D_(x) =0forz € E,and D, (z) = D_(z)—7ia
for z € (—a,0) and D, (z) = D_(x) + mia for 2 € (0,a). We can solve this scalar RHP by the
Plemelj formula to yield

D(z) oV -

a? — b2 1 dx
2 (/0 \/mx—zz)'



Asymptotics of Orthogonal Polynomials, Generalized Freud Weight 575

This gives
D(2) = exp {_ ay/ (2% — a;)(z2 —b?) (/Oa m . (ing)} (431)
and
Do = lim D(z) = (ZJ_FZ) : (4.32)

Therefore, the RHP for Vi (z) can be transformed into the RHP for Vo (z) with the jump

matrix ( 0 1) on F, via the formula

-1 0

Voo (2) = D73 Voo (2) D(2)73.
Thus, we have the RHP for Va, (2):

(Voo,a) ‘700(2) is analytic in C\ [-b, b];

(‘700_,1)) for v € F,

and for x € (—a,a) \ {0},

(Vooe) for z € C\ E, N
Voo(2) = [T+ O(1/2)] as z — 0.
The RHP for 1700 can be solved explicitly by

=) +3(=) 7 A —F() !

Vi(z) = 2 —2 , 433
) () =) ) +3(2) 7! (439
2i 2
where
z frz—a\ S
:?(Z) - (zi_llj) (z—l—a) (4'34)

with a branch cut along F and 5(z) — 1 as z — oo. (This can actually be derived by using an
elliptic theta function (see [16, pp. 15-16]). It is worthwhile to note that V., (z) can be written
as

o=z (L e (Y D)= G)ie (G D) e
where o3 is the Pauli matrix given in (3.7). Since T'~ V as n — oo, it follows that
T(z) ~ D% Voo (2)D(2)~% for z€ C\ E (4.36)
(see (4.17)). On account of (3.8), we can work backwards to get
U(z) ~ exNINos DIV (2)D(z)73eN0(2)—3ln—alog2)os (4.37)

where [ is given in (3.96).
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5 Construction of the Parametrices

In this section, we will construct an approximation U*(z) to the solution of the RHP for
U(z) for large n. We again divide our discussion into three cases. For the first case, we bring
in Bessel functions in the formation of a parametrix in a region containing the origin. For
the second case, we introduce solutions associated with Painlevé II equation and construct the
model RHP in the formation of a parametrix in a region containing the origin. For the third
case, no special attention is required in the neighborhood of the origin, since it now lies outside
the support of the equilibrium measure.

For regions outside the origin, we make use of Airy functions in all three cases. We give
more details for the first case, and present only the conclusions for the two other cases.

5.1 Case for ¢ > —2

Due to the singularity of |z|?® in the weight function, special attention must be paid to
the neighborhood of the origin, which we will discuss first. The arguments in this subsection
parallel those in [20].

5.1.1 Parametrix in the neighborhood of the origin

Let Us be a small disk with center at 0 and radius § > 0. We seek a 2 x 2 matrix-valued
function P(z) in Us, which has the same jumps as U(z) and matches the behavior of U(z)
on the boundary dUjs of the disk (see (4.18)). That is, we wish to find a 2 x 2 matrix-valued
function that satisfies the following RHP:

(P,) P(z) is analytic in Us \ R;

(Pp) for z € (=6,0) \ {0},

0 1

1 T 2ae—(Nw4+t\/Nm2)
P+<x>=P_<x>( = ;

(P;) for z € 0Us \ R, P(z) satisfies the matching condition
P(z) ~ e%NlNosvoo(Z)e[N(g(Z)—%lN)—alogZ]os
as n — 00.
Denote by

W(2) 1= 2o~ (N="+tVN=%) 5.1
(2) (5.1)

the analytic continuation of the function |x|2"‘e_(N 2 +tVNa®) 4 the whole complex plane with
a branch cut along the negative real-axis. It is easily seen that the jump matrix in (P,) has the
following factorization:

(5.2)

_oes (1 1) _ _es
1 |$|2ae—(Nm4+t\/ﬁzz) w(z)2 (O 1 w(w)” 2 for x > 0,
0 1

B " o3 e27'rai 1 _ o
w_(z) 0 e-2mai | Ut (x)~—2  forz <O.

In order to solve the RHP for P(z), we first transform it into the RHP for

P(2) i= P(2)@(2) 7 = P(z)227%e 7 (N="+1VN=) (5.3)
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Clearly, the function on the right-hand side of P(z) in (5.3) is the analytic continuation of the

Nm4+t\/N1'2
2

function |z|*e~ to the whole complex plane with a branch cut along the negative

real-axis. Now, let us consider the RHP for P:

(Ea) P(z) is analytic in Us \ R;
(Py) for z € (—4,96)\ {0},

(P.) P(z) satisfies the matching condition

P(z) ~ ez Ninos Voo (z)e_N¢(z)U3

as n — oo (see (3.45) and (4.18)).
To solve the above RHP for P(z), we first consider the matrix-valued function

\/EIa-rl(Ce_%ﬂi) -
2 ﬁ . e%ﬂ'diﬂ'gj Im ¢ >0,

Eas
Nl=

1

SR,y (e 3™

_i\/7_TIa+% (Ce_%ﬂi) -

Cliai
L e 2™ Im (¢ <0,

Eas
Nl=

where ¢ 3 takes the branch cut along the negative real-axis, and I,, K, are modified Bessel
functions defined in the complex plane with cut along the negative real-axis. Recall that

L, (Zemﬂ-i) _ eml/rrijy (Z),

K, (2e™™) = e 7™M K, (2) — misin(mvr) esc(vn) I, (2),

where m is an integer. It is easily shown that

(®a)+(C) = (Pa)-(C) (5:5)
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as z — 00 in |arg z| < §, we have

i < 1 — i) e(%i_ci-y%wai)ag’ Im{>0
—i 1
2,(0) ~ o

% <1. _11> o(Fi—Ci+imai)os <(1) _01> , Im ¢ <0
—1

as ( — oo. Next, we introduce the function

(5.8)

nn(z) = {_i¢(2) +1i¢4(0), Imz>0,

ip(z) +i6+(0), Im 2z <0,

which is analytic in a neighborhood of the origin by Proposition 3.1. In fact, it follows from
(3.23) and (3.33) that

nn(2) = ag(a? + tN~7)z + O(2?) (5.9)

as z — 0. A comparison of conditions (P,) and (P.) for P(z) with (5.5) and (5.7) shows that

Pl = et ([ ) @alvun(all (5.10)
where
Eo(2) = Vao(z)e™ (GTaitNe+(0)+ 4o (5.11)
for z € C4 and
Eo(2) = Vo 2) (_01 (1)) o7 (amatt N+ O)amos (5.12)

for z € C_. The jump condition (V) for (Va) implies that Ey(z) is actually analytic in Us.
Indeed, with the aid of (4.14) and (5.11)—(5.12), we have the explicit formula

1 b(z) —ib(2)~1  b(z) +ib(z)"? —(LmaitNos (0))os
EO(Z) = 5 <1b(2) . b(z)_l lb(Z) + b(Z)_1> € s (513)

where

b(z) = (at —z)i

oy + 2

is analytic in C\ (—o0, —ay] U [y, 00), where o is shown in (3.18). Finally, a combination of
(5.3) and (5.10) gives

L 1iNiyos 1 i
582 EO(Z) i 1

5.1.2 Parametrices outside Us

o 1
P(z) = ) Oy [Ny (2)]e s (V=" H12*NE)  —aos (5.14)

For z outside the J-neighborhood Uy of the origin, we will construct the parametrices by
using Airy functions and elementary functions. To facilitate the following discussions, we divide

8
the complex plane into four parts: Us and §2;, i = 1,2, 3, by the contours I" := J T'; (see Figure
i=1
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Figure 3 Contour I';, ¢ = 1,---,8 and the domains Q1,Q2, (23.

8
3). Note that OUs = |J T';, and T'3 UTy is the complex conjugation of I'y UTy. The curve Ty is
i=5

chosen so that the function ¢(z) is one-to-one in Q1 N C and satisfies 0 < arg ¢(z) < 5 for
z € 0 NCy. Similarly, we choose I's such that —37 < arg ¢(z) <0 for z € Q3N Cy.
In view of (4.16), we can rewrite (4.18) as

1
U(z) ~ ge%mN‘” < !

1\ o e NOE) NOG) e
i —i) Bla) <—e—N¢<z> o No(e) | e B TeETE matos Zles
and from (3.45) we obtain
1 tnieoa (1 —1 o e NeE) jeNe(2)
Ulz) ~ gertine (—1 —1) Bla) (_e—N¢(z)

ieN¢>(z>) ol NN melos s (5.15)
To find an approximation to U(z), we first look for a matrix which is asymptotic to

e No(z)  1eN(2)
_e_N¢(Z)

ieV ¢(Z)> ‘
From Proposition 3.1, it is clear that the function defined by

(5.16)
3 3

&v = fn(e) = (50(2)) (5.17)

is analytic in C\ (—o0, —ay|, where ¢(z) is defined in (3.33) and depends on N. In particular,

by the construction of €1, we have for z € 2, N C,,

0 <arg fn(z) <.

Also, for z # ay, N3¢y = N3 fy(z) — o0 as n — oo. From the asymptotic behavior of the
Airy function (see [17, p.392]), we have

(5.18)
Ai(N5¢y) ~ N

1 2 % N 1 .
N = oz vz e N,

o=

579
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L 3
Y o_2ne: N

12 Ns 1 1 _Ng(z
Ai (N3§N)N—m§ﬁ,e 5 ﬂ_(fN(z))zte No(2)

o=

&‘

o=

AN wley) = Ai(NFw ™ Ey) ~ gﬁe%<fN<z>>—%eN¢<z>,

N& i
A (NEwen) = AT (N w~ten) ~ —goze™ & (v (2) V909,
27
where w = ™. It is then immediate that for z € Q; N Cq.,
~No(z)  3oNo(2) Ai(N3¢ —w?Ai(N3 w2
(e —N¢(2) %eNqS(z)) ~ 2\/?(N%fN(2))%U3 ( ) v) ( , v) . (5.19)
—e ie A (N3éy) —wAl (N3w?éy)
Similarly, for z € Q; N C_, we also have —7 < arg fn(2) < 0 and
~Né(2)  jeN6(2) Ai(N3¢ wAi(N 3w
< ) —No(2) ?ewu)) ~ 2T (N5 fy(2))37° ( ) v ( ) V)
¢ 1 AI'(N3gn) w?Al(N3wéy)

(5.20)

For z € Q, there is a result corresponding to (5.15) with ¢(z) and Ly replaced by ¢(z) and Iy,
respectively. Indeed, it follows from (3.46), (4.16) and (4.20) that

1 . ~ — —N§(z)  _jeNé(2)
U(Z) ~ §e—a7rlage%NlN03 <:ll 11> 5(2)03 < e 1€ )

_e-N3(2)  _jeNd(2)
% e[%Nz4+t\/Nz2—alog(—z)]ag' (5.21)
Let
& = v = (23) (5:22)
which is analytic in C \ [ay, 00). Also, note that

|arg fv(2)] <

(5.23)
for z € Q3. Hence, as before, it can be shown that the matrix

e—N(E(Z) _leN;;(z)
_o—No(z)  _jeNé(2)
is the leading term in the asymptotic expansion of the matrices

2 RN F(2)) (AKNB;NN) “wAi(N k) )

AF(N3Ey) —w?Al (Niwey) (5.24)
for z € Q3 € C4, and
27 ey [AINGEN)  w?Ai(NFw?y)
27T (N3 fn(2)) <Ai'(N§§N) wAi,(NngEN)> (5.25)
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for z € Q3 € C_. Define the matrix function

Ai(N3 —w2Ai(N 3 w?
.1/( gfN) w ./1( gwa)  Leqnc..
Ai'(N3&y) —wAi'(N3w?y)
Ai(N3 Ai(N3
.1/( ng) w IE gng) R ze1NC_,
A (N3&n)  w?Al(N3wéy)
Q(z) = : . ) , .- ) (5.26)
Ai(N3&n —wAI(N3wéN
2~ s = , € Q3NCy,
<Ai’(N§§N) —wQAi’(NEng)> sl
e 2 2
A (N3&n)  wAi'(N3sw?y)
An appeal to the formulas
Ai(z) + wAi(wz) + w?Ai(w?2) =0
and
AY(2) + w? Al (wz) + wAi (w?z) = 0
shows that Q(z) satisfies
1 1
%) =0 7). weR\[adL (5.27)
The above heuristic argument now suggests that U(z) is asymptotically approximated by
E(z)M(z), z €N,
P*(2) == { E(2)M(z), z €N, (5.28)

e%NlNU?,VOO(Z)e(N(g(z)—%lN)—aIng)US7 z € Q,

where
1 1 1\ /NS€i(2)\os
= zNinos SN \®
E(z) := \/me <—i —i) ( 30) ) )
7\{(2) — Q(z)e[%(Nz4+t\/Nz2)—alogz]a3 (529)

for z € 0y, and

B(2) 1= y/me—omisod M (? ‘.1) (NEEL (2)8(2)),

1 1
M (2) = Q(z)el3(N="+1VN=5)~alog(=2))on (5.30)

for z € Q3. Note that the functions exp{3(Nz*+tVN2z?)—alogz} and exp{$(Nz*+tV/Nz?)—
alog(—z)} are analytic continuations of

(|x|2ae—(Nz4+tN%m2))—% _ |x|—ae%(Nz4+tN%z2)

to the cut planes C \ (—o0,0] and C \ [0, 00), respectively. Hence, from (5.27) it follows that

1
|2ae—Nm4—tN 2 2

M. (z) = M_(2) (1 @

0 ) > , x € (0,00), (5.31)
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—~ 1 |x|2ae—Nz4—tN%r2

M, (z) = M_(z) (0 ) ) , T € (—00,—0). (5.32)

PRSI

1
On the other hand, since fﬁ((zz)) and % are analytic in C \ (—oo, —ay] and C \ [y, o0),

respectively, one easily sees that E, (z) = E_(x) for & € (6,00) and Ey(z) = E_(x) for
x € (—o0, —9). From (5.28) and (5.31), it can be shown that

N N 2a —(Nw4+tN%w2)
Pi(z) = PX(x) <(1) [ ) ) (5.33)

for all x € R\ [0, §]. Furthermore, P*(z) has the same large z behavior as U(z) shown in (U,)
(see [20, (5.38) and (5.39)]).
In summary, it is now natural to suggest that U(z) is asymptotically approximated by

.\ JP(2), =ze€Us,
Ure) = {P*(z), z € C\ Us. (5.34)

5.2 Case for ¢ = —2

In this subsection, we first introduce the ¥, function associated with Painlevé II equation
and then construct the model RHP to be used in the formation of a parametrix in a region
containing the origin.

5.2.1 V¥, functions for Painlevé II equation and model RHP

Let W, (¢, s) be a 2 x 2 complex-valued matrix function. We consider the following linear
differential equations:

42 —i(s+2u?)  ACu+ 2iv+ %

Mo _ v, (5.35)
8< o . g . 2 . 2
4¢u 2111—|—C 4i¢* +1i(s + 2u?)
and
oV, [(—i¢ w
% = ( . iC) v, (5.36)

where u and v are functions of s. The compatibility condition for ¥, shows that u(s) should
satisfy the Painlevé equation

u” = su+2u —a (5.37)

and v(s) = u/(s). Now, we focus on equation (5.35) and view w,v, s as parameters. In each

sector - -
S = {ge(c \ (k-2)3 <argg<k§}
for k =1,---,6, there exists a unique solution ¥, j of (5.35) such that

b= (14 3 G)erttron - (1ro()esteon ay
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as ( — oo in each section S.
Since W, (¢, s) are solutions of the same linear differential equation, they are related by
the so-called Stokes matrices Ay, i.e.,

\Ija,k-‘rl(é-as) = \Ija,k(C7S)Ak7 k= 1727"' 75

and
Uai1(C,s) = Va(C,s)As.

Here, each Ay is a triangular matrix of the form

1 0
A = (ak 1) for k odd

and
(1 ag
A = (O 1 ) for k even,
where ap, Kk =1,2,---,6, are complex numbers satisfying

ap+s =ax, k=1,23, and aj+ as+ as+ ajazaz = —2isinwa. (5.39)

The above properties can be found in [14, p.164]. The entries ag, which are also called
Stokes multipliers, are in general dependent on the parameters s, u and v. However, Flaschka
and Newell [13] showed that if u(s) is a solution of Painlevé IT equation (5.37) and v(s) = u/(s),
then aj are constants. In particular, for the Hastings-Mcleod solution of Painlevé I equation,
which satisfies the boundary conditions

u(s) ~— ass— oo
and
[—s
u(s) ~ - a8 —0o,
the choice is
ap = e_m‘", az = 0, az = —e™e
(see [6, p.604]). If we set
~ W3((, for I > 0,
B((,s) = | L2lCs) TorTmc (5.40)
U5(¢,s) for Im ¢ <0,

then it follows from above equations that \TI(C ,8) satisfies the following RHP:

(\ila) U (¢, s) is analytic in C \ R;
() for ¢ € R,
(O - ) for ¢ <0,
eﬂ'la 1

(\Tlc) as ( — oo,
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Since all solutions to the second Painlevé equation are meromorphic functions with infinite
number of poles, the RHP for ¥ shown above is solvable if and only if s does not belong to the
set of poles of u(s).

With the above preparation, we are now ready to formulate a model RHP for our later use.
Let 6 € R, and define

elfo3 S)ei(%cs+sc—e)03 for Tm ¢ > 0,
HG 0= ) oo ¢, o) 0 -1 5.41
(Cs5,0) @073 ((, 5)el (367 +s¢=0)es <1 0 ) for Im ¢ < 0. (5.41)
It is then easily seen that W((;s, ) is a solution of the following RHP:
(@a) @(C; s,0) is analytic in C \ R;
(Uy,) for ¢ € R,
eﬂia62i(%g3+5<_9) 1
< 0 e~ —2i(3¢ +5(—0) for ¢ <0,
Ui (¢s,0) =T_(¢58,0) o
e~ T g2i(5¢"+5(=0) 1
0 emiag—2i(5¢°+5¢—0) for ¢ >0,

where the real line is oriented from —oo to co, ¢ and ¢ are defined in (3.52) and (3.53),
respectively;

(U.) as ¢ — oo,
I+0(¢Y), if Im ¢ > 0,

—1
0 ), if Im ¢ < 0.
1 0

e ()

In the following subsection, we will show how W((; s, 6) is involved in the construction of a
parametrix in the neighborhood of z = 0.
5.2.2 Parametrix in the neighborhood of the origin

Let Us be a domain in the complex plane containing the origin, the size of which will be
determined later. We first wish to find a matrix-valued function Q(z) that satisfies the following
RHP:

(Qa) Q(z) is analytic in Us \ R;

(Qy) for x € Us NR,

e2No+ 1
( 0 NG for x > 0,

e2N¢~’+ 1
( 0 NG for z < 0,

where ¢ and ¢ are defined in (3.52) and (3.53).
(Qc) Q(z) satisfies the matching condition

Q(2) ~ Voo(2)
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as n — oo for z € Us \ R, where Vo, is the matrix given in (4.21)—(4.22).
A comparison of conditions (¥},) and (Q)},) invokes us to introduce the mapping

(4 g T\ _ JN¢(z) forIm z>0,
1(§C Fet -6 50[) B {—N¢(z) for Im z < 0. (5.42)

By Proposition 3.3, we see that the right-hand side of (5.42) is analytic in
(C\ (—OO, _\/5] U [\/57 OO)
on account of (v), = —(v)_ for x € [~1/2,1/2], and can be written as

iN(— g +F(z)),

where
F(z):= / 2¢%\/2 — ¢2d¢ (5.43)
0

with branch cuts along (—oo, —v/2] U [v/2,00). Tt is clear that
F(0) =0

and )
F(z) ~ g\/iz?’

as z — 0. To make the mapping (5.42) one-to-one at least in a neighborhood of zero, it is
natural to set

C(Z)ZN%H(Z)ZN%(—F(z))‘, s=0, 0=—. (5.44)

Since s = 0 € R, the RHP for ¥((, s) is solvable (see the comment following (¥.)). Thus,
W((;s,0) is known. On account of (V,) and (Q.), we set

Q(z) = Eo(Z)T(N%n(Z); 0, n—;) (5.45)
where
Voo (2), if Im z > 0,
Eo=1y ) (_01 é) . if Im z < 0. (5.46)

The jump condition (Vi) for Vi shows that Fy(z) is actually analytic in C\ (—oo, —v/2]
U[V2,00). In fact, it follows from (4.21) and (5.13) that we have the explicit formula

Eo(z) = : (5.47)
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where

V2 - Z)i (5.48)

8 = (T s
is analytic in C\ (—o0, —v/2] U [v/2, 00).

In the literature, one may find the use of a “double-scaling” approach; that is, c = —2+pN ¢
for some constants p and € > 0. In this case, the parametrix in the neighborhood of the origin
can still be constructed in terms of the function ¥, (¢, s) for the model RHP associated with
Painlevé II equation. However, the variable s depends on the parameter ¢; in our case (i.e.,
¢ = —2), we have s = 0 (see [4, 6]).

5.2.3 Parametrices outside the origin

For z outside the d-neighborhood Uy of the origin, we will (as before) construct the para-
metrices by using Airy functions and elementary functions. To facilitate discussion, we divide
the complex plane into four parts: Us and €;, i = 1,2,3 (see Figure 3).

Let 5(z) be given as in (5.48), and let Q(z) be given as in (5.45) with ¢(z) and ¢(z) in
(3.52) and (3.53), respectively. As in Subsection 5.1, we expect U(z) to be asymptotically
approximated by

E(z)M(z), z e,
i JER)M(2), z € Q3,
U (Z) - % In o‘gV ( ) (N(g(z)——lN) alogz)o‘s 2692’ (549)
% NO‘3Q( ) N(g(z)— In)— alogz)d_g’ ZEU(;,
where
1 1
- INinos 1 —1 Naé‘ﬁ/(z) 73
P = Ve <—i —i) (Zoe )
M(Z) — Q(Z)e(%(Nz4+t\/ﬁz2)—alogz)ag’ (550)
3 3
Env = fn(z) = (§¢(z))
for z € 1, and
B = vt (1 1) g s,
M(Z) — Q(Z)e(%(Nz4+t\/Nz2)—alog(—z))a’g’ (5.51)

2

gN = f~N(Z) = (gg(z)r

for z € Qg, and Iy and Iy are shown in (3.51) and (3.67). Va is the matrix given in (4.21)-
(4.22). Note that U*(z) also satisfies the jump condition in (Uy) for U(z) in Section 2.

5.3 Case for ¢ < —2

Note that unlike cases (i) and (ii), here no special attention is needed for the singularity

of the weight function at the origin. The main reason is that the interval (—a,a), and hence
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the origin, lies outside the support of the equilibrium measure. Therefore, the orthogonal

polynomials
Tn(x) = Sn(x:1)

in (1.2) have no zero in a small neighborhood of the origin.
In this subsection, we will construct an approximation U*(z) to the solution of the RHP

for U(z) as n — oo, by using only Airy functions and elementary functions. To facilitate the

following discussions, we divide the complex plane into four parts: €;, i =1,---,4 (see Figure
4).
Q,
Q; Q, Q,
D —— jf S

| | | ] —

T T T T

-b -a 0 a b

Figure 4 The domains Q1,- -+, Q4.

In the view of (4.35), we can rewrite (4.37) as

1 _ . N —1
v~ gerenz (L T (4 Do (L)

e—Nqb(z) 16N¢(Z) z z)—1% —alog z]o
X (_e—Nqb(z) ieN¢(z) e[N(g( )+é(2)—3ln) log z]os

and from (3.111) we obtain

1 iNInos Hos 1 -1\~ o3 1 i —o3 1 i -t
Uz)vge2 D\ o ) 7@ ) P

( e_N‘vb(z) leN¢(z)
X

_e—N¢(z) ieNqb(z)) e[%(Nz4+t\/Nz2)—alogz]03. (552)

To find an approximation to U(z), we first look for a matrix which is asymptotic to

e_N‘vb(z) leN¢(z)
<_e—N¢<z> Vo) ) (5.53)
From Proposition 3.5, it is clear that the function defined by
3 3
&v = Inlz) = (50(2) (5.54)
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is analytic in C\ (—o0, a], where ¢(2) is defined in (3.97) and depends on N. In particular, for
z € Q1 NCy, we have

0 <arg fn(z) <. (5.55)

Also, for z # b, N§§N = Nng(z) — o0 as n — oco. Now, as in Subsection 5.1.2, we have from

the asymptotic behavior of the Airy function (see [17, p.392]),

< e_N‘vb(z) leN¢(z)

2 1 [(ANSEN)  —w?AI(NSwéy)
o Né(2) ieN¢(z)>N2\/7_T(N§fN(Z))Zas< 1 : aane N) (5.56)

A'(N3ey) —wAl(N3w2ty)

for z € 2, N C4, where

Also, we have

—m <arg fn(z) <0
and

o~ No(x)  jeNé(2) ) o (AUNEEy)  wAi(NFwéy)
(_ ~No(2) N¢(z)) ~2Vm(N3 fn(2)3% (o, Yz (5.57)
¢ 1€ AT (N3gy) w?Ai'(N3wéy)

for z € Q;NC_. There is a result corresponding to (5.52) with ¢(z) replaced by ¢(z) for z € Q.
Indeed, from (3.111) and (4.35), it follows that

-1
1 lNl~Ncr3 —amios Mos 1 =1\~ —o3 1 —i —o3 1 —i
U(z) ~ ¢ e DZ? ; ; ¥(z) 1 D 1

% e_Nti?EZ) —ieNf(Z) e[%(Nz4+t\/Nz2)—alog(—z)]o'g (5 58)
_e_N¢(Z) _leN¢(Z) ' '

Let

2
3

v =Jv) = (59) (5.59)

which is analytic in C \ [—a, 00). Also, note that
|arg fy(2)| < (5.60)
for z € Q3. Hence, as before, it can be shown that the matrix
< o—No(2) _ieN¢T<z>>
_o—Né(z)  _jeNé(2)
is the leading term in the asymptotic expansion of the matrices

27V ()1 (Ai(NBfN) S e )

" , o~ (5.61)
A (N3Ey)  — w?Ai'(N3wty)
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for z € Q3N C4, and

o, (Ai(NigN) w2Ai(N
e

Ai'(N3&N) wAi' (N

-

2/ (NF f(2))

wiv oo

for z € Q3N C_. For z € Qy and z € Qy, we replace ¢(z) and ¢(z) by ¢(z), and define

- = 3—, \3
En=Tv() = (58()) .
which is analytic in C\ (—oo, —b] U [b, 00) and
larg fy(2)] <7

for z € Q4 and z € Q5. Thus, let us define the matrix function

Ai(NEEy)  —w?Ai(NFwiy)
AV(N3ey)  —wAT(N3w2ey) )
Ai(Niey)  wAi(NFwey)
A(N5¢n)  w?Ai(NFwén) )
Ai(N3&y) — wAi(N3wEy)
AT(NEgN)  —w?Ai(Niwgy))
Ai(N3Ey)  wlAi(NSw?ey)
AV(NEEN)  wAl (Niwy) )’
Qz) = . P
Ai(N3Ey)  —w?Ai(NSw?Ey)
Ai'(N3Ey) —wAi'(N3iw?Ey) )’
Ai(N3Ey)  wAi(NFwey)
AV(N3Ey)  w?Ai'(N3wEy) )’
Ai(N3Ey)  —wAi(N3wEy)
A(N3Ey)  —w?A(Niuwly))'
Ai(NEEy)  wAi(NFw?Ey)
AV(N3Ey)  wAl(N3w?Ey) )’

The identities
Ai(2) + wAi(wz) + w?Ai(w?z2) = 0

and
Ai'(2) + w? Al (wz) + wAi' (w?z) = 0

show that Q(z) satisfies

w2§N)>
wEn)

ze Q1 NCy,
zeQNC_,
z€Q3NCy,
z€Q3NC_,
zeQuNCy,
zeWyNC_,
ze€QNCy,

ze€QNC_.
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(5.62)

(5.63)

(5.64)

(5.65)
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The above heuristic argument suggests that U(z) is asymptotically approximated by

E(z)M(z), z € Qy,
E(z)M Q0
U (z) i { EEIMG), 20, (5.66)
El(Z)Ml(Z), AS Q4,
FQ(Z)MQ(Z), AS QQ,
where
1 -1\~ 1 i
— —NlNU'; o3 o3
E(2) Te?2 D (_1 _ i) ¥(z) (_1 i)
1 1 -t 11
pE <—1 i) (NEEL (=)™,
M(2) i= Q(z)el3 (V=" +1VF =) ~alog 2oy
for z € 1, and
E(Z) — \/Ee%NTNage—aﬂiangg <:1l _1 1) :y/(z)—a'g <_11 : 1)
1 —1 - 11
<o (L 7)) eeder
M(z) = Q(z)elz W="+1VN=*)—alog(—2)los
for z € Q3, where TN = [y + 27i, and
Bi(2) = vietNeseemeapg (L a0 (L)
1N 1 1 -t 11
«peerte (1) v
M1(z) == Q(z)elz W=" +1VN=*)—alog(—2)]o
for z € Ay NCyq,
By vtz (0 Haee (1 D)
1o 1 —i -t 11
% D(Z)—osei§7r1N03 <_1 _i) (Ngffv(z))a?’,
Hz(Z) = Q(Z)e[%(NZ4+t\/NZ2)_°‘IOgZ]"s
for z € Qo N C4. From (5.66) it can be shown that
20— Nz4+tNlm2
Ui(x) =U*(x) ((1) jz*e 1 ’ )> (5.67)

for all z € R\ {0}. Furthermore, U*(z) has the same large z behavior as U(z) shown in (U.).

6 Uniform Asymptotic Expansions

In this section, we will present uniform asymptotic expansions of the monic polynomials
7n(2) in Theorem 2.1. As in the previous sections, there are three cases to be considered, but
in all three cases, we will use the same notations with different meaning.
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6.1 Case for ¢ > —2

To derive such expansions, we define the matrix-valued function
S(z) := e_%NlN“?’U(Z)U*(z)_le%NlN‘”. (6.1)

Since U(z) and U*(z) have the same jump condition on (—d,d)\{0}, S(z) is analytic in Us\ {0}.
In fact, 0 is a removable singularity of S(z), (see [20, (6.2)—(6.9)]). Also, it is easily seen that
S(z) satisfies the following RHP:

8
(Sa) S(z) is analytic for z € C\ T, where I' is the contour I' = |J I'; shown in Figure 3.

(Sp) for z € T, =
St(z) = S-(2)J(2),

where J(z) 1= e" 3NN U* (2) (U (2)) " LezNinos,

(Sc) for z € C\ T,
S(z) =1

as z — 00.
To solve this problem, we first derive the asymptotic expansion of the jump matrix J(z) as
n — oo. This is done in exactly the same manner as in [20], and we have

J(z) ~ T+ i Ji(2) (6.2)

where the coefficients Ji(z) are explicitly given 2 x 2 matrices; for details, see [20, p. 750].
An appeal to Theorem 3 in [20] shows that the solution of the RHP for S has the asymptotic
expansion

S(z)~ I+ Sj’“v(f) (6.3)
k=1

as n — oo uniformly for z € C\T', where N = n + « and the coefficient functions Sy (z) can be
determined recursively by

d¢
(-2

k
543 = 57 | S (S)-(OBOF 5 k=120 (64

for z € C\T.
The proofs of the following theorems can be carried out along the same lines as given in
[19-20].

Theorem 6.1 Let ;, i = 1,2,3, and Us be the regions shown in Figure 3. With N =
n+a,t>—2VN, Iy and fx(2) defined in (3.32) and (5.17), the asymptotic expansion of the
polynomial wn(N%z) is given by

Tn(Niz) = /TN Te3 (V=" HVNZ)+ 3 NIy~

x [Ai(N3 [y (2))A(z, N) — AI'(N5 fn(2)) B(z, N)], (6.5)
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where A(z, N) and B(z,N) are analytic in €y and have asymptotic expansions

b oo (k)
A(z,N) ~ N6 N (1+Z () lsk()) (6.6)
and
Siy S““’()
B(z,N) ~ 14 (6.7)
- fN( ( Z )

uniformly for z € Q1. In (6.6)—(6.7), the coefficient function Sl-(f),i,j = 1,2, refers to the
element in the ith row and jth column of the matriz Si(z), which is given in (6.4). The
function (z) is given in (4.15).
Similarly, with fn(z) gen in (5.22), we have
Ta(Niz) = (~1)" /TN Tt V' HVND Ny () —a
A2 T
x [Ai(N5 [ (2))A(z, N) — AI'(N5 fn(2) B(z, N)], (6.8)

where :4(2, N) and E(z, N) are analytic in Q3 and have asymptotic expansions

~ L % 6" () 1 i5®) (5
A(z,N) ~ Nﬁfﬁ,(z)ﬁ(z)(l +)° Sl );ksu ( )) (6.9)

and

B(Z,N)Ndi(l-i-z 11 N,; 12 ) (6.10)

uniformly for z € Q3.
Let ¢(z) be defined as in (3.33). We have

N% et (V' +tVN2")+ 4 NIy —N¢(z) ,—a
1 _
ED 2 ey
Z+ oy Z 4+ oy
_1
+((z at) _(z Oét) 4)Bl(Z,N)j|7 (6.11)
z+ oy Z+ oy

where A1(z,N) and Bi(z,N) are analytic functions of z in Qo. In addition, they have asymp-

ﬁn(N%Z)

l\DI»—A

totic expansions

S(k)
Aq( zN~1+Z (6.12)
and
. o) S(k) 5
N)y~iy. %i) (6.13)
k=1

uniformly in €.
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Finally, when z € Us, we have

Fn(N%Z) = gNnTHe%(NZ4+t\/NZ2)+%NlN_%”inN(z)%Z_a
X [Jat 3 (NN (2)) Ao(2, N) + J 1 (N (2)) Bo(2, N, (6.14)

where nn(z) is defined in (5.8), Ao(z,N) and By(z,N) are analytic functions in Us with
asymptotic expansions

1 Aop(z = Box(z
Aoz V)~ Y A g vy 3 Borl)
k=0 k=0

as n — 0o. The leading coefficients are given by

AQ_’()(Z) = (E())ll(z) + 1(E0)12(Z) and B())Q(Z) = 1(E0)11(z) + (Eo)lg(z),

where Ey(z) is given in (5.13).

6.2 Cases for ¢ < —2

Similarly, we have the following two theorems on global asymptotic expansions of the poly-
nomials 7, (z) in Theorem 2.1.

Theorem 6.2 Let );, i = 1,2,3, and Us be the regions shown in Figure 3, with N = n+ «,
t = —2v/N, Iy and fn(z) defined in (3.51) and (5.50). The asymptotic expansion of the
polynomial wn(N%z) s given
Tn(N1z) = VAN TN -2+ Ny —a
x [AI(N5 fn(2)) A(z, N) = Ai'(N'3 fi(2))B(z, N)], (6.15)

where A(z, N) and B(z,N) are analytic in Q1 and have asymptotic expansions

@|H
2 e

A(z,N) ~ N

(1+i (2 15““’( )) (6.16)

and

11 +18(k)()
B(z,N) ~ 1+ (6.17)
NﬁfN( Py Z )

uniformly for z € Ql. In (6.16)—(6.17), the function B(z) is given in (4.22). The coefficient
function Sf] ),
Sk(2), which is given in (6.4). In (6.4), the coefficients Ji(z) are 2 x 2 matrices explicitly given
in [19, p. 148).

Let ¢(z) be defined as in (3.52). We have

= 1,2, refers to the element in the ith row and jth column of the matriz

Wn(N%Z) = %N%e%N(Z4_2z2)+%NlN_N¢(z)z_o‘

(D) (2

2 +V2 z+\/§)_Z)A1(z’N)
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= V2N z- V2
+((Z+\/;) _(ZJH/;) )Bl(zaN)} (6.18)

where A1(z,N) and Bi(z, N) are analytic functions of z in Qo. In addition, they have asymp-

totic expansions

S(k)
Aq( ZN~1+Z (6.19)
and
00 S(k)
Bi(z,N)~i) %2)7 (6.20)

uniformly in Q.
Let (¢1(¢, 8),12(C, 8)) be the unique solution of equation (5.35) characterized by the asymp-

totic behavior 1
Ci(3¢3+50) (i;ﬁéii) - ( 0 ) +0(¢™)

as ¢ = oo for 0 < arg( < m, and let {(z) be as shown in (5.44). We have

Wn(N%Z) = ﬁN4ezN(z —2z )+%NINZ—0¢e%7Tia
X 1 (N3n(2),0) A1 (2, N) + ¢2(N35(2),0) By (2, N)) (6.21)

as n — oo uniformly for z € Us, where

M
w\k

“N
=

¢
NE
= | 3
[SE g

k=0 k=0
with VRN A Bt
= (F () et (2
and

_m_g\/——Z% Li\/__z_%
By(z) =e" 2 (e 4(z—2|—\/§) +e4(z42—\/§) )

When z € Qs, a corresponding asymptotic expansion can be obtained by using the reflection
formula 73" () = (—1)”7r7(1")(—z),

Theorem 6.3 Let Q;, i = 1,--- 4 be the regions shown in Figure 4, with N = n + «,
t < —2VN, I and fn(2) defined in (3.96) and (5.54), respectively. The asymptotic expansion
of the polynomial T,(N73z) is given by
Tn(N1z) = /TN Tt W= HtVN)+3 NIy ;—a
x [AI(NS fx(2) A=z, N) = AT (N5 fiv(2)) B(z, N)], (6.22)

where A(z, N) and B(z,N) are analytic in €y and have asymptotic expansions

2) Wii(z) —iS1h) (2) W21(Z))

Az N) ~ Nt fi(2) (Wu +Z Siy . (6.23)
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and

. (k)
B(:, N) ~ —— (Wia(z +Z S () Wiale )N,:S” (Z)W”(Z)) (6.24)
N© fy(2)

uniformly for z € Q1. Furthermore,

V=3 (DD o Do ) @fz: jﬁ;l);

the coefficient functions S’Z-(J]-c) and Wij in (6.23)—(6.24), 1,5 = 1,2, refer to the elements in the
ith row and jth column of the matrices Sk(z) and W(z), respectively. The function 5(z) is
given in (4.34). Moreover, D(z) and Do are given in (4.31)—(4.32).

Similarly, with f(2) given in (5.63), we have

Tn(NT2) = /rNTes (V" +tVN=")+ 3Ny, —
x [AI(N 3Ty (2))A(z, N) = AT (NS F y (2))B(z, M), (6.25)

where A(z,N) and B(z, N) are analytic in Qo and have asymptotic expansions

L - o0 (k)z_ Z—i(k)z_ 5
Az N) ~ N L) (Wi () + 3 S W) 218 G Waa)y )
k=1

and

_ 1 — 11 2)Wia(z) — ng)(Z)V_sz(Z)
B(z,N) ~ ————( Wi2(2) + (6:27)
NEffé(Z)( Z e )

uniformly for z € Qa. In (6.26)—(6.27),

- L (DD 15 D()Dyet N\ (5457 5451
DIID(z) teFzNmi  DIID(z)eF2Nm ) \371 -5 77!

When z € Qs and z € Q4, a corresponding asymptotic expansion can be obtained by using
the reflection formula ﬂ'y(ln)(z) = (—1)”7r7(1n)(—z).
By Theorem 2.1, there exists a 2 x 2 matrix Y7 such that

Y(z) = {I+ﬁ+0( 5) |z as 2 oo (6.28)

(see condition (Y.)). The recurrence coefficient (3, (¢; ) in (1.2) is related to Y7 by 8, (t; ) =
(Y1)12(Y7)21 (see, e.g., [6, (5.2)]). Thus, the asymptotics of the recurrence coefficient 3, (t; )
can also be derived by using the asymptotics of Y as n — oc.
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