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 > z A � 41 v%�Y�1, f|�\$0M�to�H�"Cx(F, '{J�3[|�s$0P?9o1�+"8N�j!gWP
<. 61W���)ok"nN�L���!WD��P�EU�x'n
<. ����Cx(�W5�Pgos*v}, 61WDldknNjFPM�'�D�D�Pgo, 'H>PC tlQH�o1P�q/�L�q, :%|s$0P�0�q.

Lasry " Lions[1] �6�nA#*Æ�jC�b-"�%P
<,t�W. ��1P8R>, 0�"�%����"�%H�Pmjt���P"�%iVD-U�,  E9���	'ATyPD-U�-/Cx(U�. Lasry " Lions ��`H"�%��RI�8PtP?A5�8Nl	�;, wN0�"�%�H�"�%\�, �NLj	 Nashx'. ��C�"�%P
<,t�W�*&<9�, x<'�oks*Bl. Lasry "
Lions �6P?A5�|nb[%PsBWMsq P�,to1: Tn��,to1|�Y�`4P Hamilton-Jacobi-Bellman RP, 4�S� t, �t, Tg��,to1|�Y5x4P Kolmogorov RP, 4�H�Pt�Pi0. Guéant, Lasry " Lions W'ACx(�W|�L���e`[2]R&d"
. #no3, Huang, Malhaḿe" Caines[3]m{b�nA�	P#*, �1-/;uWYWRN (Nash Certainty Equivalence). t� Lasry" LionsR
UP~E, Cx(RPII
<,to1�jFm	go,�a, �"S3 [4–5].9KCx(�W5�P`kC9�t/�C�. n�|�,to1ok, � Lasry "
Lions Pt:�O<, H�o1P�fF σ �*	Mo/s$0P, 'kp�t|�s$0?9o1PD�D� (S [6–9]). #n�|�)ok, Carmona " Delarue[10](bn�Cx(�W5�, ��
<SC4��,W�5�G0/`n� McKean-VlasovR,II
<,to1, H>H�o1P�fF σ |n��t$0P*�. Lacker[11]m���)ok, ���℄5�P�O<, ��
3�;.5�n��fF	n�PCx(�W`�d`vw<PA�W (S [12]).�fF��;POTDl�BWg>Cx(�W>	|&. �a Graber[13].5�,�H�o1>/�Cx(FR���T<, BWg>Cx(�WRN�Cx(R�;. Hu,

Huang " Nie[14]�f��T<.5�BWg>6%Cx(�W`PA�W. Hu[15]�t��+��A"8AtS<PBWg>Cx(�W, 8N�b|P Ricatti o1, �.5�
Ricatti o1P`��5�`PRNW. <', 3 [16–18] m|&�IIBWg>Cx(�W, H>��PH�o1|n�BWII
<,to1.�Tg^>, 61|&nAÆ3 [10] 	n�POT, W3 [10] >P*��fF#�/��H�qlMsBWo��t�, in�, H�o1>PCx(F��lQ�b, f|�t��t�/dBW +, 'kp�t��nN�aBWg>Cx(�W'kP��OT (H�PF*tBWoy6?�H�o1>). BWg>Cx(�WU/nAWROT, sm	�nSgo, 8�1K�LPnN�fF��;POT, 2�3 [19–23]. �a,
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J! �hU �r�%1Np�	I�#u�QDy)�X 2353 [20] |&� σ |n���tPCo�>P�Y��, Tchuendom[23].5��n�BWg>Cx(�W>, �
�qPA�=�.`P.nW.�=, �Yn�P�)%^%, Cx(�W5�pG�/n��JP
<S��;5�, Y*��
<SC4��, WQ`
<S��;5�G0/Q`,II
<,to1.℄%�t"S3 [24], ~3�U/,II
<,to1"
<SC4��P�n! . ���JP,II
<,to1P�`W, ℄%m�t"S3 [25–26]. Y*, /�e#n���P�)%^%, 61Wi�,II
<,to1�/ McKean-VlasovR (Co1P`Pt�m6?�o1>).Y*, /�.5'� McKean-VlasovR,II
<,to1`PA�W,61�=�;��bP�T<, �� Schauder�ZUY�.5o1`PA�W, Y*���jPok.5�5�`PA�W. /�8N�j!~�W, 61[lnNn9P=j�E, 'N=j�E�t��b|61'�5�P
<SC4��8N (�n! "�JOT�t"|3 [24]). Yf, ��61'�P�fF;��|�*�, �to�H�"t�, MH�o1>PCx(F�|n9�bP, x<3[w�3 [10] >Pok8N�j!PgW	,�N
<. '�61e#nN}HP�T, �'N�T<8N��j!PgW.S*, 61.5� McKean-Vlasov R,II
<,to1P`"H`[��nJ/d[�WP"�%��P#*, |n� εN -j	 Nash x',

εN 6 cN− 1
d+4 ,H> N /"�%��, d /H��P0�, c |n�,*�. '�, 61P.5
R�6Y:� (propagation of chaos) �+>P�JP~��E (S [27–28]).

2 ���F^K#'�61={bnN
^PYw"Mo.

2.1 v�bT61|&n�� N �"�%P
<,t�W. "�% i PH�-Q
<,to1:

dU i
t = [b0(t, ν

N
t ) + b1(t)U

i
t + b2(t)β

i
t ]dt+ [σ0(t, ν

N
t ) + σ1(t)U

i
t ]dW

i
t , 0 6 t 6 T, (2.1)H> i = 1, · · · , N , W i = (W i

t )06t6T , i = 1, 2, · · · , N | m 0D-\�P Wiener �1. '� U i
t ∈ Rd " βi

t ∈ Rk t�|"�% i � t ∈ [0, T ] t�PH�"#*. 0�"�%P#*|T4� A := Rk Pd_�%�1 β = (βt)06t6T , -Q
E
[ ∫ T

0

|βt|
2dt

]
< +∞. (2.2);� bi0, b

i
1, b

i
2, σ

i
0 " σi

1 |0�}HPWYR�%��. νNt ∈ P(Rd) |
Ut = (U1

t , · · · , U
N
t )
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νNt (dx′) =

1

N

N∑

i=1

δUi
t
(dx′), (2.3)H> δx |A>� x UP Dirac U=�, P(E) |t� Borel σ-
P&E�P E iP�)%^PA%."�% i P9�|SK0<3'�9�n�:

J i(β) = E
[
g(U i

T , ν
N
T ) +

∫ T

0

f(t, U i
t , ν

N
t , βi

t)dt
]
. (2.4)�t{L, "�% i ����"�%H�Pmjt�P[S~L�P"�%#*P~E.'��WP Nash x'|6nR�\#*

β∗ = (β∗1, · · · , β∗N ),wNb�� i "�\#* βi, [�
J i(β∗) 6 J i(β∗−i, βi).'� (β∗−i, βi) |6nR#*

(β∗1, · · · , β∗N ),H>� βi �E β∗i.

2.2 ��ibT/�go"�%[� N → ∞ tPOT, 61|& Lasry " Lions �6PCx(�W5�. b|'�PO�, p|l`a<P�ZU5�:

(i) �Yn�WYP�� µ : [0, T ] → P(Rd);

(ii) `a<P
<�;5�:

inf
α∈A

E
[ ∫ T

0

f(t,Xt, µt, αt)dt+ g(XT , µT )
]
, (2.5)��H�o1|

dXt = [b0(t, µt) + b1(t)Xt + b2(t)αt]dt+ [σ0(t, µt) + σ1(t)Xt]dWt, X0 = x0, (2.6)H> W = (Wt)06t6T |n� m 0 Wiener �1. GS��;/ αµ, �b|
α = αµt, (2.6) P`G/ X

µ
, X

µ

t Pt�G/ PX
µ

t
;

(iii) #Ln��� µ : [0, T ] → P(Rd), wNb℄v t ∈ [0, T ], �
PX

µ

t
= µt.61W�T 3 ^>|&i��ZU5�.
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2.3 	�!$ E |n��t Banach �P. bn�+� p > 1, Pp(E) E� E i�)%^�P
P(E) Pn�M�P, H>P�)%^P p \r�A, C: a�

µ ∈ P(E)M-Q
Mp,E(µ) :=

(∫

E

‖x‖pEdµ(x)
) 1

p

< +∞,:.
µ ∈ Pp(E).�tW Mp,Rd QG/ Mp.b p > 1, Yw µ, µ′ ∈ Pp(E) 1PP p-Wasserstein u� Wp(µ, µ

′) a<:

Wp(µ, µ
′) = inf

π∈Pp(E×E)

{[∫

E×E

|x− y|pEπ(dx, dy)
] 1

p
}
,H>

π(·, E) = µ, π(E, ·) = µ′.

(A1) �� b1, b2 " σ1 �%M�b. A�,*� C,C1 " C2, wN
|b0(t, µ)| 6 C + C1M2(µ),

|σ0(t, µ)| 6 C + C2M2(µ).

(A2) A�n�,*� C, wNb℄$
(t, µ, µ′) ∈ [0, T ]× P2(E)× P2(E)[�

|(b0, σ0)(t, µ
′)− (b0, σ0)(t, µ)| 6 CW2(µ, µ

′).

(A3) b℄$
(t, µ) ∈ [0, T ]× P2(R

d),� f(t, ·, µ, ·) " g(·, µ) |�,P, Mb��
(t, x1, x2, α1, α2, µ) ∈ [0, T ]× R

2d × R
2k × P2(R

d),A�,*� cL, wN
|∂x,αf(t, x1, µ, α1)− ∂x,αf(t, t, x2, µ, α2)| 6 cL(|x1 − x2|+ |α1 − α2|),

|∂xg(x1, µ)− ∂xg(x2, µ)| 6 cL|x1 − x2|,M f(t, ·, µ, ·) " g(·, µ) |!P. in�, A�n�,*� λ, wN
f(t, x′, µ, α′)− f(t, x, µ, α)− 〈(x′ − x, α′ − α), ∂(x,α)f(t, x, µ, α)〉 > λ|α′ − α|2. (2.7)
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(A4) A�n�,*� cL, wN

f(t, 0, δ0, 0) 6 cL, ∀t ∈ [0, T ].in�, b℄v t ∈ [0, T ] " (xi, µi, αi) ∈ Rd × P2(R
d)× Rk, i = 1, 2, �

|(f, g)(t, x1, µ1, α1)− (f, g)(t, x2, µ2, α2)|

6 cL[1 + |(x1, α1)|+ |(x2, α2)|+M2(µ1) +M2(µ2)][|(x1, α1)− (x2, α2)|+W2(µ1 − µ2)]"
|∂αf(t, x, µ, 0)| 6 cL.

(A5) b℄v (t, x) ∈ [0, T ]× Rd, �
〈x, ∂xf(t, 0, δx, 0)〉 > −cL(1 + |x|),tB
〈x, ∂xg(0, δx)〉 > −cL(1 + |x|).Mo(A5)�3 [10] >	-/dx44� (weak mean-reverting) �T.b� (ii) >P�J
<�;5�, b�

(t, α, µ) ∈ [0, T ]× R
k × P(Rd), x, y, z ∈ R

d,

Hamiltonian /
H(t, x, µ, α, y, z) = 〈 b(t, x, µ, α), y 〉+ 〈σ(t, x, µ), z 〉+f(t, x, µ, α), (2.8)H>

b(t, x, µ, α) := b0(t, µ) + b1(t)x+ b2(t)α,

σ(t, x, µ) := σ0(t, µ) + σ1(t)x.B� 2.1 [10, Lemma 2.1, p. 2709] b℄v
(t, x, µ, y, z) ∈ [0, T ]× R

d × P2(R
d)× R

d × R
d,A�.nP α̂(t, x, µ, y), wN H TLSK4. in�S, 61� α̂(t, x, µ, y) �%, q �b, M�� (x, y)Lipschitz �`, H Lipschitz ;��� (t, µ) n9 (7o�� λ, |b2| PibtB ∂αf �� x P Lipschitz ;�). #', 61�

|α̂(t, x, µ, y)| 6 λ−1(|∂αf(t, x, µ, 0)|+ |b2(t)||y|).$ µ : [0, T ] → P2(R
d) /n��%M�bP�l. $ β = (βt)06t6T /d_�%P�\#*, U = (Ut)06t6T -Q
<,to1

dUt = b(t, Ut, µt, βt)dt+ σ(t, Ut, µt)dWt, U0 = x0.YwL�n� J /
J(β;µ) = E

[
g(UT , µT ) +

∫ T

0

f(t, Ut, µt, βt)dt
]
. (2.9)
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

dXt = b(t,Xt, µt, α̂t(t,Xt, µt, Yt))dt+ σ(t,Xt, µt)dWt, X0 = x0,

dYt = ∂xH(t,Xt, µt, α̂(t,Xt, µt, Yt), Yt, Zt) + ZtdWt, YT = ∂xg(XT , µT )
(2.10)�` (Xt, Yt, Zt)06t6T , -Q

E
[

sup
06t6T

(|Xt|
2 + |Yt|

2) +

∫ T

0

|Zt|
2dt

]
< +∞. (2.11)G

α̂t = α̂(t,Xt, µt, Yt),:.b�℄v�\#* β, �
J(α̂;µ) + λE

∫ T

0

|βt − α̂|2dt 6 J(β;µ).J �{� 2.1, α̂ = (α̂)06t6T |�\#*. �s3 [29, Theorem 6.4.6, p.149] .5,� (2.7), tBAqF"�fF��H�"�;BWN..R 2.1 �s3 [29] >P.5, Cw#* β }|�n�	CP
%, 7l W =

(Wt)06t6T �'�
%<^|n� Brown �Z, :.Y� 2.1 >P_+p^Y.�.�) 2.1 �Y� 2.1 PMo<, b#n��%�b�l µ′ : [0, T ] → P2(R
d) "�1

U ′ = (U ′
t)06t6T , -Q

dU ′
t = b(t, U ′

t , µ
′
t, βt)dt+ σ(t, U ′

t , µ
′
t)dWt, U ′

0 = x′
0 ∈ R

d,�
J(α̂;µ) + 〈x′

0 − x0, Y0 〉+λE

∫ T

0

|βt − α̂t|
2dt

6 J([β, µ′];µ) + E
[ ∫ T

0

〈 b0(t, µt)− b0(t, µ
′
t), Yt 〉dt

]

+ E
[ ∫ T

0

〈σ0(t, µt)− σ0(t, µ
′
t), Zt 〉dt

]
, (2.12)H>

J([β, µ′];µ) := E
[
g(U ′

T , µT ) +

∫ T

0

f(t, U ′
t , µt, β)dt

]
. (2.13)

J([β, µ′];µ) >P"� [β, µ′] 6H�o1>P�)%^%/ (µ′
t)06t6T , L�>P�)%^%/ (µt)06t6T .J � Itô {�E�<3PyM:

〈U ′
t −Xt, Yt〉+

∫ t

0

[f(s, U ′
s, µs, βs)− f(s,Xs, µs, α̂s)]ds.�� U ′ P-QP
<,to1PAq"�fF[o�� (µ′

t)06t6T , x<�Ry (2.12)P��5d6�F. w� Itô {�E�*3[N..
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3 ��k8Io6&�-~|l�� 2.2 ^>PY� 2.1, 61�tWCx(�WP`�n� McKean-Vlasov R,II
<,to1P`D��:





dXt = [b0(t,PXt
) + b1(t)Xt + b2(t)α̂(t,Xt,PXt

, Yt)]dt

+[σ0(t,PXt
) + σ1(t)Xt]dWt, X0 = x0 ∈ Rd;

dYt = −[b⊤1 Yt + σ⊤
1 Zt + ∂xf(t,Xt,PXt

, α̂(t,Xt,PXt
, Yt))]dt

+ZtdWt, YT = ∂xg(XT ,PXT
),

(3.1)H> PXt
| Xt Pt�, a⊤ �{r) a PG:.

3.1 eus1)ptA61G [0, T ] → R
d P�`��V�/ C([0, T ],Rd). /�w (iii) >PYw5W, [la<{�.B� 3.1 Mo� (A1)–(A5) .�, �Y µ ∈ P2(C([0, T ],R

d)) (GH� t ∈ [0, T ] t�b|Pt�/ µt ∈ P(Rd)), :.,II
<,to1 (2.10) �.n`, G/ (Xx0,µ
t ,

Y
x0,µ
t , Z

x0,µ
t )06t6T , MA�n�7o��(A1)–( A5)>P*� c > 0 "n��%�� uµ :

[0, T ]× R
d → R

d, wNb��
(t, x, x′) ∈ [0, T ]× R

2d,�
|uµ(t, x′)− uµ(t, x)| 6 c|x′ − x|,

|uµ(t, x)| 6 c(1 + |x|),

Y
x0,µ
t = uµ(t,Xx0,µ

t ), P-a.s.J �{� 2.1, (2.10)>PII
<,to1Ps.Æ ∂xH �� (x, y)n9 Lipschitz�`. �3 [30, Theorem 1.1, p.213], ,II
<,to1 (2.10) �KtPiA�.n`.x<, b℄vtP T , A�n�*� δ > 0, wNb℄v t0 ∈ [T − δ, T ], ,II
<,to1 (2.10) � [t0, T ] i�.n`, G/
(Xt0,x0

t , Y
t0,x0

t , Z
t0,x0

t )t06t6T .�s3 [30, Theorem 2.6, p.240], /�8N,II
<,to1� [0, T ] i`PA�.nW, 617l.5, A�n��o�� t0 " δ P*� c, wN
∀x0, x

′
0 ∈ R

d, |Y t0,x0

t0
− Y

t0,x
′

0

t0
|2 6 c|x0 − x′

0|
2. (3.2)� Blumenthal 0-1 (, Y t0,x0

t0
" Y

t0,x
′

0

t0
|WYP. � (2.12), �

Ĵ t0,x0 + 〈x′
0 − x0, Y

t0,x0

t0
〉+λE

∫ T

0

|α̂t0,x0

t − α̂
t0,x

′

0

t |2dt 6 Ĵ t0,x
′

0 (3.3)
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Ĵ t0,x

′

0 + 〈x0 − x′
0, Y

t0,x
′

0

t0
〉+λE

∫ T

0

|α̂t0,x0

t − α̂
t0,x

′

0

t |2dt 6 Ĵ t0,x0 , (3.4)H>
Ĵ t0,x0 = J((α̂t0,x0

t )t06t6T ),

α̂
t0,x0

t = α̂(t,Xt0,x0

t , µt, Y
t0,x0

t0
),b Ĵ t0,x

′

0 " α̂
t0,x

′

0

t m�	Yw. W (3.4) " (3.3) DL, �
2λE

∫ T

t0

|α̂t0,x0

t − α̂
t0,x

′

0

t |2dt 6 〈x′
0 − x0, Y

t0,x
′

0

t0
− Y

t0,x0

t0
〉 . (3.5)Y*, �
<,to1"II
<,to1P�J=j�E, A�n��o�� (t0, δ) P*� c > 0, wN

E
[

sup
t06t6T

|Xt0,x0

t −X
t0,x

′

0

t |2
]
+ E

[
sup

t06t6T

|Y t0,x0

t − Y
t0,x

′

0

t |2
]

6 c
(
E

∫ T

t0

|α̂t0,x0

t − α̂
t0,x

′

0

t |2dt+ |x0 − x′
0|

2
)
.W (3.5) Ebi��Ry, � (3.2). Y*, 61W uµ Yw/ uµ(t, x) = Y

t,x
t . uµ �� x P

Lipschitz �`W
|uµ(t, x′)− uµ(t, x)| 6 c|x′ − x|, ∀t ∈ [0, T ],�3[�3 [30, Corollary 1.5, p.222] 8N. S*, �a<�Ry:

sup
06t6T

|uµ(t, 0)| 6 sup
06t6T

[E[|uµ(t,X0,0
t )− uµ(t, 0)|] + E[|Y 0,0

t |]] < +∞, (3.6)�
|uµ(t, x)| 6 c(1 + |x|).R 3.1 $ {µn} / P2(C([0, T ],R

d)) >P-Q
sup
n

M2(µ
n) 6 CPnR�)%^, H> C |n�,*�. �{� 3.1 "3 [30, Corollary 1.5, p.222], A�n�\�� n P,*� c, wN

∀(n, x, x′) ∈ N
+ × R

d × R
d, |uµn

(t, x′)− uµn

(t, x)| 6 c|x′ − x|.tA 3.1 �{� 3.1, b℄v µ ∈ P2(C([0, T ],R
d)), 54/ x0 P,II
<,to1 (2.10) �.n`

(Xx0,µ, Y x0,µ, Zx0,µ).Yw�l Φ /
Φ(µ) := PXx0,µ .
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 > z A � 41 vx< Φ P�ZU (C µ -Q µ = Φ(µ)) | (iii) >5�P`. 'kP�ZU µ "b|P
(3.1) P`

(Xx0,µ, Y x0,µ, Zx0,µ)nJ	-/Cx(�WP`.

3.2 .?:�3 [12, Theorem 6.2, p.32] nkP�T<, 61�tV�Cx(�W`P.nW.�) 3.1 
8�Mo(A1)–( A5)1', 2�
b0 := 0, σ0 := 0, f := f0(t, x, µ) + f1(t, x, α),tB f0 " g -Qa<PFXW�T: b℄v µ, µ′ ∈ P2(R

d), �
∫

Rd

(f0(t, x, µ)− f0(t, x, µ
′))d(µ− µ′)(x) > 0, t ∈ [0, T ]"

∫

Rd

(g(x, µ)− g(x, µ′))d(µ− µ′)(x) > 0,:.,II
<,to1 (3.1) 7�8dn�`.J Mo µ " µ′ | Φ P���ZU, (α̂,X) " (α̂′, X ′) t�|b|P#*"H��1. � (2.12), �
J(α̂;µ) + λE

∫ T

0

|α̂t − α̂′
t|
2dt 6 J([α̂′, µ′];µ) = E

[
g(X ′

T , µT ) +

∫ T

0

f(t,X ′
t, µt, α̂

′
t)dt

]
.x<,

J(α̂;µ)− J(α̂′;µ′) + λE

∫ T

0

|α̂t − α̂′
t|
2dt

6 E
[
g(X ′

T , µT )− g(X ′
T , µ

′
T ) +

∫ T

0

f(t,X ′
t, µt, α̂

′
t)dt−

∫ T

0

f(t,X ′
t, µ

′
t, α̂

′
t)dt

]

=

∫

Rd

(g(x, µT )− g(x, µ′
T ))dµ

′
T (x) +

∫ T

0

∫

Rd

(f0(t, x, µt)− f0(t, x, µ
′
t))dµ

′(x)dt.X3 µ " µ′, �
J(α̂′;µ′)− J(α̂;µ) + λE

∫ T

0

|α̂t − α̂′
t|
2dt

6

∫

Rd

(g(x, µ′
T )− g(x, µT ))dµT (x) +

∫ T

0

∫

Rd

(f0(t, x, µ
′
t)− f0(t, x, µt))dµ(x)dt.Wi3���RyDL, �

E

∫ T

0

|α̂t − α̂′
t|
2dt 6 0.'k618N�.nW.
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3.3 D�2$�) 3.2 a��Mo (A1)–(A5) 1', 2� |b0|, |σ0|, |∂xf | " |∂xg| n9�b, K�n�*� cB, :., ,II
<,to1 (3.1) �`.J 61�M1(C([0, T ],R
d)) �PPn�}HPM�Pi|� Schauder�ZUY�,H> M1(C([0, T ],R

d)) | C([0, T ],Rd) iPt��A 1- \rPw %^ ν V�, 	y�
Kantorovich-Rubinstein m�. b ν ∈ M1(C([0, T ],R

d)),

‖ν‖KR = sup
{∣∣∣

∫

C([0,T ],Rd)

F (ω)dν(ω)
∣∣∣;F ∈ Lip1(C([0, T ],R

d)
}
,'�m�� P1(C([0, T ],R

d)) iP 1-Wassersteinu�n9 (S [31, Remark 7.5, p.207]). 61WÆ�n�!P�MA Γ ⊂ P2(C([0, T ],R
d)) ⊂ M1(C([0, T ],R

d)), wN
Φ(ν) ∈ Γ, ∀ν ∈ Γ,M Φ | Γ ig�`�l (CHA/DbgAP�`�l). Y*, 61W� Γ i|�

Schauder �ZUY�.�s (2.10) PII tP�J=j�E,�� gx " fx �b, A�n�,*� c, wN
E

∫ T

0

|Zx0,µ
t |2dt 6 c, ∀µ ∈ P2(C([0, T ],R

d)),

|Y x0,µ
t | 6 c, P− a.s. ∀(t, µ) ∈ [0, T ]× P2(C([0, T ],R

d)).

(3.7)�(A4)"{� 2.1, A�n�,*� c, wN
∀t ∈ [0, T ], α̂(t,Xx0,µ

t , µt, Y
x0,µ
t ) 6 c. (3.8)WiyEb (2.10) P,I t, ��
<,to1P�J=j�E, �A�n�\�� µP*� c′, wN

‖Xx0,µ0,∗
T ‖L4(Ω) 6 c′. (3.9)b RCLL �1, 61{b'kPG 

X∗
T := sup

t∈[0,T ]

|Xt|.61Yw P2(C([0, T ],R
d)) Pn�MA

Γ = {µ ∈ P4(C([0, T ],R
d)) : M4,C([0,T ],Rd)(µ) 6 c′},� Γ |!P, M-Q

Φ(ν) ∈ Γ, ∀ν ∈ Γ.�3 [31, Theorem 7.12, p.212], 1-Wasserstein u��a<W=:

lim
k→∞

W1(µk, µ) = 0
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lim
k→∞

M1(µk) = M1(µ),H>�)%^Pd~�|6b℄$ C([0, T ],Rd) iP�b�`�� f , [�
lim
k→∞

∫
fdµk =

∫
fdµ.x<, Γ �� 1-Wasserstein u��.Y*, �s3 [32, Theorem 4.10, Problem 4.11, p.63], ��� (3.8) " (3.9), x<�1R {(Xx0,µ

t )06t6T,µ∈Γ} �g. x<H>P℄v_![t�d~�M! (µn)n>1, GHd~�L µ. � (3.9), (µn)n>1 t�M! (µnk
), -Q

lim
k→∞

M1(µnk
) = A 6 c′,C

lim
k→∞

E[X
x0,µnk

,∗

T ] = A./�w Q�, ^Y�'�M!G/ (µn). 61Ywa<℄a�� fR:

fR(x) =

{
x, x < R;

R, x > R.�
|E[fR(X

x0,µn,∗
T )]− E[Xx0,µn,∗

T ]|

6 E[Xx0,µn,∗
T · 1Xx0,µn,∗

T
>R]

6
1

R3
E[|Xx0,µn,∗

T |4] 6
(c′)4

R3
. (3.10)61�F* E[fR(X

x0,µn,∗
T )] G/ MR

1 (µn). �i3P�Ry, H R → ∞ t, MR
1 (µn) ��

n n9~�L M1(µn). �� (µn) d~�L µ, x<�Y R, MR
1 (µn) ~�L MR

1 (µ). Pi, �
M1(µ) = A = lim

n→∞
M1(µn).� Wasserstein u�PW=, �

lim
n→∞

W1(µn, µ) = 0.x<, Φ(Γ) � 1-Wasserstein u�<Dbg.612[l.5 Φ � Γ i�`. �Y��%^ µ, µ′ ∈ Γ, � (2.12), �
J(α̂;µ) + λE

∫ T

0

|α̂′
t − α̂t|

2dt− J([α̂′, µ′];µ)

6 E
[ ∫ T

0

〈 b0(t, µt)− b0(t, µ
′
t), Yt 〉dt

]
+ E

[ ∫ T

0

〈σ0(t, µt)− σ0(t, µ
′
t), Zt 〉dt

]
. (3.11)� α̂′ PS�W, �

J([α̂′, µ′];µ) 6 J(α̂;µ′) + J([α̂′, µ′];µ)− J(α̂′;µ′).
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∫ T

0

|α̂′
t − α̂t|

2dt 6 J(α̂;µ′)− J(α̂;µ) + J([α̂′, µ′];µ)− J(α̂′;µ′)

+ E
[ ∫ T

0

〈 b0(t, µt)− b0(t, µ
′
t), Yt 〉dt

]

+ E
[ ∫ T

0

〈σ0(t, µt)− σ0(t, µ
′
t), Zt 〉dt

]
. (3.12)Y*, ÆZ J(α̂;µ′) " J(α̂;µ). J(α̂;µ) b|P�1/ Xx0,µ, f J(α̂;µ′) b|P�1/ U ,-Q

dUt = [b0(t, µ
′) + b1(t)Ut + b2(t)α̂t]dt+ [σ0(t, µ

′) + σ1(t)Ut]dWt, U0 = x0.� Gronwall �Ry, �
E
[

sup
06t6T

|Xx0,µ
t − Ut|

2
]
6 c

∫ T

0

W 2
2 (µt, µ

′
t)dt.�(A4), (3.8)–(3.9), NL

J(α̂;µ′)− J(α̂;µ) 6 c
( ∫ T

0

W 2
2 (µt, µ

′
t)dt

) 1
2

.nkS9� J([α̂′, µ′];µ) " J(α̂′;µ′) *, NL
J([α̂′, µ′];µ)− J(α̂′;µ′) 6 c

(∫ T

0

W 2
2 (µt, µ

′
t)dt

) 1
2

.x<� (3.7), (3.12) "(A2), �
E

∫ T

0

|α̂′
t − α̂t|

2dt 6 c
( ∫ T

0

W 2
2 (µt, µ

′
t)dt

) 1
2

.�>w� Gronwall �Ry, �
E
[

sup
06t6T

|Xx0,µ
t −X

x0,µ
′

t |2
]
6 c

( ∫ T

0

W 2
2 (µt, µ

′
t)dt

) 1
2

.� Wasserstein u�PYw, NL
W1(Φ(µ),Φ(µ

′)) 6 E
[

sup
06t6T

|Xx0,µ
t −X

x0,µ
′

t |
]
,

(∫ T

0

W 2
2 (µt, µ

′
t)dt

) 1
2

6 cW2(µ, µ
′).Pi, �

W1(Φ(µ),Φ(µ
′)) 6 cW2(µ, µ

′)
1
2 .�� Γ iP�)%^�n9�bP 4 \r, x<�sWassersteinu�PYwtB Hölder�Ry, �

W2(µ, µ
′) 6 cW1(µ, µ

′)
1
4 .�t, NL

W1(Φ(µ),Φ(µ
′)) 6 cW1(µ, µ

′)
1
8 .
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3.4 _
{y61W�n! (bn0 , σ
n
0 , f

n, gn) Æ�j (b0, σ0, f, g), '! (bn0 , σ
n
0 , f

n, gn) n9S-QMo (A1)–(A5). b℄v�YP n > 1,H bn0 , σ
n
0 , ∂xf

n" ∂xg
n�bt,�7� 3.2, (b0, σ0, f, g)	�3. (bn0 , σ

n
0 , f

n, gn) P,II
<,to1 (3.1) �`, G/
(Xn, Y n, Zn).61W.5'kPn!`=�j,II
<,to1 (3.1) P`.��61'�P�qo��H�"t�, MH�o1>PCx(F[|8bP, x<, 	,3[|�3 [10] >PokUV��j!PgW�nYP
<. '�, 61W�

λ′ 4tC:% |b2| 4tK'kin�PMo<8N�j!PgW. Cw|BWg>OT[20](H> σ |n��YP��tPP L2 ��), /�NL`PA�W, m[lnNin�PMo (S [20, Proposition 3.1, Theorem 3.1, p.507]), �t, b�61|&P'�	n�POT, [lnNin�Mo	,|%�P.B� 3.2 a�A�n! (bn0 , σ
n
0 , f

n, gn), wN
(i) ��D�P"� (λ, cL) := (λ′, c′L) ∈ R+ × R+, (bn0 , σ

n
0 ) �� n n9S-Q(A1)–

(A2), M (fn, gn) �� n n9S-Q(A3)–(A5);

(ii) �℄$�bAi, (bn0 , σ
n
0 , f

n, gn) n9~�L (b0, σ0, f, g);

(iii) b℄v n > 1, (b0, σ0, f, g) 	�3. (bn0 , σ
n
0 , f

n, gn) P,II
<,to1 (3.1)�` (Xn, Y n, Zn);:., H λ′ 4tC:% |b2| 4tKt, ,II
<,to1 (3.1) �`.J /�NL'!�1P~�M! (Xn)n>1, �=, 61[l'R�1P�gW. b℄v n > 1, �b|P Hamiltonian

Hn(t, x, µ, α, y, z) = 〈 bn(t, x, µ, α), y 〉+ 〈σn(t, x, µ), z 〉+fn(t, x, µ, α),H>
bn(t, x, µ, α) := bn0 (t, µ) + b1(t)x+ b2(t)α, σn(t, x, µ) := σn

0 (t, µ) + σ1(t)x,wHTLSK4P��G/ α̂n(t, x, µ, y). G
α̂n
t = α̂n(t,Xn

t ,PXn
t
, Y n

t )./�8N (Xn)n>1 P�gW, �=l.5
sup
n>1

E

∫ T

0

[|α̂n
t |

2dt] < +∞.
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βn
t := E(α̂n

t ),~#*b|P Un -Q
dUn

t = [bn0 (t,PXn
t
) + b1(t)U

n
t + b2(t)E(α̂n

t )]dt+ [σn
0 (t,PXn

t
) + σ1(t)U

n
t ]dWt, Un

0 = x0.TF*, NL
E(Un

t ) = E(Xn
t )"

Un
t − E(Un

t ) =

∫ t

0

b1(t)[U
n
s − E(Un

s )]ds+

∫ t

0

[σn
0 (s,PXn

s
) + σ1(s)U

n
s ]dWs.x<, A�n�*� c > 0, wN

Var(Un
t ) 6 T (c+ 2C2

2E[|Xn,∗
T |2] + 2|σ1|

2E[|Un,∗
T |2])e|b1|

2T . (3.13)�
<,to1P�J=j�E" Gronwall �Ry, �
E[|Xn,∗

T |2] 6
(
c+ cT + 2|b2|

2E

∫ T

0

|α̂n
t |

2dt
)
e[|b1|

2+|σ1|
2+C2

2+C2
1 ]T

6 c
(
1 + E

∫ T

0

|α̂n
t |

2dt
)

(3.14)"
E[|Un,∗

T |2] 6
[
c(1 + T ) + 2(C2

1 + C2
2 )TE[|Xn,∗

T |2] + 2|b2|
2E

∫ T

0

|α̂n
t |

2dt
]
e[|b1|

2+|σ1|
2]T

6 c
(
1 + E

∫ T

0

|α̂n
t |

2dt
)
. (3.15)x<

Var(Un
t ) 6 c+ c′

(
C2

2 + |σ1|
2
)
E

∫ T

0

|α̂n
t |

2dt, (3.16)H>
c′ := 4T [1 + (C2

1 + C2
2 )T ]|b2|

2e[2|b1|
2+|σ1|

2+C2
1+C2

2 ]T ,�t{6, H |b2| R� 0 t, c′ mRI� 0.�Y� 2.1, �
E[gn(Xn

T ,PXn
T
)] + E

∫ T

0

[λ′|α̂n
t − βn

t |
2 + fn(t,Xn

t ,PXn
t
, α̂n

t )]dt

6 E
[
gn(Un

T ,PXn
T
) +

∫ T

0

fn(t, Un
t ,PXn

t
, βn

t )dt
]
. (3.17)�!W�T" Jensen �Ry, �

gn(E(Xn
T ),PXn

T
) +

∫ T

0

[λ′Var(α̂n
t ) + fn(t, E(Xn

t ),PXn
t
, E(α̂n

t ))]dt
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6 E

[
gn(Un

T ,PXn
T
) +

∫ T

0

fn(t, Un
t ,PXn

t
, E(α̂n

t ))dt
]
. (3.18)�s(A4), A�,*� c0 6 c′L, wN

|(fn, gn)(t, x′, µ′, α)− (fn, gn)(t, x, µ, α)|

6 c0(1 + |(x, x′)|+M2(µ) +M2(µ
′) + 2|α|)(|x′ − x|+W2(µ, µ

′)).in�, �
∫ T

0

Var(α̂n
t )dt 6

4c0
λ′

(1 + E[|Un
T |

2]
1
2 + E[|Xn

T |
2]

1
2 )E[|Un

T − E(Xn
T )|

2]
1
2

+
4c0
λ′

∫ T

0

(1 + E[|Un
t |

2]
1
2 + E[|Xn

t |
2]

1
2

+ E[|α̂n
t |

2]
1
2 )E[|Un

t − E(Xn
t )|

2]
1
2 dt. (3.19)�� E(Un

t ) = E(Xn
t ), �∫ T

0

Var(α̂n
t )dt 6 c

[
1 +

(
E

∫ T

0

|α̂n
t |

2dt
) 1

2
]
+

4c0c
′

λ′
(C2

2 + |σ1|
2)E

∫ T

0

|α̂n
t |

2dt. (3.20)�t
sup

06t6T

Var(Xn
t ) 6 c′(C2

2 + |σ1|
2)E

∫ T

0

|α̂n
t |

2dt+ c
[
1 +

(
E

∫ T

0

|α̂n
t |

2dt
) 1

2
]

+
4c0c

′

λ′
(C2

2 + |σn
1 |

2)E

∫ T

0

|α̂n
t |

2dt

6 c′
(4c0
λ′

+ 1
)
(C2

2 + |σ1|
2)E

∫ T

0

|α̂n
t |

2dt

+ c
[
1 +

(
E

∫ T

0

|α̂n
t |

2dt
) 1

2
]
. (3.21)gO 2 $

βn
t := 0,~#*b|PH� Un -Q

dUn
t = [bn0 (t,PXn

t
) + b1(t)U

n
t ]dt+ [σn

0 (t,PXn
t
) + σ1(t)U

n
t ]dWt, Un

0 = x0.Y*, �
E[|Un,∗

T |2] 6 c+ c′(C2
1 + C2

2 )E

∫ T

0

|α̂n
t |

2dt. (3.22)�>w�Y� 2.1 " Jensen �Ry, �
gn(E(Xn

T ),PXn
T
) +

∫ T

0

[λ′E(|α̂n
t |

2) + fn(t, E(Xn
t ),PXn

t
, E(α̂n

t ))]dt

6 E
[
gn(Un

T ,PXn
T
) +

∫ T

0

fn(t, Un
t ,PXn

t
, 0)dt

]
. (3.23)



3 G 
J! �hU �r�%1Np�	I�#u�QDy)�X 249� ∂αf
n(t, x, µ, 0) 6 c′L, �
gn(E(Xn

T ),PXn
T
) +

∫ T

0

[λ′E(|α̂n
t |

2) + fn(t, E(Xn
t ),PXn

t
, 0)]dt− cE

∫ T

0

|α̂n
t |dt

6 E
[
gn(Un

T ,PXn
T
) +

∫ T

0

fn(t, Un
t ,PXn

t
, 0)dt

]
. (3.24)�s(A4), A�n�o�� T P,*� c(T ), wN

gn(E(Xn
T ), δE(Xn

T
)) +

∫ T

0

[λ′E(|α̂n
t |

2) + fn(t, E(Xn
t ), δE(Xn

t ), 0)]dt

6 c(T )c0

(
1 + sup

06t6T

[E|Xn
t |

2]
1
2 + sup

06t6T

[E|Un
t |

2]
1
2

)(
sup

06t6T

[E|Un
t |

2]
1
2 + sup

06t6T

[Var(Xn
t )]

1
2

)

+ gn(0, δE(Xn
T
)) +

∫ T

0

fn(t, 0, δE(Xn
t ), 0)dt+ cE

∫ T

0

|α̂n
t |dt.$

A =
√
C2

1 + C2
2 , B =

√
(
4c0
λ′

+ 1)(C2
2 + |σ1|2).� Young �Ry, (3.21)–(3.22), �

gn(E(Xn
T ), δE(Xn

T
)) +

∫ T

0

[λ′

2
E(|α̂n

t |
2) + fn(t, E(Xn

t ), δE(Xn
t ), 0)

]
dt

6 gn(0, δE(Xn
T
)) +

∫ T

0

fn(t, 0, δE(Xn
t ), 0)dt

+ c(T )c0c
′(A+B +A2 +AB)E

∫ T

0

|α̂n
t |

2dt.� (A5), NL
[λ′

2
− c(T )c0c

′(A+B +A2 +AB)
]
E

∫ T

0

|α̂n
t |

2dt 6 c
(
1 + sup

06t6T

E[|Xn
t |

2]
1
2

)
.G

B′ =
√
2(C2

2 + |σ1|2).H λ′ 4tC:% |b2| 4tK, wN
λ′ > max{4c0, 2c(T )c0c

′(A+B′ +A2 +AB′)}, (3.25):%
|b2|

2 <
λ′e−[2|b1|

2+|σ1|
2+C2

1+C2
2 ]T

8Tc(T )c0(A+B +A2 +AB)[1 + (C2
1 + C2

2 )T ]
, (3.26)�

[λ′

2
− c(T )c0c

′(A+B +A2 +AB)
]
> 0, (3.27)x<

E

∫ T

0

|α̂n
t |

2dt 6 c
(
1 + sup

06t6T

E[|Xn
t |

2]
1
2

)
. (3.28)
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 > z A � 41 v�iyEb (3.14), �A�n��o�� n P,*� c, wN
E[|Xn,∗

T |2] 6 c. (3.29)Y*, �{� 3.1 "
sup
n>1

sup
06t6T

M2(PXn
t
) 6 c,�

|un(t, x′)− un(t, x)| 6 c|x′ − x| (3.30)"
sup
n>1

sup
06t6T

|un(t, 0)| 6 sup
n>1

sup
06t6T

[E[|un(t,Xn
t )− un(t, 0)|] + E[|Y n

t |]]

6 sup
n>1

sup
06t6T

[c(E[|Xn
t |

2])
1
2 + (E[|Y n

t |2])
1
2 ]. (3.31)vIi, �� M2(PXn

t
) �� n n9�b, x<�sF 3.1, (3.30) >P*� c �o�� n.�KI
<,to1P�J=j�E, NL

sup
n>1

(E[|Y n,∗
T |2])

1
2 6 c, sup

n>1

(
E

∫ T

0

|Zn
t |

2dt
) 1

2

6 c.�|
sup
n>1

sup
06t6T

|un(t, x)| 6 c(1 + |x|), ∀n > 1.� 2.1, �
|α̂n

t | 6 c(1 + |Xn
t |). (3.32)Y*, � (3.32) ",to1P�J=j�E, �

∀l > 1, sup
n>1

E[|Xn,∗
T |l] < +∞. (3.33)� (3.32)–(3.33) "3 [32, Theorem 4.10, Problem 4.11, p.63], �t (Xn)n>1 |�gP.gO 3 � (Xn)n>1 P�gW, G µ /_! (PXn)n>1 P~�M!P?A. G

µn
t := PXn

t
, µn := (µn

t )06t6T .�	�7� 3.2 >P.5, � (3.33), �M! (^G/ (µn)) -Q
lim
n→∞

W2(µ
n, µ) = 0.x<

M2,C([0,T ],Rd)(µ) < +∞.Y*, �
(E[|Y ∗

T |
2])

1
2 6 c,

(
E

∫ T

0

|Zt|
2dt

) 1
2

6 c. (3.34)
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<,to1 (2.10) �.n`
(Xt, Yt, Zt)06t6T .S*, 7l.5 µ � X Pt�n9.Bz (3.12) P.5�1, �

λ′E

∫ T

0

|α̂n
t − α̂t|

2dt 6 Jn(α̂;µn)− J(α̂;µ) + J([α̂n, µn];µ)− Jn(α̂n;µn)

+ E
[ ∫ T

0

〈 b0(t, µt)− bn0 (t, µ
n
t ), Yt 〉dt

]

+ E
[ ∫ T

0

〈σ0(t, µt)− σn
0 (t, µ

n
t ), Zt 〉dt

]
. (3.35)�s J PYw, �

Jn(α̂;µn)− J(α̂;µ)

= E[gn(Un
T , µ

n
T )− g(XT , µT )] + E

∫ T

0

[fn(t, Un
t , µ

n
t , α̂t)− f(t,Xt, µt, α̂t)]dt, (3.36)H> Un -Q

dUn
t = [bn0 (t, µ

n
t ) + b1(t)U

n
t + b2(t)α̂t]dt+ [σn

0 (t, µ
n
t ) + σ1(t)U

n
t ]dWt, Un

0 = x0.G S2([0, T ],Rd) /n� Banach �P, y�m� E[|(·)∗|2]
1
2 .� Gronwall �RytB (bn0 , σ

n
0 ) ��bAin9~�L (b0, σ0), � Banach �P

S2([0, T ],Rd) >,

Un −→ X.Y*, � (3.32), (3.36) tB��bAi (fn, gn) n9~�L (f, g), �
Jn(α̂;µn) −→ J(α̂;µ),��,

J([α̂n, µn];µ) −→ Jn(α̂n;µn).� (3.34) " (bn0 , σ
n
0 ) ��bAin9~�L (b0, σ0), �Ryy (3.35) �$PH�FmR� 0.Pi, 61�� L2([0, T ]× Ω, dt⊗ dP) >,

α̂n −→ α̂,x<, � S2([0, T ],Rd) >,

Xn −→ X,C
lim
n→∞

W2(µ
n,PX) = 0.�t µ � X Pt�n9, N..
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 > z A � 41 vR 3.2 3 [10] >|&POT/ b0 |�bP, M σ |n�*�, �U/61|&POTP��.<3, 61ÆÆ�{� 3.2 >P�j!.B� 3.3 [10, Lemma 3.10, p. 2723] MoA�*� γ > 0, wN f " g -Q
f(t, x′, µ, α′)− f(t, x, µ, α) − 〈(x′ − x, α′ − α), ∂(x,α)f(t, x, µ, α)〉

> λ|α′ − α|2 + γ|x′ − x|2, (3.37)

g(x′, µ)− g(x, µ)− 〈x′ − x, ∂xg(x, µ) 〉 > γ|x′ − x|2,:., A�_! (fn, gn)n>1, tBo�� λ, cL " γ P,*� λ′ " c′L, wN
(i) fn " gn t"� (λ′, c′L) -Q (A3)–(A5);

(ii) K� ∂xf
n " ∂xg

n �b;

(iii) ℄�n��bAi, A�+� n0, wNb℄v n > n0, (f
n, gn) � (f, g) DR.R 3.3 �3 [10, Lemma 3.10, p.2723] >P.5, Q"� λ′ = λ, M c′L 7o�� cL" γ. x<, H λ 4tC:% |b2| 4tKt, �T (3.25) : (3.26) bQ"� (λ′, c′L) .�.

3.5 P=��t� 3.1 a� (A1)–(A5) .�, (f, g) -Q (3.37), M λ 4tC:% |b2| 4tK, :., ,II
<,to1 (3.1) �` (Xt, Yt, Zt)06t6T . in�S, A�*� c > 0 "��
u : [0, T ]× Rd → Rd, -Q

|u(t, x)| 6 c(1 + |x|), |u(t, x)− u(t, x′)| 6 c|x− x′|, ∀(t, x, x′) ∈ [0, T ]× R
d × R

d,

(3.38)M
∀t ∈ [0, T ], Yt = u(t,Xt), P-a.s.S*, b℄v l > 1, �

E[|X∗
t |

l] < +∞. (3.39)J $
bn0 (t, µ) =





b0(t, µ), |b0(t, µ)| 6 n,

n
b0(t, µ)

|b0(t, µ)|
, |b0(t, µ)| > n;

(3.40)

σn
0 (t, µ) =





σ0(t, µ), |σ0(t, µ)| 6 n,

n
σ0(t, µ)

|σ0(t, µ)|
, |σ0(t, µ)| > n.

(3.41)
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|bn0 (t, µ)| 6 |b0(t, µ)| 6 C + C1M2(µ), |bn0 (t, µ)| 6 n,

|bn0 (t, µ)− bn0 (t, µ
′)| 6 |b0(t, µ)− b0(t, µ

′)| 6 CW2(µ, µ
′),

|σn
0 (t, µ)| 6 |σ0(t, µ)| 6 C + C2M2(µ), |σn

0 (t, µ)| 6 n,

|σn
0 (t, µ)− σn

0 (t, µ
′)| 6 |σ0(t, µ)− σ0(t, µ

′)| 6 CW2(µ, µ
′).Y*, �{� 3.3 "F 3.3, � ((bn0 ), (σ

n
0 ), (f

n), (gn), λ′, c′L) -Q{� 3.2 PMo, �,II
<,to1 (3.1) �`. ��{� 3.1, � (3.38). � (3.33) P.5nk, 61�t8N (3.39).R 3.4 �T (3.37) | Legendre �3[10, Lemma 3.10, p. 2723]Pn�D�W{�. a��t�P�M>, 61�t#L�PokÆ��j!, :.�t�[l�T (3.37),61�t3[��{� 3.2 U8NCx(�WP`, �a<n^>PBWg>OT.

4 5;xn�9|&n�n0PBWg>OT:

b0(t, µ) := b0(t)µ,

σ0(t, µ) := σ0(t)µ,

g(x, µ) :=
1

2
|qx+ qµ|2,

f(t, x, µ, α) :=
1

2
|m(t)x +m(t)µ|2 +

1

2
|n(t)α|2,H> (q, q) ∈ R× R, M (b0(t), σ0(t),m(t),m(t)) |�� t �bPWYR��.3 [20] |&�n�BWg>Cx(�W, H> σ |n�tPP L2 ��, /�w�f��H��, [lnN�
3��PMo (S [20, Proposition 3.1, Theorem 3.1, p.507]). '�, �61|&POT>, σ �to�H�"t�. 61PMo(A5), 
RN3 [10], �BWg>POT<v1K qq " m(t)m(t) |s|P, '��TlL�3 [21] >PBWg>8R<�`WP4t�T q(q + q) > 0 " m(t)(m(t) +m(t)) > 0, '|��61|&P�O	n�.61W f BO/

f(t, x, µ, α) = a(t)x2 + b(t)µx+ c(t)µ2 + d(t)α2.H7� a(t) > 0 t, �T (3.37) �-Q, |&'kP�j! fn:

fn(t, x, µ, α) = an(t, x)x+ bn(t, µ)x + c(t)µ2 + d(t)α2,
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an(t, x) :=





n, 2a(t)x > n,

a(t)x, −n 6 2a(t)x 6 n,

−n, 2a(t)x < n;

bn(t, µ) =





n, b(t)µ > n,

b(t)µ, −n 6 b(t)µ 6 n,

−n, b(t)µ < n.Gs|v�/ R∗.Mob�� t ∈ [0, T ], � (qq,m(t)m(t)) ∈ R∗ ×R∗, M inft |n(t)| 4tC:% |b2| 4tK, :., �{� 3.2, ~BWg>Cx(�W�`.

5 w dVrÆ% Nash ���'^>, 61W��Cx(�WP`Æ�jd[�WP Nash x'. D�iDl
RP|3 [33, Section 10, p.277].B� 5.1 [33, Theorem 10.2.1, p. 323] �Y µ ∈ Pd+5(R
d), A�n�o�� d " Md+5(µ)P*� C, wN

E[W 2
2 (µ

N , µ)] 6 CN− 2
d+4 ,H> µN |℄v N �t�x� µ PD-\�Pk
Pmjt�.G,II
<,to1 (3.1) P`/

(Xt, Yt, Zt)06t6T ,

u |b|P`[��,

µt = PXt
.

J |Cx(�W5�PS�L�:

J = E
[
g(XT , µT ) +

∫ T

0

f(t,Xt, µt, α̂(t,Xt, µt, Yt))dt
]
, (5.1)H> α̂ a{� 2.1 >PYw. ((W i

t )06t6T )i>1 |n!D-\�P Wiener �1. b℄v+� N , $
dX i

t = [b0(t, µ
N
t ) + b1(t)X

i
t + b2(t)α

N,i
t ]dt+ [σ0(t, µ

N
t )

+ σ1(t)X
i
t ]dW

i
t , i = 1, · · · , N, (5.2)H>

µN
t =

1

N

N∑

j=1

δ
X

j
t
,



3 G 
J! �hU �r�%1Np�	I�#u�QDy)�X 255

X i
0 = x0,

α
N,i
t = α̂(t,X i

t , µt, u(t,X
i
t)).�{� 2.1 " (3.38), (5.2) P;���H� Lipschitz �`M/dBW +, x< (5.2) P`A�M.n. � (X i)16i6N Pb-W, �

E[|X i,∗
T |2] = E[|Xj,∗

T |2], i 6= j.x<
sup
N>1

max
16i6N

[
E[|X i,∗

T |2] + E

∫ T

0

|αN,i
t |2dt

]
< +∞. (5.3)b�n��\#* ((βi

t)06t6T )16i6N , �1 ((U i
t )06t6T )16i6N -Q

dU i
t = [b0(t, ν

N
t ) + b1(t)U

i
t + b2(t)β

i
t ]dt+ [σ0(t, ν

N
t ) + σ1(t)U

i
t ]dW

i
t , i = 1, · · · , N, (5.4)H>

νNt =
1

N

N∑

j=1

δ
U

j
t
,

U i
0 = x0.T i �"�%PL�|

J
N,i

(β1, · · · , βN ) = E
[
g(U i

T , ν
N
T ) +

∫ T

0

f(t, U i
t , ν

N
t , βi

t)dt
]
. (5.5)<3, 61^�
^PDlY�.t� 5.1 �Y� 3.1 PD��T<, A�n�*� c > 0 "n!,� (εN )N>1, wNb℄v+� N > 1, �

(i) εN 6 cN− 1
d+4 ;

(ii) b℄v i = 1, · · · , N , tB�\#* βi = (βi)06t6T , �
J
N,i

(αN,1, · · · , αN,i−1, βi, αN,i+1, · · · , αN,N) > J
N,i

(αN,1, · · · , αN,N)− εN . (5.6)J �;�Pb-W, 7l.5b i = 1 Y�.�C�.� Gronwall �Ry, �
1

N

N∑

j=1

E[|U j,∗
T |2] 6 c

(
1 +

1

N
E

∫ T

0

|β1
t |

2dt
)
. (5.7)Y*, {b`[�1

dX
i

t = [b0(t, µt) + b1(t)X
i

t + b2(t)α̂(t,X
i

t, µt, u(t,X
i

t))]dt+ [σ0(t, µt) + σ1(t)X
i

t]dW
i
t . (5.8)>Y, X

i | X PD-\�Pz;, M P
X

i

t

= µt. $
α̂i
t = α̂(t,X

i

t, µt, u(t,X
i

t)), i = 1, · · · , N.
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W2(µ

N
t , µt) 6 W2

(
µN
t ,

1

N

N∑

i=1

δ
X

i

t

)
+W2

( 1

N

N∑

i=1

δ
X

i

t

, µt

)
. (5.9)�3 [27, Theorem 3, p.6], �

max
16i6N

E
[

sup
06t6T

|X i
t −X

i

t|
2
]
6 cN− 2

d+4 . (5.10)x<
E
[
W 2

2

(
µN
t ,

1

N

N∑

i=1

δ
X

i

t

)]
6 max

16i6N
E
[

sup
06t6T

|X i
t −X

i

t|
2
]
6 cN− 2

d+4 . (5.11)�{� 5.1, �
E
[
W 2

2

( 1

N

N∑

i=1

δ
X

i

t

, µt

)]
6 cN− 2

d+4 . (5.12)� (5.11) " (5.12), �
sup

06t6T

E[W 2
2 (µ

N
t , µt)] 6 cN− 2

d+4 . (5.13)�s(A4)" Cauchy-Schwarz �Ry, A�n�*� c > 0,

|J − J
N,i

(αN,1, · · · , αN,N)|

=
∣∣∣E

[
g(X

i

T , µT ) +

∫ T

0

f(t,X
i

t, µt, α̂
i
t)dt− g(X i

T , µ
N
T )−

∫ T

0

f(t,X i
t , µ

N
t , α

N,i
t )dt

]∣∣∣

6 cE
[
1 + |X

i

T |
2 + |X i

T |
2 +

1

N

N∑

j=1

|Xj
T |

2
] 1

2

E[|X
i

T −X i
T |

2 +W 2
2 (µT , µ

N
T )]

1
2

+ c

∫ T

0

{
E
[
1 + |X

i

t|
2 + |X i

t |
2 + |α̂i

t|
2 + |αN,i

t |2 +
1

N

N∑

j=1

|Xj
t |

2
] 1

2

× E[|X
i

t −X i
t |
2 + |α̂i

t − α
N,i
t |2 +W 2

2 (µt, µ
N
t )]

1
2

}
dt,� (5.3), �

|J − J
N,i

(αN,1, · · · , αN,N)|

6 cE[|X
i

T −X i
T |

2 +W 2
2 (µT , µ

N
T )]

1
2

+ c
( ∫ T

0

E[|X
i

t −X i
t |
2 + |α̂i

t − α
N,i
t |2 +W 2

2 (µT , µ
N
T )]dt

) 1
2

.� α̂ " u P Lipschitz �`W, �
|α̂i

t − α
N,i
t | 6 c|X

i

t −X i
t |.x<, � (5.10) " (5.13), �b℄v i,

J
N,i

(αN,1, · · · , αN,N) 6 J +O(N− 1
d+4 ). (5.14)
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J! �hU �r�%1Np�	I�#u�QDy)�X 257��� (5.14)1*,b i = 1,/�.5 (5.6),617[lÆZ JN,1(β1, αN,2, · · · , αN,N)" J .�=, � U i " X i PYw6i, NL
E
[

sup
06s6t

|U1
s −X1

s |
2
]
6

c

N

∫ t

0

N∑

j=1

E
[

sup
06r6s

|U j
r −Xj

r |
2
]
ds+ cE

∫ t

0

|β1
s − αN,1

s |2ds,

E
[

sup
06s6t

|U i
s −X i

s|
2
]
6

c

N

∫ t

0

N∑

j=1

E
[

sup
06r6s

|U j
r −Xj

r |
2
]
ds, 2 6 i 6 N.� Gronwall �Ry, �

1

N

N∑

j=1

E
[

sup
06t6T

|U j
t −X

j
t |

2
]
6

c

N
E

∫ T

0

|β1
t − α

N,1
t |2dt. (5.15)x<

sup
06t6T

E[|U i
t −X i

t |
2] 6

c

N
E

∫ T

0

|β1
t − α

N,1
t |2dt, 2 6 i 6 N. (5.16)b℄v A > 0, Mo

E

∫ T

0

|β1
t |

2dt 6 A.� (5.3), (5.10) " (5.16), A�n�o�� A P,*� cA, wN
max

26i6N
sup

06t6T

E[|U i
t −X

i

t|
2] 6 cAN

− 2
d+4 . (5.17)'�, 61=�Y A iV.5, 1*W�5a$aT A. x<, �

1

N − 1

N∑

j=2

E[|U j
t −X

j

t |
2] 6 cAN

− 2
d+4 . (5.18)� Wasserstein u�PeY�Ry, �

E[W 2
2 (ν

N
t , µt)] 6 c

{
E
[
W 2

2

( 1

N

N∑

j=1

δ
U

j
t
,

1

N − 1

N∑

j=2

δ
U

j
t

)]

+ E
[
W 2

2

( 1

N − 1

N∑

j=2

δ
X

j

t

, µt

)]

+
1

N − 1

N∑

j=2

E[|U j
t −X

j

t |
2]
}
. (5.19)�s Wasserstein u�PYw, �

E
[
W 2

2

( 1

N

N∑

j=1

δ
U

j
t
,

1

N − 1

N∑

j=2

δ
U

j
t

)]

6
1

N(N − 1)

N∑

j=2

E[|U1
t − U

j
t |

2]
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6

c

N(N − 1)

{
(N − 2)E[|U1

t |
2] +

N∑

j=1

E[|U j
t |

2]
}
. (5.20)� (5.7) "

E[|U1,∗
T |2] 6 c

(
1 +

N + 1

N
E

∫ T

0

|β1
t |

2dt
)
,61NL (5.20)| O(N−1). Y*,��{� 5.1U�; (5.19)��PTgF,��� (5.18)U�;TeF, �

E[W 2
2 (ν

N
t , µt)] 6 cAN

− 2
d+4 . (5.21)[K, G�1 (U

1

t )06t6T -Q
dU

1

t = [b0(t, µt) + b1(t)U
1

t + b2(t)β
1
t ]dt+ [σ0(t, µt) + σ1(t)U

1

t ]dW
1
t , U

1

0 = x0.x<
U1
t − U

1

t =

∫ t

0

{[b0(s, ν
N
s )− b0(s, µs)] + b1(s)[U

1
s − U

1

s]}ds

+

∫ t

0

{[σ0(s, ν
N
s )− σ0(s, µs)] + σ1(s)[U

1
s − U

1

s]}dW
1
s .� Gronwall �Ry" (5.21), �

sup
06t6T

E[|U1
t − U

1

t |
2] 6 cAN

− 2
d+4 . (5.22)Y*, Bz (5.14) P.5, �

J
N,1

(β1, αN,2, · · · , αN,N) > J(β1)− cAN
− 1

d+4 , (5.23)H>
J(β1) = E

[
g(U

1

T , µT ) +

∫ T

0

f(t, U
1

t , µt, β
1
t )dt

]
.4NFvP|, l� β1 }|P
%C� W1 s.P
%, �F 2.1, 
<SC4��^Y.�, � J 6 J(β1). � (5.14) " (5.23), 61NL (5.6).S*, 61[l�5a$aT A.� f " g �� (x, α) �U (x, α) = (0, 0) P!W, �

J
N,1

(β1, αN,2, · · · , αN,N)

> E
[
g(0, νNT ) +

∫ T

0

f(t, 0, νNt , 0)dt
]
+ λE

∫ T

0

|β1
t |

2dt

+ E
[
〈U1

T , ∂xg(0, ν
N
T ) 〉+

∫ T

0

(〈U1
t , ∂xf(t, 0, ν

N
t , 0) 〉+ 〈β1

t , ∂αf(t, 0, ν
N
t , 0) 〉)dt

]
. (5.24)�(A4)" Wasserstein u�PYw, �

E[|f(t, 0, νNt , 0)− f(t, 0, δ0, 0)|] 6 cE[1 +M2
2 (ν

N
t )] 6 c

[
1 +

1

N

N∑

i=1

E|U i
t |

2
]
.
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J
N,1

(β1, αN,2, · · · , αN,N)

> g(0, δ0) +

∫ T

0

f(t, 0, δ0, 0)dt

+ E
[
〈U1

t , ∂xg(0, ν
N
T ) 〉+

∫ T

0

(〈U1
t , ∂xf(t, 0, ν

N
t , 0) 〉+ 〈β1

t , ∂αf(t, 0, ν
N
t , 0) 〉)dt

]

+ λE

∫ T

0

|β1
t |

2dt− c
(
1 +

1

N

N∑

i=1

sup
06t6T

E|U i
t |

2
)
.b℄v δ > 0, �(A4), A�n�,*� cδ, wN

J
N,1

(β1, αN,2, · · · , αN,N)

> g(0, δ0) +

∫ T

0

f(t, 0, δ0, 0)dt+
λ

2
E

∫ T

0

|β1
t |

2dt

− δ sup
06t6T

E[|U1
t |

2]− cδ

(
1 +

1

N

N∑

i=1

sup
06t6T

E|U i
t |

2
)
. (5.25)��

E[|U1,∗
T |2] 6 c

(
1 +

N + 1

N
E

∫ T

0

|β1
t |

2dt
)
,61�tTn�4tKP δ, wN

J
N,1

(β1, αN,2, · · · , αN,N) > −c+
(λ
4
−

c

N

)
E

∫ T

0

|β1
t |

2dt.x<, A�n�+� N0, wNb℄v+� N > N0 " A, 61�taLn�,*� A, wN
E

∫ T

0

|β1
t |

2dt > A =⇒ J
N,1

(β1, αN,2, · · · , αN,N) > A.�a, $ A = J 3[�6� A aT, .5(..R 5.1 �si�.5�0, a�s0,II
<,to1 (3.1) �aY� 3.1 >4�P`, :.7[lMo (A1)–(A4) p�Y� 5.1 .�.M7 �Pp�[b
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[2] Guéant O, Lasry J M, Lions P L. Mean field games and applications [M]. Berlin,

Heidelberg: Springer-Verlag, 2011.



260 � 
 > z A � 41 v
[3] Huang M, Malhame R P, Caines P E. Large population stochastic dynamic games:

closed-loop mckean-vlasov systems and the nash certainty equivalence principle [J].

Commun Inf Syst, 2006, 6(3):221–251.

[4] Buckdahn R, Li J, Peng S. Mean-field backward stochastic differential equations and

related partial differential equations [J]. Stochastic Process Appl, 2007, 119:3133–3154.

[5] Buckdahn R, Djehiche B, Li J, et al. Mean-field backward stochastic differential equa-

tions: a limit approach [J]. Ann Probab, 2009, 37:1524–1565.

[6] Bensoussan A, Frehse J, Yam P. Mean field games and mean field type control theory

[M]. Springerbriefs in Mathematics, New York: Springer-Verlag, 2013.

[7] Cardaliaguet P. Notes on mean field games [R]. Roma: Tor Vergata, 2010.

[8] Carmona R, Delarue F. Mean field forward-backward stochastic differential equations

[J]. Electron Commun Probab, 2013, 68(18):1–15.

[9] Graber P J, Bensoussan A. Existence and uniqueness of solutions for bertrand and

cournot mean field games [J]. Applied Mathematics and Optimization, 2016, 8(4):1–25.

[10] Carmona R, Delarue F. Probabilistic analysis of mean-field games [J]. Siam Journal on

Control and Optimization, 2013, 51(4):2705–2734.

[11] Lacker D. Mean field games via controlled martingale problems: existence of Markovian

equilibria [J]. Stochastic Processes and Their Applications, 2015, 125(7):2856–2894.

[12] Carmona R, Delarue F, Lacker D. Mean field games with common noise [J]. Annals

of Probability An Official Journal of the Institute of Mathematical Statistics, 2016,

44(6):3740–3803.

[13] Graber P J. Linear quadratic mean field type control and mean field games with com-

mon noise, with application to production of an exhaustible resource [J]. Applied Mathe-

matics and Optimization, 2016, 74:459–486.

[14] Hu Y, Huang J, Nie T. Linear-Quadratic-Gaussian mixed mean-field games with he-

terogeneous input constraints [J]. Siam Journal on Control and Optimization, 2018,

56(4):2835–2877.

[15] Hu F. Stochastic LQ games involving a major player and a large number of minor

players [J]. J Fudan Univ Nat Sci, 2011, 50(6):720–731.

[16] Du K, Wu Z. Linear quadratic mean-field-game of backward stochastic differential sys-

tems [J]. Mathematical Control and Related Fields, 2018, 8:653–678.



3 G 
J! �hU �r�%1Np�	I�#u�QDy)�X 261

[17] Du K, Wu Z. Linear-Quadratic stackelberg game for mean-field backward stochastic

differential system and application [J]. Mathematical Problems in Engineering, 2019:1–

17.

[18] Huang J, Wang S, Wu Z. Backward mean-field linearquadratic-gaussian (LQG) games:

full and partial information [J]. Institute of Electrical and Electronics Engineers Tran-

sactions on Automatic Control, 2016, 61(12):3784–3796.

[19] Bardi M. Explicit solutions of some linear-quadratic mean field games [J]. Networks

and Heterogeneous Media, 2013, 7(2):243–261.

[20] Bensoussan A, Sung K C J, Yam S C P, et al. Linear-quadratic mean field games [J].

Journal of Optimization Theory and Applications, 2016, 169(2):496–529.

[21] Carmona R, Delarue F, Lachapelle A. Control of McKean-Vlasov dynamics versus mean

field games [J]. Mathematics and Financial Economics, 2013, 7(2):131–166.

[22] Huang M, Caines P E, Malhame R P. Large-population cost-coupled LQG problems

with nonuniform agents: individual-mass behavior and decentralized ε-nash equilibria

[J]. IEEE Transactions on Automatic Control, 2007, 52(9):1560–1571.

[23] Tchuendom R F. Uniqueness for linear-quadratic mean field games with common noise

[J]. Dyn Games Appl, 2018, 8(1):199–210.

[24] Ma J, Yong J. Forward-backward stochastic differential equations and their applications

[M]//Lecture Notes in Mathematics, 1702, Berlin: Springer-Verlag, 2007.

[25] Hu Y, Peng S. Maximum principle for semilinear stochastic evolution control systems

[J]. Stochastics Stochastic Rep, 1990, 33:159–180.

[26] Peng S, Wu Z. Fully coupled forward-backward stochastic differential equations and

applications to optimal control [J]. SIAM J Control Optim, 1999, 37:825–843.

[27] Jourdain B, Méléard S, Woyczynski W. Nonlinear SDEs driven by levy processes and

related PDEs [J]. Latin American Journal of Probability and Mathematical Statistics,

2008, 4:1–29.

[28] Sznitman A S. Topics in propagation of chaos [J]. Biophysical Journal, 1991,

108(2):501a.

[29] Pham H. Continuous-time stochastic control and optimization with financial applica-

tions [M]. Berlin, Heidelberg: Springer-Verlag, 2009.

[30] Delarue F. On the existence and uniqueness of solutions to fbsdes in a non-degenerate

case [J]. Stochastic Processes and Their Applications, 2002, 99(2):209–286.



262 � 
 > z A � 41 v
[31] Villani C. Topics in optimal transportation [M]//Graduate Studies in Mathematics,

Rhode Island: American Mathematical Society, 2003.

[32] Karatzas I, Shreve S E. Brownian motion and stochastic calculus [M]. New York:

Springer-Verlag, 1991.

[33] Rachev S T, Ruschendorf L. Mass transportation problems [M]. New York: Springer-

Verlag, 1998.

Mean-Field Game with Degenerate State- and

Distribution-Dependent Noises

YU Jiahe1 TANG Shanjian1

1School of Mathematical Sciences, Fudan University, Shanghai 200433, China.

E-mail: 15110180029@fudan.edu.cn; sjtang@fudan.edu.cn

Abstract The mean-field game is studied for state-affine systems with degenerate state- and

distribution-dependent noises. The mean field terms of both drift and diffusion coefficients

are allowed to grow in the distribution in a linear way, and therefore the linear-quadratic

case (where the expected state appears in a linear way in the system dynamics) is included.

The authors prove existence of the solution to the associated forward-backward stochastic

differential equations of a McKean-Vlasov type and regularity of the decoupled function. Fi-

nally, they prove that solutions of the mean-field game together with the decoupled function

approximate the Nash equilibrium of the N -players’ game with an order up to N− 1
d+4 .
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differential equations, Propagation of chaos, Stochastic maximum
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