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1 f�a
Peng[1−2] Ht'==ZLX[Q:℄�{n�Q��g�X8yZLXk9, �2x G-}X%GlQgE8yZLXk9 —G-k9. G-k9:��>g*k9=	k9,�)?�H G-Brown �I�;�. Denis ? [3], Hu | Peng[4], Hu ? [5], Li | Peng[6] ?`0Q G-k9=��| G-Brown �I,�|X�?D.. Mr�, Peng[2, 7−8] � G-k9?�H�IQ'��[FZ. Hu ? [9] `0Q G-Brown �IuI=7P'�:[X%

Yt = ξ +

∫ T

t

f(s, Ys, Zs)ds +

∫ T

t

gij(s, Ys, Zs)d〈Bi, Bj〉s −
∫ T

t

ZsdBs − (KT −Kt), (1.1)m��M0� ξ ∈ L
β
G(ΩT )(β > 1), �#} f | g \( Lipschitz 0�, *_�aQ�)0�H=#=.�<gXGF, m#>�}+ (Y, Z,K). G-BSDE >8yZLX PDE -ldY#��>��IY�zG0�HW/iDAGxmG�-lXT. G-BSDE #=.�<gXD.g��`0=}C, Bai | Lin[10] �aQ:�X Lipschitz 0�H G-BSDE=#=.�<gX. Hu ? [11], Wang | Zheng[12] [��IQrz�O z =jX	!0�|g�L℄0�H#=.�<gXGF. Li | Peng[13−14] `0QV� G-BSDE D.. �B�`0aEX%�rz�O y \( Osgood 0�H#=.�<gXD...D= BSDE

Yt = ξ +

∫ T

t

g(s, Ys, Zs)ds−
∫ T

t

ZsdBs (1.2)Gl�dY<� (Ω,F , P ) �, m#=V�>gN�r# (Y, Z). Pardoux | Peng[15] #5Q Lipschitz 0�H#=.�<gXD.. BSDE �'� ^�'�=�?X`=tWrt-+Q BSDEFZ>%S
, �Z Lipschitz0�HX%#=`0#>Q}C. Lepeltier| San Martin[16] -'�#5Q 1 ?rAH�#}\(LX	!0��#=.�XD.,C 2018 f 8 � 4 ��;, 2020 f 5 � 19 ��;Zg.
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2 3U/�. �v�f1_!__�, �$ \� 221116. E-mail: jianglong365@hotmail.com
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Mao[17], Wang|Wang[18] [��IQNEZ Lipschitz0�#=.�<gXGF. Fan|
Jiang[19−20] `0QvK|FK��t�	O?Z Lipschitz 0�H#=.�<gXD..

Fan | Jiang[21] #5Q Osgood 0�HO? BSDE =#=.�<gXD..|.D BSDE M�, G-BSDE =#=.�<gXD.`0k>_�. p>� G-k9?��.�%M�no=dY�L, gR.D=FZ�=��MGF� G-k9=?�H���t, �>E_=`02C~0=B. �B�E_�Hti7F3Æ,=XT�a#=.�XD., �HtJo��a#=<gXGF.�B�h�H: A 2 !�qgR�{|"w; A 3 !j'Q� Osgood 0�HgRJo�, ��a#=.�<gXGF.

2 g1kO�J, �q��=dg|�{�&
| G-BSDE Mr="Z.  Ω >jG=�}, H>Gl��} Ω 	='��O<�, Nz�k  c \( c ∈ H, qNz^gi X ∈ H,v |X | ∈ H. H`�&
*LXk9 [1], j��*LX<��'��OKIX|[�=Gl [2, 8].<d 2.1 *LXk9 E : H → R \(HSX�: N)v X,Y ∈ H, v
(i) 4EX: � X 6 Y , � E[X ] 6 E[Y ];

(ii) � X: E[c] = [c];

(iii) *:�X: E[X + Y ] 6 E[X ] + E[Y ];

(iv) �o*X: E[λX ] = λE[X ], m� λ > 0.<d 2.2  X1 | X2 [�>Ni*LX<� (Ω1,H1,E1) | (Ω2,H2,E2) �= n?'��O. �N�k= ϕ ∈ CLip(Rn), v E1[ϕ(X1)] = E2[ϕ(X2)] #I, m� CLip(Rn) >
Rn 	 Lipschitz L℄��z y/, �"'��O X1 | X2 4[�, �> X1

d
= X2.<d 2.3  (Ω,H,E) >*LX<�, '��O X ∈ Hm, Y ∈ Hn. �N�k�z ϕ ∈ CLip(Rm+n), v E[ϕ(X,Y )] = E[[Eϕ(x, Y )]x=X ] #I, �"'��O Y �*LXk9 E[·] HKIz'��O X . HC, &
 G-�+[�, G-k9|0� G-k9=dg [2, 8], �&
Æi�e=<�. <d 2.4  X = (X1, X2, · · · , Xd) >*LX<� (Ω,H,E) �= d ?'��O. �N�k� a, b > 0, v

aX + bX
d
=

√
a2 + b2X#I, m� X >'��O X =KI_�, �" X > G-�+[�. z G(·) : Sd → R, m3/V�>

G(A) :=
1

2
E[〈AX,X〉],m� Sd > d× d N"2Æy/, z G > S
d 	4E*LXs�. �B�, G >Z5�=,.� σ2 > 0, �<Nz�k=N"2Æ A,B ∈ Sd, 6 A > B �, v

G(A) −G(B) >
1

2
σ2tr(A−B).



3 l ��� ��V Osgood 1�I G-Brown vJ>8Q(�;\Y& 311<d 2.5  ΩT = C0([0, T ]) >t� [0, T ] 	L℄��z <�, \( ω0 = 0, m	Glb> ‖·‖ = sup
t∈[0,T ]

| ·t |. � (Bt)t>0 >D�x%,

Lip(ΩT ) := {ϕ(Bt1 , · · · , Btn) : n > 1, t1, · · · , tn ∈ [0, T ], ϕ ∈ CLip(Rn)}.Gl G-k9>
Ê[ϕ(Bt1 , Bt2 −Bt1 , · · · , Btn −Btn−1

)] := Ẽ[ϕ(
√
t1ξ1,

√
t2 − t1ξ2, · · · ,

√
tn − tn−1ξn)],m�'��O ξ1, · · · , ξn >*LX<� (Ω̃, H̃, Ẽ) �=4[�'��O, 6^, 1 ? G-�+[�, q ξi+1 KIz (ξ1, · · · , ξi)(i = 1, · · · , n − 1), " (ΩT ,Lip(ΩT ), Ê) > G-k9<�.Gl0� G-k9>:

Êti [ϕ(Bt1 , Bt2 −Bt1 , · · · , Btn −Btn−1
)] = ϕ̃(Bt1 , Bt2 −Bt1 , · · · , Bti −Bti−1

),m� ϕ̃(x1, · · · , xi) = Ẽ[ϕ(x1, · · · , xi, Bti+1
−Bti , · · · , Btn −Btn−1

)]. p > 1, � L
p
G(ΩT ) > G-k9<� (ΩT ,Lip(ΩT ), Ê) �b ‖·‖Lp

G
= (Ê[| · |p])

1
p H=8
�<�. 9X:0� G-k9�b ‖·‖Lp

G
>L℄s�, :�0� G-k96
� L

p
G(ΩT )<��. 

S0
G(0, T ) = {h(t, Bt1∧t, · · · , Btn∧t) : t1, · · · , tn ∈ [0, T ], h ∈ Cb,Lip(Rn+1)}.� S

p
G(0, T ) > S0

G(0, T ) �b ‖·‖Sp
G

=
{
Ê
[

sup
t∈[0,T ]

| · |p
]} 1

p H=8
�<�.<d 2.6 jGt� [0, T ]	=gi[h πT = {t0, · · · , tN}, � M0
G(0, T ) >3v�HV�:

ηt(ω) =

N−1∑

i=1

ξj(ω)1[tj ,tj+1](t)=�4x%y/, m� ξi ∈ Lip(Ωti)(i = 0, 1, · · · , N − 1). � H
p
G(0, T ) | M

p
G(0, T ) >

M0
G(0, T ) [��b ‖·‖Hp

G
| ‖·‖Mp

G
H=8
�<�, m�

‖·‖Hp
G

:=
{
Ê

[( ∫ T

0

| ·s |2ds
) p

2
]} 1

p

, ‖·‖Mp
G

:=
[
Ê

( ∫ T

0

| ·s |pds
)] 1

p

.<d 2.7 Nz^gi�4x% η ∈ M0
G(0, T ), GlLXs� I, L := M0

G(0, T ) →
L
p
G(ΩT ), m3/V�>

I(η) :=

∫ T

0

ηsdBs =

N−1∑

j=0

ξj(Btj+1
−Btj ),

L(η) :=

∫ T

0

ηsd〈B〉s =

N−1∑

j=0

ξj(〈B〉tj+1
− 〈B〉tj ),�s� I | L :L℄�b6� H

p
G(0, T ) | M

p
G(0, T ) <��.

Denis ? [3, HG52], Hu | Peng[4, HG3.5] j'Q G-k9��GF.eK 2.1 [3−4] M1(ΩT ) > (ΩT ,B(ΩT ) 	dY�Ly/, m	.��)� P , �<N�k ξ ∈ L1
G(ΩT ),

Ê[ξ] = sup
P∈P

EP [ξ]." P > G-k9=��.
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c(A) := sup

P∈P

P (A), A ∈ B(ΩT ).Ht Choquet �LGl G-k9?�HNi'��OF��. ��} A ∈ B(ΩT ) \(
c(A) = 0, �"�} A >	�. �	��7#I=X�"�>e�| (�S> q.s.) X�#I. �Ni'��O X | Y \( X = Y ,q.s., �"'��O X | Y F��.H`&
� G-k9?�H Burkholder-Davis-Gundy �?�.eK 2.2 [22, HG2.1]  η ∈ H

p
G(0, T ), α > 1, p ∈ (0, α], �?�

σpcpÊt

[(∫ T

t

|ηs|2ds
) p

2
]
6 Êt

[
sup

u∈[t,T ]

∣∣∣
∫ u

t

ηsdBs

∣∣∣
p]

6 σpcpÊt

[(∫ T

t

|ηs|2ds
) p

2
]#I, m� σ2 := −Ê(−B2

1) < Ê(B2
1) := σ2, cp >  .

Hu ? [9] �aQ G-BSDE

Yt = ξ +

∫ T

t

f(s, Ys, Zs)ds +

∫ T

t

gij(s, Ys, Zs)d〈Bi, Bj〉s −
∫ T

t

ZsdBs − (KT −Kt) (2.1)#=.�<gXGF, m��#}
φ(ω, t, y, z) = f(ω, t, y, z), g(ω, t, y, z) : ΩT × [0, T ] × R× R

d → R\(0�:

(i)  β > 1, Nz ∀y ∈ R, z ∈ Rd, f(·, ·, y, z), g(·, ·, y, z) ∈ M
β
G(0, T );

(ii) .� Lipschitz   L > 0, �< ∀y, y′ ∈ R, z, z′ ∈ Rd,

|f(t, y, z) − f(t, y′, z′)| + |g(t, y, z) − g(t, y′, z′)| 6 L(|y − y′| + |z − z′|).<d 2.8  α > 1, � S
α
G(0, T ) >�}'�x%+ (Y, Z,K) n#=�}, m�

Y ∈ Sα
G(0, T ), Z ∈ Hα

G(0, T ), K >4EB� G-0, K0 = 0,q KT ∈ Lα
G(ΩT ). � 1 < α < β,�}+ (Y, Z,K) ∈ S

α
G(0, T ), q\(X% (2.1), �" (Y, Z,K) > G-BSDE (2.1) =#.eK 2.3 [9, HG4.1]  β > 1, �M0� ξ ∈  Lβ

G(ΩT ), �#} f | g \(0� (i) |
(ii), � G-BSDE (2.1) .�<g#.

Hu ? [23] � Lipschitz 0�H, �aQ��GF| Gronwall �?�.eK 2.4 [23, HG3.6]  β > 1, (Y l
t , Z

l
t,K

l
t)t6T (l = 1, 2) > G-BSDEs

Y l
t = ξl+

∫ T

t

f1(s, Y l
s , Z

l
s)ds+

∫ T

t

glij(s, Y
l
s , Z

l
s)d〈Bi, Bj〉s+V l

T−V l
t −

∫ T

t

Z l
sdBs−(K l

T−K l
t)=#, m� (V l

t )t∈[0,T ] >wL-	'�x%, �< Ê
[

sup
t∈[0,T ]

|V l
t |

β]
< ∞, �#} f l, gl \(0� (i) | (ii), �M0� ξl ∈  Lβ

G(ΩT ). � ξ1 > ξ2, f1 > f2, g1 > g2, V 1
t − V 2

t >4EB	x%, � Y 1
t > Y 2

t .eK 2.5 [23, HG3.10]  (Yt)t∈[0,T ] ∈ S1
G(0, T ) \(

Yt 6 Êt

[
ξ +

∫ T

t

f(s, Ys)ds +

∫ T

t

g(s, Ys)d〈B〉
]
,m� ξ ∈ L1

G(Ω). Nz^gi y ∈ R, {f(s, y)}s∈[0,T ], {g(s, y)}s∈[0,T ] ∈ M1
G(0, T ), �#} f| g rz�O y \( Lipschitz 0�. 6 y1 6 y2 �, f(·, y1) 6 f(·, y2), g(·, y1) 6 g(·, y2),
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Ỹt = Êt

[
ξ +

∫ T

t

f(s, Ỹs)ds +

∫ T

t

g(s, Ỹs)d〈B〉
]=#. ,��, � f(s, y) = asy + ms, g(s, y) = csy + ns, m� as > 0, cs > 0, �

Yt 6 (Xt)
−1

Êt

[
XT ξ +

∫ T

t

msXsds +

∫ T

t

nsXsd〈B〉s
]
,m� Xt = exp

( ∫ T

t
asds +

∫ T

t
csd〈B〉s

)
.

Song[24] q�Q G-o� E(ξ) := Ê
[

sup
t∈[0,T ]

Êt|ξ|
]
, m� ξ ∈ Lip(ΩT ). H`=qFj'Q

G-o�=�?�, aqF�rtz�B#=.�X�a�.eK 2.6 [24, HG3.4] N�k α > 1 | δ > 0, � Lα+δ
G (ΩT ) ∈ Lα

E
(ΩT ). zp�", N�k 1 < γ < β := α+δ

α , γ 6 2, v
‖ξ‖αα,E 6 γ∗

{
‖ξ‖α

Lα+δ
G

+ 14
1
γ Cβ/γ‖ξ‖

α+δ
γ

Lα+δ
G

}
, ∀ξ ∈ Lip(ΩT )#I, m� ‖·‖p,E = (E [| · |p])

1
p (p > 1), Cβ/γ =

∞∑
i=1

i−
β
γ , γ∗ = γ

γ−1 .,�, j'��a#=.�X|<gXGF���=ÆiqF.eK 2.7 [9, HG3.4]  α > 1, α∗ = α
α−1 . � X ∈ Sα

G(0, T ),  K l (l = 1, 2) >4EB� G-0, q\( K l
0 = 0 | K l

T ∈ Lα∗

G (ΩT ), �
∫ t

0

(Xs)
+dK1

s +

∫ t

0

(Xs)
−dK2

s�>4EB� G-0.eK 2.8 [25] z ρ : (0,+∞) → (0,+∞)>4EB	=L℄z ,q\( ρ(0+) = 0| ∫
0+

dr
ρ(r) = +∞. z u >Gl� (0,+∞) 	=:�Z`z , q u \( u(t) 6

a +
∫ t

0
k(s)ρ(u(s))ds, t ∈ (0,+∞), m� a ∈ R+, k : R+ → R+ > Lebesgue :�z , �

(1) � a = 0, � u(t) = 0, t ∈ (0,+∞), λ− a.e.;

(2) � a > 0, Gl v(t) :=
∫ t

t0
dr
ρ(r) , t ∈ R+, m� t0 ∈ (0,+∞), �

u(t) 6 v−1
(
v(a) +

∫ t

0

k(s)ds
)
.eK 2.9 [21]  ρ : R+ → R+ >4EB	�z , ρ(0) = 0, � κ(u) :=

√
uρ(

√
u) >4EB	�z , q\( κ(0) = 0.

3 Osgood TG[ G-BSDE H;7hW`�!��I�B=!eGF,  G-BSDE (2.1) #=.�<gXGF, m��#} f| g \(HS0�:

(H1)  α > 0, qNz�k y ∈ R, z ∈ Rd, f(·, ·, y, z), g(·, ·, y, z) ∈ M2+α
G (0, T ).

(H2)�#} f | g rz�O y \( Osgood0�,.�4EB	=�z ρ : R+ →
R+, \( ρ(0) = 0, 6 x > 0 �, ρ(x) > 0, q ∫

0+
dx
ρ(x) = +∞, �< ∀y1, y2 ∈ R, z ∈ Rd,

|f(ω, t, y1, z) − f(ω, t, y2, z)| + |g(ω, t, y1, z) − g(ω, t, y2, z)| 6 ρ(|y1 − y2|).
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(H3) �#} f | g rz�O z \( Lipschitz0�, .�  L > 0, �< ∀z1, z2 ∈

Rd, y ∈ R,

|f(ω, t, y, z1) − f(ω, t, y, z2)| + g(ω, t, y, z1) − g(ω, t, y, z2)| 6 L|z1 − z2|.p 3.1 u0� (H2) :�.�  K > 0, �<6 x > 0 �, ρ(x) 6 K(1 + x). KI� (H2) | (H3), �#} φ = f, g \(�?�
|φ(t, y, z)| 6 |φ(t, 0, 0)| + ρ(|y|) + L|z|, ∀t ∈ [0, T ], ∀y ∈ R, z ∈ R

d.H`j'�B=!eGF.<K 3.1  α > 0, �M0� ξ ∈ L2+α
G (ΩT ), f | g \(� (H1),(H2) | (H3),�X% G-BSDE (2.1) .�<g# (Y, Z,K) ∈ S

2
G(0, T ).�H`=�a�, E_*�a6 d = 1 | g = 0 �"Z#I. E#�, :j�a d > 1| g 6= 0 =rA. 6 d = 1 | g = 0 �, X%>

Yt = ξ +

∫ T

t

f(s, Ys, Zs)ds−
∫ T

t

ZsdBs − (KT −Kt), ∀t ∈ [0, T ]. (3.1)p), E_�[e�a G-BSDE (3.1) .�<g#, m�� (ξ, f, T ) > G-BSDE (2.1) �=� . �M0� ξ ∈ L2+α
G (ΩT ), �#} f \(� (H1), (H2) | (H3).H`E_�tF3Æ,XT�a G-BSDE (3.1) .�<g#. 9XX% (3.1), Nz^gijG= y, �#} f(t, y, ·) rz�O z \( Lipschitz 0�, uqF 2.3 :� G-BSDE

Yt = ξ +

∫ T

t

f(s, y, Zs)ds−
∫ T

t

ZsdBs − (KT −Kt).�<g# (Y, Z,K) ∈ S
2
G(0, T ). p), U Y 0

t ≡ 0, t ∈ [0, T ], n� G-BSDEs F3X%+
Y n
t = ξ +

∫ T

t

f(s, Y n−1
s , Zn

s )ds−
∫ T

t

Zn
s dBs − (Kn

T −Kn
t ), ∀t ∈ [0, T ]. (3.2)� (Y n, Zn,Kn)n>1 ∈ S

2
G(0, T ) >	�X%+Nr=#. G-BSDE (3.1) #=.�<gX�a��F3X%+=gRJo�|m# (Y n, Zn,Kn)n>1 =�MD.. �J, E_�j' (Y n, Zn,Kn)n>1 =Jo�.eK 3.1 �}+ (Y n, Zn,Kn) ∈ S

2
G(0, T ) \(F3X%+ (3.2), �.�KIz

n =  C := C(T, σ,K,L), �<
Ê

( ∫ T

0

|Zn
s |2ds

)
6 C

{
Ê

[(∫ T

0

|f s|ds
)2]

+ Ê

(
sup

s∈[0,T ]

|Y n
s |2

)

+ Ê

(
sup

s∈[0,T ]

|Y n−1
s |2

)}
(3.3)|

Ê[|Kn
T |2] 6 C

{
Ê

[(∫ T

0

|fs|ds
)2]

+ Ê

(
sup

s∈[0,T ]

|Y n
s |2

)
+ Ê

(
sup

s∈[0,T ]

|Y n−1
s |2

)}
, (3.4)m� fs := |f(s, 0, 0)| + K.j N |Y n

t |2 �t� [0, T ] . Itô m�, :<
|Y n

0 |2 +

∫ T

0

|Zn
s |2d〈B〉s
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= |ξ|2 +

∫ T

0

2Y n
s f(s, Y n−1

s , Zn
s )ds

−
∫ T

0

2Y n
s Zn

s dBs −
∫ T

0

2Y n
s dKn

s . (3.5)u� (H2), (H3) |# 3.1 �=�?�, Ht�?� 2ab 6 λa2 + b2

λ , ∀λ > 0, �?� (3.5)w�ARN�>
∫ T

0

2Y n
s f(s, Y n−1

s , Zn
s )ds 6

∫ T

0

2|Y n
s |(|f(s, 0, 0)| + ρ(|Y n−1

s |) + L|Zn
s |)ds

6

∫ T

0

2|Y n
s |(|f(s, 0, 0)| + K + K|Y n−1

s | + L|Zn
s |)ds

6

∫ T

0

[
2|Y n

s ||fs| + (2L2 + K)|Y n
s |2 + K|Y n−1

s |2 +
|Zn

s |2
2

]
ds

6 sup
s∈[0,T ]

|Y n
s |

∫ T

0

|f s|ds +
(2L2

σ2
+ K

)
T sup

s∈[0,T ]

|Y n
s |2

+ KT sup
s∈[0,T ]

|Y n−1
s |2 +

1

2

∫ T

0

|Zn
s |2d〈B〉s,m� f s = |f(s, 0, 0)|+K. yp>?� (3.5)w�A�N>N" G-0, Ê

[
±
∫ T

0
Y n
s Zn

s dBs

]

= 0. )j, N?� (3.5) N�4�w G-k9, �Ht Hölder �?�, :<
Ê

(∫ T

0

|Zn
s |2ds

)
6 C

{
Ê

(
sup

s∈[0,T ]

|Y n
s |2

)
+ Ê

(
sup

s∈[0,T ]

|Y n−1
s |2

)

+ Ê

[( ∫ T

0

|f s|ds
)2]

+
[
Ê

(
sup

s∈[0,T ]

|Y n
s |2

)] 1
2

[Ê|Kn
T |2]

1
2

}
, (3.6)m�  C := C(T, σ,K,L) *|� T, σ,K,L vr. �H`=�&x%�:dS���, 5��> C.TgX`, � G-BSDEs (3.2) �V>

Kn
T = ξ − Y n

0 +

∫ T

0

f(s, Y n−1
s , Zn

s )ds−
∫ T

0

Zn
s dBs.Ht# 3.1 �=�?�|qF 2.2, :<

Ê[|Kn
T |2] 6C

{
Ê

(
sup

s∈[0,T ]

|Y n
s |2

)
+ Ê

(
sup

s∈[0,T ]

|Y n−1
s |2

)

+ Ê

[(∫ T

0

|fs|ds
)2]

+ Ê

(∫ T

0

|Zn
s |2ds

)}
. (3.7)p), KI�?� (3.6) | (3.7), Ht�?� 2ab 6 λa2 + b2

λ , ∀λ > 0, :�a"Z.eK 3.2 �}+ (Y n, Zn,Kn) ∈ S
2
G(0, T ) \(F3X%+ (3.2). � Ẑ

m,n
t =

Zn
t − Zm

t , K̂
m,n
t = Kn

t −Km
t , �.�� C := C(T, σ,K,L), �<

Ê

(∫ T

0

|Ẑm,n
s |2ds

)
6 C

{
Ê

(
sup

s∈[0,T ]

|Y n−1
s − Y m−1

s |2
)

+ Ê

(
sup

s∈[0,T ]

|Y n
s − Y m

s |2
)

+
[
Ê

(
sup

s∈[0,T ]

|Y n
s − Y m

s |2
)] 1

2
[
1 +

(
Ê|K̂m,n

T |2
) 1

2
]}

(3.8)
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Ê(|K̂m,n

T |2) 6 C
{
Ê

(
sup

s∈[0,T ]

|Y n
s − Y m

s |2
)

+

∫ T

0

ρ([Ê|Y n−1
s − Y m−1

s |2]
1
2 )ds

+

∫ T

0

κ(Ê|Y n−1
s − Y m−1

s |2)ds + Ê

(∫ T

0

|Ẑm,n
s |2ds

)}
, (3.9)m� κ(·) >qF 2.9 �Gl=z .j w n,m > 1, N |Y n

t − Y m
t |2 �t� [0, T ] . Itô m�, :<

|Y n
0 − Y m

0 |2 +

∫ T

0

|Ẑm,n
s |2d〈B〉s

=

∫ T

0

2(Y n
s − Y m

s )[f(s, Y n−1
s , Zn

s ) − f(s, Y m−1
s , Zm

s )]ds

−
∫ T

0

2(Y n
s − Y m

s )Ẑm,n
s dBs −

∫ T

0

2(Y n
s − Y m

s )dK̂m,n
s . (3.10)|qF 3.1 �aE#, �?� (3.10) w�AgN��>

∫ T

0

2|Y n
s − Y m

s |[f(s, Y n−1
s , Zn

s ) − f(s, Y m−1
s , Zm

s )]ds

6 2K sup
s∈[0,T ]

|Y n
s − Y m

s | +
(2L2

σ2
+ K

)
T sup

s∈[0,T ]

|Y n
s − Y m

s |2

+ KT sup
s∈[0,T ]

|Y n−1
s − Y m−1

s |2 +
1

2

∫ T

0

|Ẑm,n
s |2d〈B〉s.#k:?� (3.10) w�ARN>N" G-0, �N?� (3.10) N�4�w G-k9, Ht

Hölder �?�, :<:Agi"Z. TgX`, N Y n − Y m +W�V:<:

K̂
m,n
T = −(Y n

0 − Y m
0 ) +

∫ T

0

[f(s, Y n−1
s , Zn

s ) − f(s, Y m−1
s , Zm

s )]ds−
∫ T

0

Ẑm,n
s dBs.u# 3.1 �=�?�|qF 2.2, :<

Ê(|K̂m,n
T |2) 6 C

{
Ê

(
sup

s∈[0,T ]

|Y n
s − Y m

s |2
)

+ Ê

(∫ T

0

|Ẑm,n
s |2ds

)

+ Ê

[(∫ T

0

ρ(|Y n−1
s − Y m−1

s |)ds
)2]}

.,�, HtqF 2.9, N	��w�,�gNrt Hölder �?�| Jensen �?�, :<
Ê

[( ∫ T

0

ρ(|Y n−1
s − Y m−1

s |)ds
)2]

6 CÊ

[ ∫ T

0

ρ2(|Y n−1
s − Y m−1

s |)ds
]

6 C
{
Ê

[ ∫ T

0

K(1 + |Y n−1
s − Y m−1

s |)ρ(|Y n−1
s − Y m−1

s |)ds
]}

6 C
{
Ê

∫ T

0

[ρ(|Y n−1
s − Y m−1

s |) + κ(|Y n−1
s − Y m−1

s |2)]ds
}

6 C
{∫ T

0

ρ([Ê|Y n−1
s − Y m−1

s |2]
1
2 )ds
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+

∫ T

0

κ(Ê|Y n−1
s − Y m−1

s |2)ds
}
. (3.11)ARi"Z<�.eK 3.3 �}+ (Y n, Zn,Kn) \(F3X%+ (3.2), �N�k 1 < p < 2 +α, .�KIz n =  Cp := C(p, T, σ,K,L), �<

Ê

(
sup

t∈[0,T ]

|Y n
t |p

)
6 Cp.j  ε > 0, 1 < p < 2 + α. � Ỹt = |Y n

t |2 + εp, m� εp = ε
(
1 − p

2

)+
. N ertỸ

p
2

t rt
Itô m�, :<

ertỸ
p
2

t + r

∫ T

t

ersỸ
p
2
s ds +

p

2

∫ T

t

ersỸ
p
2
−1

s (Zn
s )2d〈B〉s

= erT (|ξ|2 + εp)
p
2 −

∫ T

t

persỸ
p
2
−1

s Y n
s Zn

s dBs −
∫ T

t

persỸ
p
2
−1

s Y n
s dKn

s

+

∫ T

t

persỸ
p
2
−1

s Y n
s f(s, Y n−1

s , Zn
s )ds + p

(
1 − p

2

) ∫ T

t

ersỸ
p
2
−2

s (Y n
s )2(Zn

s )2d〈B〉s

6 erT (|ξ|2 + εp)
p
2 + p

(
1 − p

2

)∫ T

t

ersỸ
p
2
−1

s (Zn
s )2d〈B〉s

+

∫ T

t

persỸ
p
2
−1

s |Y n
s ||f(s, Y n−1

s , Zn
s )|ds− (Mn

T −Mn
t ),m� Mn

t =
∫ t

0 persỸ
p
2
−1

s [Y n
s Zn

s dBs + (Y n
s )+dKn

s ]. u# 3.1 =�?�| Young �?�, �	`�?�w�A�N��, <
∫ T

t

persỸ
p
2
−1

s |Y n
s ||f(s, Y n−1

s , Zn
s )|ds

6

∫ T

t

persỸ
p
2
−1

s |Y n
s |[|f(s, 0, 0)| + ρ(|Y n−1

s |) + L|Zn
s |]ds

6 p

∫ T

t

ersỸ
p−1

2
s |f s|ds + pK

∫ T

t

ersỸ
p−1

2
s |Y n−1

s |ds

+ pL

∫ T

t

ersỸ
p
2
−1

s |Y n
s ||Zn

s |ds

6

[
(K + 1)(p− 1) +

L2p

σ2(p− 1)

] ∫ T

t

ersỸ
p
2

s ds +

∫ T

t

ers|f s|pds

+ K

∫ T

t

ers|Y n−1
s |pds +

p(p− 1)

4

∫ T

t

ersỸ
p
2
−1

s (Zn
s )2d〈B〉s.U r = (K + 1)(p− 1) + L2p

σ2(p−1) + 1, :<
ertỸ

p
2

t + (MT −Mt) 6 erT (|ξ|2 + εp)
p
2 +

∫ T

t

ers|f s|pds + K

∫ T

t

ers|Y n−1
s |pds.uqF 2.7 :�, (Mn

t )t∈[0,T ] > G-0. ��?�N�4�w0� G-k9, �U ε → 0+, z�
|Y n

t |p 6 CpÊt

[
|ξ|p +

∫ T

t

|fs|pds +

∫ T

t

|Y n−1
s |pds

]
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6 CpÊt

[
|ξ|p +

∫ T

t

|fs|pds +

∫ T

t

sup
16k6n

|Y k
s |pds

]
,m� Cp := C(p, T, σ,K,L) >KIz n =  . p)

sup
16k6n

|Y k
t |p 6 CpÊt

[
|ξ|p +

∫ T

t

|fs|pds +

∫ T

t

sup
16k6n

|Y k
s |pds

]
.HtqF 2.5, :<

sup
16k6n

|Y k
t |p 6 CpeCp(T−t)

Êt

(
|ξ|p +

∫ T

t

|f s|pds
)
.p> ξ ∈ L2+α

G (ΩT ) | f ∈ M2+α
G (0, T ), uqF 2.6 :<, Nz�k 1 < p < 2 + α, .�KIz n =  , �> Cp, �<
Ê

[
sup

t∈[0,T ]

sup
16k6n

|Y k
t |p

]
6 Cp.pP<�.p 3.2 �qF 3.3 =0�H, 6 p = 2 �, "Z�#I. uqF 3.1 |�?� (3.3),

(3.4), :�Nz�k= n ∈ N, .�  C := C(T, σ,K,L), �< Ê
( ∫ T

0 |Zn
s |2ds

)
6 C |

Ê[|Kn
T |2] 6 C.�<:	�Jo��,H`�`0F3X%+ (3.2)=# (Y n)n>1 =�MX.D.[N�+W:Ag�, �a (Y n)n>1 �b sup

06t6T
{Ê[| ·t |2]} 1

2 H�M; AR�, +P�a (Y n)n>1� S2
G(0, T ) �> Cauchy S.eK 3.4  (Y n, Zn,Kn)>F3X%+ (3.2)=#, � (Y n)n>1 �b sup

06t6T
{Ê[|·t|2]} 1

2H> Cauchy S.j N�k k,m ∈ N, U
uk+1,m(t) := sup

06s6t
Ê

(
sup

16i6k+1
|Y i+m

s − Y i
s |2

)
.� Y

k+1,m
t = Y k+1+m

t − Y k+1
t , Z

k+1,m
t = Zk+1+m

t − Zk+1
t , K

k+1,m
t = Kk+1+m

t − Kk+1
t ,

f
k+1,m
t = f(t, Y k+m

t , Zk+1+m
t ) − f(t, Y k

t , Z
k+1
t ). N |Y k+1,m

t |2ert . Itô m�, :<
ert|Y k+1,m

t |2 + r

∫ T

t

ers|Y k+1,m
s |2ds +

∫ T

t

ers|Zk+1,m
s |2d〈B〉s

= 2

∫ T

t

ersY k+1,m
s fk+1,m

s ds− 2

∫ T

t

ersY k+1,m
s Zk+1,m

s dBs

− 2

∫ T

t

ersY k+1,m
s dKk+1,m

s

6 2

∫ T

t

ersY k+1,m
s fk+1,m

s ds− (Mk+1,m
T −M

k+1,m
t ),m� M

k+1,m
t = 2

∫ t

0 ers[Y k+1,m
s Zk+1,m

s dBs + (Y k+1,m
s )+dKk+1+m

s + (Y k+1,m
s )−dKk+1

s ]. u� (H2) | (H3), Ht Young �?�| 2ab 6 λa2 + b2

λ , ∀λ > 0, �	`�?�w�AgN�>
2

∫ T

t

ersY k+1,m
s fk+1,m

s ds 6 2

∫ T

t

|ersY k+1,m
s |ρ(|Y k,m

s |)ds + 2L

∫ T

t

ers|Y k+1,m
s ||Zk+1,m

s |ds
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6 2

∫ T

t

ers
(∣∣∣ sup

16i6k+1
Y i,m
s

∣∣∣
)
ρ
(∣∣∣ sup

16i6k+1
Y i,m
s

∣∣∣
)

ds

+ 2L

∫ T

t

ers|Y k+1,m
s ||Zk+1,m

s |ds

6
2L2

σ2

∫ T

t

ers(Y k+1,m
s )2ds +

1

2

∫ T

t

ers|Zk+1,m
s |2d〈B〉s

+

∫ T

t

ersκ
(∣∣∣ sup

16i6k+1
Y i,m
s

∣∣∣
2)

ds.U r = 2L2

σ2 + 1, :<
ert|Y k+1,m

t |2 + (Mk+1,m
T −M

k+1,m
t ) 6

∫ T

t

ersκ
(∣∣∣ sup

16i6k+1
Y i,m
s

∣∣∣
2)

ds.uqF 2.7 :�, (Mk+1,m
t )t∈[0,T ] > G-0. ��?�N�4�w0� G-k9, :<
|Y k+1,m

t |2 6 CÊt

[ ∫ T

t

κ
(∣∣∣ sup

16i6k+1
Y i,m
s

∣∣∣
2)

ds
]
.u0� G-k9�{X:<

∣∣∣ sup
16i6k+1

Y
i,m
t

∣∣∣
2

6 CÊt

[ ∫ T

t

κ
(∣∣∣ sup

16i6k+1
Y i,m
s

∣∣∣
2)

ds
]
.N�?�N�w G-k9, �Ht Jensen �?�, :<

uk+1,m(t) 6 CÊ

∫ T

t

κ
(∣∣∣ sup

16i6k+1
Y i,m
s

∣∣∣
2)

ds 6 C

∫ T

t

κ(uk+1,m(s))ds.U
vk+1(t) := sup

m∈N+

uk+1,m(t), 0 6 t 6 T,�
0 6 vk+1(t) 6 C

∫ T

t

κ(vk+1(s))ds. (3.12)Gl
p(t) := lim sup

k→∞

vk(t), 0 6 t 6 T.uqF 3.3 :�, ∀t ∈ [0, T ], p(t) v%. N�?� (3.12) rt Fatou-Lebesgue GF:<
0 6 p(t) 6 C

∫ T

t

κ(p(s))ds.uqF 2.8 :<:

p(t) = 0, 0 6 t 6 T,< (Y n)n>1 �b sup
06t6T

(Ê| ·t |2)
1
2 H> Cauchy S.eK 3.5  (Y n, Zn,Kn) \(F3X%+ (3.2), � (Y n)n>1 � S2

G(0, T ) > CauchyS, Nz�k= m,n ∈ N, v
lim

m,n→∞
Ê

(
sup

t∈[0,T ]

|Y n
t − Y m

t |2
)

= 0
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m,n
t = Y n

t −Y m
t , Ẑ

m,n
t = Zn

t −Zm
t , K̂

m,n
T = Kn

T −Km
T , f̂

m,n
t = f(t, Y n−1

t , Zn
t )−

f(t, Y m−1
t , Zm

t ). N |Ŷ m,n
t |2ert . Itô m�, :<

ert|Ŷ m,n
t |2 + r

∫ T

t

ers|Ŷ m,n
s |2ds +

∫ T

t

ers|Ẑm,n
s |2d〈B〉s

= 2

∫ T

t

ersŶ m,n
s f̂m,n

s ds− 2

∫ T

t

ersŶ m,n
s Ẑm,n

s dBs − 2

∫ T

t

ersŶ m,n
s dK̂m,n

s

6 2

∫ T

t

ers|Ŷ m,n
s ||f̂m,n

s |ds− (Mm,n
T −M

m,n
t ),m�M

m,n
t = 2

∫ t

0
ers[Ŷ m,n

s Ẑm,n
s dBs+(Ŷ m,n

s )+dKn
s +(Ŷ m,n

s )−dKm
s ].uz f \(� (H2)| (H3), )j

2

∫ T

t

ers|Ŷ m,n
s ||f̂m,n

s |ds 6 2

∫ T

t

ers|Ŷ m,n
s |[ρ(|Ŷ m−1,n−1

s |) + L|Ẑm,n
s |]ds

6 2L2

∫ T

t

ers|Ŷ m,n
s |2ds +

∫ T

t

ers|Ŷ m,n
s |ρ(|Ŷ m−1,n−1

s |)ds

+
1

2

∫ T

t

ers|Ẑm,n
s |2ds.U r = 1 + 2L2, KI	��?�:<

ert|Ŷ m,n
t |2 + (Mm,n

T −M
m,n
t ) 6 2

∫ T

t

ers|Ŷ m,n
s |ρ(|Ŷ m−1,n−1

s |)ds.uqF 2.7 :�, (Mm,n
t )t∈[0,T ] > G-0. ��?�N�4�w0� G-k9, :<

|Ŷ m,n
t |2 6 CÊt

[ ∫ T

t

|Ŷ m,n
s |ρ(|Ŷ m−1,n−1

s |)ds
]
6 CÊt

[ ∫ T

0

|Ŷ m,n
s |ρ(|Ŷ m−1,n−1

s |)ds
]
.��?�N�w	z%��s G-k9, <

Ê

(
sup

t∈[0,T ]

|Ŷ m,n
t |2

)
6 CÊ

{
sup

t∈[0,T ]

Êt

[ ∫ T

0

|Ŷ m,n
s |ρ(|Ŷ m−1,n−1

s |)ds
]}

. (3.13) 1 < α′ < 4+2α
4+α ,  2α′

2−α′
< 2 + α, Ht Hölder �?�|�?� (a + b)r 6 2r−1(ar + br),:<

Ê

[(∫ T

0

|Ŷ m,n
s |ρ(|Ŷ m−1,n−1

s |)ds
)α′]

6 Ê

[
sup

s∈[0,T ]

|Ŷ m,n
s |α′

( ∫ T

0

ρ(|Ŷ m−1,n−1
s |)ds

)α′]

6

{
Ê

[(∫ T

0

ρ(|Ŷ m−1,n−1
s |)ds

)2]}α′

2
[
Ê

(
sup

s∈[0,T ]

|Ŷ m,n
s |

2α′

2−α′

)] 2−α′

2

6

{
Ê

[(∫ T

0

ρ(|Ŷ m−1,n−1
s |)ds

)2]}α′

2
[
Ê

(
sup

s∈[0,T ]

|Ŷ m
s |

2α′

2−α′ + sup
s∈[0,T ]

|Ŷ n
s |

2α′

2−α′

)] 2−α′

2

. (3.14)uqF 3.4 |�?� (3.11), :<
lim

m,n→∞
Ê

[(∫ T

0

ρ(|Ŷ m−1,n−1
s |)ds

)2]
= 0.
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Ê

(
sup

s∈[0,T ]

|Ŷ m
s |

2α′

2−α′ + sup
s∈[0,T ]

|Ŷ n
s |

2α′

2−α′

)
< ∞.)j, �?� (3.14) ��<

lim
m,n→∞

Ê

[( ∫ T

0

|Ŷ m,n
s |ρ(|Ŷ m−1,n−1

s |)ds
)α′]

= 0.rtqF 2.6 :�a"Z.<K 3.1 9jM J�aGF 3.1 �#=.�X.� (Y n, Zn,Kn)n>1 >F3X%+ (3.2) =#. uqF 3.5 :�, .�'�x%
Y ∈ S2

G(0, T ), �<
lim
n→∞

Ê

(
sup

t∈[0,T ]

|Yt − Y n
t |2

)
= 0.u# 3.2 :�, K̂m,n

T >v%,  Ê|K̂n,m
T |2 6 2(Ê|Kn

T |2 + Ê|Km
T |2) < ∞. p), �uqF 3.2�=�?� (3.8) |qF 3.5, :�

lim
n,m→∞

Ê

( ∫ T

0

|Zn
s − Zm

s |2ds
)

= 0, (Zn)n>1 > H2
G(0, T ) �= Cauchy S. � Z ∈ H2

G(0, T ) >m	K, (Zn)n>1 �Mz Z.H`��a (Kn
T )n>1 �M. uqF 3.2 �=�?� (3.9) :<

lim
n,m→∞

Ê(|K̂n,m
T |2) = 0.p) (Kn

T )n>1 �M,�m	K>KT ,qKT ∈ L2
G(ΩT ).yp> K̂

m,n
t = Ŷ

m,n
t −

∫ T

t f̂m,n
s ds+∫ T

t Ẑm,n
s dBs + K̂

m,n
T , m� fm,n

s = f(s, Y n−1
s , Zn) − f(s, Y m−1

s , Zm). u	�[G:<
(Kn)n>1 �M, �m	K> K. 	Kx% K > G-0, K0 = 0. ��	, ∀s, t > 0, s < t,

Ê[|Ês(Kt) −Ks|] 6 Ê[|Ês(Kt) − Ês(K
n
t ) + Ês(K

n
t ) −Ks|]

6 Ê[Ês|Kt −Kn
t |] + Ê[|Ês(K

n
t ) −Ks|]

6 Ê[|Kt −Kn
t |] + Ê[|Kn

s −Ks|] → 0, n → ∞.p) (Y, Z,K) ∈ S
2
G(0, T ). ,��a�}+ (Y, Z,K) \(X% (3.1). �[�a

(∫ T

0

f(s, Y n−1
s , Zn

s )ds
)
n>1�<� L2+α

G (ΩT ) ��M: ∫ T

0
f(s, Ys, Zs)ds. ��	,

Ê

(∣∣∣
∫ T

0

f(s, Y n−1
s , Zn

s )ds−
∫ T

0

f(s, Ys, Zs)ds
∣∣∣
)

6 Ê

( ∫ T

0

|f(s, Y n−1
s , Zn

s ) − f(s, Ys, Zs)|ds
)

6 Ê

[ ∫ T

0

ρ(|Y n−1
s − Ys|)ds

]
+ LÊ

(∫ T

0

|Zn
s − Zs|ds

)

6 C
{∫ T

0

ρ([Ê|Y n−1
s − Ys|2]

1
2 )ds +

[
Ê

( ∫ T

0

|Zn
s − Zs|2ds

)] 1
2
}
.
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 41 4)jNF3X%+ (3.2) N�w	K:<X% (3.1), GF 3.1 � G-BSDE #=.�X<�. ,��aGF 3.1 �#=<gX. (Y l, Z l,K l)(l = 1, 2) > G-BSDEs

Y l
t = ξ +

∫ T

t

f l(s, Y l
s , Z

l
s)ds−

∫ T

t

Z l
sdBs − (K l

T −K l
t)=#, m��#} f l \(� (H1)–(H3), �M0� ξ ∈  L2+α

G (ΩT ). rt|qF 3.5 E#=XT, :<
|Y 1

t − Y 2
t |2 6 CÊt

(∫ T

t

|Y 1
s − Y 2

s |ρ(|Y 1
s − Y 2

s |)ds
)

6 CÊt

(∫ T

0

κ(|Y 1
s − Y 2

s |2)ds
)
.N	�N�4�w G-k9, �HtqF 2.8 Bihari �?�, :< Ê(|Y 1

t − Y 2
t |2) = 0. �t�?� (3.14) =�aXT:�

Ê

(
sup

t∈[0,T ]

|Y 1
t − Y 2

t |2
)

= 0.u�?� (3.8)–(3.9) :<
Ê

(∫ T

0

|Z1
t − Z2

t |2dt
)

= 0, Ê[|K1
T −K2

T |2] = 0.GF 3.1 <�.p 3.3 ��� (H2) b> 1 ?rAH= Mao 0�, >H`=� (H2′), GF
3.1 "Z�#I.

(H2′) .�4EB	�z ρ : R+ → R+, ρ(0) = 0, 6 x > 0 �, ρ(x) > 0, q\(∫
0+

dx
ρ(x) = +∞, �<

∀y1, y2 ∈ R, z ∈ R
d, |φ(ω, t, y1, z) − φ(ω, t, y2, z)|p 6 ρ(|y1 − y2|p),m� 1 < p 6 2. �aXT�E#=.m_ eTÆf~-'=	uk�|�n.4 � I � X � \
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Abstract In this paper, the authors study the following backward stochastic differential

equation driven by G-Brownian motion

Yt = ξ +

∫ T

t

f(s, Ys, Zs)ds +

∫ T

t

g(s, Ys, Zs)d〈B〉s −
∫ T

t

ZsdBs − (KT −Kt),

whose generators satisfy Osgood condition in y and Lipschitz continuous in z. An existence

and uniqeness theorem for this kind of G-BSDE is established.

Keywords G-BSDE, G-Brownian motion, Osgood condition, Successive

approximation
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