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1 j � f��y.Po�&=n���gb+ (SPDEs) Gp�GY� Pardoux 
 Peng[1] ZA�� �-Æn��gb+ (BDSDEs):

Yt = ξ +

∫ T

t

f(s, Ys, Zs)ds+

∫ T

t

g(s, Ys, Zs)
←−
dBs −

∫ T

t

Zs

−→
dWs, 0 6 t 6 T,~s�d {Bt}G!gW�-!g��d {Wt}G!gW���-!g�VOD�Pardoux
 Peng[1] ^2�^ BDSDE IS SPDE G5b`�b4EC� SPDE GP��F� ( :� [2–16] &(��$). "P�-Æn���G"`f
�}Z%��aGIS80�:� [17–20].

1956 �� Kac[21] |.�� McKean-Vlasov n��gb+ (SDEs):

dXt = b(Xt, µt)dt+
−→
dWt, t ∈ [0, T ], X0 = x, (1.1)#�

b(Xt, µt) =

∫

Ω

b(Xt(ω), Xt(ω
′))P(dω′) = E[b(ξ,Xt)]

∣∣∣
ξ=Xt
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410 f E � _ A $ 41 [( b : Rm × R → R �
IG Borel 
"�e� µt(·) �	+ Xt Gp�g�� 1966 �
McKean[22] ℄5Wb+ (1.1)O<IS�4��BYD|t McKean-Vlasovn��gb+Gq�
[^b�$�;}GIS�:� [23–29].�N�.GW�b+ (1.1) W� b+Gzv�

Xt = x+

∫ t

0

b(s,Xs,Eφ
b[s,Xs, ξ]ξ=Xs

)ds+

∫ t

0

σ(s,Xs,Eφ
σ[s,Xs, ξ]ξ=Xs

)
−→
dWs, (1.2)b+ (1.2)
S`%WQP SDEsG�5	��eD \#b`t�q��D�Q,�L=
�'�I���i^��ÆN%^�:� [30–32]. ^McKean-Vlasovn��gb+G&^�BuckdahnI [33] �^3n�b`IS��  \#�-n��gb+ (MF-BSDEs):

Yt = ξ +

∫ T

t

E
′f(s, ω, ω′, Ys(ω), Zs(ω), Ys(ω

′), Zs(ω
′))ds−

∫ T

t

Zs

−→
dWs, t ∈ [0, T ]. (1.3)t������ZA� ;SG \#�-Æn��gb+ (MF-BDSDEs) �

Yt = ξ +

∫ T

t

f(s, Ys, Zs,Γ
f(s, Ys, Zs))ds

+

∫ T

t

g(s, Ys, Zs,Γ
g(s, Ys, Zs))

←−
d Bs −

∫ T

t

Zs

−→
dWs, (1.4)#�

[Γl(s, Ys, Zs)](ω)
.
=

∫

Ω

θl(s, ω, ω′, Ys(ω), Zs(ω), Ys(ω
′), Zs(ω

′))P(dω′), l = f, g.��b�%:�t�Z%�/G)j ���Q^0�
E
′[θl(s, Ys, Zs, Y

′

s , Z
′

s)]
.
= Γl(s, Ys, Zs),J9� [1]G��i*���℄!x�MF-BDSDE (1.4)GG8t=
�P=�~ky��

[1, 34]GF���N�.GW�MF-BDSDE�NNW7eD�VW BDSDE
 MF-BSDEG�5	����W~2�}GISO
S |wb�GS���r���P�l SPDEs GIS;W(�Pw7��}�#� McKean-Vlasov9G
SPDEs t� [29] �Æx��O2D�~ob+Wb;} SDEs GQLg�S& \#(�%^ECGzC#%�|Y�E* a� [27–28]. �Pb�� Buckdahn I [34] IS�PodV�3Q=��gb+�t^�-�4b`�J� Markov9G MF-BSDE (1.3)

McKean-Vlasov 9G SDEs, EC�PodV���gb+x=GG8t�P=� �D
|b�GF����?WPodVi SPDEs O<x��bd��G�-b+rBRmd Z0,x0(·), Y4���GdV���gb+��W� [34] �3Q=��gb+Cn�)jG�C	��t��G SPDEs ��NP2Z�G�<�)�6�* q �G (4.3).�Pb��f� [1, 34] �G)j(��bd SPDEs GdVi=
W[G u(t, x) G
"=����NZA u′(t, x), ))* : �G� 4.1. ���IS~ob+G#%F��[W7#sb�lIS�t^~o SPDEsfG(G \#��gn��gb+�6Gy��E.�4o SPDEs GGp�GY�7[�� [1] �GF�	�C \#);��PwS�lndW"`f
�}
n��gW!�}GIS�Pb��� [35–38]IS� \# (�-) SDEs G"`f
�}�EC�([G";�lq��Pb���
[17–19]IS��-Æn���G"`f
�}�#��IS�([G&=\5"`f
�}
d�
�g�'�}� �D
|b�GF����x� \#�-Æn���
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�}�bdb+ (5.1) �G�e Γl, l = f, g �� [35–37] �([G�e|P	�����At
nb+�ZA E
∗[·],t��d E

′[·],~
*b℄!b ShiI [39] ZAG�4��bd θf � θg 
 l ÆrBRmd u(·, ω′), ��G";�lq (5.9) �.#�P25G+���^ E
∗[·] �T���(6~25z=?B	P2#s
0GF�����Æt�l��wq
ISt��t���(�2����GC Xu[9] x���
 \# BDSDEs, �=w�f SPDEsGy��W�� [9] �GF�������GF�
S )N���℄!����UCt0qdV� SPDEs Gp�GYN�� [9] �
Pw�!�0�����D�|CG (Y�:� 4.1), tIS4oP	=�}N�� [9] �[mH&CPw5G+ u′(t, x), t��d

u(t, x), ~Wf� [1, 34] �([F�G{�-��jv�U�.#F�

"=GÆX�#5���IS� MF-BDSDE G"`f
�}�[� [9] y.� MF-BDSDEs G�BQq�LB���0q8t=
�P=F�Gb`f� [9] �Gb`�2�����F�� �tL 2 E����y.���^CGP2k��tL 3 E����a�� MF-BDSDE (1.4) GG8t=
�P=�tL 4 E�����	 MF-BDSDEs y.�PodV� SPDEs GGp�GY�tL 5 E����x�� MF-BDSDEs G"`f
�}�tL 6 E���yTL 5 EF�G[^���IS�Pw \#�-gn� LQf
�}�
2 n ) r Qt���� (Ω,F ,P) WPw�
p�e6� {Wt; 0 6 t 6 T } 
 {Bt; 0 6 t 6 T } W|wQVt (Ω,F ,P) Dg�/�d R

d 
 R
l G�n (Brown) sS�I N �T F �Gr
 P - �kl%�QV

FW
t

.
= σ{Wr; 0 6 r 6 t} ∨ N ,

FB
t,T

.
= σ{BT −Br; t 6 r 6 T } ∨ N ,

Ft
.
= FW

t ∨ F
B
t,T , ∀t ∈ [0, T ].�UC%� {FB

t,T , t ∈ [0, T ]} WMwG� {FB
t,T , t ∈ [0, T ]} WM8G�7[ {Ft, t ∈ [0, T ]}1�MwO�M8�7[��(6���4I (Ω2,F2,P2) = (Ω × Ω,F ⊗ F ,P ⊗ P) We6 (Ω,F ,P) f�J*!e6G�
��~sWd9U t ∈ [0, T ], F2

t = Ft ⊗Ft, Ft ⊗Ft W Ft ×Ft G�
��9UQVt ΩDGn��} ξ = ξ(ω) 
Æ�5K	�Ce6 Ω2, ( ξ′(ω, ω′) = ξ(ω), (ω, ω′) ∈ Ω2. 0
H = R

n, II���QV
L1(Ω2,F2,P2;H) = {ξ | ξ : Ω2 → H, W F2 −
"(
!

E
2|ξ| ≡

∫

Ω2

|ξ(ω′, ω)|P(dω′)P(dω) <∞}.W9UG η ∈ L1(Ω2,F2,P2;H), 0
E
′η(ω, ·) =

∫

Ω

η(ω, ω′)P(dω′), E
∗η·(ω) =

∫

Ω

η(ω′, ω)P(dω′).



412 f E � _ A $ 41 [z�K��� η1(ω, ω
′) = η1(ω

′), η2(ω, ω
′) = η2(ω), ��

E
′η1 =

∫

Ω

η1(ω
′)P(dω′) = Eη1, E

∗η2 =

∫

Ω

η2(ω)P(dω) = Eη2.? ω 
 ω′ �N.#N���-g ω 
 ω′, ��Q^0� E
′ 
 E

∗. 7#t^R�?x�
MF-BDSDE (1.4)N�℄G Γf 
 Γg TW�	 E

′ lQVG�"5�m� Γf WdV�G�OUWh Γf (s, Y (s), Z(s)) t ω 0G� Γf (s, ω, Y (s, ω), Z(s, ω)) Rmd�w%�
{(Y (s, ω′), Z(s, ω′))

∣∣ ω′ ∈ Ω},[�NNW (Y (s, ω), Z(s, ω))."��KF�C��NGP2�ee6�
S2([0, T ];Rn)

=
{
ϕ : [0, T ]× Ω→ R

n
∣∣∣ ϕt W Ft −
"GzC	+
!

E( sup
06t6T

|ϕt|
2) <∞

}
,

M2(0, T ;Rn)

= {ϕ : [0, T ]× Ω→ R
n
∣∣∣ ϕt W Ft −
"G	+(
!

E

∫ T

0

|ϕt|
2dt <∞},

L2(Ω,FT , P ;R
n)

= {ξ : [0, T ]× Ω→ R
n
∣∣∣ ξ W FT −
"Gn��}(
!

E|ξ|2 <∞}.

3 MF-BDSDEs D 6 3 o [ h e�Ex� MF-BDSDE(1.4) GG8t�P=���b��? MF-BDSDE(1.4) Æ53��
Yt = ξ +

∫ T

t

f(s, Ys, Zs,Γ
f(s, Ys, Zs))ds

+

∫ T

t

g(s, Ys, Zs,Γ
g(s, Ys, Zs))

←−
d Bs −

∫ T

t

Zs

−→
dWs, (3.1)#�

[Γl(s, Ys, Zs)](ω)
.
=

∫

Ω

θl(s, ω, ω′, Ys(ω), Zs(ω), Ys(ω
′), Zs(ω

′))P(dω′), l = f, g.��4I
(H1) (i) ξ ∈ L2(Ω,FT ,P;R

n);

f : Ω × [0, T ] × R
n × R

n×d × R
k1 → R

n W
"G�(Wr
 (t, y, z, γ) ∈ [0, T ] ×

R
n+n×d+k1 , (t, ω) 7→ f(t, ω, y, z, γ) W Ft- 
"G�

g : Ω × [0, T ] × R
n × R

n×d × R
k2 → R

n×l W
"G�(Wr
 (t, y, z, γ) ∈ [0, T ] ×

R
n+n×d+k2 , (t, ω) 7→ g(t, ω, y, z, γ) W Ft- 
"G�
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θf : [0, T ] × Ω2 × R
2n+2n×2d → R

k1 W
"G�(Wr
 (t, y, z, y′, z′) ∈ [0, T ] ×

R
2n+2n×2d, �e (t, ω, ω′) 7→ θl(t, ω, ω′, y, z, y′, z′) W [0, T ] D F2

t - 
"G�
θg : [0, T ] × Ω2 × R

2n+2n×2d → R
k2 W
"G�(Wr
 (t, y, z, y′, z′) ∈ [0, T ] ×

R
2n+2n×2d, �e (t, ω, ω′) 7→ θl(t, ω, ω′, y, z, y′, z′) W [0, T ] D F2

t - 
"G�
(ii) f 
 g �d (y, z, γ) 
!P	 Lipschitz �<�OUWh�8t�%e Li, Ki 


αj , Wd i = y, z, y′, z′, γ, j = 1, 2, 3, 4, 
!�
|f(t, y1, z1, γ1)− f(t, y2, z2, γ2)|

6 Ly|y1 − y2|+ Lz|z1 − z2|+ Lγ |γ1 − γ2|,

|g(t, y1, z1, γ1)− g(t, y2, z2, γ2)|
2

6 K2
y |y1 − y2|

2 + α1|z1 − z2|
2 + α2|γ1 − γ2|

2,

|θf (t, ω, ω′, y1, z1, y
′

1, z
′

1)− θ
f (t, ω, ω′, y2, z2, y

′

2, z
′

2)|

6 Ly|y1 − y2|+ Lz|z1 − z2|+ Ly′ |y′1 − y
′

2|+ Lz′ |z′1 − z
′

2|,

|θg(t, ω, ω′, y1, z1, y
′

1, z
′

1)− θ
g(t, ω, ω′, y2, z2, y

′

2, z
′

2)|
2

6 K2
y |y1 − y2|

2 +K2
y′ |y′1 − y

′

2|
2 + α3|z1 − z2|

2 + α4|z
′

1 − z
′

2|
2,

∀(t, ω, ω′) ∈ [0, T ]× Ω2, (yi, zi, y
′

i, z
′

i) ∈ (Rn+n×d)2, i = 1, 2,(
E

∫ T

0

|E′θl0(t, ω, ω
′)|2dt <∞, E

∫ T

0

|l0(t, ω)|
2dt <∞, l = f, g,~s θl0(t, ω, ω

′) = θl(t, ω, ω′, 0, 0, 0, 0), l0(t, ω) = l(t, ω, 0, 0, 0). 4I α1 +α2α3 +α2α4 < 1.z 3.1 Wd l = f, g,bd E
∫ T

0
|E′θl0(t, ω, ω

′)|2dt <∞,v8t%e Lθ 
! |θl0(t, ω, ω′)|

6 Lθ. � L = max{Li,Ki, αj | i = y, z, y′, z′, θ; j = 1, 2, 3, 4}, t (H1) (w �
E
|θl(t, ω, ω′, Y (t, ω), Z(t, ω), y, z)| 6 L(1 + |Y (t, ω)|+ |Z(t, ω)|+ |y|+ |z|), l = f, g,Y4

|Γl(t, Y (t), Z(t))| 6 L(1 + |Y (t)|+ |Z(t)|+ E|Y (t)| + E|Z(t)|), l = f, g.okK�W9U (Y1(·), Z1(·)), (Y2(·), Z2(·)) ∈ S2([0, T ];Rn)×M2([0, T ]; Rn×d),

|Γf (t, Y1(t), Z1(t))− Γf (t, Y2(t), Z2(t))|

6 Ly|Y1(t)− Y2(t)|+ Lz|Z1(t)− Z2(t)|+ Ly′E|Y1(t)− Y2(t)|+ Lz′E|Z1(t)− Z2(t)|,

|Γg(t, Y1(t), Z1(t))− Γg(t, Y2(t), Z2(t))|
2

6 K2
y |Y1(t)− Y2(t)|

2 +K2
y′E|Y1(t)− Y2(t)|

2 + α3|Z1(t)− Z2(t)|
2 + α4E|Z1(t)− Z2(t)|

2.D
|w�.tC lGQq 3.2 �%C�;%^�7K 3.1 4I (H1) (w�v MF-BDSDE(3.1) 8t�PG (Y, Z) ∈ S2([0, T ]; Rn)×

M2(0, T ;Rn×d).



414 f E � _ A $ 41 [q W9U (y, z) ∈ S2(0, T ;Rn)×M2(0, T ;Rn×d), a�� MF-BDSDE:

Yt = ξ +

∫ T

t

f(s, Ys, Zs,E
′[θl(s, Ys, Zs, y

′

s, z
′

s)])ds

+

∫ T

t

g(s, Ys, Zs,E
′[θl(s, Ys, Zs, y

′

s, z
′

s)])
←−
dBs −

∫ T

t

Zs

−→
dWs.b� [1] �GQq 1.1, 
�8t�PG (Y, Z) ∈ S2([0, T ];Rn)×M2(0, T ;Rn×d). Y4���0 Θ(y, z) = (Y, Z), v ΘW7 S2([0, T ];Rn)×M2(0, T ;Rn×d) C�JG℄G� ���

Θ WGpG��4�/9U (yi, zi) ∈ S2([0, T ];Rn)×M2(0, T ;Rn×d) (i = 1, 2), 0
(Y i, Zi) = Θ(yi, zi).� (Ŷ , Ẑ) = (Y 1 − Y 2, Z1 − Z2) 
 (ŷ, ẑ) = (y1 − y2, z1 − z2). W eβt|Ŷt|2 [^ Itô �S�
E

Eeβt|Ŷt|
2 + E

∫ T

t

eβs|Ẑs|
2ds+ E

∫ T

t

βeβs|Ŷs|
2ds

= 2E

∫ T

t

eβsŶsf̂(s)ds+ E

∫ T

t

eβs|ĝ(s)|2ds,~s
f̂(s) = f(s, Y 1

s , Z
1
s ,E

′[θf (s, Y 1
s , Z

1
s , y

1′

s , z
1′

s )])

− f(s, Y 2
s , Z

2
s ,E

′[θf (s, Y 2
s , Z

2
s , y

2′

s , z
2′

s )]),

ĝ(s) = g(s, Y 1
s , Z

1
s ,E

′[θg(s, Y 1
s , Z

1
s , y

1′

s , z
1′

s )])

− g(s, Y 2
s , Z

2
s ,E

′[θg(s, Y 2
s , Z

2
s , y

2′

s , z
2′

s )]).Y4�b4I (H1), � 3.1 
�IS 2ab 6
1

δ
a2 + δb2, 
E

Eeβt|Ŷt|
2 + E

∫ T

t

eβs|Ẑs|
2ds+ E

∫ T

t

βeβs|Ŷs|
2ds

6 2E

∫ T

t

eβs[(1 + Lγ)|Ŷs|(Ly|Ŷs|+ Lz|Ẑs|)

+ Lγ |Ŷs|(Ly′E|ŷs|+ Lz′E|ẑs|)]ds

+ E

∫ T

t

eβs[K2
y(1 + α2)|Ŷs|

2 + (α1 + α2α3)|Ẑs|
2

+ α2K
2
y′E|ŷs|

2 + α2α4E|ẑs|
2]ds

6 M1E

∫ T

t

eβs|Ŷs|
2ds+M2E

∫ T

t

eβs|Ẑs|
2ds

+M3E

∫ T

t

eβs|ŷs|
2ds+M4E

∫ T

t

eβs|ẑs|
2ds,~s

M1 = K2
y(1 + α2) + (1 + Lγ)(Ly + LzC) + 2L2

γ + LγLz′C,

M2 =
(1 + Lγ)Lz

C
+ (α1 + α2α3),
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M3 =
1

2
L2
y′ + α2K

2
y′ ,

M4 =
LγLz′

C
+ α2α4.�	.m�
E

E

∫ T

t

β −M1

1−M2
eβs|Ŷs|

2ds+ E

∫ T

t

eβs|Ẑs|
2ds

6
M4

1−M2

[
E

∫ T

t

M3

M4
eβs|ŷs|

2ds+ E

∫ T

t

eβs|ẑs|
2ds

]
.b αi G4I�v Θ W M2(0, T ;Rn+n×d) DGGp℄G�Y48t�P�SN (Y, Z) ∈

M2(0, T ;Rn+n×d), %�b+ (3.1) GG��(?TL� Y (·) ∈ S2(0, T ;Rn). QqE��z 3.2 �UC�0E�GF�
r�� [1, 34]�GF��VOD��� Lγ = α2 = 0,�| Ky = α1 = α2 = 0, v#F�g�
��� [1, 34] �G);�C lKF� ;SG \#�-Æn��gb+�
Pt = η +

∫ t

0

f(s, Ps, Qs,Γ
f (s, Ps, Qs))ds

+

∫ t

0

g(s, Ps, Qs,Γ
g(s, Ps, Qs))

−→
dWs −

∫ t

0

Qs

←−
dBs, t ∈ [0, T ], (3.2)~s η W F0- 
"G��UCt�C"`f
G�}��b+ (3.2) %�
nb+.#����b+ (3.2) ���okdb+ (3.1) G;S�QV

B̃t = BT −BT−t, W̃t =WT −WT−t, F̃t
.
= FW̃

t,T ∨ F
B̃
t ,

P̃t = PT−t, Q̃t = QT−t, t ∈ [0, T ],v F̃t = FT−t, η W F̃T - 
"G� P̃ (t), Q̃(t) W F̃t- 
"G�(
P̃t = η +

∫ T

t

f(s, P̃s, Q̃s,Γ
f (s, P̃s, Q̃s))ds

+

∫ T

t

g(s, P̃s, Q̃s,Γ
g(s, P̃s, Q̃s))

←−
d W̃s −

∫ T

t

Q̃s

−→
d B̃s. (3.3)�UCb+ (3.3) okdb+ (3.1), ���bQq 3.1 b+ (3.3) 8t�PG���
� Qq�7K 3.2 4I (H1) (w���b+ (3.2) 8t�PG (Pt, Qt) ∈ S2([0, T ];Rn) ×

M2(0, T ;Rn×d).

4 : E - SPDEs D 6 = L , R
Pardoux 
 Peng[1] ℄5=w� BDSDEs f\D�&= SPDEs ���6Gy��y.���9\D SPDEs Gp�GY�4��m�}EC�;}IS� :� [2, 4, 8,

11–12, 40]. ~PE
S`%W~P�}GKC��Z�h���?t^ MF-BDSDEs q�l|�PodV� SPDEs GGp��S�WS9U x0 ∈ R
m, (t, x) ∈ [0, T ]×R

m �-
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Xt,x
s = x+

∫ s

t

Γb(r,Xt,x
r )dr +

∫ s

t

Γσ(r,Xt,x
r )
−→
dWr, s > t, (4.1)
�-b+

Y t,x
s = E

′[h(Xt,x
T , (X0,x0

T )′)] +

∫ T

s

Γf
1 (r,X

t,x
r , Y t,x

r , Zt,x
r )dr

+

∫ T

s

Γg
1(r,X

t,x
r , Y t,x

r , Zt,x
r )
←−
d Br −

∫ T

s

Zt,x
r

−→
dWr, s > t, (4.2)~s

Γk(r,Xt,x
r )

=

∫

Ω

k(r,Xt,x
r (ω), X0,x0

r (ω′))P(dω′) =: E′[k(r,Xt,x
r , (X0,x0

r )′)],

Γl
1(r,X

t,x
r , Y t,x

r , Zt,x
r )

=

∫

Ω

θl(r,Xt,x
r (ω), Y t,x

r (ω), Zt,x
r (ω), X0,x0

r (ω′), Y 0,x0

r (ω′), Z0,x0

r (ω′))P(dω′)

=: E′[θl(r,Xt,x
r , Y t,x

r , Zt,x
r , (X0,x0

r )′, (Y 0,x0

r )′, (Z0,x0

r )′)],#� k = b, σ; l = f, g, (
b : [0, T ]× R

m × R
m → R

m, σ : [0, T ]× R
m × R

m → R
m×d,

θf : [0, T ]× R
m × R

n × R
n×d × R

m × R
n × R

n×d → R
n,

θg : [0, T ]× R
m × R

n × R
n×d × R

m × R
n × R

n×d → R
n×l,

h : Rm × R
m → R

n.?�e
!&=w&
 Lipschitz �<N� SDE(4.1) 8t�PG (: [34]). okK�? h,

θf 
 θg 
!X?G�<N�bD
Qq 3.1, b+ (4.2) 8t�PG�4I θf (t, x, x′, ·, ·, ·) 
 θg(t, x, x′, ·, ·, ·) �d t, x 
 x′ P	
!Qq 3.1 G�<����b+ (4.2) 8t�PG (Yt, Zt) ∈ S2([0, T ];Rn) ×M2(0, T ;Rn×d).C l��=w MF-BDSDE (4.2) 
� dV� SPDE Gy��
du(t, x) = −(Lu(t, x) + E

′θf (t, x, u(t, x),▽u(t, x) · E′[σ(t, x, (X0,x0

t )′)], (X0,x0

t )′,

u′(t, (X0,x0

t )′), [▽u′(t, a) · E′σ(t, a, (X0,x0

t )′)]
∣∣∣
a=X

0,x0

t

))dt

− E
′θg(t, x, u(t, x),▽u(t, x) · E′[σ(t, x, (X0,x0

t )′)], (X0,x0

t )′,

u′(t, (X0,x0

t )′), [▽u′(t, a) · E′σ(t, a, (X0,x0

t )′)]
∣∣∣
a=X

0,x0

t

)
←−
d Bt,

u(T, x) = E
′[h(x, (X0,x0

T )′)], (4.3)~s u : R+ × R
m × Ω→ R

n, Lu = (Lu1, · · · , Lun)
T, 
!�

Lui(t, x)
.
=

1

2
tr(E′[σ(t, x, (X0,x0

t )′)]E′[σ(t, x, (X0,x0

t )′)]TD2u(t, x))

+▽u(t, x) · E′[b(t, x, (X0,x0

t )′)],
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u′(t, (X0,x0

t )′)
.
= u(t, ω′, X

0,x0

t (ω′)), t ∈ [0, T ]. (4.4)��
� Qq�7K 4.1 4I b, σ, f 
 g 
!&=w&
 Lipschitz �<� hxx(x, (X
0,x0

T )) 8t(
EE

′|h(Xt,x
T , (X0,x0

T )′)|2 < ∞. 4I SPDE(4.3) 8tG u(t, x) ∈ C1,2(Ω × [0, T ]× R
m;Rn),���WdyQG (t, x), u(t, x) 
� �T�

u(t, x) = Y
t,x
t , (4.5)~s Y

t,x
t bb+ (4.1) 
 (4.2) 3Q��(�b+ (4.3) GG u(t, x) OW�PG�q W u(t,Xt) [^ Itô �S�
E

u(T,Xt,x
T )− u(t, x) =

∫ T

t

[∂u
∂r

(r,Xt,x
r ) + Lu(r,Xt,x

r )
]
dr

+

∫ T

t

▽u(r,Xt,x
r ) · E′[σ(r,Xt,x

r , (X0,x0

r )′)]
−→
dWr.b u(t, x) 
! SPDE(4.3), 
�

u(T,Xt,x
T )− u(t, x)

= −

∫ T

t

E
′θf (s,Xt,x

s , u(s,Xt,x
s ),▽u(s,Xt,x

s ) · E′[σ(s,Xt,x
s , (X0,x0

s )′)],

(X0,x0

s )′, u′(s, (X0,x0

s )′), [▽u′(s, a) · E′σ(s, a, (X0,x0

s )′)]
∣∣∣
a=X

0,x0
s

)ds

−

∫ T

t

E
′θg(s,Xt,x

s , u(s,Xt,x
s ),▽u(s,Xt,x

s ) · E′[σ(s,Xt,x
s , (X0,x0

s )′)],

(X0,x0

s )′, u′(s, (X0,x0

s )′), [▽u′(s, a) · E′σ(s, a, (X0,x0

s )′)]
∣∣∣
a=X

0,x0
s

)
←−
dBs

+

∫ T

t

▽u(s,Xt,x
s ) · E′[σ(s,Xt,x

s , (X0,x0

s )′)]
−→
dWs.bb+ (4.1) 
 (4.2) GG�P=T��Wd s ∈ [0, T ], (u(s,Xt,x

s ),▽u(s,Xt,x
s ) · E′[σ(s,

Xt,x
s , (X0,x0

s )′)]) Wb+ (4.3) GG�7[
u(t, x) = Y

t,x
t , t ∈ [0, T ], x ∈ R

m.tD
�< � Y
t,x
· W�PG��� SPDE(4.3) GG u(t, x) OW�PG�z 4.1 b+ (4.5) 
S'� SPDE(4.3) Gn� Feynman-Kac �S�WIS SPDEsGÆN}Y�v��bQq 4.1 
���� SPDE (4.3) GG8tG����PQW�PG�z 4.2 �UCb+ (4.3)�ZAG u′ QE��Gx�|P	��3'Kh�Pb��W�� [1] �G SPDEs, u′(t, (X0,x0

t )) W��G�~WY���G SPDE WdV�G��Pb��W�� [34], bd u(t, x) z`G
"=��0E���Q%� u(t, (X0,x0

t )′) ��� u′(t, (X0,x0

t )′). X��r��bd
Y t,x
s (ω) = u(s, ω,Xt,x

s (ω)),
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Y 0,x0

s (ω′) = u(s, ω′, X0,x0

s (ω′)) = u′(s, (X0,x0

s )′)."5��� θg = 0, OUWh�b+ (4.3) 
��3QG PDE, Y4 u′(t, (X0,x0

t )′) ?
�� u(t, (X0,x0

t )′), ~�W� [34] �x�G);�z 4.3 t��Gi5 �b+ (4.2) rBRmd Z0,x0(·), Y4P2d�b+ (4.3) GdV�=�
W�AG�~W-�d� [34] �Gx��
5 O G 0 5 
 x T A _ X 6 { m I u ^ V�E��IS \#�-Æn���G"`f
�}�	B.Pw�N=";�lq��0�7>�� m = n = d = l = k1 = k2 = 1.yQ��% U ⊂ R

k, rBf
%QV�
Uad =

{
v : [0, T ]× Ω→ U |v W Ft −
"G, E∫ T

0

|vt|
2dt < +∞

}
,Wd9U v ∈ Uad, ξ ∈ L2(Ω,FT , P ;R), a�� MF-BDSDE:

Y v
t = ξ +

∫ T

t

Γf (s, Y v
s , Z

v
s , vs)ds−

∫ T

t

Zv
s

−→
dWs +

∫ T

t

Γg(s, Y v
s , Z

v
s , vs)

←−
d Bs, (5.1)#�

Γi(s, Y v
s , Z

v
s , vs)

=

∫

Ω

θi(s, ω, ω′, Y v
s (ω), Z

v
s (ω), vs(ω), Y

v
s (ω

′), Zv
s (ω

′), vs(ω
′))P(dω′), i = f, g,(

θf : Ω2 × [0, T ]× R× R× U × R× R× U → R,

θg : Ω2 × [0, T ]× R× R× U × R× R× U → R.=����
J(v(·)) = E

∫ T

0

Γl(s, Y v
s , Z

v
s , vs)ds+ E[E′h(Y v

0 (ω), Y
v
0 (ω

′))], (5.2)#�
Γl(s, Y v

s , Z
v
s , vs)

=

∫

Ω

l(s, ω, ω′, Y v
s (ω), Z

v
s (ω), vs(ω), Y

v
s (ω

′), Zv
s (ω

′), vs(ω
′))P(dω′)(

h : Ω2 × R× R→ R,

l : Ω2 × [0, T ]× R× R× U × R× R× U → R.��Gf
�}Wt Uad DF{rBf
 v(·), QE=��� J(v(·)) :C"0��4I
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(H2) (i) θf , θg, l, h �d y, y′, z, z′, v, v′ WzC
�G� l 
 h GBeW&=w&G�
(ii) θf , θg �d (y, z, y′, z′, v, v′) 
!P	 Lipschitz �<�(8t�%e Li, Ki, αj ,Wd i = y, z, y′, z′, v, v′, j = 3, 4, QE
|θf (t, ω, ω′, y1, z1, y

′

1, z
′

1, v1, v
′

1)− θ
f (t, ω, ω′, y2, z2, y

′

2, z
′

2, v2, v
′

2)|

6 Ly|y1 − y2|+ Lz|z1 − z2|+ Ly′ |y′1 − y
′

2|+ Lz′ |z′1 − z
′

2|+ Lv|v1 − v2|+ Lv′ |v′1 − v
′

2|,

|θg(t, ω, ω′, y1, z1, y
′

1, z
′

1, v1, v
′

1)− θ
g(t, ω, ω′, y2, z2, y

′

2, z
′

2, v2, v
′

2)|
2

6 K2
y |y1 − y2|

2 +K2
y′ |y′1 − y

′

2|
2 +K2

v |v1 − v2|
2

+K2
v′ |v′1 − v

′

2|
2 + α3|z1 − z2|

2 + α4|z
′

1 − z
′

2|
2,

∀(t, ω, ω′) ∈ [0, T ]× Ω2, (yi, zi, y
′

i, z
′

i, vi, v
′

i) ∈ R
6, i = 1, 2,(

E

∫ T

0

|E′θl0(t, ω, ω
′)|2dt <∞, l = f, g,#� θl0(t, ω, ω

′) = θl(t, ω, ω′, 0, 0, 0, 0, 0, 0), α3 + α4 < 1.tD
4I �Wd9U v(·) ∈ Uad, bQq 3.1, b+ (5.1) 8t�PGG (Y v, Zv) ∈

S2([0, T ];R)×M2(0, T ;R), �(=��� J GQVW�qG�4Q û(·) W"`f
� (Ŷ (·), Ẑ(·)) W([G"`�"� v(·) 
! û(·) + v(·) ∈ Uad.b Uad G�=���W9U 0 6 ε 6 1, uε(·) = û(·) + εv(·) Oad Uad. bQq 3.1 
��([d uε, b+ (5.1) 8t�PG�#G0� (Y ε(·), Zε(·)). ��℄!��� Zq�iK 5.1 4I (H2) (w�W9U t ∈ [0, T ], 
E
E|Y ε

t − Ŷt|
2
6 Cε2, E

∫ T

t

|Zε
s − Ẑs|

2ds 6 Cε2.q �UC Y ε
t − Ŷt 
!� MF-BDSDE:

Y ε
t − Ŷt =

∫ T

t

[Γf (s, Y ε
s , Z

ε
s , u

ε
s)− Γf (s, Ŷs, Ẑs, ûs)]ds

+

∫ T

t

[Γg(s, Y ε
s , Z

ε
s , u

ε
s)− Γg(s, Ŷs, Ẑs, ûs)]

←−
dBs

−

∫ T

t

(Zε
s − Ẑs)

−→
dWs.W |Y ε

t − Ŷt|
2 [^ Itô �S�
E

E

(
|Y ε

t − Ŷt|
2 +

∫ T

t

|Zε
s − Ẑs|

2ds
)

= 2E

∫ T

t

〈Y ε
s − Ŷs,Γ

f (s, Y ε
s , Z

ε
s , u

ε
s)− Γf (s, Ŷs, Ẑs, ûs)〉ds

+ E

∫ T

t

|Γg(s, Y ε
s , Z

ε
s , u

ε
s)− Γg(s, Ŷs, Ẑs, ûs)|

2ds.
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E
E|Y ε

t − Ŷt|
2 + E

∫ T

t

|Zε
s − Ẑs|

2ds

6 k1E

∫ T

t

|Y ε
s − Ŷs|

2ds+ k2ε
2
E

∫ T

t

|vs|
2ds,~s ki (i = 1, 2) WRmd (H2) G%e�b Gronwall �IS
 Burkholder-Davis-Gundy�IS�F�E���0�7��ZA

α̂(·) = α(·, ω, ω′, Ŷ·(ω), Ẑ·(ω), û·(ω), Ŷ·(ω
′), Ẑ·(ω

′), û·(ω
′)),

αε(·) = α(·, ω, ω′, Y ε
·
(ω), Zε

·
(ω), uε

·
(ω), Y ε

·
(ω′), Zε

·
(ω′), uε

·
(ω′)),~s ω, ω′ ∈ Ω, α = θf , θg, l. ��ZA� �gb+�

ξt = ψt +

∫ T

t

F1(s, ξs, ηs)ds+

∫ T

t

G1(s, ξs, ηs)
←−
d Bs −

∫ T

t

ηs
−→
dWs, (5.3)#�

F1(s, ξs, ηs) = E
′[θ̂fy (s)ξs + θ̂fz (s)ηs + θ̂

f
y′(s)ξ

′

s + θ̂
f
z′(s)η

′

s],

G1(s, ξs, ηs) = E
′[θ̂gy(s)ξs + θ̂gz(s)ηs + θ̂

g
y′(s)ξ

′

s + θ̂
g
z′(s)η

′

s],(
ψ(t) =

∫ T

t

E
′[θ̂fv (s)vs + θ̂

f
v′(s)v

′

s]ds+

∫ T

t

E
′[θ̂gv(s)vs + θ̂

g
v′(s)v

′

s]
←−
dBs.0

E
′[θ̂fy (s)ξs] =

∫

Ω

θ̂fy (s, ω, ω
′)ξs(ω)P(dω

′),

E
′[θ̂fy′(s)ξ

′

s] =

∫

Ω

θ̂
f
y′(s, ω, ω

′)ξs(ω
′)P(dω′).t4I (H2)  �bQq 3.1 
�b+ (5.3) 8t�P (ξt, ηt) ∈ S2([0, T ];R)×M2(0, T ;R).iK 5.2 0

yεt =
Y ε
t − Ŷt
ε

− ξt, zεt =
Zε
t − Ẑt

ε
− ηt,��

lim
ε→0

sup
t∈[0,T ]

E|yεt |
2 = 0, lim

ε→0
E

∫ T

0

|zεt |
2dt = 0. (5.4)q 0 (yε, zε) W� b+GG�





−dyεt = E
′[f ε

y (t)y
ε
t + f ε

z (t)z
ε
t + f ε

y′(t)y
′ε
t + f ε

z′(t)z
′ε
t + f ε

1 (t)]dt

+E
′[gεy(t)y

ε
t + gεz(t)z

ε
t + gεy′(t)y

′ε
t + gεz′(t)z

′ε
t + gε1(t)]

←−
d Bt

−zεt
−→
dWt,

yεT = 0,
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t (ω)− Ŷt(ω)), ut(ω) = ût(ω) + λ(uεt (ω)− ût(ω)),

δεy(·) =

∫ 1

0

θδy(·, Y ·(ω), Z ·(ω), u·(ω), Y ·(ω
′), Z ·(ω

′), u·(ω
′))dλ,(

δε1(·) = [δεy(·)− θ̂
δ
y(·)]ξ·(ω) + [δεz(·)− θ̂

δ
z(·)]η·(ω) + [δεy′(·)− θ̂δy′(·)]ξ·(ω

′)

+ [δεz′(·)− θ̂δz′(·)]η·(ω
′) + [δεv(·)− θ̂

δ
v(·)]v·(ω) + [δεv′(·)− θ̂δv′(·)]v·(ω

′).t [t, T ] DW |yεt |2 [^ Itô �S�
E
E|yεt |

2 + E

∫ T

t

|zεs |
2ds

= 2E

∫ T

t

〈yεs ,E
′[f ε

y (s)y
ε
s + f ε

z (s)z
ε
s + f ε

y′(s)y
′ε
s + f ε

z′(s)z
′ε
s + f ε

1 (s)]〉ds

+ E

∫ T

t

|E′[gεy(s)y
ε
s + gεz(s)z

ε
s + gεy′(s)y

′ε
s + gεz′(s)z

′ε
s + gε1(s)]|

2ds.b4I (H2), 
E
E|yεt |

2 + E

∫ T

t

|zεs |
2ds 6 kE

∫ T

t

|yεs|
2ds+ Cε,~s k WX?G%e�? ε→ 0 N� Cε → 0. b Grownwall �IS�F�E��bd û(·) W"`f
���

ε−1[J(uε(·))− J(û(·))] > 0. (5.5)F�Zq 5.2, 
E� F��iK 5.3 4I (H2) (w���� �g�IS(w�
E

∫ T

0

E
′[l̂y(s)ξs + l̂z(s)ηs + l̂y′(s)ξ′s + l̂z′(s)η′s + l̂v(s)vs + l̂v′(s)v′s]ds

+ EE
′[hy(Ŷ0(ω), Ŷ0(ω

′))ξ0(ω) + hy′(Ŷ0(ω), Ŷ0(ω
′))ξ0(ω

′)] > 0, (5.6)#�
E
′[l̂y′(s)ξ′s] =

∫

Ω

l̂y′(s, ω, ω′)ξs(ω
′)P(dω′).q b (5.4) �GLPwS��
E

EE
′ε−1[h(Y ε

0 (ω), Y
ε
0 (ω

′))− h(Ŷ0(ω), Ŷ0(ω
′))]

= EE
′ε−1

∫ 1

0

hy(Y 0(ω), Y 0(ω
′))(Y ε

0 (ω)− Ŷ0(ω))dλ

+ EE
′ε−1

∫ 1

0

hy′(Y 0(ω), Y 0(ω
′))(Y ε

0 (ω
′)− Ŷ0(ω

′))dλ

→ EE
′[hy(Ŷ0(ω), Ŷ0(ω

′))ξ0(ω) + hy′(Ŷ0(ω), Ŷ0(ω
′))ξ0(ω

′)], ε→ 0,#� Y 0(ω) = Ŷ0(ω) + λ(Y ε
0 (ω)− Ŷ0(ω)). okK�? ε→ 0 N�


ε−1
{
E

∫ T

0

E
′[lε(t)− l̂(t)]dt

}
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→ E

∫ T

0

E
′[l̂y(s)ξs + l̂z(s)ηs + l̂y′(s)ξ′s + l̂z′(s)η′s + l̂u(s)vs + l̂v′(s)v′s]ds.Y4�IS (5.6) E��a�
nb+�

pt = E
′hy(Ŷ0(ω), Ŷ0(ω

′)) + E
∗hy′(Ŷ0(ω

∗), Ŷ0(ω))

+

∫ t

0

F2(s, , ps, qs)ds+

∫ t

0

G2(s, ps, qs)
−→
dWs −

∫ t

0

qs
←−
d Bs, (5.7)#�

F2(s, ps, qs) = E
′[θ̂fy (s)ps + θ̂gy(s)qs + l̂y(s)] + E

∗[θ̂fy′(s)p
∗

s + θ̂
g
y′(s)q

∗

s + l̂y′(s)],

G2(s, ps, qs) = E
′[θ̂fz (s)ps + θ̂gz(s)qs + l̂z(s)] + E

∗[θ̂fz′(s)p
∗

s + θ̂
g
z′(s)q

∗

s + l̂z′(s)],(
E
∗ l̂y′(s) =

∫

Ω

l̂y′(s, ω∗, ω)P(dω∗),

E
∗[θ̂fy′(s)p

∗

s] =

∫

Ω

θ̂
f
y′(s, ω

∗, ω)p(s, ω∗)P(dω∗).
nb+ (5.7) Wb+ (3.2) t�e
I Gz`;S�4I (H2) (w�bQq 3.2 
�b+ (5.7) 8t�PG (pt, qt).QV Hamiltonian�e H : Ω×Ω× [0, T ]×R×R×R×R×R×R×R×R→ R� �
H(t, ω, ω′, y1, z1, v1, y2, z2, v2, p, q)

.
= θf (t, ω, ω′, y1, z1, v1, y2, z2, v2)p+ θg(t, ω, ω′, y1, z1, v1, y2, z2, v2)q

+ l(t, ω, ω′, y1, z1, v1, y2, z2, v2). (5.8)b�g�IS (5.6), ��y. MF-BDSDEs n�f
�}Gn�";�lq�7K 5.1 (n�";�lq) I (Ŷ (·), Ẑ(·), û(·)) Wf
�} {(5.1), (5.2)} G"`�"��� ∀v ∈ U, a.e. t ∈ [0, T ], a.s.,

[E′Ĥv(t, ω, ω
′) + E

∗Ĥv′(t, ω∗, ω)] · (v − ût) > 0, (5.9)#�̂
H(t, ω, ω′)

.
= H(t, ω, ω′, Ŷt(ω), Ẑt(ω), ût(ω), Ŷt(ω

′), Ẑt(ω
′), ût(ω

′), pt(ω), qt(ω)). (5.10)q W 〈ξt, pt〉 [^ Itô �S�
E
−Eξ0p0 = E

∫ T

0

E
′[ly(s)ξs + lz(s)ηs + ly′(s)ξ′s + lz′(s)η′s]ds

− E

∫ T

0

E
′[θ̂fv′(s)v

′

sps + θ̂
g
v′(s)v

′

sqs]ds

− E

∫ T

0

E
′[θ̂fv (s)vsps + θ̂gv(s)vsqs]ds.bD
�g�IS (5.6), 
E

E

∫ T

0

E
′[θ̂fv′(s)v

′

sps + θ̂
g
v′(s)v

′

sqs + l̂v′(s)v′s]ds
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+ E

∫ T

0

E
′[θ̂fv (s)vsps + θ̂gv(s)vsqs + l̂v(s)vs]ds > 0.b Hamiltonian �eGQV�
E

E

∫ T

0

[E∗Hv′(t, Ŷt(ω
∗), Ẑt(ω

∗), ût(ω
∗), Ŷt(ω), Ẑt(ω), ût(ω), pt(ω

∗), qt(ω
∗))

+ E
′Hv(t, Ŷt(ω), Ẑt(ω), ût(ω), Ŷt(ω

′), Ẑt(ω
′), ût(ω

′), pt(ω), qt(ω))] · vtdt > 0.W9U v ∈ U , F W σ− =e Ft G9Ukl��
vs =





ûs, s ∈ [0, t),

v, s ∈ [t, , t+ ε), ω ∈ F,

ûs, s ∈ [t, , t+ ε), ω ∈ Ω− F,

ûs, s ∈ [t+ ε, T ],
� vs ∈ Uad. bd vt 
! ût + vt ∈ Uad, / vt = vt − ût, D
�IS
n3�
E1F

∫ t+ε

t

[E′Ĥv(s, ω, ω
′) + E

∗Ĥv′(s, ω∗, ω)] · (v − ûs)ds > 0,~s Ĥ 
! (5.10). t ε = 0 0�d�} ε ,�g�
E
E1F [E

′Ĥv(t, ω, ω
′) + E

∗Ĥv′(t, ω∗, ω)] · (v − ût) > 0,Y4 (5.9) (w�
6 O G 0 5 
 x T A LQ ^ V~PE����D
";�lq[^d \#�-Æn� LQ �}��

h(Y0(ω), Y0(ω
′)) =

1

2
Q1

0Y0(ω)
2 +

1

2
Q2

0Y
2
0 (ω

′)

f(s, ω, ω′, Ys(ω), Zs(ω), vs(ω), Ys(ω

′), Zs(ω
′), vs(ω

′))

= A1
sYs(ω) +B1

sZs(ω) + C1
s vs(ω) +A2

sYs(ω
′) +B2

sZs(ω
′) + C2

svs(ω
′),

g(s, ω, ω′, Ys(ω), Zs(ω), vs(ω), Ys(ω
′), Zs(ω

′), vs(ω
′))

= D1
sYs(ω) + E1

sZs(ω) + F 1
s vs(ω) +D2

sYs(ω
′) + E2

sZs(ω
′) + F 2

s vs(ω
′),

l(s, ω, ω′, Ys(ω), Zs(ω), vs(ω), Ys(ω
′), Zs(ω

′), vs(ω
′))

=
1

2
[M1

s Y
2
s (ω) +N1

sZ
2
s (ω) +R1

sv
2
s (ω) +M2

s Y
2
s (ω

′) +N2
sZ

2
s (ω

′) +R2
sv

2
s(ω

′)],#� Ai : [0, T ]× Ω2 → R W
IG� (s, ω, ω′) 7→ Ai(s, ω, ω′) W F2
s - 
"G (okK�#s�e
!SD4I), M i, N i WdlG� Ri W�e��vb+�

Y v
t (ω) = ξ +

∫ T

t

{[E′A1
s]Y

v
s (ω) + [E′B1

s ]Z
v
s (ω) + [E′C1

s ]vs(ω)}ds

+

∫ T

t

E
′[A2

sY
v
s (ω

′) +B2
sZ

v
s (ω

′) + C2
svs(ω

′)]ds
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+

∫ T

t

{[E′D1
s ]Y

v
s (ω) + [E′E1

s ]Z
v
s (ω) + [E′F 1

s ]vs(ω)}
←−
d Bs

+

∫ T

t

{E′[D2
sY

v
s (ω

′) + E2
sZ

v
s (ω

′) + F 2
s vs(ω

′)]}
←−
dBs

−

∫ T

t

Zv
s (ω)
−→
dWs. (6.1)=����

J(v(·))

=
1

2
E

( ∫ T

0

E
′[M1

s |Y
v
s (ω)|

2 +N1
s |Z

v
s (ω)|

2 +R1
s|vs(ω)|

2]ds+ E
′[Q1

0|Y
v
0 (ω)|

2]
)

+
1

2
E

(∫ T

0

E
′[M2

s |Y
v
s (ω

′)|2 +N2
s |Z

v
s (ω

′)|2 +R2
s|vs(ω

′)|2]ds+ E
′[Q2

0|Y
v
0 (ω

′)|2]
)
.��0�7��� Ai(s.ω, ω′) 0� Ai(s). Hamiltonian �e�

H(s, ω, ω′, y1, z1, v1, y2, z2, v2, p, q)

= [A1
sy1 +B1

sz1 + C1
sv1 +A2

sy2 +B2
sz2 + C2

sv2]p

+ [D1
sy1 + E1

s z1 + F 1
s v1 +D2

sy2 + E2
sz2 + F 2

s v2]q

+
1

2
[M1

s y
2
1 +N1

s z
2
1 +R1

sv
2
1 +M2

s y
2
2 +N2

s z
2
2 +R2

sv
2
2 ].bQq 5.1, 
E

0 = E
′[C1

sps + F 1
s qs +R1

sûs] + E
∗[C2

s p
∗

s + F 2
s q

∗

s +R2
sûs], (6.2)#�

E
∗[C1

s ps] =

∫

Ω

C1
s (ω, ω

′)ps(ω)P(dω
′),

E
∗[R2

sûs] =

∫

Ω

R2
s(ω

∗, ω)us(ω)P(dω
∗),

E
∗[C2

s p
∗

s] =

∫

Ω

C2
s (ω

∗, ω)ps(ω
∗)P(dω∗),S&

pt = E
′[Q1

0Ŷ0(ω)] + E
∗[Q2

0Ŷ0(ω)]

+

∫ t

0

F2(s, ps, qs)ds+

∫ t

0

G2(s, ps, qs)
−→
dWs −

∫ t

0

qs
←−
dBs, (6.3)(

F2(s, ps, qs) = E
′[A1

sps +D1
sqs +M1

s Ŷs(ω)] + E
∗[A2

sp
∗

s +D2
sq

∗

s +M2
s Ŷs(ω

′)],

G2(s, ps, qs) = E
′[B1

sps + E1
s qs +N1

s Ẑs(ω)] + E
∗[B2

sp
∗

s + E2
sq

∗

s +N2
s Ẑs(ω

′)].7K 6.1 4I8t û 
! (6.2), #� (p, q) Wb+ (6.3) GG�vD
�- LQ �}8t�PG�q ℄!���

J(v)− J(û)
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=
1

2
E

∫ T

0

E
′[M1

s (|Y
v
s (ω)|

2 − |Ŷs(ω)|
2) +N1

s (|Z
v
s (ω)|

2 − |Ẑs(ω)|
2)]ds

+
1

2
E

∫ T

0

E
′[R1

s(|vs(ω)|
2 − |ûs(ω)|

2) +M2
s (|Y

v
s (ω

′)|2 − |Ŷs(ω
′)|2)]ds

+
1

2
E

∫ T

0

E
′[N2

s (|Z
v
s (ω

′)|2 − |Ẑs(ω
′)|2) +R2

s(|vs(ω
′)|2 − |ûs(ω

′)|2)]ds

+
1

2
EE

′[Q1
0(|Y

v
0 (ω)|

2 − |Ŷ0(ω)|
2) +Q2

0(|Y
v
0 (ω

′)|2 − |Ŷ0(ω
′)|2)]

> E

∫ T

0

E
′[M1

s Ŷs(ω)(Y
v
s (ω)− Ŷs(ω)) +N1

s Ẑs(ω)(Z
v
s (ω)− Ẑs(ω))]ds

+ E

∫ T

0

E
′[R1

sûs(ω)(vs(ω)− ûs(ω)) +M2
s Ŷs(ω

′)(Y v
s (ω

′)− Ŷs(ω
′))]ds

+ E

∫ T

0

E
′[N2

s Ẑs(ω
′)(Zv

s (ω
′)− Ẑs(ω

′)) +R2
sûs(ω

′)(vs(ω
′)− ûs(ω

′))]ds

+ EE
′[Q1

0Ŷ0(ω)(Y
v
0 (ω)− Ŷ0(ω)) +Q2

0Ŷ0(ω
′)(Y v

0 (ω
′)− Ŷ0(ω

′))].�Pb��t [0, T ] DW ps(ω)(Y
v
s (ω)− Ŷs(ω)) [^ Itô �S�
E

EE
′[Q1

0Ŷ0(ω)(Y
v
0 (ω)− Ŷ0(ω)) +Q2

0Ŷ0(ω
′)(Y v

0 (ω
′)− Ŷ0(ω

′))]

= E

∫ T

0

E
′[C1

sps(ω) + F 1
s qs(ω)](vs(ω)− ûs(ω))ds

− E

∫ T

0

E
′[M1

s Ŷs(ω)(Y
v
s (ω)− Ŷs(ω)) +N1

s Ẑs(ω)(Z
v
s (ω)− Ẑs(ω))]ds

+ E

∫ T

0

E
′[C2

s (vs(ω
′)− ûs(ω

′))ps(ω) + F 2
s (vs(ω

′)− ûs(ω
′))qs(ω)]ds

− E

∫ T

0

E
′[M2

s Ŷs(ω
′)(Y v

s (ω
′)− Ŷs(ω

′)) +N2
s Ẑs(ω

′)(Zv
s (ω

′)− Ẑs(ω
′))]ds. D
E

J(v) − J(û)

> E

∫ T

0

E
′[C1

s ps(ω) + F 1
s qs(ω)](vs(ω)− ûs(ω))ds

+ E

∫ T

0

E
′[R1

sûs(ω)(vs(ω)− ûs(ω)) +R2
sûs(ω

′)(vs(ω
′)− ûs(ω

′))]ds

+ E

∫ T

0

E
′[C2

s (vs(ω
′)− ûs(ω

′))ps(ω) + F 2
s (vs(ω

′)− ûs(ω
′))qs(ω)]ds

= E

∫ T

0

E
′[C1

s ps(ω) + F 1
s qs(ω)](vs(ω)− ûs(ω))ds

+ E

∫ T

0

[[E′R1
s]ûs(ω)(vs(ω)− ûs(ω)) + E

∗[R2
sûs](vs(ω)− ûs(ω))]ds

+ E

∫ T

0

E
∗[C2

s p
∗

s + F 2
s q

∗

s ](vs(ω)− ûs(ω))ds.b (6.2) 
�� J(v)− J(û) > 0, OUWh û W"`f
�bd���P=Gb`WQP
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Abstract In this paper, mean-field backward doubly stochastic differential equations (MF-

BDSDEs in short) are introduced and studied. The existence and uniqueness of solutions for

MF-BDSDEs is established. One probabilistic interpretation for the solutions to a class of

nonlocal stochastic partial differential equations is given. A maximum principle of Pontrya-

gin’s type is established for optimal control problems of MF-BDSDEs. Finally, one backward

linear quadratic optimal control problem of mean-field type is discussed to illustrate the di-

rect application of the maximum principle.
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