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284 0 r w > A � 41 :; Monge-Kantorovich�-T;. �P�, Guan u Li[9] O	 Dirichlet �)=��>m;
Monge-AmpèreR";&p*y
M9B� R

n E#6VIe℄j�.J�(Rj;&p,A��R [10–11] =.�R�R [12] 5;&aEk6Ie℄j�, 96 Neumann �0T; (1.1)–(1.2) (;M#4/;\xf�. L\xf��rD(;,�mu+�m. Vh.8(;+�m�G� A ;+�m. (M A (+�;, �p A dJ
∇pkpl

Aij(x, z, p)ξiξjηkηl > 0, (1.3)�5 (x, z, p) ∈ Ω× R× TxM
n, ξ, η ∈ TxM

n, ξ ⊥ η. L�p,� c0 > 0,

∇pkpl
Aij(x, z, p)ξiξjηkηl > c0|ξ|

2|η|2, (1.4)� A (s_+�;. �R [1, 13] 5 (1.3) u (1.4) V�
 N A3w, A3 =�. Loeper[14]�l A3w =��(;+�mt053i8{.�R [15–16] 5, � A dJ
∇zAij(x, z, p)ξiξj > 0(> 0), (1.5)�5 (x, z, p) ∈ Ω × R × TxM

n, ξ ∈ R
n, � A J z (U� (s_�!) ;. Az>, �s/ B dJ

∇zB(x, z, p) > 0(> 0), (1.6)�5 (x, z, p) ∈ Ω× R× TxM
n, � B J z (U� (s_�!) ;. �s/ ϕ dJ

∇zϕ(x, z) > 0(> 0), (1.7)�5 (x, z) ∈ ∂Ω× R, � ϕ J z (U� (s_�!) ;. [J,  	� Ω dJ A-D=�,(1,�s/ φ ∈ C2(Ω), $9� ∂Ω � φ = 0, ∇φ 6= 0, � Ω r φ < 0 �dJ�=&
∇ijφ−∇pk

Aij(x, u,∇u)∇kφ > δ0gij , (1.8)�5 δ0 (+�/. 3 A ≡ 0 !, \ φ(x) = |x|2, (1.8) G�!Q. LJ�℄j�; Monge-

Ampère R", (1.8) (`=�
 Hong[17]  N� Ω �;�>Ds/;,�m. O	D��
Ω ;~4Dm, A�D�s/ φ,

φ = −ar + br2, (1.9)�5 a u b N+�/, r(x) , dist(x, ∂Ω) �' Ω 5;9Ks/ (� [2, 18]).NVt0 (1.1)–(1.2) (; C2 f�, Vh�o{�� (1.1)–(1.2) ;�( u ;,�m,(M�( u (1dJ[X=�;s/:

det[(∇2u−A(x, u,∇u))g−1] 6 B(x, u,∇u) � Ω r, (1.10)

∇νu = ϕ(x, u) � ∂Ω �. (1.11)H4>, (1.1)–(1.2) ;[( u (1dJ�[=�;s/:

det[(∇2u−A(x, u,∇u))g−1] > B(x, u,∇u) � Ω r, (1.12)

∇νu = ϕ(x, u) � ∂Ω �. (1.13)[ja%�R;<{&a.



3 � n�Y Pxx b�s |�N 8Æ Neumann �*>�< Monge-Ampère iS# 285Zm 1.1 � u ∈ C4(Ω) ∩ C3(Ω) ( (1.1)–(1.2) � Ω �;H�(, �5 Ω ⊂ Mn(℄j Mn �; C3,1 ~4 A- D	�, A ∈ C2(Ω × R × TxM
n) (+��U�;, B ∈

C2(Ω × R × TxM
n), ϕ ∈ C2(Ω × R) <U�� B > 0. ��,� u ∈ C2(Ω) dJ=�

(1.10)–(1.11), �

sup
Ω

|∇2u| 6 C, (1.14)�5 C (�G� n, A, B, Ω, u, ϕ, δ0 u |u|1;Ω ;�/.�q��T; (1.1)–(1.2) ;�[(,�, O	
!�LA�96(;K.nf�. �9Hf�;-l5, o{ A dJ&dm=�
A(x, z, p) > −µ0[1 + |p|2], (1.15)�5 x ∈ Ω, |z| 6 K, p ∈ TxM

n, µ0 (�G��/ K ;+�/ (� [19–20]).b6H�R";~�La, O	SqmRO, &x(;M#4/f�A�96(;,�m.Zm 1.2 �DL 1.1;=�[, � A, B � ϕ (s_�!;.��dJ=� (1.15)�,�~`dJ (1.12)–(1.13) ;H�[(, �J��; 0 < α < 1, Neumann �0T;F
M~;H�( u ∈ C3,α(Ω).(;M~m�H�R"(;
!DL96, LDL 1.25i�(;+�mA�qZ/Jej};^mH�R"~�LaF96. � A,B, ϕ �� ∂Ω ( C∞ ;, � u ∈ C∞(Ω).�R&d�[: ?M�Va%V~d�	&a, 
�i� Neumann T; (1.1)–(1.2);
!DL, K.nu9Hf�. �?��V5, Vh96V	�r�; C2 f����); C2 f�, �{-lV�R;<{DL 1.1. �?3�VVhK!VDL 1.2 ;-l.

2 	P
uVh+\�h~d�Mn �e�4/_i;
&, �{9%i� NeumannT; (1.1)–

(1.2)H�(;K.nu9Hf�, A!VhO	 Neumann�0T;J�(u[(;
!DL96K.nf�. L9Hf��/�R [19] 5�q(;H�ju5) A ;[)M)�.j&96V, (MVh�9Hf�MN~`�LL���-l.Æ (Mn, g) (~` n OIe℄j. ��R5, ∇ �' Mn �;e�LV. VhA��~`� (Mn, g) _�;3�O+��� {e1, · · · , en}, �J{���N {ω1, · · · , ωn}, �

∇u = ∇juωj, ∇eiν = ∇iνkek, (2.1)��

∇2u = ∇ijuωiωj, (2.2)�5
∇iju = ∇i(∇ju)− (∇iej)u. (2.3)
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∇iju = ∇jiu, (2.4)Lb6 Ricci z=&, 


∇ijku−∇jiku = Rlkji∇lu, (2.5)�5 Rijkl ( (Mn, g) Ie
`%U;VU. (Mn, g) ;R
j& {ωij} �&dR"a%
dωi = −

∑

j

ωij ∧ ωj, ωij + ωji = 0,

dωij = −
∑

k

ωik ∧ ωkj +
1

2

∑

k,l

Rijklωk ∧ ωl.Vh?_�~`
� Bδ(x0) = {x ∈ Ω, d(x) < ε} 5;9Ks/
d(x) = dist(x, x0), (2.6)� δ Je
!, VhA��� d2(x) (j};��� Bδ(x0) rdJ

{δij} 6 {∇ijd
2} 6 3{δij}. (2.7)�R" (1.1), 


F [u] = ln det[(∇2u−A(x, u,∇u))g−1] = B̃(x, u,∇u), (2.8)�5 B̃ = lnB. Æ
F ij =

∂F

∂wij

= wij , F ij,kl =
∂2F

∂wij∂wkl

= −wikwjl,�5 {wij} , {∇iju−Aij} �'k�; Hessian 5), {wij} �' {wij} ;u5).℄�?_i� F ;[X^m5F
L = wij(∇ij −∇pk

Aij(., u,∇u)∇k) (2.9)u
L = L−∇pk

B̃∇k. (2.10)NVR��-, J���;aU ξ u η VhFA�	 ∇ξηu , ∇ijuξiηj , wξη , wijξiηj =

∇ijuξiηj −Aijξiηj F�'. ��, C �'�G��./6;�/.Vh* Monge-AmpèrehR"; Neumann �0T;;
!�L=%. NVR��X>�-, Æ
F[u] = detMu−B(x, u,∇u), ∀x ∈ Ω,

G(u) = ∇νu− ϕ(x, u), ∀x ∈ ∂Ω.
(2.11)�h~[ Mu = [∇2u−A(x, u,∇u)]g−1, �p Mu > 0, qg s/ u (~`H�s/. [jVhF�h~[
!�L.�m 2.1 � u, v (R" (1.1) ;H�s/, �dJ

F[u] > F[v], ∀x ∈ Ω, (2.12)

G(u) > G(v), ∀x ∈ ∂Ω. (2.13)
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u 6 v, ∀x ∈ ∂Ω. (2.14)� \ w = u− v. b6 (2.12) /"�5, 


0 6 F[u]− F[v]

= (detMu− detMv)− [B(x, u,∇u)−B(x, v,∇v)]

=

∫ 1

0

d

dt
det[Mv + t(Mu−Mv)]dt− [B(x, u,∇u)−B(x, v,∇v)]

= aij [∇ij(u− v)−∇pk
Aij∇k(u− v)−∇zAij(u − v)]

−∇pk
B∇k(u− v)−∇zB(u − v)

= aij∇ijw + bk∇kw + cw, (2.15)�5 aij =
∫ 1

0 C
ij
t dt, C

ij
t = [Mv + t(Mu − Mv)], bk = −(aij∇pk

Aij + ∇pk
B), c =

−(aij∇zAij +∇zB). ��)=� (2.13), �

0 6 G(u)−G(v)

= ∇ν(u− v)− ϕ(x, u) + ϕ(x, v)

= ∇ν(u− v)− ϕz(x, û)(u − v)

= ∇νw − ϕzw, (2.16)�5,� λ ∈ (0, 1), û = λu + (1 − λ)v A��q50DLF�'. A�, 5F L̃ =

aijDij + bkDk + c (^m�~4H�;. �q A u B ;2Cm, Vh96 c 6 0. �N ϕ(s_�!;, 96� ∂Ω � ϕz > 0. �{�qR [21] 5;�L 1.2, � Ω �, w 6 0, A�96&a (2.14).�q Neumann(1.1)–(1.2) T;;
!�L, VhA�yD96 (1.1)–(1.2) (;M~m. �NVh��,�~` C2 �( u dJ (1.10)–(1.11) �,�~` C2 [( u dJ
(1.12)–(1.13), ���L 2.1, Vh�/
V u ;�) u 6 u u[) u > u.[ja% Ω � Neumann �0=�;H�(;9Hf�. �-l�R [19] 5�/a%. Zm 2.1 � Ω ( (Mn, g) �;7
j}�);,℄j, u ( Neumann T; (1.1)–

(1.2) ;G~H�(. � A dJ&dm=�: J ∀x ∈ Ω u+�/ µ0, 

A(x, u,∇u) > −µ0(1 + |∇u|2)g, (2.17)�

sup
Ω

|∇u| 6 C (2.18)!Q, �5 C �G� n, g, µ0, Ω, ϕ u supΩ |u|.



288 0 r w > A � 41 :
3 ℄gWvad��%5, Vh�96 C2 f��K!DL 1.1 ;-l. Vh2o{96M#4/;�), �N[)A��H�=� ∇2u− A > 0 96. �qH4�R [9, 22] 5 Pogorelev f�;E4, A�96r�f�. ��%5, Vh�$VO	�(,�;=�.��{;7a5, I(��s/ ϕ u ν A�V�j}>vI6 Ω × R u Ω. A!�����)Z. ν A�wO^RavI!~`�/.Vh\��~`R [15, 23] 5;���L.�m 3.1 � u (R" (1.1) ;H�(, � u ( (1.1) ;s_H��(. � A +�, �

L(eK(u−u)) > ε
∑

i

wii − C (3.1)� Br(x0) 5!Q, �5 K u ε (~4+�/, L C (2�G� n, g, A, B, Ω, u u |u|1;Ω;+�/.� �N u (s_H��(, �,� ε > 0, $9 uε = u− εd2 �( (1.1) ;H��(,	
F (uε) 6 B̃(x, uε,∇uε). (3.2)\ vε = uε − u, �� x0 ', 


L(u− u) = Lvε + εLd2 > Lvε + ε
∑

i

wii. (3.3)b6 L ;D�, 

Lvε = wij(∇ijvε −∇pk

Aij(x, u,∇u)∇kvε). (3.4)b6 F ;�m, 

F (uε)− F (u) 6 wij [∇ijvε −Aij(x, uε,∇uε) +Aij(x, u,∇u)], (3.5)&x (3.4) u (3.5), A9

Lvε > F (uε)− F (u) + wij [Aij(x, uε,∇uε)−Aij(x, u,∇u)

−∇pk
Aij(x, u,∇u)∇kvε]

= F (uε)− F (u) + wij [Aij(x, uε,∇uε)−Aij(x, u,∇uε)

+Aij(x, u,∇uε)−Aij(x, u,∇u)−∇pk
Aij(x, u,∇u)∇kvε]. (3.6)� (1.5), 


wij [Aij(x, uε,∇uε)−Aij(x, u,∇uε)]

= wij∇zAij(x, ẑ,∇uε)vε > 0, (3.7)�5 u 6 ẑ 6 uε. b6 Taylor #=&, 

wij [Aij(x, u,∇uε)−Aij(x, u,∇u)−∇pk

Aij(x, u,∇u)∇kvε]

=
1

2
wij∇pkpl

Aij(x, u, pθ)∇kvε∇lvε, (3.8)



3 � n�Y Pxx b�s |�N 8Æ Neumann �*>�< Monge-Ampère iS# 289(M pθ = θ∇uε + (1− θ)∇u, 0 6 θ 6 1. \ v = u− u. &x (3.3)–(3.8), � x0 ', 

Lv > ε

∑

i

wii +
1

2
wij∇pkpl

Aij(x, u, pθ)∇kv∇lv − C1, (3.9)�5 C1 (2�G� B, |u|C1 u |u|C2 ;+�/. �q�5, 

LeKv = KeKv[Lv +Kwij∇iv∇jv]

> KeKv
[
ε
∑

i

wii +
1

2
wij∇pkpl

Aij(x, u, pθ)∇kv∇lv +Kwij∇iv∇jv − C1

]
. (3.10)�T�� x0 ' ∇v 6= 0, W�DL-Æ. \ e1 = ∇v

|∇v| , �N A +�, qg
1

2
wij∇pkpl

Aij∇kv∇lv +Kwij∇iv∇jv

=
(1
2
wij∇p1p1

Aij +Kw11
)
|∇v|2

>
(1
2
w11∇p1p1

A11 +
∑

j 6=1

w1j∇p1p1
A1j +Kw11

)
|∇v|2. (3.11)�N

|w1j |2 6 w11wjj , (3.12)� Cauchy �=&, J+�/ ε0, 

|w1j | 6

1

2

(
ε0w

jj +
1

ε0
w11

)
, (3.13)�

LeKv > KeKv
[
ε
∑

i

wii −
1

2
ε0w

ii|∇p1p1
A1i||∇1v|

2

−
1

2ε0
w11|∇p1p1

A1i||∇v|2 +Kw11|∇1v|
2 − C1

]
. (3.14)-~�� ε0 6 ε

|∇p1p1
A1i||∇1v|2

, K >
|∇p1p1

A1i|

8ε0
, 


LeKv = LeKv −∇pk
B̃∇ke

Kv

> KeKv ε

2

∑

i

wii − C2

> ε1
∑

i

wii − C3, (3.15)�5 ε1 = ε
2KeKv.D� Ωµ = {x ∈ Ω

∣∣ r(x) := dist(x, ∂Ω) < µ}, �5 µ (+�/. �N ∂Ω ∈ C2, (MVh�� µ Je
, $9 d(x) � Ωµ �j}. ��2QrOaU ν * ∂Ω j}vI6 Ωµ, �� Ωµ 5
 ν = ∇r.�m 3.2 � u ( (1.1) 5;H�(, Ω (~4 A-D;, �� ∂Ω �, 

∇2

ννu 6 C(1 +M2)
n−2

n−1 , (3.16)�5 M2 = supΩ |∇2u|, � C (�G� n, g, A, B, Ω, ϕ, δ0 u |u|1;Ω ;+�/.



290 0 r w > A � 41 :� � x0 ∈ ∂Ω, \ {e1, e2, · · · , en} ( x0 ;~`3�+���. �q/"�5, 

L(∇νu) = wij [∇ijkuνk + 2∇kiu∇jνk +∇ku∇ijνk

−∇pl
Aij∇kluνk −∇pl

Aij∇ku∇lνk]. (3.17)JR" (1.1) w ν �LV, 

wij∇νwij = ∇νB̃ +∇zB̃∇νu+∇pk

B̃∇ikuνi. (3.18)� Ricci z=& (2.5), 

∇νwij = ∇kijuνk −∇νAij −∇zAij∇νu−∇pk

Aij∇ikuνi

= ∇ijkuνk +Rlijk∇luνk −∇νAij −∇zAij∇νu−∇pk
Aij∇ikuνi. (3.19)�N wij = ∇iju−Aij , A�96

wij∇kiu = wij(wki +Aki) = δjk + wijAki. (3.20)� (3.18)–(3.20) 1� (3.17), �
L(∇νu) 6 C

(
1 +

∑

i

wii + |∇2u|
)
, (3.21)(M C �G� n, g, A, B, Ω, u |u|1;Ω. ?_ h = ∇νu− ϕ(x, u). �qH4;�5, 


Lh 6 C
(
1 +

∑

i

wii + |∇2u|
)
. (3.22)� B, A9

1 6 Cwii, (wii)
1

n−1 6 C(wii). (3.23)�(
Lh 6 C

(
1 +M

n−2

n−1

2

)∑

i

wii. (3.24)�N Ω ( A-D;, qg
Lφ > δ0

∑

i

wii. (3.25)�"s/ −φ, ��C"�/, A9
∇νh 6 C

(
1 +M

n−2

n−1

2

)
, (3.26)�L9-.��j;�L 3.2Vh.81Oa4/(
);. L��a5F�	6�)=� (1.2),A9�x�aOa4/f�. "[F, Vh��	R [24] 5;ROFf��)�;1�a4/. (zA�96�)�;M#4/f�.NVf� (1) �a4/, Vho{J�(L~`�E. Vh.83 a Je
!, s/

u− aφ �( (1.1)–(1.2) ;H��(. � ∂Ω �, �=� (1.8), A9
∇ν(u− aφ− u) > a. (3.27)



3 � n�Y Pxx b�s |�N 8Æ Neumann �*>�< Monge-Ampère iS# 291J� x ∈ Ω, ξ ∈ TxM , |ξ| = 1, ?_X?s/ V (x, ξ),

V (x, ξ) = eα|∇(u−λφ)|2+βΦ(wξξ − V ′(x, ξ)), (3.28)

λ = max
Ω

|∇u|,�
V ′(x, ξ) = 2g(ξ, ν)[∇ξ′ϕ(x, u) − g(∇u, ξ′)−Aνξ′ ], (3.29)�5 ξ′ = ξ − g(ξ, ν)ν, ν �'� M �rOaU�;vI, � Φ = eK(u−u−aφ). �� V ;K.0AN (x0, ξ).s�� x0 (~`rA. Vh�	 ξ �' ξ � x0 ;~`Z��;vI,� ∇ξ(x0) = 0.\ {e1, e2, · · · , en} ( x0 ;Z��i� wij J�^�;~`3�+���, � w11 (K.;8*0. � H = lnV , �� x0 ', J i = 1, · · · , n, 


0 = ∇iH =
∇i(wξξ − V ′)

wξξ − V ′
+ 2α∇k(u− λφ)∇ik(u− λφ) + β∇iΦ, (3.30)

0 > LH = L ln(wξξ − V ′) + 2αL|∇(u − λφ)|2 + βLΦ. (3.31)�q/"�5, 

L ln(wξξ − V ′) =

L(wξξ − V ′)

wξξ − V ′
−

wij∇i(wξξ − V ′)∇j(wξξ − V ′)

(wξξ − V ′)2

>
Lwξξ − LV ′

wξξ − V ′
− (1 + θ)

wij∇iwξξ∇jwξξ

(wξξ − V ′)2

− C(θ)
wij∇iV

′∇jV
′

(wξξ − V ′)2
. (3.32)b6 L ;D�, 


Lwξξ = wij [∇ijwξξ −∇pk
Aij∇kwξξ]−∇pk

B̃∇kwξξ. (3.33)JR" (2.8) ;T�� x0 'w ξ Ra�4/, 96
wij∇ξwij = ∇ξB̃ +∇zB̃∇ξu+∇pk

B̃∇jkuξj . (3.34)�)w ξ Ra�4/
wij∇ξξwij = wikwjl∇ξwij∇ξwkl +∇pk

B̃∇ijkuξiξj +∇zB̃∇ijuξiξj

+∇ξξB̃ + 2∇ξzB̃∇ξu+ 2∇ξpk
B̃∇jkuξj +∇zzB̃(∇ξu)

2

+ 2∇zpk
B̃∇ξu∇jkuξj +∇pkpl

B̃∇jku∇iluξiξj , (3.35)�
wij∇ξξwij > wikwjl∇ξwij∇ξwkl +∇pk

B̃∇ijkuξiξj − C[1 + (wii)
2]. (3.36)NVR�, VhD�~` (0, 3) h%U,

Tijk = ∇kAij +∇zAij∇ku+∇pl
Aij∇klu

−∇jAik −∇zAik∇ju−∇pl
Aik∇jlu. (3.37)
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∇kwij −∇jwik = ∇suRsijk − Tijk. (3.38)�q/"�5, 96

wij [∇ijwξξ −∇ξξwij ]

= wij [∇ijwkl −∇klwij ]ξkξl + 2wijwkl∇ijξkξl, (3.39)�� Ricci z=&�� (3.38), A9
∇ijwkl = ∇jlwki −∇jTkli +∇jsuRskli +∇su∇jRskli

= ∇ljwik + wsiRsklj + wskRsilj −∇jTkli

+∇jsuRskli +∇su∇jRskli

= ∇lkwij −∇lTikj −∇jTkli +∇lsuRsikj

+∇su∇lRsikj +∇jsuRskli +∇su∇jRskli

+ wsiRsklj + wskRsilj . (3.40)&x (3.36), (3.39)–(3.40), 

wij∇ijwξξ −∇pk

B̃∇kwξξ

> wikwjl∇ξwij∇ξwkl − wij(∇lTikj +∇jTkli)ξkξl − C[1 + T wii + (wii)
2], (3.41)�5 T = wii. � (3.37) 5a%;%U T ;D�, 


wij(∇lTikj +∇jTkli)ξkξl

= wij(∇ps
Akl∇jisu−∇ps

Aij∇lksu)ξkξl + wij(AskRsijl +AsiRskjl)ξkξl

+ wij{(∇zAkl∇iju+∇ijAkl + 2∇izAkl∇ju+ 2∇ips
Akl∇jsu

+∇zzAkl∇iu∇ju+ 2∇pszAkl∇sju∇iu+∇pspt
Akl∇isu∇jtu)

− (∇zAij∇klu+∇klAij + 2∇kzAij∇lu+ 2∇kps
Aij∇lsu

+∇zzAij∇ku∇lu+ 2∇pszAij∇slu∇ku+∇pspt
Aij∇ksu∇ltu)}ξkξl. (3.42)�q/"�5, 


wij∇ps
Aij∇lksuξkξl = wij∇ps

Aij(∇swξξ +∇sAξξ +∇muRmksl), (3.43)��
wij∇jisu = wij∇siju+ wijRmisj∇mu

= wij∇swij + wij(∇sAij +∇zAij∇su+∇pm
Aij∇msu+Rmisj∇mu)

= ∇sB̃ +∇zB̃∇su+∇pm
B̃∇smu+ wij(∇sAij +∇zAij∇su

+∇pm
Aij∇msu+Rmisj∇mu), (3.44)�b6 (3.42)–(3.44), 96

wij(∇lTikj +∇jTkli)ξkξl

6 −wij∇ps
Aij∇swξξ + C(T + T wii + 1). (3.45)
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Lwξξ > wikwjl∇ξwij∇ξwkl − C[(1 + wii)T + (wii)
2]. (3.46)Az>, }A�96

|LV ′| 6 C[(1 + wii)T + (wii)
2] (3.47)u

1

2
L|∇(u − λφ)|2

= wij [∇ijk(u− λφ)∇k(u− λφ) +∇ik(u− λφ)∇jk(u − λφ)

−∇ps
Aij∇sk(u− λφ)∇k(u − λφ)]−∇ps

B̃∇sk(u− λφ)∇s(u− λφ). (3.48)�q/"�5, 9
wij∇ik(u− λφ)∇jk(u− λφ)

= wij(wik +Aik − λ∇ikφ)(wjk +Ajk − λ∇jkφ)

= wii + 2Aii − 2λ△φ+ wij(Aik − λ∇ikφ)(Ajk − λ∇jkφ), (3.49)��
wij∇ijk(u− λφ)∇k(u− λφ)

= wij∇ijku∇k(u− λφ) − λwij∇ijkφ∇k(u− λφ)

= wij(∇kwij +Rsikj∇su+∇kAij +∇zAij∇ku+∇ps
Aij∇ksu)∇k(u− λφ)

− λwij∇ijkφ∇k(u− λφ). (3.50)� (3.49), (3.50) u (3.34) 1� (3.48), 

1

2
L|∇(u − λφ)|2 > wii − CT . (3.51)&x (3.31)–(3.32), (3.46) u (3.51), b6�L 3.1 96,

0 >
wikwjl∇ξwij∇ξwkl

wξξ − V ′
− (1 + θ)

wij∇iwξξ∇jwξξ

(wξξ − V ′)2

−
C[(1 + wii)T + (wii)

2]

wξξ − V ′
− C(θ)

wij∇iV
′∇jV

′

(wξξ − V ′)2

+ 2αwii + (β − 2αC)T − βC. (3.52)�N w11 (K.;8*0, �R [24], � x0 ',

wikwjl∇ξwij∇ξwkl >
1

w11
wjl∇ξwli∇ξwjkξkξi. (3.53)b6 (3.38), 


∇ξwjkξk = ∇jwξξ + (∇suRskji − Tkji)ξkξi, (3.54)�
wikwjl∇ξwij∇ξwkl >

1− θ

w11
wjl∇jwξξ∇lwξξ −

Cθ

w11
(1 + wii). (3.55)
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);, J�
w11 > wξξ, wξξ − V ′(x0, ξ) > w11 − V ′(x0, e1),A�D��[;U:

M1 = sup{V ′(x0, η) | η ∈ Tx0
M, |η| = 1}.�(, �

w11 >
M1

θ
, (3.56)


|w11 − wξξ + V ′(x0, ξ)| < θw11. (3.57)(M�� (3.56) !Q, �N� (3.56) �!Q, 2A�/"96 w ;�), �
wikwjl∇ξwij∇ξwkl

wξξ − V ′
− (1 + θ)

wij∇iwξξ∇jwξξ

(wξξ − V ′)2

> −
3θ

(1− θ)2
wij∇iwξξ∇jwξξ

w2
11

−
Cθ

w2
11

(1 + wii). (3.58)b6 V ′ ;D�, 

|∇V ′| 6 C(1 + wii). (3.59)� (3.58)–(3.59) 1�6 (3.52), * (3.30) 5A�96

0 > (2α− C − Cα2θ)wii + (β − 2α− C − Cβ2θ)T − βC. (3.60)�(� θ Je
, α, β Je., A�96f� wii 6 C.s�\ x0 ∈ ∂Ω. �(7�j[, Vh�w�`�A;Ra?_.

(i) ξ = ν. Vh��L 3.2 5-lV
∇ννu 6 C(1 +M2)

n−2

n−1 . (3.61)

(ii) ξ J ∂Ω ��(Oa;}�(�a;. 2QaU ξ A�f!
ξ = ξT + g(ξ · ν)ν, (3.62)(M ξT ∈ Tx0

∂Ω ( ξ ;�a�V. \
τ =

ξT

|ξT |
.�(� V u V ′, 


wξξ = |ξT |2w(τ, τ) + g(ξ · ν)2w(ν, ν) + V ′(x0, ξ), (3.63)�
V (x0, ξ) = |ξT |2V (x0, τ) + g(ξ · ν)2V (x0, ν)

6 |ξT |2V (x0, ξ) + g(ξ · ν)2V (x0, ν), (3.64)}2(2 V (x0, ξ) 6 V (x0, ν). "��, � V (x0, ξ) > V (x0, ν), 
 V (x0, ξ) = V (x0, ν).
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(iii) ξ (� ∂Ω � x0 ';�aU. \ {e1, e2, · · · , en} ( Ω 5 x0 ';~`3�+���, �q~�96 ∂Ω �;~`3�+���, 
 en = ν. Vh�	 ξ �' ξ � x0 ;~`
Z��;vI, ∇ξ(x0) = 0, �� x0 A',

∇nV 6 0,�(� (3.27) A9
0 > (α∇n|∇(u − λφ)|2 + β∇nΦ)wξξ −∇nwξξ −∇nV

′(x, ξ)

> [2α∇nn(u− λφ)∇n(u − λφ) + 2α

n−1∑

i=1

∇in(u− λφ)∇i(u− λφ) + βa]wξξ

−∇nwξξ −∇nV
′(x, ξ). (3.65)3 1 6 i 6 n− 1 !, b6�)=� (1.2), 


∇inu = ∇i∇nu−∇∇ienu

= ∇iϕ(x, u)∇iu+∇zϕ(x, u)(∇iu)
2 −∇∇ienu∇iu. (3.66)�N w (+D;� λ > |∇u|, �

∇nn(u− λφ)∇n(u− λφ) = (∇nu+ λ)(wnn +Ann − λ∇nnφ)

> (∇nu+ λ)(Ann − λ∇nnφ)

> −C, (3.67)b6 λ ;�O, ?~`�=&!Q. � (3.66) u (3.67) 1� (3.65), A�96
0 > (βa− αC)wξξ −∇nwξξ −∇nV

′(x, ξ). (3.68)�q/"�5, 

∇νwξξ = (∇ijku+Rsijk∇su)ξiξjνk −∇νA(ξ, ξ)

= ∇ξξ(∇νu)− 2g(∇ξν,∇ξ∇u)− g(∇ξξν,∇u)

+Rsijk∇suξiξjνk −∇νA(ξ, ξ). (3.69)�N ξ ( ∂Ω � x0 ';�aU,

∇ξξ(∇νu) = ∇zϕ∇ξξu+∇ξξϕ+ 2∇ξzϕ∇ξu+∇zzϕ(∇ξu)
2, (3.70)�


∇νwξξ = ∇zϕ∇ξξu+∇ξξϕ+∇zzϕ(∇ξu)
2 +Rsijk∇suξiξjνk

+ 2∇ξzϕ∇ξu− 2g(∇ξν,∇ξ∇u)− g(∇ξξν,∇u)−∇νA(ξ, ξ)

> −C[1 + wξξ] (3.71)u
|∇νV

′| 6 C[1 + wξξ]. (3.72)b6 (3.68), (3.71)–(3.72), 96
0 > (βa− αC − C)wξξ − C. (3.73)
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4 [n 1.2 Y�r�(~�V, Vha%DL 1.2 ;�I-l. �/6M#4/f�;�&�, Vh	SqmROa%,�m;-l.� �q?M�V;K.nuDL 2.1, VhA�a%�^m Neumann �0T;
(1.1)–(1.2) ;H�( u ∈ C2(Ω) ∩ C3(Ω) ; Hölder f�,

|u|2,α;Ω 6 C, (4.1)(M 0 < α < 1(i� Hölder f�, G'A��R [25, DL 3.2] �R [26–27]). 
V C2,αf�, VhA�	SqmRO-l( u ∈ C2,α(Ω) ;,�m (�R [18, DL 17.22, DL
17.28]). L�q�.0�LVhA�96( u ∈ W 4,n(Ω)∩C3(Ω)(�R [18, DL 9.1, DL
9.6]). �(� Schauder LaA., VhA�� C2,α(Ω) ;(:℄3 W 4,p(Ω) ∩ C3,δ(Ω), (M p < ∞, 0 < δ < 1(�R [18, 6.7]). M~m��L 2.1 
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