
+ n d 4 A �
2020, 41(3):325–330

DOI: 10.16205/j.cnki.cama.2020.0023

Artin G\IhrTQ∗��}1 |�~2℄g 	 L �{℄	V4w. �-�0+ p, �< p | |L| o p > |L|
1

3 , �� L �{℄ Artin 4w.
Brauer s Reynolds � 1958 d_'J Artin 4w>BuT>: PSL2(p), p > 3 �{℄0+, s
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1 j�f�H16�=v�C�Uv, 3v2CQ�~3v.

20 �� 80 
2%, �U3v=S=`>l�A ~w, uKvQm� =�v=z^��*HbN;{�3v,e IzOK3v=*H8zp,:7. 	�, G�8z, �SH8z, OD– 8z, Q�~=8z, ??. �Hp,I Artin 3v=z-*H8zJ7,n� Thompson �ZYh.� 1988 
, Thompson �^ÆL��$=zUb,6&I�R�Z (1989 
ÆL��$�H [1] b3I z�Z, n 1992 
W�Z�#�!P� Unsolved Problems in

Group Theory ,=J7 12.38, ��H [2]): � L �z\3v, G �z\,agN=v. �
N(G) = N(L), � G ∼= L, i, N(G) Æ�v G =
�=�=�t.)-�
;, Thompson �Z=p,s;I/0=(�[3−17] . 2019 
, Gorshkov �H [18] ,l�}A Thompson �ZH

3v=$[. ℄m, uKvQm�3�6℄p, Thompson �Z=>irr
J7. 	
m, �k��$r2=m�'�v�rz^5&
�=� a8zI��3v, K3-3v, K4-3v, rz^5&��Wgv PSL4(4),

PSL2(p), �.v Ap (p �z\j/*), ��H [19–23].  z:7}�k|<m� Asboei,

Mohammadyari r Amiri =5�, 2X8zI�.v Ap+1, Ap+2 (p �z\j/*), Cdv 2Dn(2),
2Dn+1(2)(2

n + 1 > 5 �z\/*), ��H [24–25].

1958 
, Brauer r Reynolds �H [26] �/I Artin �b,6&=J7: _^ g �3v=�b�z\0� g
1

3 = g =/�8 p "(?  v=3vlC PSL2(p), p > 3 �z\/*, �� PSL2(p− 1), p > 3 Cz\ Fermat /*. �H� ^3v�C Artin 3v. �H�kI�)�k��$r2m�=`>, B�v�rz\
�=�8zI Artin 3v.�I 2018 d 5 � 13 }"9, 2020 d 5 � 11 }"9iX[.
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326 + n d 4 A � 41 1.�1), H [20] }B�v�rz\
�=�8zI PSL2(p), p �z\/*, ;8�R!Q.KV 1.1 [20, F�3.1] � G �z\v, � G ∼= PSL2(7) 6n'6 |G| = 23 · 3 · 7 n
21 ∈ N(G).KV 1.2 [20, F�3.2] � G �z\v, p �z\/*, � G ∼= PSL2(p) 6n'6
|G| = p(p2

−1)
(2,p−1) n p2

−1
(2,p−1) ∈ N(G), i, p 6= 7.��)HT�;=�, �H�#33vS=E?8zIWgv PSL2(p− 1), p > 3 Cz\ Fermat /*, ;8�R!Q.KV 1.3 � G �z\v, p > 3 �z\ Fermat /*, � G ∼= PSL2(p − 1) 6n'6

|G| = p(p− 1)(p− 2) n (p− 1)(p− 2) ∈ N(G).CIP
, � π(n) Æ�9x* n =t�/�8=�t. 5��, Hv G, 
 π(G) =

π(|G|). N�, Gp Æ�v G=z\ Sylow p-8v. i2G�~,[=Vp7��H [27–28].

2 kBjW� G �z\v. v G =/= Γ(G) �S<�R8�=�3=:

(1) Γ(G) =DA�C π(G);

(2) �= Γ(G) ,, G\DA p, q �z8�YF=$w8��v G ,o� pq ��, 
>: p ∼ q./= Γ(G)y�C Gruenberg-Kegel=, W==�� Gruenbergr KegelE�. O t(G)Æ�/= Γ(G) =F9S%=\*, π1(G), π2(G), · · · , πt(G)(G) �iWz\F9S%DA=�t. 5��, 6 G �e�v�, KX;� 2 ∈ π1(G). CIP
1wE?=$[, RZ��	\2\��r!Q.iV 2.1 [29,F�A] � G �z\vn t(G) > 1, �RK!Q'z D:

(1) G �z\ Frobenius v�� 2-Frobenius v;

(2) G �z\#jvK 1 ⊆ H ⊆ K ⊆ G, i, H �z\YL= π1(G)-v, K/H �z\3v, G/K �z\ π1(G)-v, |G/K| "( K/H =�9;e=�.N�, G =j�SH�
K/H =j�SH.iV 2.2 [30,F�1] � G �z\e*�= Frobenius v, H r K S��i Frobeniusqr Frobenius �, � t(G) = 2, T (G) = {π(H), π(K)}, nRK!Q'z D:

(1) 2 ∈ π(H) n K =1� Sylow 8vG�o|v;

(2) 2 ∈ π(K), H ��~v, K �7"v, K =j*� Sylow 8vG�o|v, K =
Sylow 2-8v��o|v, ��i�-�*v;

(3) 2 ∈ π(K), H �~, K �z\8v K0, S<
|K : K0| 6 2, K0 = Z × SL(2, 5), (|Z|, 2× 3× 5) = 1,i, Z = Sylow 8v�o|=.iV 2.3 [30,F�2] � G �z\e*�= 2-Frobenius v, K r G/H � Frobenius v,n H r K/H S��3X=q, � D~R!Q:

(1) t(G) = 2 n T (G) = {π1(G) = π(H) ∪ π(G/K), π2(G) = π(K/H)};
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(2) G/K r K/H �o|v, |G/K| | |Aut(K/H)|, n (|G/K|, |K/H |) = 1;

(3) H �YLv, G �7"v.CI��P
, RZ^&5&��Wgv PSL2(q) (i, 2 | q) =z^*HbN~�
Fermat /*=z\g+.iV 2.4 � q = 2m, m �z\#"*, �

(1) |PSL2(q)| = q(q − 1)(q + 1);

(2) N(PSL2(q)) = {1, q2 − 1, q(q + 1), q(q − 1)};

(3) PGL2(q) = PSL2(q);

(4) PSL2(4) ∼= A5
∼= PSL2(5).iV 2.5 � p �z\ Fermat /*, � p = 22

s

+ 1, i, s �z\9x*.

3 LW 1.3 Jn[KV 1.3 HmZ 
wg$[. �m G ∼= PSL2(p − 1), p �z\ Fermat /*, `U��? 2.4, |G| = p(p − 1)(p − 2) n N(G) = {1, (p − 1)(p − 2), p(p − 1), p(p − 2)}, +L
(p− 1)(p− 2) ∈ N(G).$Sg$[. �C p �z\ Fermat /*, 1~��? 2.5, p = 22

s

+ 1, i, s �z\9x*.� s = 0, � p = 3, G �z\ 6 �=Q�~v, +L G 'b;e�H�v S3. 

S3

∼= PSL2(2), 1~ G ∼= PSL2(2).� s > 1, � p > 3 �z\ Fermat /*. �7�8�&, G ,,� p �� x, �;
CG(x) = 〈x〉. 
� Sylow E?&, Hz� p �� y ∈ G, G� CG(y) = 〈y〉, +L {p} � G=z\/=S%, �L t(G) > 2. �* G S<�? 2.1 =8�n Z(G) = 1. RZ.�?
2.1 Hv G (fS=4Q.�� G�z\ Frobeniusvn~ H Cqr~K C�,� |K|

∣

∣(|H |−1). �m p ∈ π(H),`U��? 2.2 &, |H | = p n |K| = (p− 1)(p− 2). �* (p− 1)(p− 2)
∣

∣(p− 1), +L p = 3,TJ. �m p ∈ π(K), `U|��? 2.2 &, |K| = p n |H | = (p − 1)(p − 2), +L
p
∣

∣((p− 1)(p− 2)− 1),  ��7b=, 1~��TJ. �* G ��z\ Frobenius v.�� G �z\ 2-Frobenius v. ��? 2.3 &, G �z\#jvK 1 ⊆ H ⊆ K ⊆ G,�; π(K/H) = {p} = π2(G), π(H) ∪ π(G/K) = π1(G), n |G/K| | (p− 1). �* K/H �z\ p �vn π(p − 2) ⊆ π(H). ��,�z\j/* r ∈ π(p − 2), �; |Hr| < p, +L
(p, |Aut(Hr)|) = 1, g r � p �/= Γ(G) ,F9, TJ. �* G y�� 2-Frobenius v.S�, ��? 2.1 &, G �z\#jvK 1 ⊆ H ⊆ K ⊆ G, i, H �z\YL π1(G)-v, K/H �z\3v, G/K � π1(G)-v,�; |G/K| | Out(K/H)|. �� p�/= Γ(K/H)=z\fDDA. �* p | |K/H | | |G/H | | |G| = p(p− 1)(p− 2), +L p > |K/H |

1

3 . ���
Artin 3v=S=E?&, K/H ;e� PSL2(p), p > 3 =/*, ��;e� PSL2(p− 1),

p > 3 n p �z\ Fermat /*.

(a) �m K/H ∼= PSL2(p), p > 3 n�z\/*, `U |PSL2(p)| = 1
2p(p

2 − 1) |

p(p−1)(p−2),+L 1
2 (p+1) = p−2,7; p = 5n� Fermat/*. �* K/H ∼= PSL2(5),+L |K/H | = |PSL2(5)| = 5(5−1)(5−2) = |G|. �� |H | = |G/K| = 1,+LG ∼= PSL2(5).���? 2.5 &, PSL2(5) ∼= PSL2(4), +L G ∼= PSL2(4).

(b) �m K/H ∼= PSL2(p − 1), p > 3 n p �z\ Fermat /*, `U |K/H | =

|PSL2(p − 1)| = p(p − 1)(p − 2) = |G|. �� |H | = |G/K| = 1, +L G ∼= PSL2(p − 1),
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p > 3 n p �z\ Fermat /*.:t (a) r (b), G ∼= PSL2(p− 1), i, p > 3 n p �z\ Fermat /*.t 3.1 E? 1.2=$[�H [20],��I3vS=E?, 5��HE? 1.3=$[n",V���, n$[n"� [I. �Æ�, +t$�HE? 1.3 =$[PMHE? 1.2y���=.�E? 1.1, E? 1.2, E? 1.3 7;RZG\>Q.`X 3.1 Artin 3v7~�iv�rz\
�=�8z.(Ly7;8 Thompson �ZH Artin 3v D=!Q.`X 3.2 Thompson �ZH Artin 3v D.m � L �z\ Artin 3vr G �z\,agN=v, n N(G) = N(L). �C Artin3vG�/=QF9=, 1~�H [3] ;&, |G| = |L|. �*>Q 3.2 7�>Q 3.1 (�;&. ��? 2.4 KX&:, 6 2 | q �, PGL2(q) = PSL2(q). �.H [31] =1wE?7;RZ>Q.`X 3.3 ��Wgv PGL2(p), i, p > 3 �z\/*, r PGL2(p− 1), i, p > 3�z\ Fermat /*, 7~�iv�rz\
�=�8z.(LB��>Q 3.2 ;v=$[PM, y7;8�R!Q.`X 3.4 ��Wgv PGL2(p), p > 3 �z\/*, r PGL2(p − 1), p > 3 �z\
Fermat /*, 7~�3X
�=�=�t8z.t 3.2 >Q 3.4 =!Q,[I Thompson �Z7~>i8	x3v PGL2(p), i,
p > 3 �z\/*, r PGL2(p− 1), i, p �z\0� 3 = Fermat /*.pe >�!#�Y`�Zyr��^Æ=�3r��.E � S � a � 
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Abstract Let L be a finite simple group. If it exists a prime p such that p | |L| and

p > |L|
1

3 , then L is called an Artin simple group. In 1958, Brauer and Reynolds classified

Artin simple groups, which are PSL2(p) where p > 3 is a prime, and PSL2(p − 1) where

p > 3 is a Fermat prime. Without the help of classification theorem of finite simple groups,

the authors characterize the Artin simple groups by their order and one conjugacy class

length in this short note. This work implies that Thompson’s conjecture holds for Artin

simple groups.

Keywords Finte group, Artin simple groups, Group order, Conjugacy class

length
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