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§1 P�L-H2}XR>7e>XV. YJ R2 r> n �JaD.� [1] FY(:

F (R2, n) = {(x1, x2, · · · , xn) ∈ (R2)n | i 6= j, xi 6= xj}.J�g∑n�l�|���_g F (R2 , n). Artin��gBnFY(i;.� F (R2 , n)
/∑

n>��g, � Bn = π1

(
F (R2, n)

/∑
n

)
(�Æ* [2]). q* [3] �, Artin [%=g Bn >RZ�sL	, � (n− 1) Zw l σ1, σ2, · · · , σn−1, U�1J;	1D>e.�:



σiσj = σjσi, |i− j| > 1;

σiσi+1σi = σi+1σiσi+1.
(1.1)y5w l σi >�qL	,U��(B i ℄3,rRjB (i+ 1) ℄3�/, \i>3	#��. o! 1 ��, y5 {a1, a2, · · · , an} ($~C�.G℄ n-3��J$~C� {a1, a2, · · · , an} �F�|. �J$~C�YO�|>��� > Bn >�g( Artin (��g, �( Pn. ,$Z�H*, Pn (JaD.�

F (R2, n) >��g, � Pn = π1(F (R2, n)). � ai,j = σj−1 · · ·σi+1σ
2
i σ

−1
i+1 · · ·σ

−1
j−1 (1 6 i <

j 6 n). ,* [4] ,~, (��g Pn a ai,j (1 6 i < j 6 n) w , `E�U1 4 Ze.:




ai,jak,l = ak,lai,j , i < j < k < l; i < k < l < j;

ai,jai,kaj,k = ai,kaj,kai,j , i < j < k;

ai,kaj,kai,j = aj,kai,jai,k, i < j < k;

ai,kaj,kaj,la
−1
j,k = aj,kaj,la

−1
j,kai,k, i < j < k < l.

(1.2)+ 2017 U 8 n 8 m�:, 2018 U 6 n 29 m�:HWY.
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C 1y5 ai,j >�q!�Æ! 2.

C 2��2C>RZ
P�k�(��> Vassiliev ��<,Ua(��g>��BJ?[%, �Æ* [5]. �{, (��g>e933
[%= Yang-Baxter 33
, �Æ* [6–7],�>�u,Æg* [8–10] �. y5RZg G >��BJ?�\e933
>FY([11] :v
Γ1(G) = G, Γi+1(G) = [Γi(G), G], i > 1,t�=9>J?

G = Γ1(G) > Γ2(G) > · · · > Γi(G) > Γi+1(G) > · · ·�(g G >��BJ?�g G >e933
(S+33

L(G) =

∞⊕

i=1

Γi(G)
/
Γi+1(G),\�>S+3o�ag G >|)�e8.RZ n-3����( Brunnian ��, ok: (1) ��RZ(��;(2) eE\�kqR℄3v��(YO���� n 3 Brunnian ��a >g�( Brunnian ��g, �(

Brunn. nV*% Brunn � Pn >RZ|g�g (�Æ* [12–14]). ,* [15, F24.3 (1)]~,Brunn �1JL
|)�
[· · · [[a1,n, aσ(2),j2 ], aσ(3),j3 ], · · · , aσ(n−1),jn−1 ]
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∑

n−2 �_q {2, 3, · · · , n−1}r, 1 6 j2, · · · , jn−1 6 n, js 6=

σ(s) Jg 2 6 s 6 n− 1 ' 8, `7 i > j {,aj,i = ai,j  8.

Brunnian ���(��>(��, \ Vassiliev ��<ao1>7J33

LP (Brunn) =

∞⊕

q=1

Γq(Pn)
⋂

Brunn

/
Γq+1(Pn)

⋂
Brunn (1.3)[%, �(��g>��BJ?5�g Brunnian ��g�e8>33
, �Æ* [16]. 7J33
 LP (Brunn) luL,�IP�R���. �*�� LP (Brunn) �(S+5��a Abelian g>�. -H>�P�k (F2 4.3) [%=q Hall �WY1>�. }MRN��lq�agr�8� −∆− �a, �,�x(�ag>7J33
, iv�&�agb/1>,�.fF LP (Brunn)�(S+5��a Abeliang>�Tb(L j Brunnian��7e>��~:z> Vassiliev��<�`��. 7o,,UL R���>�� α◦β >��=9>:z α̂ ◦ β > Vassiliev ��<, y5 α �RZ[F> n-3��, β �kWRZ n-3

Brunnian��.Jg α = 1>b/,U-AAL	o1: �v β̂�a n℄3> Brunnian ��=9> n-:z, t.q'R> r, }= β ∈ Γr(Pn)
⋂
Brunn, 6� β /∈ Γr+1(Pn)

⋂
Brunn,,M β̂ > Vassiliev ��<a β q Γr(Pn)

⋂
Brunn

/
Γr+1(Pn)

⋂
Brunn > ℄ β [%. -H>_�fF= Γr(Pn)

⋂
Brunn

/
Γr+1(Pn)

⋂
Brunn >�, ,M β �0(y��>6G�s>.
�fF>{
J?, [%= β̂ > Vassiliev ��<>
��0.*v>B 2 �, q�agras=� −∆− �a. q*� −∆− �a1, B 3 �}M

Brunnian ��g7Jg(��g>7J33
j Brunnian ��g7Jg�ag>7J33
�a. B 4 �, fF= Brunnian ��g7Jg�ag>7J33
�(S+�|g>�,Ua�D>�a33
> Hall-�>RZ��0-w, �& �*�PF2 (F2 4.3) >}M.

§2 [Q;<$? −∆− *SqyR�S, �PL �agr>� −∆− as. �2}d� −∆− �>FY.%N 2.1 v Sn �RZ�s,S = {Sn}n>0 �(� −∆− �, ok.qJ^u ∂i :

Sn → Sn−1 orJ^u ∂i : Sn−1 → Sn (0 6 i 6 n), }=1J>�� 8:

(1) ∂j∂i = ∂i∂j+1, j > i;

(2) ∂j∂i = ∂i+1∂j, j 6 i;

(3) ∂j∂
i =





∂i−1∂j , j < i; (2.1)

id, j = i;

∂i∂j−1, j > i.|$yÆ, S �RZ ∆− �, �{Q�RZr −∆− �, �`E�e.� (3). *%, okJgkW> n, Sn �RZg`�>J^uorJ^uG�g��, t� S = {Sn}n>0



452 � K U ) 41 % A �(� −∆− g.n n Zw l>�ag�� Fn = 〈x0, x1, · · · , xn−1〉, � Fn = Fn+1, t�aga >J?( F = {Fn}n>0, 1Jas F = {Fn}n>0 r>� −∆− g.ag� −∆− g�>J^uorJ^u�g��, ,M�IFY Fn �w lqJ^uorJ^u1>;�,. FY Fn >J^u ∂i : Fn → Fn−1, 0 6 i 6 n (
∂i(xj) =





xj , j < i;

1, j = i;

xj−1, j > i.rJ^u ∂i : Fn−1 → Fn, 0 6 i 6 n (
∂i(xj) =

{
xj , j < i;

xj+1, j > i.-HQ,U� ∂i o ∂i ? "z>E�
∂i =



x0 x1 · · · xi−1 xi xi+1 · · · xn

x0 x1 · · · xi−1 1 xi · · · xn−1


 ,

∂i =



x0 x1 · · · xi−1 xi xi+1 · · · xn−1

x0 x1 · · · xi−1 xi+1 xi+2 · · · xn


 .9A 2.1 �ag>J? F = {Fn}n>0 qrJFY>J^uorJ^u1�� −∆−g. U �IO}J^uorJ^uE��� (2.1) �,�

(1) 7 j > i {,

∂j∂i =




x0 x1 · · · xi−1 xi xi+1 · · · xj−1 xj xj+1 xj+2 · · · xn

x0 x1 · · · xi−1 1 xi · · · xj−2 xj−1 xj xj+1 · · · xn−1

x0 x1 · · · xi−1 1 xi · · · xj−2 xj−1 1 xj · · · xn−2


 ,

∂i∂j+1 =




x0 x1 · · · xi−1 xi xi+1 · · · xj−1 xj xj+1 xj+2 · · · xn

x0 x1 · · · xi−1 xi xi+1 · · · xj−1 xj 1 xj+1 · · · xn−1

x0 x1 · · · xi−1 1 xi · · · xj−2 xj−1 1 xj · · · xn−2


 ,,M�� ∂j∂i = ∂i∂j+1 q j > i { 8�

(2) 7 j 6 i {,

∂j∂i =




x0 x1 · · · xj−1 xj xj+1 · · · xi−1 xi xi+1 · · · xn−2

x0 x1 · · · xj−1 xj xj+1 · · · xi−1 xi+1 xi+2 · · · xn−1

x0 x1 · · · xj−1 xj+1 xj+2 · · · xi xi+2 xi+3 · · · xn


 ,
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∂i+1∂j =




x0 x1 · · · xj−1 xj xj+1 · · · xi−1 xi xi+1 · · · xn−2

x0 x1 · · · xj−1 xj+1 xj+2 · · · xi xi+1 xi+2 · · · xn−1

x0 x1 · · · xj−1 xj+1 xj+2 · · · xi xi+2 xi+3 · · · xn


 ,,M�� ∂j∂i = ∂i+1∂j q j 6 i { 8�

(3) 7 j < i {,

∂j∂
i =




x0 x1 · · · xj−1 xj xj+1 · · · xi−1 xi xi+1 · · · xn−1

x0 x1 · · · xj−1 xj xj+1 · · · xi−1 xi+1 xi+2 · · · xn

x0 x1 · · · xj−1 1 xj · · · xi−2 xi xi+1 · · · xn−1


 ,

∂i−1∂j =




x0 x1 · · · xj−1 xj xj+1 · · · xi−1 xi xi+1 · · · xn−1

x0 x1 · · · xj−1 1 xj · · · xi−2 xi−1 xi · · · xn−2

x0 x1 · · · xj−1 1 xj · · · xi−2 xi xi+1 · · · xn−1


 ,,M�� ∂j∂

i = ∂i−1∂j q j < i { 8�7 i = j {,

∂j∂
j =




x0 x1 · · · xj−1 xj xj+1 · · · xn−1

x0 x1 · · · xj−1 xj+1 xj+2 · · · xn

x0 x1 · · · xj−1 xj xj+1 · · · xn−1


 ,,M�� ∂j∂

i = id q j = i { 8�7 j > i {,

∂j∂
i =




x0 x1 · · · xi−1 xi xi+1 · · · xj−1 xj xj+1 · · · xn−1

x0 x1 · · · xi−1 xi+1 xi+2 · · · xj xj+1 xj+2 · · · xn

x0 x1 · · · xi−1 xi+1 xi+2 · · · 1 xj xj+1 · · · xn−1


 ,

∂i∂j−1 =




x0 x1 · · · xi−1 xi xi+1 · · · xj−1 xj xj+1 · · · xn−1

x0 x1 · · · xi−1 xi xi+1 · · · 1 xj−1 xj · · · xn−2

x0 x1 · · · xi−1 xi+1 xi+2 · · · 1 xj xj+1 · · · xn−1


 ,,M�� ∂j∂

i = ∂i∂j−1 q j > i { 8��r, F = {Fn}n>0 qrJFY>J^uorJ^u1�� −∆− g.E7 2.1 JgGRZ q > 1, {Γq(Fn)}n>0 �� −∆− g�U ag Γi+1(Fn) = [Γi(Fn),Fn], �` F = {Fn}n>0 �>J^uorJ^uG�g��, ,M {Γq(Fn)}n>0 �� −∆− g�
∆− g G = {Gn}n>0 �> Moore UE NG = {Nn(G)}n>0 o Moore �:g ZG =

{Zn(G)}n>0 S�FY(
Nn(G) =

n⋂

i=1

ker(∂i : Gn → Gn−1),
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Zn(G) =

n⋂

i=0

ker(∂i : Gn → Gn−1).7 G = F = {Fn}n>0 {, Zn(F) =
n⋂

i=0

ker(∂i : Fn → Fn−1).9A 2.2 [17, O� 1.2.10] � −∆− g>J? G′ −→ G −→ G′′ �I|sJ?, 7`�7J? ZG′ −→ ZG −→ ZG′′ �I|sJ?�
§3 K'5"> L

P (Brunn)qyR�S�PL Brunnian ��g7Jg�ag>7J33
 LFn−1(Brunn)j Brunnian ��g7Jg(��g>7J33
 LP (Brunn) >e.�2}d7J33
>R>7e~|.%N 3.1 v G �RZg, H (g G >|g�g, t,=9��BJ?
H = Γ1(G)

⋂
H > Γ2(G)

⋂
H > · · · > Γk(G)

⋂
H > Γk+1(G)

⋂
H > · · · ,�S+33


∞⊕

q=1

LG
q (H) =

∞⊕

q=1

Γq(G)
⋂

H
/
Γq+1(G)

⋂
H,�33
 LG(H) =

∞⊕
q=1

Γq(G)
⋂

H
/
Γq+1(G)

⋂
H ( H 7Jg G >7J33
.q��ga >J? {Bn}n>1 rFY dk : Bn −→ Bn−1 (1 6 k 6 n)(dk(β) ��eE�� β >B k ℄3) o dk : Bn−1 −→ Bn (0 6 k 6 n − 1) (dk(β) ��q�� β >B k ℄3jB (k + 1) ℄3��p�
R℄YO��), t,~ dk �_q Bn >w l

σ1, σ2, · · · , σn−1 r, E�
dk(σj) =





σj−1, k < j;

1, k = j, j + 1;

σj , k > j + 1.

(3.1)

dk �_q Bn >w l σ1, σ2, · · · , σn−1 r, E�
dk(σj) =





σj+1, k < j;

σj+1σjσ
−1
j+1, k = j;

σj , k > j.

(3.2)�M,U=9 dk �_q Pn >w l ai,j r, E�
dk(ai,j) =





ai−1,j−1, k < i;

1, k = i, j;

ai,j−1, i < k < j;

ai,j , k > j.

(3.3)
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dk �_q Pn >w l ai,j r, E�
dk(ai,j) =





ai+1,j+1, k < i;

ai,j+1, i 6 k < j;

ai,j , k > j.

(3.4)v Fn−1 �a a1,n, a2,n, · · · , an−1,n w > Pn >�g, t Fn−1 (�ag. ��gr>o��_q Fn−1 >w lr,_"z��(
di =

(
a1,n a2,n · · · ai−1,n ai,n ai+1,n · · · an−1,n

a1,n−1 a2,n−1 · · · ai−1,n−1 1 ai,n−1 · · · an−2,n−1

)
,

di =

(
a1,n−1 a2,n−1 · · · ai−1,n−1 ai,n−1 ai+1,n−1 · · · an−2,n−1

a1,n a2,n · · · ai−1,n ai,n ai+2,n · · · an−1,n

)
.� xi−1 = ai,n, ∂i−1 = di (1 6 i 6 n− 1), ∂i = di (0 6 i 6 n− 1)�q n > 3 {, aN� 2.1~V�ag>J? {Fn−1} qr	J^uorJ^u1a � −△− g�(��g>33
 L(Pn) =

∞⊕
q=1

Γq(Pn)
/
Γq+1(Pn) >��q* [6] ��L	. ��a Ai,j (1 6 i < j 6 n) w >�a33
 L[Ai,j | 1 6 i < j 6 n] PE1J>e.�=9>:





[Ai,j , As,t] = 0, {i, j}
⋂
{s, t} = ∅;

[Ai,j , Ai,k +Aj,k] = 0, i < j < k;

[Ai,k, Ai,j +Aj,k] = 0, i < j < k,

(3.5)\� Ai,j �(��g Pn >w l ai,j q L1(Pn) �>;���gr>o� dk : Bn −→ Bn−1 (1 6 k 6 n) e8=(��g>33
 L(Pn) r>o� L(dk) : L(Pn) −→ L(Pn−1), `E�
L(dk)(Ai,j) =





Ai,j , i < j < k;

0, k = i, j;

Ai,j−1, i < k < j;

Ai−1,j−i, k < i < j.

(3.6)��gr>o� dk : Bn−1 −→ Bn (0 6 k 6 n−1)e8=(��g>33
 L(Pn−1)r>o� L(dk) : L(Pn−1) −→ L(Pn), `E�
L(dk)(Ai,j) =





Ai+1,j+1, k < i;

Ai,j+1, i 6 k < j;

Ai,j , k > j.

(3.7)(=R�, �33
r>J^u L(dk) orJ^u L(dk) Q�( dk o dk.ag Brunn ( Pn >|g�g, ,M Brunn 7Jg Pn >7J33
:

LP (Brunn) =

∞⊕

q=1

Γq(Pn)
⋂

Brunn

/
Γq+1(Pn)

⋂
Brunn.eg*7J33
1?N��



456 � K U ) 41 % A �9A 3.1 [16, O� 2.3] 7J33
 LP (Brunn) j L(Pn) >�33

n⋂

i=1

ker(di : L(Pn) → L(Pn−1))�a��ag Fn−1 = 〈a1,n, a2,n, · · · , an−1,n〉 >��BJ?(
Fn−1 = Γ1(Fn−1) > Γ2(Fn−1) > · · · > Γi(Fn−1) > Γi+1(Fn−1) > · · · ,\�
Γ1(Fn−1) = Fn−1, Γi+1(Fn−1) = [Γi(Fn−1), Fn−1], i = 1, 2, · · · .,M�ag Fn−1 >33
(

L(Fn−1) =

∞⊕

q=1

Γq(Fn−1)/Γq+1(Fn−1),�`*33
>�aq* [18] �T�F=90>L	, q* [5] �{[% L(Pn) >RZ�3
j L(Fn−1) >�3
��>e..9A 3.2 [5, O� 3.6] L(Pn) >�33
 n⋂
i=1

ker(di : L(Pn) → L(Pn−1)) j L(Fn−1) >�33
 n−2⋂
i=0

ker(∂i = di+1 : L(Fn−1) → L(Fn−2)) �a�, Brunnian ��g>FY,~:

Brunn =
n⋂

i=1

ker(di : Pn → Pn−1)

=
n−2⋂

i=0

ker(∂i = di+1 : Fn−1 → Fn−2).,M,~ Brunn � Fn−1 >|g�g,�M,UFY Brunnian ��g7Jg�ag Fn−1>7J33
:

LFn−1(Brunn) =

∞⊕

q=1

Γq(Fn−1)
⋂

Brunn

/
Γq+1(Fn−1)

⋂
Brunn.Jgy;Z7J33
 LFn−1(Brunn) j LP (Brunn), o1�C.%3 3.1 Brunnian ��g7Jg�ag>7J33
 LFn−1(Brunn) j Brunnian��g7Jg(��g>7J33
 LP (Brunn) �a�U J? Γq+1(Fn−1) −→ Γq(Fn−1) −→ Γq(Fn−1)

/
Γq+1(Fn−1) �|sJ?, aN�

2.2 ~, S+g>J?
Z(Γq+1(Fn−1)) −→ Z(Γq(Fn−1)) −→ Z

(
Γq(Fn−1)

/
Γq+1(Fn−1)

)�|sJ?. ,MJ?
Zn−2(Γq+1(Fn−1)) −→ Zn−2(Γq(Fn−1)) −→ Zn−2

(
Γq(Fn−1)

/
Γq+1(Fn−1)

)
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Zn−2(Γq(Fn−1))

=

n−2⋂

i=0

ker(di+1 : Γq(Fn−1) −→ Γq(Fn−2))

=

n−2⋂

i=0

(Γq(Fn−1)
⋂

ker(di+1 : Fn−1 → Fn−2))

= Brunn
⋂

Γq(Fn−1),

Zn−2

(
Γq(Fn−1)

/
Γq+1(Fn−1)

)

=

n−2⋂

i=0

ker
(
di+1 : Γq(Fn−1)

/
Γq+1(Fn−1) → Γq(Fn−2)

/
Γq+1(Fn−2)

)

=

n−2⋂

i=0

ker(di+1 : Lq(Fn−1) → Lq(Fn−2)),

LFn−1
q (Brunn)

= Γq(Fn−1)
⋂

Brunn

/
Γq+1(Fn−1)

⋂
Brunn

= Zn−2(Γq(Fn−1))
/
Zn−2(Γq+1(Fn−1))

∼= Zn−2

(
Γq(Fn−1)

/
Γq+1(Fn−1)

)

=

n−2⋂

i=0

ker(di+1 : Lq(Fn−1) → Lq(Fn−2)).aN� 3.2 ~
n⋂

i=1

ker(di : L(Pn) −→ L(Pn−1)) ∼=

n−2⋂

i=0

ker(di+1 : L(Fn−1) −→ L(Fn−2)).aN� 3.1 ~
LP (Brunn) ∼=

n⋂

i=1

ker(di : L(Pn) → L(Pn−1)).,M,= LP (Brunn) ∼= LFn−1(Brunn).IP�%: qR�b/1, �vg G RZ�g G1 U� G1 Z�g G0, RF
G0 7Jg G1 >7J33
j G0 7Jg G >7J33
���a>. 7o, n;Zw l>�ag F2 |g�g Γ2(F2) = [F2, F2], Γ2(F2) |g�g Γ3(F2) =

[[F2, F2], F2], M Γ3(F2) 7Jg Γ2(F2) >7J33
 LΓ2(F2)(Γ3(F2)) =
∞⊕
q=1

Γq(Γ2(F2))
⋂

Γ3(F2)
/
Γq+1(Γ2(F2))

⋂
Γ3(F2) j Γ3(F2) 7Jg F2 >7J33


LF2(Γ3(F2)) =

∞⊕

q=1

Γq(F2)
⋂

Γ3(F2)
/
Γq+1(F2)

⋂
Γ3(F2)



458 � K U ) 41 % A ���a. Z(7 q = 1 {,

LF2
1 (Γ3(F2)) = Γ1(F2)

⋂
Γ3(F2)

/
Γ2(F2)

⋂
Γ3(F2) = Γ3(F2)

/
Γ3(F2) = 1,

L
Γ2(F2)
1 (Γ3(F2)) = Γ1(Γ2(F2))

⋂
Γ3(F2)

/
Γ2(Γ2(F2))

⋂
Γ3(F2) = Γ3(F2)

/
Γ2(Γ2(F2)).7 n = 3 {, 7J33
 LF2(Brun3) fj�ag F2 >33
 L(F2) e.9A 3.3 Jg 3 ℄3> Brunnian ��g Brun3, 

LF2(Brun3) =

∞⊕

k=2

Γk(F2)
/
Γk+1(F2).U a Brun3 = [F2, F2] 6 F2 ~,

Brun3
⋂

Γ1(F2) = Brun3, Brun3
⋂

Γ2(F2) = Brun3.7 k > 3 {, Brun3
⋂
Γk(F2) = Γk(F2), 

LF2
1 (Brun3) = Brun3

⋂
Γ1(F2)

/
Brun3

⋂
Γ2(F2) = Brun3

/
Brun3 = 1,

LF2
2 (Brun3) = Brun3

⋂
Γ2(F2)

/
Brun3

⋂
Γ3(F2) = Brun3

/
Γ3(F2)

= Γ2(F2)
/
Γ3(F2) = L2(F2).7 k > 3 {,

LF2

k (Brun3) = Brun3
⋂

Γk(F2)
/
Brun3

⋂
Γk+1(F2) = Γk(F2)

/
Γk+1(F2) = Lk(F2),

LF2(Brun3) =

∞⊕

k=1

Brun3
⋂

Γk(F2)
/
Brun3

⋂
Γk+1(F2) =

∞⊕

k=2

Γk(F2)
/
Γk+1(F2).Y 3.1 7 n = 3 {, -H~;��6Gg SL(2, Z) � B3 >qg, �Æ* [19].

§4 K'5"> L
P (Brunn) $ Hall /qL 7J33
 LP (Brunn) > Hall ��^, -H2[%�a33
[20−21]>R�

Hall �>FY. v X = {y1, y2, · · · , yk}, L(X) �a k Zw l y1, y2, · · · , yk �aw >�a33
. a X w > Hall �s�ng L(X), �( Hall(L(X)).�2[%RZ|)�

>FY[22] : |)�>

�l��nZ�>Z
. 

� 1>|)�� y1 , y2, · · · , yk;Jg

1g 1>|)�m,'R>� E�m = [m′,m′′],` m >

� m′ j m′′ >

�o. Hall �hSFYo1:

(1) 7

 q = 1, Hall1(L(X)) >R��( y1, y2, · · · , yk, gF7 i < j {, yi < yj ;

r(yi) = 0; s(yi) = i. y5 r(yi) �� yi >�, s(yi) ����l yi >�>Z
, �( yi >J;

(2) �v

 q < n {, Hallq(L(X)) >�oJT�FY, �gFp m′, m′′ '(
Hall(L(X)) >�, 7 m′ >

<g m′′ >

{, t m′ < m′′;
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(3) 7

 q = n,n 
|)� m >� E�( m = [m1,m2], y5 m1 o m2 �g
Hall(L(X)) >��` m2 < m1, r(m1) 6 s(m2), m >�FY( r(m) = r([m1,m2]) =

s(m2), �[� n 
 Hall �RZWJ., Hall �>FY,~, �a33
> Hall �j�nw l>Z
e�7o k = 3{, n 
 Hall �,U��:

n = 1 : y1, y2, y3;

n = 2 : [y2, y1], [y3, y1], [y3, y2];

n = 3 : [[y2, y1], y1], [[y2, y1], y2], [[y2, y1], y3], [[y3, y1], y1], [[y3, y1], y2], [[y3, y1], y3],

[[y3, y2], y2], [[y3, y2], y3];

n = 4 : [[[y2, y1], y1], y1], [[[y2, y1], y1], y2], [[[y2, y1], y1], y3], [[[y2, y1], y2], y2], [[[y2, y1], y2], y3],

[[[y2, y1], y3], y3], [[[y3, y1], y1], y1], [[[y3, y1], y1], y2], [[[y3, y1], y1], y3], [[[y3, y1], y2], y2],

[[[y3, y1], y2], y3], [[[y3, y1], y3], y3], [[[y3, y2], y2], y2], [[[y3, y2], y2], y3], [[[y3, y2], y3], y3],

[[y3, y1], [y2, y1]], [[y3, y2], [y2, y1]], [[y3, y2], [y3, y1]].7 n > 5 {, �wFY-HQ,URR?%, 6�ag*vXT5, y5�pRR��.agg Fn−1 Æ Pn ^5, Z*�lL 7J33
 LFn−1(Brunn) > Hall �0[%7J33
 LP (Brunn) > Hall�Q^�. yR��P�l7J33
 LFn−1(Brunn)j33
 L(Fn−1) > Hall ��>e., ��33
 L(Fn−1) > Hall �[%7J33

LFn−1(Brunn) > Hall �.℄#� −∆− g>FYU� F = {Fn}n>0 r>J^uU�rJ^u, o1[2.O3 4.1 JkW> q > 0, Lq(F) = {Lq(Fn)}n>0 �� −∆− g.O3 4.2 [17, O� 1.2.9] � G = {Gn}n>0 �� −∆− g, t Gn �E�o1>�g>���

∂ik∂ik−1 · · · ∂i1(Zn−k(G)),\� 0 6 i1 < i2 < · · · < ik 6 n, 0 6 k 6 n, `!�>J,d9�.E7 4.1 [16, #D 4.3]� G = {Gn}n>0 �� −∆− g` Gn ��|g, tJgGRZ n,G.q�oS�
Gn =

⊕

06i1<i2<···<ik6n

06k6n

∂ik∂ik−1 · · · ∂i1(Zn−k(G)).� G = Lq(F), t℄#N� 3.1 oF2 3.1 }Ml" Zn(Lq(F)) = L
Fn+1
q (Brunn+2).℄#"C 4.1, -H=91J>S�.%3 4.1 JgGRZ n > 3 o q, .qS�

Lq(Fn−1) =
⊕

06i1<i2<···<ik6n−2

06k6n−2

dikdik−1 · · · di1 (LFn−k−1
q (Brunn−k)).



460 � K U ) 41 % A �℄#F2 4.1, 
Lq(Fn−1) = Z(Hall(Lq(Fn−1)))

all Ai,n occur

⊕
Z(Hall(Lq(Fn−1)))
some Ai,n not appear

= LFn−1
q (Brunn)

⊕( ⊕

06i1<i2<···<ik6n−2

16k6n−2

dikdik−1 · · · di1(LFn−k−1
q (Brunn−k))

)
.(=�?R�, � Z(Hall (Lq(Fn−1)))

all Ai,n occur

�( HallLq (Fn−1). 1J�O} L
Fn−1
q (Brunn)j HallLq (Fn−1) >e., �2IP2O}1J>[2.O3 4.3 kd�ag>33
>�� HallLq (Fn−1) �>l� α, t�

α ∈ LFn−1
q (Brunn),� HallLq (Fn−1) ⊂ L

Fn−1
q (Brunn).U JgkW α ∈ HallLq (Fn−1), agGZ Ai,n �t%4R+, tJgkW k ∈

{1, 2, · · · , n−1},' dkα = 0,,M α ∈ L
Fn−1
q (Brunn),a α>kWG,,= HallLq (Fn−1)

⊂ L
Fn−1
q (Brunn).O3 4.4 JgGRZ n > 3 o q, Lq(Fn−1) >��

⊕

06i1<i2<···<ik6n−2

16k6n−2

dikdik−1 · · · di1(LFn−k−1
q (Brunn−k))j�� d0Lq(Fn−2) + d1Lq(Fn−2) + · · ·+ dn−2Lq(Fn−2) 7�.U a L

Fn−k−1
q (Brunn−k) =

n−k−2⋂
i=0

ker(di+1 : Lq(Fn−k−1) −→ Lq(Fn−k−2))

⊂ Lq(Fn−k−1), ,=
di1LFn−k−1

q (Brunn−k) ⊂ di1Lq(Fn−k−1) ⊂ Lq(Fn−k),

di2di1LFn−k−1
q (Brunn−k) ⊂ di2Lq(Fn−k) ⊂ Lq(Fn−k+1),

...

dikdik−1 · · · di1LFn−k−1
q (Brunn−k) ⊂ dikLq(Fn−2),,M

⊕

06i1<i2<···<ik6n−2

16k6n−2

dikdik−1 · · · di1(LFn−k−1
q (Brunn−k)) ⊂ d0Lq(Fn−2) + · · ·+ dn−2Lq(Fn−2).Pl0,

Lq(Fn−2) =
⊕

06j1<j2<···<jk6n−3

06k6n−3

djkdjk−1 · · · dj1 (LFn−k−2
q (Brunn−k−1)),
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diLq(Fn−2) = di




⊕

06j1<j2<···<jk6n−3

06k6n−3

djkdjk−1 · · · dj1(LFn−k−2
q (Brunn−k−1))




=
⊕

06q1<q2<···<qk6n−3

06k6n−3

dqkdqk−1 · · · dq1dm(LFn−k−2
q (Brunn−k−1)),y5 m ∈ {0, 1, · · · , n− 2}.fZ( dm(L

Fn−k−2
q (Brunn−k−1)) ⊂ L

Fn−k−1
q (Brunn−k), �M

diLq(Fn−2) ⊂
⊕

06i1<i2<···<ik6n−2

16k6n−2

dikdik−1 · · · di1(LFn−k−1
q (Brunn−k)).Z( i �kW>, ,M

d0Lq(Fn−2) + · · ·+ dn−2Lq(Fn−2) ⊂
⊕

06i1<i2<···<ik6n−2

16k6n−2

dikdik−1 · · · di1(LFn−k−1
q (Brunn−k)).�r, ,=

⊕

06i1<i2<···<ik6n−2

16k6n−2

dikdik−1 · · · di1(LFn−k−1
q (Brunn−k)) = d0Lq(Fn−2) + · · ·+ dn−2Lq(Fn−2).O3 4.5 JgGRZ n > 3o q, Lq(Fn−1)>�� Z(Hall (Lq(Fn−1)))

some Ai,n not appear

j d0Lq(Fn−2)+

d1Lq(Fn−2) + · · ·+ dn−2Lq(Fn−2) 7�.U JkW> α ∈ Z(Hall (Lq(Fn−1)))
some Ai,n not appear

, p Ai,n �%4, t α ∈ di−1Lq(Fn−2), ,M
Z(Hall (Lq(Fn−1)))
some Ai,n not appear

⊂ d0Lq(Fn−2) + d1Lq(Fn−2) + · · ·+ dn−2Lq(Fn−2).JkW α ∈ diLq(Fn−2), 1} α ∈ Z(Hall (Lq(Fn−1)))
some Ai,n not appear

. Z( α ∈ diLq(Fn−2) ⊂ Lq(Fn−1),�U α ∈ Lq(Fn−1) = HallLq (Fn−1)
⊕

Z(Hall (Lq(Fn−1)))
some Ai,n not appear

, ,M.q α1 ∈ HallLq (Fn−1),

α2 ∈ Z(Hall (Lq(Fn−1)))
some Ai,n not appear

, }= α = α1 + α2 ∈ diLq(Fn−2). ,M α1 = α − α2 ∈

Z(Hall (Lq(Fn−1)))
some Ai,n not appear

. � α1 ∈ Z(Hall (Lq(Fn−1)))
some Ai,n not appear

⋂
HallLq (Fn−1),�M-H=9 α1 = 0, α =

α2 ∈ Z(Hall (Lq(Fn−1)))
some Ai,n not appear

, ,M diLq(Fn−2) ⊂ Z(Hall (Lq(Fn−1)))
some Ai,n not appear

, fZ( di �kW>,,M
d0Lq(Fn−2) + d1Lq(Fn−2) + · · ·+ dn−2Lq(Fn−2) ⊂ Z(Hall(Lq(Fn−1)))

some Ai,n not appear

.�r,=
d0Lq(Fn−2) + d1Lq(Fn−2) + · · ·+ dn−2Lq(Fn−2) = Z(Hall (Lq(Fn−1)))

some Ai,n not appear

.



462 � K U ) 41 % A �%3 4.2 JgGRZ n > 3 o q, Brunnian ��g7Jg�ag>7J33

L
Fn−1
q (Brunn) j Lq(Fn−1) >�� HallLq (Fn−1) 7�.U a[2 4.4 o[2 4.5, ,~

⊕

06i1<i2<···<ik6n−2

16k6n−2

dikdik−1 · · · di1 (LFn−k−1
q (Brunn−k)) = Z(Hall (Lq(Fn−1)))

some Ai,n not appear

.� W =
⊕

06i1<i2<···<ik6n−2

16k6n−2

dikdik−1 · · · di1 (L
Fn−k−1
q (Brunn−k)) = Z(Hall (Lq(Fn−1)))

some Ai,n not appear

, t
LFn−1
q (Brunn)

⊕
W = HallLq (Fn−1)

⊕
W.J ∀ x ∈ L

Fn−1
q (Brunn), a L

Fn−1
q (Brunn)

⊕
W = HallLq (Fn−1)

⊕
W ,~, .q x1 ∈

HallLq (Fn−1), y ∈ W, }= x = x1 + y. fZ( HallLq (Fn−1) ⊂ L
Fn−1
q (Brunn), �U

x1 ∈ L
Fn−1
q (Brunn), y = x − x1 ∈ L

Fn−1
q (Brunn). ,M y ∈ W

⋂
L
Fn−1
q (Brunn), �M,~ y = 0 . ,M x = x1 ∈ HallLq (Fn−1). ,M,= L

Fn−1
q (Brunn) ⊂ HallLq (Fn−1). �s[2 4.3 ,= L

Fn−1
q (Brunn) = HallLq (Fn−1).%3 4.3 Brunnian ��g7Jg(��g>7J33
 LP

q (Brunn) j�a33
>�� HallLq (Fn−1) �a.U aF2 3.1 �F2 4.2 =9.℄#F2 4.3, -H,U[% LP
q (Brunn) >R��.6 4.1 7 n = 4 {, Sw Hall �>�N, ,U=9 LP

q (Brun4) >R��:7 q 6 2 {, �( 0;7 q = 3 {, LP
3 (Brun4) >R��( [[A3,4, A1,4], A2,4], [[A2,4, A1,4], A3,4];7 q = 4{, LP
4 (Brun4)>R��( [[[A3,4, A1,4], A1,4], A2,4], [[[A3,4, A1,4], A2,4], A2,4],

[[[A2,4, A1,4], A1,4], A3,4], [[[A2,4, A1,4], A2,4], A3,4], [[[A3,4, A1,4], A2,4], A3,4],

[[[A2,4, A1,4], A3,4], A3,4], [[A3,4, A1,4], [A2,4, A1,4]], [[A3,4, A2,4], [A2,4, A1,4]],

[[A3,4, A2,4], [A3,4, A1,4]];7 q = 5 {, dim(LP
5 (Brun4)) = 30, y5�pRR?%.Y 4.1 _F2 4.3 >RN��%> LP

q (Brunn) >R��PÆ LP
q (Brunn) w l>�s^�0. � � 1 � F � H
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A Basis for the Relative Lie Algebra of Brunnian Braids
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Abstract Brunnian braids have interesting relations with homotopy groups of spheres. In

this paper, the authors investigate the Lie algebra of the descending central series related

to subgroup of the pure group. In order to determine the basis for the relative Lie algebra

LP (Brunn), the authors study the relationship of LP (Brunn) and LFn−1(Brunn). With the

help of the Hall basis of free Lie algebra L(Fn−1), the basis of relative Lie algebra L
P (Brunn)

is given.

Keywords Brunnian braid, Relative Lie algebra, Free group, Hall basis
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