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1 5 &

AT 4 — UL RN 0 77 (SPDEs) MIBERMRE, Pardoux Ml Pengll 5]
AT R B> 77 (BDSDES):

T T — T N
Yt:5+/ f(S,Ys,Zs)dSJr/ g(s,Ys,ZS)st—/ ZsdWs, 0<t<T,
t t t

XHIET (B} R 2B MG, T {W ) MRS EmEIEm RS, 4592 F, Pardoux
1 Peng!!! J#4 T f BDSDE B4 SPDE By #i/7ik, BUMLSFEI T SPDE #—RAIGRE (&
WL3C [2-16]) KA 3CHR). S EREVL R SR A B R M5 L T T2 fHF 98 2%
0,3 [17-20].
1956 4E, KaclU 21 T McKean-Vlasov FEHLIHZ 7772 (SDEs):
AX, = b(Xo, )t + AWy, te[0, 7], Xo=u, (1.1)

Hrf

X ) = [ B (), 0P = BIE XD _
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Hbo:R™ xR — R NGFHH Borel AIMIEE, () N X, WEEESAT. 1966 4
McKean?? EWR 32 (1.1) #ATRFSE. WLIE, 522%F7E McKean-Vlasov BEHLES 772
B RN A T O EERRFAE,  IL3C [23-29).

EEI R, R (11) BT R

t t
Xi=z +/ b(S,XS,Ed)b[S,XS,f]f:X\)dS +/ U(S,XS,E¢U[S,XS,€]£:X )gW& (1'2)
0 S O S S

Jite (1.2) "LABAER LML SDEs () H4RHE. B P onk ey, b, &5, &

TGRS A R GUUK B AR, W3 [30-32]. &% McKean-Vlasov BENLIH N J7 FEH

%, Buckdahn 5 33 SR FISERENLITIEBETE T 40 F P35 6 REHLHS 772 (MF-BSDES):
T

T
K:§+lHW@MMHMMZme@%L@W@—A‘Lgm,teﬂﬂ.@&

TEASCH, BATFIAM TR AV 358 BV J7 % (MF-BDSDES) -

T
Yt=f+/ (5, Yo, Zo, T (s, Yy, Z,))ds
t

T T
— -
+/ g(S,YS,ZS,Fg(S,YS,ZS))dBS—/ Zyd Wi, (1.4)
¢ t

Hrf

[Fl(&YS,Zs)](W)i/5191(87407&0’,Ys(WLZs(w),Ys(w’%Zs(W'))P(dw’), l=1Fg9

RT IR, EATIEBHEIELT, RIONEM LS
E'[6'(s,Ys, Zs, Y., Z0)] = T(s,Ys, Zs),

S s S

% (1] B3 BAE, FATE T8 MF-BDSDE (1.4) i AETEERIME—1E, XP BT X
(1, 34] Z5 R, |WEHEHIZE, MF-BDSDE AMUUZNEE A X BDSDE il MF-BSDE
B AR, AT S I A AF T A LA B 75 T 3.

MRFTFE AL, AR SPDEs BB 5T H a2 B — MA@, HA McKean-Viasov Flft
SPDEs 7E3C [29] Hr#kities. SLhe b, X7 i K SDEs By & sr4i KL S35 4H
HAEFSEIMESENIE, T2 ES % [27-28]. 5—JH, Buckdahn &5 B4 5T
— KA R w7 2. IR BB s, {581 Markov 24 MF-BSDE (1.3)
McKean-Vlasov 2] SDEs, 58| T —23E /w7 AR FAEME . 28 1
R HFE LGSR, A0 —23ERE SPDEs #4708, B T A T893 A 5 F2 A 50K
T 20w (), FIASCH A IR R R 7 R RN SC [34] R E MR R VLIS
SR EBME). ZEF 18 SPDEs RFRE—SHIMNIRM, HAFEEESR THR (4.3).
F—HE, 531, 34] FRERAENK, BT SPDEs BIERBER N f# w(t, 2) BRI
P, AOTTEIIA (¢, 2), FHHIFES L TEME 4.1, AR AT R IR 2
T NIRRT SE. FIHX S SPDEs 5#HR -T2 (EEIXRENL 8053 7778 2 6] 0y 3%
£, 13 T2 SPDEs Moy MER MR, IMHESC (1] g Rt 2 F 18 8.

T —ABIAILAUE 5% B AL il ] AT BE ML e o3 X SR (IR BF 9. — 5T, 3C [35-38)]
R T T3 (IEM) SDEs Wi tEGIFE, B2 THNRERE. 5—7Hm, X
(17-19] FFFR T B E LR KW AR 8, FHAEHE5E T A R 2k IR B U4
[ EFN A E TR HEE M. 47 F LR T AR, AT s A B RS
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W B FE 8. i ForR (5.1) I RET 1 = f,g HIC [35-37] HFAHR A REOE — M
b, TATLFAELRE T RFTIN B[], EARRT B[], XFHEAREGmH Shi 45 BY I8
BeAh, BF 67 L 09 R L BAVHRIBT u(, W), FATWRKEFIE (5.9) FHB T —L85
B, BATH E*[] #aR. ROVAGXERFEES S BHEMEBHER, BRIFHEE
RFATFUHERMPF I E AT

BEASCSERZ bR, AT M@E) Xul® i$i8 7 HAOF43 BDSDESs, 3###57 745 SPDEs
BIBER. XTHOC [9) HEYLEIR, BATASCHRERAUTILEAR. B, RITERRE
SbFRAE SR SPDEs BIERMRERE, 3C (9] FH —MREZ 4. EmBAT BN (B
WIE 4.1), FERFFE R — AR R, 3C 9] NI BB —H I o (t, x), EARRT
u(t,r), X EGC (1, 34) AN G RARA R, B0, Bhss PGS A a g o & .
HKk, #AWFSE T MF-BDSDE By ARFEHI M, W3¢ [9] 44 T MF-BDSDEs i s
H. =, BAIVCHEAFEEMME SR RS (9] Tk e RH.

AL T 7255 2 e, BAIGH T XHAZIN—S/S. 7258 3 359, il
% BT MF-BDSDE (1.4) f#RyfE7EtEfE—E. 7255 4 39, & A1@ MF-BDSDEs %4
H T —2%34E /¥ SPDEs f# i ME AR RE. 7E55 5 7+, &AL T MF-BDSDEs H i fli#s
H . FESE 6 3, NJBREE 5 WHERMMNA, BATHIE T —A T35 E L LQ
25 4l [v] 5.

2 MEAR

EARSCH, (Q,F,P) B— P& MHEEN, {(Ws0<t<T} M {B;0<t<T}E
A AE (9, F,P) LA BIBET R Al R A7 (Brown) 123, % N FR F i
HP-ZLREE BX

FV =o{W,; 0<r<tIVN,
Fp=0{Br—B,; t<r <T}VN,
Fe=FYVVvFL, vtelo,T).
HEFIEG (FEt e [0,T]) RN, {FP.te(0,T)} ZIBIKE, M {F,t[0,T]}
B AR B, T A B

B (02, F2,P?) = (U x Q. F @ F,P@P) &2%[H (Q,F,P) 51 SRMEME 554
f, XEXFEE t[0,T), F2 = F, @ Fy, F1 @ Fy & Fo x Fi BS540, (BEENAE Q
FEIBERLAS R € = ¢(w) AT E RSB 2 02, B ¢ (w, W) = E(w), (w,w!) € Q2. 38
H=R", S5 #A1% X

LY F2 P H)={¢|6:Q° — H, & F° — [l A5 2
Wm5/|m¢mmmwmm<w}
Q2
XMERER 1 € LY(Q%, F2,P% H), it

mm»=ljwwwwm Wmm=4mmwmww
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R, R m(w,w’) =m (W), n2(w,w’) = na(w), R4
E'n = /Qm(w )P(dw’) = Enr, E'np = /an(w)]f”(dw) = Eng.
2w f W FIEHHBIEE, BT R4 w MW BAOMERICS E AT ES. NBIFEHR, H4itie
MF-BDSDE (1.4) B}, Bt T f1 9 #0E@ad B Sk . AR, 81 I BARRMRAY,
WHEVL T/ (s,Y (s), Z(s)) 7 w BHE T/ (s,w0,Y (s,w), Z(s,w)) KRBT EANEE
{(Y(s,0), Z(s,u")) ‘ W e},

AL (Y (5, w), Z(s,w)).
R, I8 ST — R RS ]

S2(10, T} R™)
—{p:0. xR

o J& Fr — O]y IE et FE I

E( sup_|rf?) < oo},
o<t<T

M?(0,T; R™)

={p:[0,T] x Q = R" | ¢y J& Fr — AT 2L 72 H 2

T
]E/ |g0t|2dt < OO},
0
L*(Q, Fr, P;R")

={&:[0,T] x Q= R" | { & Fr — WA FEHLAR T Hig 2

E|£]? < oo}

3 MF-BDSDEs f@ 10 75 7E ¥ — 4
AF51H MF-BDSDE(L4) i fFEME—1E, N T 7, ¥ MF-BDSDE(1.4) Hif5

H:
T
Yt=f+/ F(5,Yar 20, T (5, Y, Z0))ds
t
T T
+/ g(s,Ys,ZS,rg(s,Ys,ZS))ﬁBs—/ 7. dW., (3.1)
t t
HA
[Tl(s,Ys, Zs)] /9 (s,w,w, Ys(w), Zs(w), Ys(w'), Zs(W"))P(d'), 1= f,g.

FAERE

(H1) (i) € € L*(Q, Fr, B;R™);

QX [0,T) x R x R4 x R 5 R EATHING, HXFA (fy,27) € 0,7) x
Rn+n><d+/€17 (t,w) — f(t7w7y,z,’7) 7':715 Fi- Eﬂﬂlﬂﬂ"],

g:Qx[0,T] x R" x R4 x RF2 — R R, HXBA (ty, 2,7) € [0,T] x
Rn+n><d+k27 (t,o.)) — g(t,w,y,Z,’Y) % Fi- ﬂ‘?ﬂﬂlﬁ"],
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0 < [0.7] x 02 x R22nx2d L, Rhy AT, ELAPFEA (1y.zy ) € 0.7] x
R2+2032 G (1w, ') > 0 (tw, W'y, 2,9/, 2) & [0,T) L F7- FTA;

09 : [0, T] x Q2 x R¥H2mx2d — RF Bafilgy, HME (ty, 2y, 2) € [0,T] x
R2+2032 G (1w, ') > 0 (1w, W'y, 2,9/, 2) 2 [0, T L F2- FTHIEY.

(ii) f Al g 2TF (y,2,7) W@ —3K Lipschitz 244, W2, FEEFE L, K f
g, X‘Tﬂ: 1= yazaylazla’)/a j = 17 273747 ?%E:

|f(ty1s21,7) — f(E Y2, 22,72)]
< Lylyr — yo| + La|z1 — 22| 4+ Ly |y — 72,
lg(t, y1, 21,71) — 9(t,y2, 22,72) |
< K§|y1 — 1l + 1|z — 20? + gy — 2%
107 (8, w0, @', 51, 21,91, 21) — 07 (0,0 4o, 22, 45, 25)|
< Lylyr — yol + Lalz1 — 22| + Ly ly1 — ya| + Lav|2] — 23,
169 (t, 0,0, y1, 21,91, 21) — 09 (t, @, ', 92, 22, 45, 25) |
< K§|y1 —ya? + K§f|yl1 — y5l® + aslz1 — zo|* + aul2] — 23],

V(t,w,w') € [0,T] x Q% (yi, 25,9s, 2}) € (RMTXD2 5 =12,

T T
B[O tw)Pdt<oe, E [ fotw)Pd<oo 1= 1.
0 0

XH 0L (t,w,w') = 0(t,w,w’,0,0,0,0), lo(t,w) =I(t,w,0,0,0). &K a1 + asasz + azay < 1.

EBLXTFU=f0, HTE [ [E6)(tw w)2dt < co, MFETEREL Lo WL 05 (¢, w, )|
< LG' é\ L= maX{Li,Ki,Olj | 1= y727ylazlaa;j = 1727374}7 Zj_:‘ (Hl) Ejz—\—‘[:‘F, ﬂﬁ%

10" (t, w0, W', Y (t,w), Z(t,w), y, 2)| < L(L+ [Y (t,0)| + [ Z(w) + [yl +120), 1= f.9,
Al I
DUt Y (6, Z()] < LA+ [Y ()] +1Z20)| +EY ()] +E[Z()]), = f9.
KA, IERE (Yi(), Z1(), (Ya (), Zo(+)) € S2([0, T); R™) x M2([0,T]; R"*%),
DY (t, Y1 (1), Z1 (1)) — T/ (8, Ya(1), Z2(1))]
< Ly|Yi(t) = Ya(0)] + L:| Z1(t) = Zo(t)] + Ly EY1(E) — Ya(t)| + L E|Z1 (1) — Z2(1)],
[T9(t, Y1 (1), Z1 () — T2(t, Ya(t), Za(1))|?
S KjYi(t) — Ya(8)]? + K E[Y1(t) — Ya(t)]* + 3| Z1(t) — Z2(8)]* 4 cuE|Z1(t) — Za(t) .
LRFAETEERE TR E 2 3.2 hEFDCEIE.

FIE 3.1 {Ri% (H1) 3L, W MF-BDSDE(3.1) fE7EME—f# (Y, Z) € S%([0,T); R™) x
M?2(0, T; R"*9),
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E SHEE (y,2) € S2(0,T;R™) x M?(0,T;R"*4), &4 F MF-BDSDE:

T
Yt:§+/ F(5. Yo, Zo, E'[04(s, Y, Zo, ol 2)])ds
t

F

T T N
+/ g(s,Ys,ZS,E’[el(s,Ys,Zs,y;,z;)])dBS—/ Z dWs.
t t

HI3C (1] A E R L1, ATAEEME— (Y, Z2) € S2([0,T);R™) x M2(0,T; R™*4). B, 4n
Fid Oy, 2) = (v, 2), W © &M S*([0, T];R™) x M?(0,T; R™*4) ] | HFBegt. FHEH
O B4, A, BUEE (v, 2%) € S2([0, T];R™) x M2(0,T;R"*%) (i =1,2), iC

(Y ZY) = 0y, 2").

A Y, Z)=(Y' —Y2Z' - Z%) M (5,2) = (y' -y, 2" — 2%). X Y2 A Tto A=,
CIEES
T T
EeP (T2 +]E/ ¢#5|Z,]2ds +E/ 65| 7, 2ds
t t
T T
:2E/ eﬁSYSf(s)ds—i—E/ e%1g(s)|ds,
t t
X B

fls) = f(s, Y ZLE W (Y], 200 2))
— f(s, Y2, Z2 B[00 (5, Y2, 22,47 2%
f( b s ERl 9 s 7 57y5 9 S 9
(s) = g(s, Y} ZLE[09(s, Y 2Lyt 20)))
_9(57}/523Z?aE/[eg(Sa}/ng.gayQ, Z2l)])'

, N e 1 .
H, BRI (H1), 3 3.1 fIAZER 20b < <d? + 002, H]15

(9]

T T
Ee5t|Yt|Q+E/ e55|zs|2ds+E/ BeP*|7, 2ds
t t
T A~ A~ ~
<2 [ [+ L)ITL, Vel + LI )
t
+ LT (Ly Bl + LI s
T A~ ~
FE [ UG+ anlTf + (a1 + a0 2P
t
+ o K E[7s|* 4 aoosB|Z[*]ds

T T
<M1E/ eﬁS|YS|2ds+M2E/ % Z,?ds
t t

T T
FMGE [ oG Pds £ MEE [ ez s,
t t
XH
M; = K2(1+ az) + (1 + Ly)(Ly + L.C) + 2L% + L, L..C,

1+L.)L,
M, = % + (o1 + asa),
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M3 —ELz + Ky,
LyL.

My = =

WAL, WA

M ~
/ =My 5S|Y| ds—|—E/ 5| Z,|2ds

M3
< eBs177. 12 oBs|3 2 ]
1 MQ / Vs | dS+IE/ |Z5|%ds

A o BB, N e & MQ(O,T;R”””) LR gL, NIIAEME— ARSI (Y. 2) €
M?(0,T; R™ <), AR J7 2 (3.1) i JEHASRIE Y () € 20, T;R"). EHFHE.

& 3.2 EERA/NTHRE R TOC (L, 34 FREER. FE L, R Ly = 0y =0,
B Ky = a1 = az =0, MILLRD RIS (1, 34] FHITHE.

BT ORA A T IB K343 1 o] EFE AL 77 2
P = 77—|—/tf(S,PS,QS,Ff(S,PS,QS))dS
0

t t
+ / 95, P, QuT9(s, Po, Q) W, / Q.aB.. te.7, (32
0 0
Xy 5 Fo- WA, HEREIEE SRR f i IR, SRR (3.2) M LR R B
BN (3.2) AL HRMT R (3.1) BRR. X
By =Br —Br—y, Wi=Wr—Wr_, F = f,:VTV;r v FP,
-F)t:PT—h @t:QT—h t e [OaT]a
W Fy = Fr_y, n & Fr- T0E,  P(1), Q(t) & Fi- FTMM, H.

~ T ~ ~ ~ ~
Pt:n+/ f(S,PS,QS,F'f(S,PS,QS))dS

T T
+/ 9(87?57@57Fg(57?57@5))<a/\w/5 - / @sgés- (33)
t t
EEEITRE 3.3) RUTHRE 3.1), A4, wEHM 3.1 7 (3.3) FrfEME—f, |IMTEWT
SEH.

FIE 3.2 RiX (H1) Mo, a5’ (3.2) FEME— (P, Q) € S%([0,T];R™) x
M2(0, T; R™*4).

4 3F B & SPDEs f# i # £ R =

Pardoux Ml Pengl!) BRI T BDSDEs 5 il 2 SPDEs REEZ HMWEER,
2 TR W SPDEs fIRBERMER:. ME, ZNEAEI T KRBT, 2 (2, 4, 8,
11-12, 40]. X—FF A UIAERX —ER ELE. Bealidil, |ATKF A MF-BDSDEs #
WAL —I R T SPDEs IR AR, XLUMER 20 € R™, (t,2) € [0,T] x R™ K]
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whaktE, BREAT SDEs:

X =a+ / I (r, XE7)dr + / o (r, XY dW,, s>t (4.1)
t t
AE ) 7 R
Vi =B O+ [ T X v 26
+ /T D9(r, X5%, Y%, Z69) A B, — /T 205 dW,, s>t (4.2)
XH
I (r, X%

= [l 200 (), X0 (@ B(') =5 B X7, (X2,
Q
T X0 Y0, 2E7)
= / 0' (r, X 1" (w), Y0¥ (w), ZE* (w), X270 (W), Y20 (W), 2070 (w))P(dw)
Q
= B0 (r, X7, Y00, Z0F (X)) (Vo) (Z70))],
Hork=b01=fg H
b:[0,T] x R™ x R™ - R™, o :[0,T] x R™ x R™ — R™*%,
67 : [0, T] x R™ x R™ x R™™4 x R™ x R" x R"*¢ — R™,
09 : [0, T] x R™ x R™ x R™*? x R™ x R™ x R"*4 — R"*!,
h:R™ x R™ — R™.
2 R KO R RAERG I Lipschitz Z6F0F, SDE(4.1) FF7EME—#E (W [34]). KA, 24 A,
07 1 09 W GRS, B LR 3.1, R (4.2) FEAEME— .
1?/%& ef(taxaxl7 Ty ) ﬂ:ﬂ eg(taxaxla ) ) %3: t7 X ﬂ:ﬂ xl _‘ﬁﬁ%}/ﬁﬁii 3.1 E/‘]%{L‘F, %K

4, FTRE (4.2) TETEME—I# (Y, Z) € S2([0, T); R™) x M?(0,T; R"*9).
BT okedk {1832 MF-BDSDE (4.2) f14n F kR SPDE Hk &:

du(t,z) = —(Lu(t,z) + E'07 (t, 2, u(t,x), Vult,z) - Elo(t, z, (X)), (X)),
a:X?’I0 ))dt

—E'99(t, 2, ult, @), vult, @) - Eo(t, 2, (X)), (XY,

’U/(t, (X?.'zo)/)v [V’U’/(tv CL) ’ ]E/U(tv a, (Xi?)rg)/)]

W (X070)), [ (¢ a) - Elo(t, a, (X)) )dB,

a:X?’IO
u(T,z) = E/[h(xv (X%wo)/)]v (4.3)
XHEu:Ry xR xQ =R, Lu= (Luy, -, Lu,)T, THE:
Lus(t.) = S0 [o(t. 2. (X0 )E o (b2, (X07))|T DPu(t, )

+vult,z) - E'b(t @, (X)),
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H

u'(t, (X" = u(t, W', XP W), telo,T). (4.4)
BATEI T 2.

EH 4.1 BE D, o, f A g WEAYE KM Lipschitz &0,  how(z, (X37°)) FIEH
EE/|h(X5", (X27°))|? < co. Bk SPDE(4.3) FETEME u(t,x) € CH2(Q x [0,T] x R™;R™),
2, MFHER (t2), ult,z) FUTFRR:

u(t,z) = Y,°, (4.5)
HE Y AR (40) M (4.2) B, FEH, H (4.3) MR ult, x) WIEME—HY.
E A u(t, Xy) WA Ito AR, 715

T
u(T, Xfpw) —u(t,z) = /t [%(r, X574+ Lu(r, Xﬁ’z)]dr

T
* / Tu(r, X0 - E o (r, X0, (X000)) d W,
t

i u(t, ) W /& SPDE(4.3), A4
u(T, X7") — ult, )

sy “rs

T
— = [ (5, XU (s, X0), D, XE) - B, XA, (X2,
t

(X0 (5, (XO70)'), [7 (5,0) - B (s, 0, (XO©))] |, )ds

a:Xg'IO
T
= [ B0 X0 o X0, s, X)L, XL (X)),
t

(X00) (s, (X00)), [ (s, @) - E'o(s, @, (XO0))] )dB,

0,z
a=X,""0

T -
" / vu(s, X07) - Eo(s, X0, (X)) d W
t

B (4.1) F1 (4.2) BEIME—MESH, T s € [0,T], (u(s, X)), vu(s, XL7) - E[o(s,
Xbr (XPro)]) BHFE (4.3) Wi AT

u(t,z) =Y ", tel0,T], € R™.
I EREMT, YI° BMi—%, IF4 SPDE(4.3) & u(t, z) tL2ME—f.

E 4.1 FR (4.5) AJRAFR A SPDE(4.3) BIBEAL Feynman-Kac 242, J&HF5% SPDEs
WEZE L. fim, Wma® 4.1 775, % SPDE (4.3) WFTERTE, Ma—egm—
1.

£ 4.2 FEFIHFE (4.3) P o FERNIHRE Kb, U, —5m,
XL SC (1] Hr# SPDES, ' (t, (X,™°)) RbFHN, XEE N1 SPDE B RHEH. 5B
—J7T, MFHSC [34], T w(t, o) ERERAG AT, A/NTFRRATZHEHE u(t, (X)7)) £l
Rl (t, (X)), BRATIA, BT

}/St,m(w) = ’UJ(S,w,X;"z(M)),
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I

Ym0 (W) = u(s,w’, X7 (W) = ' (s, (X 0)).

SR, W 09 =0, LR, 7R (4.3) B NFIEN PDE, B (L, (X)) KB4k
Hult, (X0™0)), XIEESC [34] et TE.

i 4.3 ERNWIERT, FE (4.2) RVFKBT 200 (), Fib—2Z w7 (4.3) /Y
RIS FE. XX H T3¢ [34] FHTE.
5 EHiHEmERI RS &K H G 3

AT B TOF TS T34 78 1 AV AR Sy B DU i (DA, #iE S HH — D e B R K (E R
. ONILSHE, 2m=n=d=l=k =k =1
BT U CRE, SRV E SCh

T
U = {v:[0.T] x @ = Ulv & F — ATy, E/ Pt < +oo),
0
XHFAERE v € Uga, € € L2(Q, Fr, P;R), Z &M MF-BDSDE:
n%%+/Iﬂ&wj“m®_/‘ﬂdm+/IW&Wwad&, (5.1)
t t .

/\l:ij
(s, Yy, Z2, vs)

189 S

/ 0 (5, .0, Y2 (), Z2(w), 0a(), Y2 (&), Z0(), s )P(A), i = fug,

H
0/ 2 X [0,T]x RxRxUXRxRxU =R,
09 : P x[0,T]xRxRxUxRxRxU —R.
HRETEAR R
ﬂm”:E/)W@Kﬁ&ﬂ@®+Em%Mﬂwﬂﬁw%L (5.2)
0
He
(87 YSU7 Z;)7/U5)
/ (5,00, Y2 (@), Z2 (), 03(w), Y2 (), 22, s (o) P(de)
H

h:0?xRxR—R,
I X[0,T]xRxRxUxRxRxU =R

FATHIZER] MBURAE Uog LFHIFEEH] 0(), BAHERERETR J(v()) BB H/IME.
£8>4
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(H2) (i) 07, 09, 1, h 2Ty, o, 2, 2/, v, o LTI, | b B SECREMIHK

.
(i) 67, 69 F (y, 2,9/, 2 ,0,v) Wi —3 Lipschitz 2&{F, BIFFFEIEREL Li, Ki, oy,
Mt i=y, 2y, 7,00, =234, {§5
167 (t,w, 0", g1, 21,95, 25, v1,00) = 07 (80,0 Y2, 22, Y, 25, v2, 0]
< Lylyr — y2| + Lo|z1 — 22| + Ly |y — 5] + Lar|2] — 25| + Ly|vr — va| + Ly |v] — v5),
09 (t,w, 0 Y1, 21,5, 21, v1,0)) — 09(t,w, W, Yo, 22, Yh, 2, V2, Uh)|?
< Kol — 2l + K2yt — vsl* + Ko lvg — vo]?
+ K3 ) — g+ aglzr — zof? + aulz] — 27,

Y(t,w,w') €[0,T) x Q% (yi,zi, ¥l 20, v, vh) €RE, i =1,2,

T
IE/ B0} (t,w,w)2dt < 00, 1= f,g,
0

Hr 0l (t,w,w') = 6'(t,w,w’,0,0,0,0,0,0), az +as < 1.

TEERBRET, TR () € Uaa, BB 3.1, TR (5.1) FIEME—IfR (Y, 2°) €
S*([0, T|;R) x M?(0,T5R), F HAERESE AR J #9E US4 HLHY.

B2 a() REIEH, V(). Z() RHMKSERIE. o) MR () +v() € Uaa.
BT Uag BIHE, IRARMER 0<e <1, w () = U(-) +ev(-) WRT Uaa HIEHE 3.1 ATH,
AR T s, J7R8 (5.1) FFTEME—Mt, AL (Y°(), Z°()). BATESBIEN i 5[

5138 5.1 &% (H2) Mor, SHEE t€[0,7], W15
T
E|YF - Yi|? < C?, E/ |Z¢ — Z,|*ds < Ce?.
t
R YE - Y, R T MF-BDSDE:

T
. / T/ (s, Y5, 25, u5) = T (s, V5, 2o, )| ds
t

~

T = —
+/ [Fg(S7YSE,Z§,U§)—Fg(S,}/S,ZS,aS)]dBS
t

T
- [z -zodw.
t
Xt VE— V|2 R Tt AR, TS
T
B(ve- TP+ [ 12 - Z.Pas)
t
T o~ o~ o~
:ZE/ (YE - Yo, T (s,YE, Z5,u) — T/ (s,Ys, Zs, Us))ds
t

~

T
+IE/ T9(s,YE, Z5,u) —T9(s,Ys, Zs, Us)|2ds.
t
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R (H2), ATf5

T
E|YfF - Yi)? + IE/ |Z¢ — Z,|*ds
t

T T
<kE [ |YE =Y, [?ds + kee®E o[2ds,
B [V = TP+ kaeB [ s
Xk (i=1,2) BT (H2) %L B Gronwall ASZER M Burkholder-Davis-Gundy
AEX, FRBIE.
R SR, 5IA
a() = a('a w, wlv }/}.(LU), Z\ (UJ), u. (Ld), ?(w/)v Z\ (Ld/), u. (wl))v
Oés(') = a(-,w,w’,Ys(w), Z-s(w)vu»s(w)a Ys(w/)a Z»E(w/)a s(w/))’
XH w,w €Q, a=07,091 FAFINM TS

S

T T — T N
- + F; 3 Gsy sd + G yGsy s st_ SdWS7 5.3
& m{llwgnw 1 {(5,60,m5) ln (5.3)
H
Fi(s, &,15) = E'[0] ()€ + 02 (s)ns + 07, ()&% + 0L, ()],
G1(s,€,15) = E[09(5)E, + 02 (s)ns + 07, ()L + 02, (s)nl],
H
T N T N -
111(t)=/ E’[G{f(s)vs—F@g,(s)v;]ds—l—/ E'[09(s)vs + 07, (s)vs] d Bs.
t t
it

E0(s)6] = [ 85,006 ()P,
B0 (6160 = [ 85,0006 (P,

R (H2) T, HEHE 3.1 /AR (5.3) FEFEME— (&, me) € S2([0,T];R) x M?(0,T;R).
S| 5.2 id

Y Y, Z; — 7
yi=t—— &, =",
5 €
2
T
: €12 _ : €12 _
Elgr%)tes[%)pT]E|yt| =0, il_l}%E‘/o |zf|“dt = 0. (5.4)

I (y°, 2°) BT R
4%=Ewm%+ﬁmﬁ+ﬁ@f+ﬁm#+ﬁm@_
B (g5 (85 + 95(8)2F + 95 (D, + 95 (H)2,° + g5 ()] d By
s dw,
yr =0,
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HHF 0= f,9, Vil(w) = Vi(w) + MYE(W) = Vi), T(w) = r(w) + Mu§ (w) — G (),
1
- /O 0 (. V(). Z. () . (). V. (), Z.(), 0. (") A,
H
() = [02(-) — 02 ()€ (w) + [05() — 02 ()] (w) + (65 (-) — 65, (-)]&.(w)
05 () = 05 (. (") + [65(-) — B5()]v(w) + (85 (-) — 6%, (-)]v. (o).
T [, T) Xt |ys |2 A Tto A, TS
T
EMF+E/|@%8
T ' , ,
=%[<%EW@£+ﬁ®£+ﬁ@w+ﬁ@i+ﬁ®Ms
T
+ E/t IE[g; (s)ys + g5 (s)z5 + 93(5)@5 + 95 (5)2.5 + g5 (5)]Pds.
B % (H2), 775
T T
M£P+E/ %F®<kE/|£ﬁh+@,
XHE EBEYHTFR, Ye— 00, C.— 0. B Grownwall ANER, Z5THE.
HF a() ERmEE, Ba
e [T () = J(@(-))] = 0. (5.5)
EABIH 5.2, AR M T L.
S| 5.3 fRi% (H2) B35, LM T AR
T o~ o~ o~ o~
E/O [ y( )fs "’l ( )775 +1 ’(3)5/ + lz/(s)n; + lv(S)Us + lv/(s)v;]ds
+ EE'[hy (Yo(w), Yo(w'))é0(w) + hy (Yo(w), Yo(w'))éo (w')] = 0 (5.6)

o

- / E’(Sv W, w/)fs (w/)P(dw/)'
Q

i (5.4) FHBE—ART, W
EE'e ™! [A(Y§ (w), Y5 (&) = h(Yo(w), Yo(w'))]

—-EE"ij/ hy (o (), Tol)) (¥ (w) — V() dA

Hm*/h W) (Y (') — Vo(w'))dA

—>EE'[hu( o(w), Yo(w ))5( )+ hy (Yo(w), Yo(w')éo(w)], & =0,
Hdt Yo(w) = Yo(w) + M5 (w) — Yo(w)). Hefbhds, 2% e — 0 ff, H
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T
S E [ B0+ L) + Ty (616 + Lo (o) + Ts)on + T (5)e1)ds.
0
A% (5.6) FHE.

% F R TR
pe = E'hy (Vo (w), Yo(w)) + E*hy (Yo (w*), Yo (w))

t ¢ - b
—|—/ Fs(s,,ps,qs)ds +/ Ga(s,ps,qs) d W —/ qs d By, (5.7)
0 0 0
Hr
Fy(s,ps,4s) = E'[0] (s)ps + 09(5)qs + 1y (s)] + E* [0, ()% + 0% (5)g + Ty ()],
Ga(s, psr 4s) = E[0] (s)ps + 02 (5)qs + L ()] + E* (07, (s)p% + 02, (s)q} + 1 (5)),
H

PERE R (5.7) TR (3.2) ERFA R TR HRIER. &ix (H2) ML, HERE 3.2 7JA
TR (5.7) TFAEME—RR (Do, qr)-
7 X Hamiltonian FEEL H : QX Ox [0, T] x RXRXRXRXxRxRxRxR — R UITF:

H(t,w,w' g1, 21,01, Y2, 22,02, D, q)
= 07 (t,w, W', Y1, 21,01, Yo, 22, 02)p + 09 (t, w, W', Y1, 21, V1, Ya, 22, V2)q
+ It w,w' Y1, 21, V1, Y2, 22, V2). (5.8)
MBI ASER (5.6), Ffi14s i MF-BDSDEs R i 7 8 0 B AL A K BT

EIE 5.1 (EHLSKRMEFE) B (Y(),20),8() REFME {(5.1),(5.2)} ®HtH
ik, A4 YoeU, ae. t €[0,T],as.,

[E'H,(t,w,w') + E*Hy (t,w*,w)] - (v — Gy) >0, (5.9)

Hr
ﬁ(t? W, wl) = H(ta w, wla }Z(w)v Z\t(w)v ’L/J:t(UJ), }/}t(wl)v Z\t(w/)a at(w/)vpt(w)a Qt(w))- (510)

WE X (&,pe) WA Tto A, TS

T
—Efopo - E/ E/[ly(8)55 + lz(s)ns + ly/(S)f; + lz’(s)n;]ds
0
T . =N
E / E/[07, (s)0.ps + 07, (s)0]gs]ds
0

T o~ -~
- E/ B[] (s)vsps + 69(s5)vsqs]ds.
0
o1 LRAE > AR5 (5.6), A
T

B [ B0 (60l + B (). + T (9)ds
0
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T
+ IE/ E' [0 (s)vsps + 69(5)vsqs + Lo (s)vs]ds > 0.
0
A Hamiltonian pRECHTE X, B[1%
T
]E/ [E" Hy (¢, Yi(w"), Ze(w"), U (W), Ye(w), Zt(w), Ur(w), pe(w”), gt (w™))
0

+E Hy(t, Ye(w), Ze(w), Ge(w), Vi(w'), Ze(w), (@), pr(w), qt(w))] - vedt > 0.

MEEveU, F2&o- ¥ 7 WEETLE, &
us, s€][0,t),
v, S€Elt,,t+e), weF,
Us, S€E[t,,t+e), weQ—F,
us, sE€t+e,T],

A Ts € Ua- BT v WEE Ut + vt € Uga, B v =Ty — 1, LIRAREXATHEH
t+e N N
Elp/ [E'H,(s,w,w’) + E*H, (s,w*,w)] - (v —1s)ds > 0,
t

X H W (5.10). 7 € = 0 43 FAE < RS, 7%
Elp[E H,(t,w,w') +E*Hy (t,w*,w)] - (v —Ty) >0,

<
w0
I

H I (5.9) BT

6 3% 5l E M AL LQ (8] &

A, Bl M R R T T 58 SRR LQ .
h(Yo(w), Yo(w')) = 5QWYo(w)? + ZQRVI()

s

fs, 0,0, Y (W), Zs(w), vs(w), Ys(w'), Zs(w'), vs(w"))

= ALYy (w) + BLZs(w) + Clvs(w) + A2Y,(w') + B2Zs(w') + C2vg(w'),
9(s,w,0", Ys(w), Zs(w), vs(w), Y (w'), Zs(w'), vs(w))

=QKWHE1()+F%WHD20w+E%wﬂ+ﬁ%WL
U(s,w,w', Ys(w), Zs(w), vs(w), Ys(w'), Zs (W), vs (W)

= 1[]\4511’52(@ + Ny Z2(w) + Ryvl (w) + MY (') + N2Z2(W') + RivZ (W),

2
H AT: [0, 7] x Q° - REFFE, (s,0,0) = A'(s,w, W) & F2- AT e, FE
flt RO L LD L RB), MY N AR, RYORIER. RETEN

T
— ¢+ / ([E/AYY? (w) + [E'BYZY (w) + [E'Cus(w)ds

T
+ / E/[A2Y2 () + B2Z0 (o) + CPuu(w)]ds
t
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T —
+ | DY (W) + [E'E1Z] () + [E'FjJvs(w)} d By

T
(_
+ [ {E'[D*Y? (W) + E?Z2 (W) + F2vs(w')]} d Bs

/TZ (6.1)

PERERE b7 A
J(v(-)

1 T
—5E( [ EDLYI@P + MZI @) + Bl @)Pls + B QY5 ()
0
1 T
+2B( [ EDEYI@P + NZIW)P + R ()PYs + B @Y ) P]).
0
HNTIeSHE, 8 Al(sw,w’) 8N A(s). Hamiltonian pREH
H(S,w7wl7 Y1,21,01,Y2,22,V2,P, q)
= [Aly1 + Blz1 + Civy + A2ys + Blzy + Clua]p

+ [Dlyy + Eiz1 + Flvy + D2ys + E220 + Fluslq

1
+ = [Mry? + N12? + Rw? + M?y3 + N223 + R%v3].

2
AT 5.1, A5
0 =R'[Clps + Flqs + R, + E*[C2p: ¥+ R, (6.2)
Hof
wmwzjqumwmw%
Q
=/Rmmw%wwwm
Q
=/@wmmwmwwm
Q
Y5
= ]E/[Q(l)?o(w)] +E* [Q%}Afo(w)]
t t — b
F CR) Sd G s sy Ys dWS_ SdB57 63
+Az@pqm+A 2(5, Pos ) Aq (6.3)
H

Fo(5,ps,¢s) = E'[ALps + Dlgs + MLY,(w)] + E*[A2%pE + D2q} + M2Y, (W),
Go(s,ps,qs) = E'[Blps + Elgs + N1 Zy(w)] + E*[B2p: + E2q} + N2Z4(w")).
EIE 6.1 BRIFAFE R (6.2), HF (p,q) 272 (6.3) WAE, N _ERE R LQ R
TFAEME—f#.

W EE, BOTE
J(v) — J(7)
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1 T ~ ~
= °E / B MY ()2 — [Ta@)[?) + N2 (@) — | Za(w)?)]ds
0
T o~
+3E / E'[R (jun(@)? — [Ga(w)]?) + M2(Y2 () — [Falw))?)]ds
0
1 T N
+3E / E(N2( 22 (@) — |Za@)2) + B2 (jus(w)? — [Ga(w))[?)]ds
0
+ SERIQMIYY @) ~ [Fo(w)?) + QRS ()12 — [Fo(w') )]
T o~ o~ o~ o~
SE / B (MT4 (@) (Y (@) — V(@) + N2 Zu(w) (22 (w) — Za(w))lds

T —~
+E / '[RG () (vs (w) — T (w)) + M2V, () (Y2 (W) — Ya(w'))]ds
T o~ o~
+E / E'[N2Z,(')(Z2 (W) — Zs(w')) + R2s(w") (0s(w) — Ts(w'))]ds
+EE[Q4Y0 (w) (Yy (w) — Yo(w)) + Q3o (W) (Y (') — Yo(w'))]-

F—I7, TE [0, 7] L3 po(w) (Ve (w) - Ya(w)) B Ito AR, 715
EE'[Q4Yo(w)(Yy (w) — Yo(w)) + Q3o (w')(Yy (w') — Yo(w'))]

T
= E/ E'[Cops(w) + Fyqs(w)] (vs(w) — Ts(w))ds
0

T ~ A~ ~ ~
E'MY, (@) (Y (w) = Ys(w)) + Ny Zs (W)(Z (w) = Zs(w))]ds
[

(VP (W) = Yo(w') + N2Zo(w')(Z2 (o) = Zs(w'))]ds.

E / ()

T

LE / B/ [C2(0a(w') — Ba( ) (@) + F2(0() — () as()]ds
r / 2¢7 /

E / E/[M27, ()

4 LT
J(v) — J(@)
T
SE [ EC.(0) + Fla.)(0. ) - B.()ds

0

/0 E/[R10 (@) (0 () — Ba(w)) + R20(") (0a (') — Ba('))]ds
T

+E / E/[C2 (0 (') — Ba(w)ps (@) + F2(0(") — B())s ()]s
T

—E [ E(C1pa() + Flqu(@)](vs(w) — a(w))ds

/0 (@) + B[R] (04 () — Ba(w))]ds

T
+ E/O E*[C2p* + F2q"](vs(w) — Gis ())ds.

1 (6.2) AT, J(v) = J(@) > 0, Wik u i meufe]. i FUERIME—YRR 7 ik e 2t
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Abstract In this paper, mean-field backward doubly stochastic differential equations (MF-
BDSDESs in short) are introduced and studied. The existence and uniqueness of solutions for
MF-BDSDEs is established. One probabilistic interpretation for the solutions to a class of
nonlocal stochastic partial differential equations is given. A maximum principle of Pontrya-
gin’s type is established for optimal control problems of MF-BDSDEs. Finally, one backward
linear quadratic optimal control problem of mean-field type is discussed to illustrate the di-
rect application of the maximum principle.
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