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1 .�+3f:>p4U� A, � P (A) �, A zdJBW_N)RH�)\U. 8	,, $
A /w\', d P (A) = 0. ! P (A) Æ�P6d�;!)p4, mE�� A /��).$ S = {s1, s2, · · · } /rp4U�, α /r(4, � Sα = {⌊αs1⌋, ⌊αs2⌋, · · · }, �z ⌊x⌋w)/
�N x )�!p4. �U� Sα uZq�/ S )��U�. E�M�/6d*'
Sα ��)(4 α. /℄ US = {α | α /(4� Sα ��}. 1995 �, Hegyvári t	}H3/y.

Hegyvári Æ� (b [1]) $rp4U� S = {s1 < s2 < · · · } �� lim
n→∞

(sn+1 − sn) =

+∞� sn+1 < γsn 36d�;!)p4 n�{, �z 1 < γ < 2. ! US 6= ∅,m µ(US) > 0,�z µ(US) / US ) Lebesgue �1.

2013 �, Chen R Fang ��;d lim
n→∞

(sn+1 − sn) = +∞, t	}H�)/y.Æ� A (b [2]) $rp4U� S = {s1, s2, · · · } �� sn+1 < γsn 36d�;)!p4 n �{, �z 1 < γ < 2. ! US 6= ∅, m µ(US) > 0.�Cz, E�t	}H3E�)/y.Æ� 1.1 $rp4U� S = {s1 6 s2 6 · · · } �� sn+1 < 2sn − f(sn) 36d�;!)p4 n �{, �z f(x) > 0 /�TD/)#.-oQ4� f(x) → +∞. ! US 6= ∅, m
µ(US) > 0.�D 2019 � 2 k 4  1&.
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2 �� 1.1 2�-� 2.1 (b [2, by 2.1]) !�XBp4lU� S z|=}F�6�,m µ(US) > 0.Æ� 1.1 �1� � f1(x) = min
{

f(x), 1

2
x
}

, m
sn+1 < 2sn − f(sn) 6 2sn − f1(sn).
&X�R, u$ f(x) 6 1

2
x.by 2.1, uZjX�a$ lim

n→∞

sn = +∞. ! lim sup
n→∞

(sn+1 − sn) < +∞, uZ�sC [2] z)t	. a�, IlyTs� lim sup
n→∞

(sn+1 − sn) = +∞.� α ∈ US . <N US )/℄uv,  lp4 k > 2, *' n ∈ P (Sα) 36dp4
n > k n�{. ~\% lim sup

n→∞

(sn+1 − sn) = +∞, lim
n→∞

sn = +∞, lim
x→+∞

f(x) = +∞, �
sn+1 < 2sn − f(sn) 36d�;!)p4 n �{, a� lXBrp4 n0, *'

min{α(sn0+1 − sn0
)− 1, αf(sn0

), αsn0
} > k + 2 (2.1)�

sn+1 < 2sn − f(sn) 36d n > n0 n�{./℄
δ =

min
16m6n0

{⌊αsm⌋+ 1− αsm}

sn0

,m δ > 0. >', ~\%
⌊αsm⌋ 6 αsm 6 βsm < αsm + δsm 6 αsm + δsn0

6 ⌊αsm⌋+ 1,uv: 36d β ∈ [α, α+ δ), d ⌊αsm⌋ = ⌊βsm⌋ 3�B 1 6 m 6 n0 n�{.eHx, t	 [α, α + δ) ⊆ US . � β ∈ [α, α + δ). ZHyTt	: 36d n > k nd
n ∈ P (Sβ). a$
�{, � N /*'#3�:
�{)�Pp4.! N − k 6 ⌊βsn0

⌋, m (2.1) u'
N 6 k + ⌊βsn0

⌋ = k + ⌊αsn0
⌋ 6 k + αsn0

< αsn0+1 − 1 < ⌊αsn0+1⌋.a�, N l P (Sα) ;hz)�XNn
�N ⌊αsn0
⌋, �7 N ∈ P (Sβ), '��5. a�,

N − k > ⌊βsn0
⌋. � m /*'

⌊βsm⌋ < N − k 6 ⌊βsm+1⌋ (2.2)�{)p4, m m > n0.



3 � 9iY JgA�V�*A�S 281H�t	//y 1.1 )I;. ~\% sm+1 < 2sm − f(sm), d
⌊βsm+1⌋+ k 6 βsm+1 + k < 2βsm − βf(sm) + k

< 2⌊βsm⌋ − (βf(sm)− k − 2)

< 2⌊βsm⌋,�z�VXB
++u (2.1) R.( βf(sm) > αf(sn0
) > k + 2 '�.fU (2.2), d ⌊βsm⌋+ k < N < 2⌊βsm⌋, ^

k < N − ⌊βsm⌋ < ⌊βsm⌋.�7u N )/℄Z℄ βsm > αsn0
> 1 '�

N − ⌊βsm⌋ ∈ P (Sβ).~\% N − ⌊βsm⌋ < ⌊βsm⌋, d N − ⌊βsm⌋ l P (Sβ) ;hz)�XNn
�N ⌊βsm⌋, �7
N = (N − ⌊βsm⌋) + ⌊βsm⌋ ∈ P (Sβ),h N )/℄�5. a� [α, α + δ) ⊆ US , �7 µ(US) > δ > 0. /y 1.1 't.	 � � � $ � &
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Note on the Completeness of Perturbed Sequences
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Abstract Let S = {s1, s2, · · · } be a sequence of positive integers and α be a positive real

number. Denote Sα by the sequence {⌊αs1⌋, ⌊αs2⌋, · · · }, where ⌊x⌋ denotes the greatest

integer not greater than x. This sequence Sα can be viewed as a perturbed sequence of S.

Let US be the set of all positive real numbers α such that all sufficiently large integers can

be representable as the finite sum of distinct terms of Sα. In 2013, by improving a result

of Hegyvári, Chen and Fang proved that: if sn+1 < γsn for all sufficiently large integers n,

where 1 < γ < 2, and US 6= ∅, then µ(US) > 0, where µ(US) is the Lebesgue measure of US .

This paper obtains a stronger result.
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