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1 TMU_N40	+T�3=U:GJ�/A_a� (�;a 1.1) 2&xG:

−div(Fξ(x, u,∇u)) + Fs(x, u,∇u) + b(x)u = g(x, u), x R
N�, (1.1)[� N > 2, b(x) (R;27Me�aH�

b(x) > 0, ∀ x ∈ R
N , lim

|x|→+∞
b(x) = +∞.

Fs(x, s, ξ) h Fξ(x, s, ξ) L��� F (x, s, ξ) \l s h ξ 2-�.~ f : E → R ∪ {+∞},

f(u) =

∫

RN

F (x, u,∇u)dx+
1

2

∫

RN

b(x)|u|2dx−

∫

RN

G(x, u)dx, (1.2)[� G(x, s) =
∫ s

0 g(x, t)dt, RI-� (1.1) 2_a�oHe f 2>�8<�e. �X, T�-� (1.1) 2_a� �o(R}He f 2>�8.\lU:G$qDJ�2T�iKAP~}z, �+ [1–13] z[��(+8, +.LT�2-�T"i[�G. Canino x+ [5] �T�3=U:G-��2AG:
n∑

i,j=1

Dj(aij(x, u)Diu) +
1

2

n∑

i,j=1

∂aij

∂s
(x, u)DiuDju = g(x, u),+�JH� � |aij(x, s)| 6 M,

∣∣∂aij

∂s
(x, s)

∣∣ 6 M h Ω �i�gp. x+ [6] �, �~x0��~�3: aij(x, s) ∈ L∞(Rn × R) z ∂aij

∂s
(x, s) ∈ L∞(Rn × R), T�y�-��2&xG. Pellacci h Squassina[11] x b(x) = 0 h Ω �i�bFT�;-� (1.1). ,
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F (x, s, ξ) = A(x, s)|ξ|2 h A(x, s) �i��, Aouaoui[2] ZT�;-� (1.1) xH� �
0 < θG(x, s) 6 g(x, s)s, θ > 2, |g(x, s)s| 6 c0|s|

p, 1 6 p < N+2
N−2 3�2&xG.x	+, .L2U��	+ [11] �2�b#_. RN , Ca�IY�~ F (x, s, ξ) =

A(x, s)|ξ|2 h A(x, s) i�.j+�, g E �� Banach ,�
E =

{
u ∈ L2(RN ) |

∫

RN

|∇u|2dx < +∞,

∫

RN

b(x)|u(x)|2dx < +∞
}
..L�", E �[Q Hilbert ,�, Sv;a(

(u, v)E =

∫

RN

(∇u · ∇v + b(x)u · v)dx, u, v ∈ E,G�;a( ‖u‖ =
( ∫

RN (|∇u|2 + b(x)u2)dx
) 1

2 .x��.L2�Y�b℄, 5R"s3t	�~:

(F1) ~e� F (x, s, ξ) : RN × R× R
N → R H�:

(1) � ∀(s, ξ) ∈ R× R
N , F (x, s, ξ) \l x *�;

(2) �|l�i2 x ∈ R
N , F (x, s, ξ) \l (s, ξ) � C1 2;

(F2) �|l�i2 x ∈ R
N h�i s ∈ R, e� F (x, s, ξ) \l ξ �SP"2;

(F3) &x�� α0 > 0 h��{e� α ∈ C(R), �0
α0|ξ|

2 6 F (x, s, ξ) 6 α(|s|)|ξ|2, a.e. x ∈ R
N , ∀(s, ξ) ∈ R× R

N ; (1.3)

(F4) &x�� D > 0 h�2{e� β ∈ C(R), �0
|Fs(x, s, ξ)| 6 β(|s|)|ξ|2, a.e. x ∈ R

N , ∀(s, ξ) ∈ R× R
N , (1.4)

Fs(x, s, ξ)s > 0, ∀s ∈ R, |s| > D; (1.5)

(F5) � 2 < p < 2N
N−2 , i

lim
|s|→∞

α(|s|)

|s|p−2
= 0; (1.6)

(F6) � 2 < p < 2N
N−2 , &x δ > 0, �0

pF (x, s, ξ)− Fs(x, s, ξ)s− Fξ(x, s, ξ) · ξ > δ|ξ|2, ∀s ∈ R; (1.7)

(g1) ~ Carathéodorye� g(·, ·) : RN ×R → R H� g(x, 0) = 0, a.e. x ∈ R
N , �n`

ε > 0, &x hε ∈ L
2N

N+2 (RN ) , �0
|g(x, s)| 6 hε(x) + ε|s|

N+2
N−2 , a.e. x ∈ R

N , ∀s ∈ R; (1.8)

(g2) � 2 < p < 2N
N−2 , &xe� h1, h3 ∈ L1(RN ), h2, h4 ∈ L

2N
N+2 (RN ) h k ∈ L∞(RN )a k > 0 a.e.x ∈ R

N , �0
pG(x, s) 6 g(x, s)s+ h1(x) + h2(x)|s|, (1.9)

G(x, s) > k(x)|s|p − h3(x)− h4(x)|s|, (1.10)

a.e. x ∈ R
N , s ∈ R.
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N z\1V;H%rEK�`b�3BÆH 431a 1.1 (i) E ��i Sobolev ,� (� [2]). r_0., , 2 6 z 6 2∗ �, i E →֒

Lz(RN ); , 2 6 z < 2∗ �, i E →֒→֒ Lz(RN ).

(ii) x (1.8) h (1.9) 2 �3, % E . E∗ 2f| u 7→ g(x, u) ��2.

(iii) r_'" � (g1) h (g2) vl+ [2] �2 � (H3) h (H4).

(iv) 4g (F1)–(F3), *^0. Fξ(x, s, ξ) H�3={� �:

α0|ξ|
2 6 Fξ(x, s, ξ) · ξ 6 4α(|s|)|ξ|2.

(v) � p = 3, z3=e�H��~ (F1)− (F6):

F (x, s, ξ) = ((2 sin |x|2 + 4) arctan(s2) + 20)|ξ|2.

(vi) 3=e�H��~ (g1) h (g2):

g(x, s) = q(x)|s|p−2s, 2 < p <
2N

N − 2
, q(x) > 0, q(x) ∈ L

N+2
N+2−(p−1)(N−2) (RN ).�`., sb Fξ(x, s, ξ) h Fs(x, s, ξ) \l s �i�2, RI f � Gâteaux *-2 (�

[1–2, 5–6]). lCx.L�F2bF3, � u ∈ E, {� v ∈ E ∩ L∞(RN ), f ′(u)(v) Z*T�&x. (;T�[�T� f 2G
, .L;a E 2�,�. ~ u ∈ E, ;a
Wu = {v ∈ E : Fξ(x, u,∇u) · ∇v ∈ L1(RN ), Fs(x, u,∇u)v ∈ L1(RN )}. (1.11)r_W� Wu x E �!M.3N, .LR"_a�2;a.(Q 1.1 ~ ω ∈ E∗, � u �J�

−div(Fξ(x, u,∇u)) + Fs(s, u,∇u) + b(x)u = ω, x R
N�2_a�, sb u ∈ E, �aH�




Fξ(x, u,∇u) · ∇u ∈ L1(RN ), Fs(x, u,∇u)u ∈ L1(RN ),

∫

RN

Fξ(x, u,∇u) · ∇vdx+

∫

RN

Fs(x, u,∇u)vdx+

∫

RN

b(x)uvdx = 〈ω, v〉, ∀v ∈Wu..L2QÆ���+ [11] h [14] �\l3�7MHe2>�82F, x g(x, s) \l
s �\2, C F (x, s, ξ) \l s h ξ =�X2 �3r0-� (1.1) �2AG�b. 	+2�Y�b�3�;2.(9 1.1 �~ � (F1)− (F6) h (g1)–(g2) �5, �[��~

F (x,−s,−ξ) = F (x, s, ξ), g(x,−s) = −g(x, s), (1.12)

a.e. x ∈ R
N , ∀(s, ξ) ∈ R× R

N , z-� (1.1) &x_a�L= {uk} ⊂ E, a f(uk) → +∞,, k → ∞ �.

2 V�[�x	Æ,.L5�{o	+iM`622�℄m>�82F2<\�� (� [2, 5, 14]).



432 � Q W & A x 41 #;aHe J : E → R ∪ {+∞}:

J(v) =

∫

RN

F (x, v,∇v) +
1

2

∫

RN

b(x)|v|2, (2.1)[� F (x, s, ξ) H� (F1)–(F4), (DHe I : E → R:

I(v) = −

∫

RN

G(x, v),[� G(x, s) =
∫ s

0 g(x, t)dt, g : RN × R → R � Carathéodory e�, aH��~ (g1), RIh � (F3) *^#0 f(v) = J(v) + I(v) �3�7M2.� u ∈ D(L) , {u ∈ E,L(u) ∈ L2(RN )}, ;a�� L(u) = −∆u + b(·)u. �`.
L−1 : L2(RN ) → L2(RN ) i��:Gh�F. h E �^t. L2(RN ) � L−1 ��2. h$,.LT#"&x�� L 2���L= {λj}j>1, �0

0 < λ1 < λ2 6 · · · , λk → +∞ (k → +∞),Ca6[��� λ1 *��(
λ1 = inf{‖u‖2 : u ∈ E, ‖u‖L2(RN ) = 1}.3N2�F�, xJi���O2bF3, X ��Nn>: d 2>:,�, Bδ(u) ���C( u, ��( δ 2%e.(Q 2.1 (� [2, 5]) ~He f : X → R �7M2, u&x δ > 0 h7Mf|

H : Bδ(u)× [0, δ] → XH�
d(H(ν, t), ν) 6 t, f(H(ν, t)) 6 f(ν)− σt, ∀(ν, t) ∈ Bδ(u)× [0, δ],z� σ 2yk�(He f x u #2vBE, ~( |df |(u).(Q 2.2 ~ f : X → R∪{+∞}�3�7MHe,� dom(f) = {u ∈ X : f(u) < +∞}( f 2iAp;;aHe Gf : epi(f) → R,�0 Gf (u, η) = η,[� epi(f) = {(u, η) ∈ X×R :

f(u) 6 η}.� epi(f) Nn>: d((u, η), (v, µ)) = (d(u, v)2 + (η − µ)2)
1
2 . ( Gf 2 Lipschitz ��( 1, Z |dGf |(u, η) 6 1.(Q 2.3 ~ X �'�>:,�, f : X → R ∪ {+∞} �3�7MHe. sb&x

u ∈ dom(f), �0 |df |(u) = 0, z� u � f 2[Q (3) >�8; sb u ∈ dom(f) � f 2[Q (3) >�8, a f(u) = c, z�� c ��(He f 2[Q (3) >��.(Q 2.4 ~ X �'�>:,�, f : X → R ∪ {+∞} �3�7MHe, c ∈ R. sb� dom(f) �KQH�
|df |(un) → 0, f(un) → c (n→ ∞)2L= {un} =&x X �_�92�= {unk

}, z� f H� (PS)c  �, �L= {un} (
f 2[Q (PS)c L=.
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Vu = {v ∈ E ∩ L∞(RN ) : u ∈ L∞({x ∈ R
N : v(x) 6= 0})}. (2.2)a 2.1 Vu x Wu �!M.(Q 2.5 ~ c ∈ R �[Q��. .L�L= {un} � f x�Y c 2"�2 Concrete

Palais-SmaleL= (�� (CPS)c L=), sb&x wn ∈ E∗, wn → 0 (n→ ∞), �0�KQ
n > 1, i Fξ(x, un,∇un) · ∇un ∈ L1(RN ), �aH�

f(un) → c, , n→ ∞�, (2.3)
∫

RN

Fξ(x, un,∇un) · ∇v +

∫

RN

Fs(x, un,∇un)v +

∫

RN

b(x)unv −

∫

RN

g(x, un)v

= 〈wn, v〉, ∀v ∈ Vun
. (2.4)sb f 2KQ (CPS)c L=x E �i_�9�=, .L� f x�Y c H�"�2 Palais-

Smale  � (�� (CPS)c  �).=B 2.1 (� [6]) ~ f : X → R ∪ {+∞} �3�7MHe, u ∈ dom(f), � η ∈ R,~
fη = {u ∈ X : f(u) < η}. (2.5)�~&x δ > 0, η > f(u), σ > 0 h7Mf| H : Bδ(u) ∩ f

η × [0, δ] → X , �0
d(H(ν, t), ν) 6 t, ∀ν ∈ Bδ(u) ∩ f

η,

f(H(ν, t)) 6 f(ν)− σt, ∀ν ∈ Bδ(u) ∩ f
η,z |df |(u) > σ.=B 2.2 (� [6]) ~ X �NG:G,�, J : X → R ∪ {+∞} �3�7MHe,

I : X → R � C1 Hea f = J + I, z3N2���5:

(a) �KQ (u, η) ∈ epi(f), i
|dGf |(u, η) = 1 ⇔ |dGJ |(u, η − I(u)) = 1;

(b) sb J h I �XHe, z�KQ η > f(0), i
|dZ2Gf |(0, η) = 1 ⇔ |dZ2GJ |(0, η − I(0)) = 1;

(c) sb u ∈ dom(f) h I ′(u) = 0, z |df |(u) = |dJ |(u).a 2.2 �n` (u, η) ∈ epi(f), z
f(u) < η ⇒ |dGf |(u, η) = 1. (2.6)=B 2.3 (� [14]) ~ (u, η) ∈ epi(f), �~ ̺ > 0, �KQ δ > 0, &x[Q7Mf|

H : {w ∈ Bδ(u) : f(w) < η + δ} × [0, δ] → X,, w ∈ Bδ(u), f(w) < η + δ h t ∈ [0, δ] �, H�
d(H(w, t), w) 6 ̺t, f(H(w, t)) 6 (1 − t)f(w) + t(f(u) + ̺),



434 � Q W & A x 41 #z |dGf |(u, η) = 1. �&, sb f �XHe, u = 0, aH� H(−w, t) = −H(w, t), z
|dZ2Gf |(0, η) = 1.

3 2 T:(;vg ?>�82FT�.L2-�, IY��h�53=d2. Æ5�{
Ambrosetti-Rabinowitz xCDd2[15−16].S9 3.1 ~ X � Banach ,�, ~ f : X → R ∪ {+∞} (3�7MXHe. �~&x X 2SP{�2i9)�,�L= {Wm}, "i3=G
:

(1) &x ρ > 0, γ > f(0) h[Qm)�i92�,� V ⊂ X, H�
f(u) > γ, ∀u ∈ V = {u : ‖u‖ = ρ};

(2) &x�l (ρ,∞) �2L= {Rm} , �0
f(u) 6 f(0), ∀u ∈Wm = {u : ‖u‖ > Rm};

(3) � c > γ, f H� (PS)c  �, aH� (2.6);

(4) � η > f(0), i |dZ2Gf |(0, η) 6= 0;z f &x>�8L= {um}, aH� f(um) → +∞ (m→ +∞).(D X = E,� (2.1);a2He J : E → R∪{+∞},4g�~ (F3),r_W� J �3�7M2. (;�O;2 1.1,�J�OHe f H� (2.6). ($, ;a?e� Tk : R → R:

Tk(s) = s, |s| 6 k; Tk(s) = k
s

|s|
, |s| > k; (3.1)[� k > 1.S9 3.2 �~ (F1)–(F4) =�5, z�KQ (u, η) ∈ epi(J), i |dGJ |(u, η) = 1. �[�, sb F (x,−s,−ξ) = F (x, s, ξ), ∀η > J(0)(= 0), zi |dZ2GJ |(0, η) = 1.Y ~ (u, η) ∈ epi(J), ̺ > 0, z&x δ = δ(̺) ∈ (0, 1] h k = k(̺) > 1, �0 k > D, $# D � (F4) ��R;, a�KQ v ∈ Bδ(u) ⊂ E, i

‖Tk(v) − v‖ 6 ‖Tk(v)− Tk(u)‖ + ‖Tk(u)− u‖+ ‖u− v‖,{�KQ v ∈ Bδ(u) ⊂ E, i
‖Tk(v)− v‖ < ̺. (3.2)h (F3) h (3.1), 0.

F (x, v,∇Tk(v)) 6 α(k)|∇v|2,z� v ∈ Bδ(u) h�X�2 δ, i
∫

RN

F (x, v,∇Tk(v)) +
1

2

∫

RN

b(x)|Tk(v)|
2

<

∫

RN

F (x, u,∇Tk(u)) +
1

2

∫

RN

b(x)|Tk(u)|
2 + ̺
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6

∫

RN

F (x, u,∇u) +
1

2

∫

RN

b(x)|u|2 + ̺. (3.3)�[�?V: �KQ t ∈ [0, δ] h v ∈ B(u, δ), �5
J((1 − t)v + tTk(v)) 6 (1− t)J(v) + t(J(u) + ̺). (3.4)��y, h (F1) h (F2), &x θ ∈ (0, 1), �0

F (x, (1− t)v + tTk(v), (1 − t)∇v + t∇Tk(v))− F (x, v,∇v)

6 tFs(x, v + θt(Tk(v)− v), (1 − t)∇v + t∇Tk(v))(Tk(v)− v)

+ t(F (x, v,∇Tk(v))− F (x, v,∇v)). (3.5)h (3.1), (3.2), (3.5) h (F4), *0
J((1 − t)v + tTk(v)) 6 (1− t)

∫

RN

F (x, v,∇v) +
(1− t)

2

∫

RN

b(x)|v|2

+

∫

RN

tF (x, v,∇Tk(v)) +
t

2

∫

RN

b(x)|Tk(v)|
2

6 (1− t)J(v) + t(J(u) + ̺).Z?V (3.4) 0�.h
H : {v ∈ Bδ(u) : J(v) < η + δ} × [0, δ] → Eh

H(v, t) = (1− t)v + tTk(v),�j (3.3) h (3.4), � v ∈ Bδ(u), J(v) < η + δ h t ∈ [0, δ], i d(H(v, t), v) 6 ̺t h
J(H(v, t)) 6 (1− t)J(v) + t(J(u) + ̺),hP� 2.3, *0 |dGJ |(u, η) = 1. �k, ( H(−v, t) = −H(v, t), �^, F (x,−s,−ξ) =

F (x, s, ξ) �, i |dZ2GJ |(0, η) = 1.S9 3.3 �~ (F1)–(F4) h (g1) =�5, z�KQ (u, η) ∈ epi(f), �5
|dGf |(u, η) = 1.�[�, sb F (x,−s,−ξ) = F (x, s, ξ), g(x,−s) = −g(x, s), z�KQ η > f(0), i

|dZ2Gf |(0, η) = 1.Y ( G � C1 2, hd2 3.2 hP� 2.2 ��F�5.x3N2d2�, .L	RfHe J J>-�&x2 �.S9 3.4 �~ (F1)–(F4) �5, z�KQ u ∈ dom(J) h v ∈ Vu, J>-� J ′(u)(v)$&x. �[�i
Fs(x, u,∇u)v ∈ L1(RN ), Fξ(x, u,∇u) · ∇v ∈ L1(RN )h

J ′(u)(v) =

∫

RN

Fξ(x, u,∇u) · ∇v +

∫

RN

Fs(x, u,∇u)v +

∫

RN

b(x)uv.



436 � Q W & A x 41 #Y ~ u ∈ dom(J) h v ∈ Vu, �KQ t ∈ R h|l## x ∈ R
N , A

R(x, t) = F (x, u(x) + tv(x),∇u(x) + t∇v(x)).h (F3), .L0. |R(x, t)| 6 α(|u(x) + tv(x)|)|∇u(x) + t∇v(x)|2. k( v ∈ Vu, Z
R(x, t) ∈ L1(RN ).�[�, !��}�, *0

∂R

∂t
(x, t) = Fs(x, u + tv,∇u+ t∇v)v + Fξ(x, u + tv,∇u+ t∇v) · ∇v.h (F4) (1.4) h� 1.1(iv), �KQ x ∈ R

N , v(x) 6= 0, i
∣∣∣∂R
∂t

(x, t)
∣∣∣ 6 ‖v‖L∞β(‖u‖L∞ +‖v‖L∞)(|∇u|+ |∇v|)2+α(‖u‖L∞+‖v‖L∞)(|∇u|+ |∇v|)|∇v|.�`.y��4g2j�2e��l L1(RN ), $*^0.

J ′(u)(v) = lim
t→0

J(u+ tv)− J(u)

t
=

∫

RN

Fξ(x, u,∇u) · ∇v +

∫

RN

Fs(x, u,∇u)v +

∫

RN

b(x)uv.(;0.\lHe J 2vBE2t	Y}, IYdt?e� H ∈ C∞(R):

H(s) = 1, s ∈ [−1, 1]; H(s) = 0, s ∈ (−∞,−2) ∪ (2,+∞); |H ′(s)| 6 2. (3.6)S9 3.5 �~ (F1)–(F4) �5, z�KQ u ∈ dom(J) hKQ w ∈ E∗, �5�4�
|d(J − w)|(u)

> sup
v∈Vu,‖v‖61

{∫

RN

Fξ(x, u,∇u) · ∇v +

∫

RN

Fs(x, u,∇u)v +

∫

RN

b(x)uv − 〈w, v〉
}
. (3.7)Y 6 1 �. sb |d(J − w)|(u) = ∞ s~

sup
v∈Vu,‖v‖61

{∫

RN

Fξ(x, u,∇u) · ∇v +

∫

RN

Fs(x, u,∇u)v +

∫

RN

b(x)uv − 〈w, v〉
}
= 0,z�F�5. Mz, ~ u ∈ dom(J) h η ∈ R

+, aH� J(u) < η. sb σ > 0 aH�
σ < sup

{∫

RN

Fξ(x, u,∇u) · ∇v +

∫

RN

Fs(x, u,∇u)v +

∫

RN

b(x)uv − 〈w, v〉
}
,RI&x v ∈ Vu, �5 ‖v‖ 6 1 h

∫

RN

Fξ(x, u,∇u) · ∇v +

∫

RN

Fs(x, u,∇u)v +

∫

RN

b(x)uv − 〈w, v〉 < −σ. (3.8)6 2 �. ~ H(s) � (3.6) �;a. .L	�O: �[; ε > 0, &x k0 > 1, �0∥∥∥H
( u
k0

)
v
∥∥∥ < 1 + ε (3.9)h ∫

RN

Fξ(x, u,∇u) · ∇
(
H
( u
k0

)
v
)
+

∫

RN

Fs(x, u,∇u)H
( u
k0

)
v

+

∫

RN

b(x)uH
( u
k0

)
v −

〈
w,H

( u
k0

)
v
〉
< −σ. (3.10)~ vk = H

(
u
k

)
v, 6l, �KQ k > 1, i vk ∈ Vu hx E � vk → v(k → ∞).
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H
( u
k0

)
=

{
0, |u| > 2k0,

1, |u| 6 k0,$, k0 → ∞, i ∥∥H
(

u
k0

)
v − v

∥∥ → 0, {��X(2 k0, i ∥∥H
(

u
k0

)
v − v

∥∥ < ε. �j
‖v‖ 6 1, #" (3.9).�[�5, hd2 3.4 �

〈J ′(u), vk〉 =

∫

RN

Fξ(x, u,∇u) · ∇vk +

∫

RN

Fs(x, u,∇u)vk +

∫

RN

b(x)uvk.�&, , k → ∞ �, i
Fs(x, u(x),∇u(x))vk(x) → Fs(x, u(x),∇u(x))v(x), a.e. x ∈ R

N ,

Fξ(x, u(x),∇u(x)) · ∇vk(x) → Fξ(x, u(x),∇u(x)) · ∇v(x), a.e. x ∈ R
N .��5, i ∣∣∣Fs(x, u,∇u)H

(u
k

)
v
∣∣∣ 6 |Fs(x, u,∇u)v|,

|Fξ(x, u,∇u) · ∇vk(x)| 6 |Fξ(x, u,∇u)||∇v|+ 2|v||Fξ(x, u,∇u) · ∇u|.( v ∈ Vu, 4g (F4)–(1.4), � 1.1–(iv), vk ⇀ v ^z Lebesgue -	�9;2, i
lim
k→∞

∫

RN

Fs(x, u,∇u)vk =

∫

RN

Fs(x, u,∇u)v,

lim
k→∞

∫

RN

Fξ(x, u,∇u) · ∇vk =

∫

RN

Fξ(x, u,∇u) · ∇v,

lim
k→∞

∫

RN

b(x)uvk =

∫

RN

b(x)uv.�j (3.8), 0. (3.10).6 3 �. �O&x δ1 > 0, �0, z ∈ Bδ1(u) ∩ J
η � (Jη �h (2.5) �;a), �5∥∥∥H

( z

k0

)
v
∥∥∥ 6 1 + ε (3.11)h ∫

RN

Fξ(x, z,∇z) · ∇
(
H
( z

k0

)
v
)
+

∫

RN

Fs(x, z,∇z)H
( z

k0

)
v

+

∫

RN

b(x)zH
( z

k0

)
v −

〈
w,H

( z

k0

)
v
〉
< −σ. (3.12)��y, sbh un ∈ Jη, hlx E �i un → u, uA vn = H

(
un

k0

)
v, 6lx E �i

vn → H
(

u
k0

)
v. �j (3.9), � (3.11) �5.�[JN, �`. vn ∈ Vun

, hd2 3.4 �, 4g (F4)–(1.4) h� 1.1–(iv), zi
|Fs(x, un,∇un)vn| 6 β(2k0)‖v‖L∞ |∇un|

2,

|Fξ(x, un,∇un) · ∇vn| 6 α(2k0)|∇un|
[ 2

k0
‖v‖L∞ |∇un|+ |∇v|

]
.$, *0

lim
n→∞

∫

RN

Fs(x, un,∇un)vn =

∫

RN

Fs(x, u,∇u)H
( u
k0

)
v,
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lim
n→∞

∫

RN

Fξ(x, un,∇un) · ∇vn =

∫

RN

Fξ(x, u,∇u) · ∇
[
H
( u
k0

)
v
]
,

lim
n→∞

∫

RN

b(x)unvn =

∫

RN

b(x)uH
( u
k0

)
v,�j (3.10), *^0. (3.12).6 4�. �`. (3.12)4�l J ′(z)

(
H
(

z
k0

)
v
)
−
〈
w,H

(
z
k0

)
v
〉
< −σ. $,&x δ < δ1,�KQ t ∈ [0, δ] h z ∈ Bδ(u) ∩ J

η, �5
J
(
z +

t

1 + ε
H
( z

k0

)
v
)
− J(z)−

〈
w,

t

1 + ε
H
( z

k0

)
v
〉
6 −

σ

1 + ε
t. (3.13)�k, ;a7Mf| H : Bδ(u) ∩ J

η × [0, δ] → E:

H(z, t) = z +
t

1 + ε
H
( z

k0

)
v.h (3.11) h (3.13), 0.

J(H(z, t))−
〈
w, z +

t

1 + ε
H
( z

k0

)
v
〉
6 J(z)− 〈w, z〉 −

σ

1 + ε
t.$, H H�P� 2.1, z |d(J − w)|(u) > σ

1+ε
. h ε 2n`G, �0�F�5.S9 3.6 �~ (F1)–(F4) h (g1) �5, z�KQ u ∈ dom(f) H� |df |(u) <∞, &x

w ∈ E∗, �0, ‖w‖E∗ 6 |df |(u) h ∀v ∈ Vu �, i
∫

RN

Fξ(x, u,∇u) · ∇v +

∫

RN

Fs(x, u,∇u)v +

∫

RN

b(x)uv −

∫

RN

g(x, u)v = 〈w, v〉.Y � u ∈ dom(f) a |df |(u) <∞, ~
Î(v) = I(v) +

∫

RN

g(x, u)v, Ĵ(v) = J(v)−

∫

RN

g(x, u)v.( Î � C1 Hea Î ′(u) = 0, hP� 2.2(c), i |df |(u) = |dĴ |(u). w4gd2 3.5, &x
w ∈ E∗ a ‖w‖E∗ 6 |df |(u), �n` v ∈ Vu, �5∫

RN

Fξ(x, u,∇u) · ∇v +

∫

RN

Fs(x, u,∇u)v +

∫

RN

b(x)uv −

∫

RN

g(x, u)v = 〈w, v〉.S9 3.7 �~ (F1)–(F4) �5, z� u ∈ dom(J), i
∫

RN

Fξ(x, u,∇u) · ∇u+

∫

RN

Fs(x, u,∇u)u+

∫

RN

b(x)|u|2 6 |dJ |(u)‖u‖. (3.14)��5, sb |dJ |(u) <∞, RIi
Fξ(x, u,∇u) · ∇u ∈ L1(RN ), Fs(x, u,∇u)u ∈ L1(RN ).Y � u ∈ dom (J), sb |dJ |(u) = ∞ s

∫

RN

Fξ(x, u,∇u) · ∇u+

∫

RN

Fs(x, u,∇u)u+

∫

RN

b(x)|u|2 6 0,z�F�5. Mz, ~ k > 1, u ∈ dom(J) a |dJ |(u) <∞ h σ > 0, �0
∫

RN

Fξ(x, u,∇u) · ∇Tk(u) +

∫

RN

Fs(x, u,∇u)Tk(u) +

∫

RN

b(x)uTk(u) > σ‖Tk(u)‖,[� Tk(u) h (3.1) �;a. �3/.L	�O |dJ |(u) > σ.
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‖Tk(w)‖ 6 (1 + ε)‖Tk(u)‖ (3.15)h ∫

RN

Fξ(x,w,∇w) · ∇Tk(w) +

∫

RN

Fs(x,w,∇w)Tk(w)

+

∫

RN

b(x)wTk(w) > σ‖Tk(u)‖. (3.16)��y,sbh wn ∈ E,�0x E � wn → u,z (3.15)�5. �[JN,h (F4)−(1.5),i
Fs(x,wn(x),∇wn(x))wn(x) > −Dβ(D)|∇wn(x)|

2.h� 1.1–(iv), *0
Fξ(x,wn(x),∇wn(x)) · ∇Tk(wn(x)) > 0.�`., x E �i wn → u, 4g Fatou d2, *0

lim
n→∞

inf
[ ∫

RN

Fξ(x,wn,∇wn) · ∇Tk(wn) +

∫

RN

Fs(x,wn,∇wn)Tk(wn)

+

∫

RN

b(x)wnTk(wn)
]

>

∫

RN

Fξ(x, u,∇u) · ∇Tk(u) +

∫

RN

Fs(x, u,∇u)Tk(u) +

∫

RN

b(x)uTk(u)

> σ‖Tk(u)‖,Z (3.16) �5.h7Mf| H : Bδ1(u)× [0, δ1] → E, ;a(
H(w, t) = w −

t

‖Tk(u)‖(1 + ε)
Tk(w).h (3.15) h (3.16), &x δ < δ1, �0�KQ t ∈ [0, δ] h w ∈ E, ‖w − u‖ < δ h J(w) <

J(u) + δ, i
(H(w, t), w) 6 t, J(H(w, t)) − J(w) 6 −

σt

1 + ε
,zh ε 2n`G, i |dJ |(u) > σ. $, �KQ k > 1 , i

∫

RN

Fξ(x, u,∇u) · ∇Tk(u) +

∫

RN

Fs(x, u,∇u)Tk(u) +

∫

RN

b(x)uTk(u) 6 |dJ |(u)‖Tk(u)‖.A k → ∞, S!*:�9;2, 0. (3.14)..LUvg+ [5] �2JE.(uK��e�0. �~ie� u ∈ E, �0
∫

RN

Fξ(x, u,∇u) · ∇z +

∫

RN

Fs(x, u,∇u)z +

∫

RN

b(x)uz = 〈w, z〉, ∀z ∈ Vu, (3.17)[� Vu h (2.2) R", w ∈ E∗, [Q�l2-��TMx E ∩ L∞(RN ) �}.��e�?3N2d2R"+;2q'.S9 3.8 �~ (F1)–(F4) �5, ~ w ∈ E∗ h u ∈ E H� (3.17). �[�, �~
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Fξ(x, u,∇u) · ∇u ∈ L1(RN ), v ∈ E ∩ L∞(RN ) h η ∈ L1(RN ), �0

Fξ(x, u,∇u) · ∇v + Fs(x, u,∇u)v > η, (3.18)zi Fξ(x, u,∇u) · ∇v + Fs(x, u,∇u)v ∈ L1(RN ) h
∫

RN

Fξ(x, u,∇u) · ∇v +

∫

RN

Fs(x, u,∇u)v +

∫

RN

b(x)uv = 〈w, v〉.Y ( v ∈ E ∩ L∞(RN ), RI H
(
u
k

)
v ∈ Vu. h (3.17), � k > 1, *0

∫

RN

Fξ(x, u,∇u) · ∇
[
H
(u
k

)
v
]
+

∫

RN

Fs(x, u,∇u)H
(u
k

)
v +

∫

RN

b(x)uH
(u
k

)
v

=
〈
w,H

(u
k

)
v
〉
. (3.19)�`. ∫

RN

∣∣∣Fξ(x, u,∇u) · ∇uH
′
(u
k

)v
k

∣∣∣ 6 2

k
‖v‖L∞(RN )

∫

RN

Fξ(x, u,∇u) · ∇u,h Fξ(x, u,∇u) · ∇u ∈ L1(RN ), Lebesgue -	�9;2hv�92;a, i
lim
k→∞

∫

RN

Fξ(x, u,∇u) · ∇uH
′
(u
k

)v
k
= 0,

lim
k→∞

〈
w,H

(u
k

)
v
〉
= 〈w, v〉,

lim
k→∞

∫

RN

b(x)wH
(u
k

)
v =

∫

RN

b(x)wv.% (3.18) 0.
(Fξ(x, u,∇u) · ∇v + Fs(x, u,∇u)v)H

(u
k

)
> H

(u
k

)
η > −η− ∈ L1(RN ).4g (3.19) z Fatou d2, .Li

∫

RN

Fξ(x, u,∇u) · ∇v +

∫

RN

Fs(x, u,∇u)v +

∫

RN

b(x)uv 6 〈w, v〉.hy��j (3.18), i
Fξ(x, u,∇u) · ∇v + Fs(x, u,∇u)v ∈ L1(RN ). (3.20)�[JN, (∣∣∣[Fξ(x, u,∇u) · ∇v + Fs(x, u,∇u)v]H

(u
k

)∣∣∣ 6 |Fξ(x, u,∇u) · ∇v + Fs(x, u,∇u)v|,� (3.19) hw9, �4g (3.20) h Lebesgue -	�9;2, 0.�F.x3N2�F�, .L	�O: x
,2�~3, u u H� (3.17), RI u �<e-�2_a�.S9 3.9 �~ (F2) h (1.3)–(1.5) =�5, ~ w ∈ E∗ h u ∈ E H� (3.17). �[�,�~ Fξ(x, u,∇u) · ∇u ∈ L1(RN ), v ∈ E z η ∈ L1(RN ), aH�
Fs(x, u,∇u)v > η, Fξ(x, u,∇u) · ∇v > η, (3.21)zi Fs(x, u,∇u)v ∈ L1(RN ), Fξ(x, u,∇u) · ∇v ∈ L1(RN ), ^z

∫

RN

Fξ(x, u,∇u) · ∇v +

∫

RN

Fs(x, u,∇u)v +

∫

RN

b(x)u · v = 〈w, v〉. (3.22)
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∫

RN

Fξ(x, u,∇u) · ∇u+

∫

RN

Fs(x, u,∇u)u+

∫

RN

b(x)|u|2 = 〈w, u〉,{ u �J�
−div(Fξ(x, u,∇u)) + Fs(x, u,∇u) + b(x)u = w (3.23)2_a�.Y ~ k > 1, � v ∈ E, i Tk(u) ∈ E ∩L∞(RN ) h −v− 6 Tk(v) 6 v+, zh (3.21)*0

Fs(x, u,∇u)Tk(v) > −η− ∈ L1(RN ). (3.24)�[�pi
Fξ(x, u,∇u) · ∇Tk(v) > −η− ∈ L1(RN ). (3.25)�X, 4gd2 3.8, � k > 1, i∫

RN

Fξ(x, u,∇u) · ∇Tk(v) +

∫

RN

Fs(x, u,∇u)Tk(v) +

∫

RN

b(x)u · Tk(v)

= 〈w, Tk(v)〉. (3.26)$, 4g Fatou d2, *0∫

RN

Fξ(x, u,∇u) · ∇v +

∫

RN

Fs(x, u,∇u)v +

∫

RN

b(x)u · v 6 〈w, v〉. (3.27)�j (3.24), (3.25) h (3.27), i
Fs(x, u,∇u)v ∈ L1(RN ), Fξ(x, u,∇u) · ∇v ∈ L1(RN ).sbx (3.26) �, A k → ∞, 4g Lebesgue -	�9;2*0 (3.22). ��5, h (F4) h� 1.1–(iv), *Oh v = u.�k, (
Fs(x, u,∇u) = Fs(x, u,∇u)χ{|u|<1} + Fs(x, u,∇u)χ{|u|>1}z

|Fs(x, u,∇u)χ{|u|>1}| 6 |Fs(x, u,∇u)u|,h (1.4), *0 Fs(x, u,∇u) ∈ L1(RN ). �`.sb v ∈ Wu, z η = Fξ(x, u,∇u) · ∇v h
η = Fs(x, u,∇u)v H� (3.22). $, u �J� (3.23) 2_a�.S9 3.10 �~ (F1)–(F4), (F6) h (g1)–(g2) �5, z f 2KQ (CPS)c L= {un}x E yi�.Y R; (CPS)c L= {un}, {&x wn ∈ E∗ a wn → 0, �0 un h wn H� (2.3)h (2.4), hd2 3.9, *0
C + ‖wn‖E∗‖un‖ >

∫

RN

pF (x, un,∇un)−

∫

RN

Fs(x, un,∇un)un −

∫

RN

Fξ(x, un,∇un)∇un

+
(p
2
− 1

)∫

RN

b(x)|un|
2 +

∫

RN

(g(x, un)un − pG(x, un)).
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δ

∫

RN

|∇un|
2 +

(p
2
− 1

)∫

RN

b(x)|un|
2 6 C + ‖wn‖E∗‖un‖+

∫

RN

(h1(x) + h2(x)|un|),w4g Hölder �4�, 0.
δ

∫

RN

|∇un|
2 +

(p
2
− 1

)∫

RN

b(x)|un|
2 6 C + ‖wn‖E∗‖un‖+

∫

RN

h1(x) + ‖b0‖ 2N
N+2

‖un‖ 2N
N−2

,{
min

{
δ,
p

2
− 1

}
‖un‖

2 6 C + ‖wn‖E∗‖un‖+ C‖un‖.$, L= {un} x E yi�.S9 3.11 �~ (F2)–(F4) �5, ~ {un} ⊂ E �i�L=a Fξ(x, un,∇un) · ∇un ∈

L1(RN ), �~ {wn} ⊂ E∗, �0
∫

RN

Fξ(x, un,∇un) · ∇v +

∫

RN

Fs(x, un,∇un)v

+

∫

RN

b(x)unv = 〈wn, v〉, ∀v ∈ Vun
. (3.28)sbx E∗ � {wn} _�9l w, z&x {un} 2�L=x E �_�9l u.Y ( {un} x E �i�, $&x {un} 2�= (o~( {un} 	�) z u ∈ E, �0

un ⇀ u (x E �); un → u
( x Lq(RN )�, q ∈ [

1,
2N

N − 2

))
;

un(x) → u(x), a.e. x ∈ R
N . (3.29)S!+ [17] �2;2 2.1, z&x�= (o~([	�) ai

∇un(x) → ∇u(x), a.e.x ∈ R
N . (3.30)�`., S!d2 3.9, �KQ n, =i∫

RN

Fξ(x, un,∇un) · ∇un +

∫

RN

Fs(x, un,∇un)un +

∫

RN

b(x)|un|
2 = 〈wn, un〉.$, 4g (F4)− (1.5) 0.

sup
n>1

∫

RN

Fξ(x, un,∇un) · ∇un <∞. (3.31)7x�O∫
RN

Fξ(x, u,∇u) · ∇u+

∫

RN

Fs(x, u,∇u)u+

∫

RN

b(x)|u|2 = 〈w, u〉. (3.32)~ k > 1, (D��e�
v = ϕe−Mk(un−D)−H

(un
k

)
, ϕ ∈ C∞

c (RN ), ϕ > 0, (3.33)[� Mk = β(2k)
α0

, !�*}�0.
∇v = e−Mk(un−D)−

(
∇ϕH

(un
k

)
−Mkϕ∇(un −D)−H

(un
k

)
+ ϕH ′

(un
k

)∇un
k

)
.



4 Z ��O ��� |B� R
N z\1V;H%rEK�`b�3BÆH 443( v ∈ Vun

, Z
∫

RN

Fξ(x, un,∇un) · e
−Mk(un−D)−H

(un
k

)
∇ϕ+

∫

RN

b(x)unϕe
−Mk(un−D)−H

(un
k

)

+

∫

RN

(Fs(x, un,∇un)−MkFξ(x, un,∇un) · ∇(un −D)−)ϕe−Mk(un−D)−H
(un
k

)

= −

∫

RN

Fξ(x, un,∇un) · ϕe
−Mk(un−D)−H ′

(un
k

)∇un
k

+
〈
wn, ϕe

−Mk(un−D)−H
(un
k

)〉
. (3.34)4g� 1.1–(iv), (F4)−(1.4) h (3.33), i





H
(un
k

)
= 0, u un 6 −2k,

(Fs(x, un,∇un)−MkFξ(x, un,∇un) · ∇(un −D)−)H
(un
k

)
> 0, u − 2k 6 un 6 D,

∇(un −D)− = 0, u un > D.%C0.
(Fs(x, un,∇un)−MkFξ(x, un,∇un) · ∇(un −D)−)ϕe−Mk(un−D)−H

(un
k

)
> 0.�[JN, h� 1.1–(iv), (3.29) h (3.30), RI, n→ ∞ �, �5

∫

RN

Fξ(x, un,∇un)e
−Mk(un−D)−H

(un
k

)
∇ϕ→

∫

RN

Fξ(x, u,∇u)e
−Mk(u−D)−H

(u
k

)
∇ϕ,

〈
wn, ϕe

−Mk(un−D)−H
(un
k

)〉
→

〈
w,ϕe−Mk(u−D)−H

(u
k

)〉
,

∫

RN

b(x)unϕe
−Mk(un−D)−H

(un
k

)
→

∫

RN

b(x)uϕe−Mk(u−D)−H
(u
k

)
.h (3.31), &x��� C, �0

∣∣∣
∫

RN

Fξ(x, un,∇un) · ϕe
−Mk(un−D)−H ′

(un
k

)∇un
k

∣∣∣ 6 C

k
.x (3.34) �hw9 n→ ∞, 4g Fatou d2, z�n` ϕ ∈ C∞

c (RN ) a ϕ > 0, *0
∫

RN

Fξ(x, u,∇u) · e
−Mk(u−D)−H

(u
k

)
∇ϕ+

∫

RN

b(x)uϕe−Mk(u−D)−H
(u
k

)

+

∫

RN

Fs(x, u,∇u)ϕe
−Mk(u−D)−H

(u
k

)
−

∫

RN

MkFξ(x, u,∇u)

· ∇u−ϕe−Mk(u−D)−H
(u
k

)
6 −

C

k
+
〈
w,ϕe−Mk(u−D)−H

(u
k

)〉
. (3.35)%C� ϕ ∈ E∩L∞(RN )h ϕ > 0,i (3.35)�5. sbh ϕ = eMk(u−D)−ψ, ψ ∈ Vu, ψ >

0, k*^0.∫

RN

Fξ(x, u,∇u) ·H
(u
k

)
∇ψ +

∫

RN

Fs(x, u,∇u)H
(u
k

)
ψ +

∫

RN

b(x)uH
(u
k

)
ψ

6 −
C

k
+

〈
w,H

(u
k

)
ψ
〉
. (3.36)�`.

|Fξ(x, u,∇u) ·H
(u
k

)
∇ψ| 6 |Fξ(x, u,∇u)||∇ψ|,
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|Fs(x, u,∇u)H

(u
k

)
ψ| 6 |Fs(x, u,∇u)ψ|,a ψ ∈ Vu, 4g (F4)−(1.4) h� 1.1–(iv), � (3.36) A k → ∞, 0.∫

RN

Fξ(x, u,∇u) · ∇ψ +

∫

RN

Fs(x, u,∇u)ψ +

∫

RN

b(x)uψ

6 〈w,ψ〉, ∀ψ ∈ Vu, ψ > 0. (3.37)sbx (3.28) �h��e� v = ϕe−Mk(un+D)+H
(
un

k

)
, 0�℄N2L1, *^0.o

(3.37) F>2�4�, �X,  0.∫

RN

Fξ(x, u,∇u) · ∇ψ +

∫

RN

Fs(x, u,∇u)ψ +

∫

RN

b(x)uψ = 〈w,ψ〉, ∀ψ ∈ Vu. (3.38)S!� 1.1–(iv), (3.31) h Fatou d2, *0
0 6

∫

RN

Fξ(x, u,∇u) · ∇u 6 lim inf
n

∫

RN

Fξ(x, un,∇un) · ∇un <∞.$i Fξ(x, u,∇u) · ∇u ∈ L1(RN ). �[�, hd2 3.9, RI (3.32) 0�.�k�Ox E � {un} _�9l u. ℄!+ [18, Th.3.2] 2JE, hs3��e� ζ:

ζ(s) =





β(D)

α0
|s|, u |s| < D,

β(D)

α0
D, u |s| > D.

(3.39)5�O�5:

lim sup
n

(∫

RN

Fξ(x, un,∇un) · ∇une
ζ(un) +

∫

RN

b(x)|un|
2eζ(un)

)

6 〈w, ueζ(u)〉 −

∫

RN

[Fs(x, u,∇u) + Fξ(x, u,∇u) · ∇uζ
′(u)]ueζ(u). (3.40)( vn = une

ζ(un) ∈ E, �j (F4)–(F6) o� 1.1–(iv), � vn H�d2 3.9 2 �,$x (3.28) �h��e� vn, i∫

RN

Fξ(x, un,∇un) · ∇une
ζ(un) +

∫

RN

b(x)|un|
2eζ(un)

= 〈wn, un〉 −

∫

RN

[Fs(x, un,∇un) + Fξ(x, un,∇un) · ∇unζ
′(un)]vn.�`.x E � {vn} v�9l ueζ(u) �ax R

N y|l##�9, h (F4) h (3.39), zi
(Fs(x, un,∇un) + Fξ(x, un,∇un) · ∇unζ

′(un))vn > 0.4g Fatou d2*0 (3.40).�[JNh (3.32) h (3.39), *0
{
Fξ(x, u,∇u) · ∇[ueζ(u)] + Fs(x, u,∇u)ue

ζ(u) ∈ L1(RN ),

Fξ(x, u,∇u) · ∇[ueζ(u)] ∈ L1(RN ).
(3.41)$, hd2 3.9, i∫

RN

Fξ(x, u,∇u) · ∇[ueζ(u)] +

∫

RN

Fs(x, u,∇u)ue
ζ(u) +

∫

RN

b(x)|u|2eζ(u)

= 〈w, ueζ(u)〉. (3.42)
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∫

RN

(Fξ(x, u,∇u) · ∇ue
ζ(u) + b(x)|u|2eζ(u))

6 lim sup
n→∞

∫

RN

(Fξ(x, un,∇un) · ∇une
ζ(un) + b(x)|un|

2eζ(un))

6

∫

RN

(Fξ(x, u,∇u) · ∇ue
ζ(u) + b(x)|u|2eζ(u)). (3.43)hlx E � {un} v�9l u, Z

lim
n→∞

∫

RN

b(x)unu =

∫

RN

b(x)u2. (3.44)4g�4�
|∇un|

2 + b(x)|un|
2 6

1

α0
Fξ(x, un,∇un) · ∇une

ζ(un) + b(x)|un|
2eζ(un)h Fatou d2, r_0.

lim
n→∞

∫

RN

(b(x)|un|
2 + |∇un|

2) =

∫

RN

(b(x)u2 + |∇u|2). (3.45)�j (3.43)–(3.45), 0.
lim sup
n→∞

∫

RN

(|∇un −∇u|2 + b(x)(un − u)2) 6 0.� `*�x E � un → u. %Cd2 3.11 0�.4gd2 3.11, .Lr_0.3N2d2.S9 3.12 �~ (F1)–(F4) h (g1) �5, ~ {un} � f 2 (CPS)c L=, ax E �i�, z {un} x E �i_�92�=.�jd2 3.6, d2 3.7 hd2 3.9, .L5{0.3=�b.S9 3.13 �~ (F1)–(F4) h (g1) �5, sb u ∈ dom(f) H� |df |(u) = 0, z u �J�
−div(Fξ(x, u,∇u)) + Fs(x, u,∇u) + b(x)u = g(x, u), x ∈ R

N2_a�.3N2d2��; (PS)c  �h (CPS)c  ���2\2.S9 3.14 �~ (F1)–(F4), (F6) h (g1) �5, sbHe f H� (CPS)c  �, z�H� (PS)c  �.Y ~ {un} ⊂ dom(f), �0
|df |(un) → 0, f(un) → c.4gd2 3.7, *0

sup
{∫

RN

Fξ(x, un,∇un) · ∇v +

∫

RN

(Fs(x, un,∇un) + b(x)un

− g(x, un))v, ‖v‖ 6 1, v ∈ Vun

}
6 |df |(un) → 0, , n→ ∞�.



446 � Q W & A x 41 #S!d2 3.6, z&x wn ∈ E∗, �0∫

RN

Fξ(x, un,∇un) · ∇v +

∫

RN

(Fs(x, un,∇un) + b(x)un − g(x, un))v = 〈wn, v〉a ‖wn‖E∗ 6 |df |(un) → 0, {x E∗ �i wn → 0.S9 3.15 �~ (F1)–(F4) h (g1)–(g2) �5, zHe f xKQ�Y c ∈ R =H�
(PS)c  �.Y ~ {un} � dom(f) �2L=, aH� (2.3) h (2.4). hd2 3.10 �L= {un} x
E �i�. hd2 3.12 *0 f H� (CPS)c  �. �[�, hd2 3.14, ��F�5.

4 ): 1.1 'Z<x�[Æ, .L	R";2 1.1 2�O.Æ5h (F3) h (g2) *#" f �3�7MHe, ar_W� f �XHe. 4gd2
3.15, f xKQ�Y c H� (PS)c  �. hd2 3.3, *0He f H�d2 3.1 2 � (c).~h�� L(u) = −∆u + b(·)u 2��e�W�2Æ��
t( {vj}j>1, ~ Vk =

(span{v1, v2, · · · , vk})
⊥. �`. Vk �/9),�.h � (1.8) *#", � ε > 0, *}. pε h qε H� pε ∈ C∞

c (RN ) h ‖qε‖
L

2N
N+2

6 ε,�0
|g(x, s)| 6 pε(x) + qε(x) + ε|s|

N+2
N−2 .~ u ∈ Vk, z&x��� C, �5∫

RN

F (x, u,∇u) +
1

2

∫

RN

b(x)|u|2 −

∫

RN

G(x, u)

> min
{1

2
, α0

}
‖u‖2 − ‖pε‖L2‖u‖L2 − ‖qε‖

L
2N

N+2
‖u‖

L
2N

N−2
− ε

N−2
2N ‖u‖

2N
N−2

L
2N

N−2

> min
{1

2
, α0

}
‖u‖2 − ‖pε‖L2‖u‖L2 − εC‖u‖ − εC‖u‖

2N
N−2 .( λk → +∞, %C, k �X(, ��i2 u ∈ Vk a ‖u‖ = 1, i

‖pε‖L2‖u‖L2 6 min
{1

4
,
α0

2

}
‖u‖.Z� ε > 0(�X�), h ‖u‖ = 1 *#"�KQ γ > 0 i f(u) > γ. $, He f x

V = Vk = (span{v1, v2, · · · , vk})
⊥ yH�d2 3.1 2 � (a).�[JN, (D E 2i9)�,� W , �0 W ⊂ L∞(RN ). ( W �i9),�,z W y2�iG�4�. h (F5)  �*�, &x��� R h C, �0

α(|s|) 6 C, |s| 6 R; α(|s|) 6 ε|s|p−2, |s| > R.S! (F6) h (g2) *�, �nR ε > 0, &x u ∈W , �0
f(u) 6

∫

RN

α(|u|)|∇u|2 +
1

2

∫

RN

b(x)|u|2 −

∫

RN

k(x)|u|p + ‖h3‖L1 + C‖h4‖
L

2N
N+2

‖u‖

6 ε

∫

RN

|u|p−2|∇u|2 + C

∫

RN

|∇u|2 +
1

2

∫

RN

b(x)|u|2 −

∫

RN

k(x)|u|p

+ ‖h3‖L1 + C‖h4‖
L

2N
N+2

‖u‖
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6 ε‖u‖p−2
L∞

∫

RN

|∇u|2 + C

∫

RN

|∇u|2 +
1

2

∫

RN

b(x)|u|2 −

∫

RN

k(x)|u|p

+ ‖h3‖L1 + C‖h4‖
L

2N
N+2

‖u‖

6 (ε− 1)C‖u‖p + C‖u‖2 + ‖h3‖L1 + C‖h4‖
L

2N
N+2

‖u‖.h ε = 1
2 , *0, ‖u‖ → +∞ �, i f(u) → −∞, �Xd2 3.1 2 � (b) �5. �$, d2 3.1 2�i �=0.H�. $&x>�8L= {uh} ⊂ E, a, h → +∞ �,�5 f(uh) → +∞. w4gd2 3.13, 5{0.;2 1.1.# � 6 � F � H
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équations quasi-linéaires [J]. Portugal Math, 1982, 41:507–534.

[5] Canino A. Multiplicity of solutions for quasilinear elliptic equations [J]. Topol Methods

Nonlinear Anal, 1995, 6:357–370.
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