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1 & � "B��Q	-!+q g Z5 Whittaker 9im�A KostantKÆ [1] 
=95�{\6' (K�℄79�) !+q g 5
.+q U(g) 
& Z(g) 5 !hV$9_}#Ks[_��~�:���H Whittaker 9C<2 Z(g) 5s) !� Block[2] �zB5 sl2(C)5��H9M
Y��nV (n9) N9�Whittaker 9hÆ�l425;Y�9�&h
.+q Uq(sl2 ) 5Whittaker9iA OndrusKÆ [3] 
M�5�{m0�'V$95R&r [4]. Milic̆ićh Soergel[5] h McDowell[6] 8SCT75B��Q	-!+q5 Whittaker9p"'0��n�BkFÆQC���!+q5 Whittaker 9p"'0��Æ [7] 
�
ChristodoulopoulouM�'B�h�� Heisenberg+q5 Whittaker 9�{m0�'K�5I[!+qZ53� imaginary Whittaker 9�I
K*tE5=�M9
\6i��H5�`9 Weyl +q� Virasoro !+q� twisted Heisenberg +q5h.=s -Witt +q5 Whittaker 9KÆ [8–12] 
42'0�� Wang 0�'iA��HP�l���!+q5 Whittaker 9 [13].KÆÆ
��3℄M'T7I[!+q53�*tE5 Whittaker 9��JV�9
\6i��H5�
2 ' t , �? g̃ �gQqE C Z5I[!+q�℄ g h g̃  _5B��	-!+q�I�B
Cartanh+q h, -[� Π = {α1, · · · , αn}h[� ∆̇. - Q̇+ =

{ n∑
i=1

miαi | mi ∈ Z>0, ∀i
}
,J ∆̇ = ∆̇− ∪ ∆̇+ i[R[�M��I
 ∆̇± = ∆̇ ∩ (±Q̇+). 0B%d��[��a�M�? ∆̇S h ∆̇L �g ∆̇ 
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466 r / ? � A t 41 �I[!+q g̃ B Cartan h+q h̃ = h ⊕ Cc ⊕ Cd, I
 c i
&Fx� d i%q1h�_D Cartan h+q h̃, g̃ B[�}M�
g̃ = h̃⊕

⊕

α∈∆

g̃α.I[�
 ∆ = ∆re ∪∆im, I
,[uj ∆im = {nδ | n ∈ Z} 
e��M,[ δ 5zBZq��
[�
 ∆re = ∆re
− ∪∆re

+ , I
 ∆re
− = −∆re

+ J
∆re

+ =





{α+ nδ | α ∈ ∆̇+, n ∈ Z}, LA6L�,

{α+ nδ | α ∈ (∆̇S)+, n ∈ Z} ∪ {α+ rnδ | α ∈ (∆̇L)+, n ∈ Z}, A6/�j A
(2)
2l �(,

{α+ nδ | α ∈ ∆̇+, n ∈ Z} ∪ {2α+ (2n− 1)δ | α ∈ (∆̇S)+, n ∈ Z}, A
(2)
2l (,I
K�K�� r = 1, D

(3)
4 'K�� r = 3, I{5K�?i r = 2.- ∆0 
Hl[�5uj�w

∆0 =

{
∆̇+, KA

(2)
2l ',

∆̇+ ∪ {2α | α ∈ (∆̇S)+}, A
(2)
2l ',Vi Q̇+ 53XB�hu�CT7 α, β ∈ Q̇+, X α =

n∑
i=1

aiαi, β =
n∑

i=1

biαi, O=9 α 6 β0J	0 (a1, · · · , an) 6 (b1, · · · , nn) Kk<-��$�{℄ |∆0| = R, - β1, · · · , βR 

∆0 
FxKS-�5�ZC)�- n± =

⊕
α∈∆re

+

g̃±α, n0 =
⊕

α∈∆im

g̃α, O g̃ BW�Y�M��
g̃ = n− ⊕ (h̃⊕ n0)⊕ n+.- {eα, hi | 1 6 i 6 n, α ∈ ∆̇} i g 53m Chevalley p�O

⊕

α∈∆̇,m∈Z

g̃α+rmδ ⊕
⊕

m∈Z

g̃rmδ ⊕ h̃i g̃ 53Xh+q��JS+qiK�I[5��6�IO=

g⊗ [t, t−1]⊕ Cc⊕ Cd,|B3mpFx eα+mδ := eα ⊗ tm, hi(m) := hi ⊗ tm, c, d, I
 α ∈ ∆̇, 1 6 i 6 n, m ∈ rZ.
G�3�6�I�P� g̃ 5
e
{eα+mδ | α+mδ ∈ ∆}53mp�d4

0 6= [eβj−(M+m)δ, e−βj+mδ] ∈ C[eβj−Mδ, e−βj
], βj ∈ ∆̇,

0 6= [eβj−(M+m)δ, e−βj+mδ] ∈ C[e βj
2 −Mδ

, e
−

βj
2

], βj ∈ 2∆̇S ,CT75 1 6 j 6 R �$�_D g̃ 5�℄h
�5\F���6��Æ [14] 5;HQ�
3 Whittaker � | � (h�} t = n0 ⊕ Cc i g̃ 53X Heisenberg h+q�J t/Cc i�n5�T73X/l η(c) = 0 5 η ∈ t∗ ?C1'3X& U(t) 2 C 5+q�}��aX η : U(t) → C i3X+q�}�O3=B η(c) = 0. :$�6?CB�} (n0)

∗ O= homalg(U(t),C).



4 G ^�� �#4 J\",r7uF+7 Whittaker : 467- η ∈ (n0)
∗, Cη = Cṽ i3X3�5 t- 9�I
 c · ṽ = 0 JCT75 x ∈ n, B

x · ṽ = η(x)ṽ.- Cη[d] = C[d]⊗ ṽ, v = 1⊗ ṽ, O Cη[d] i3X t⊕ Cd- 9��� 3.1 - η ∈ (n0)
∗, Oq
 t⊕ Cd- 9� Cη[d] i��H50J	0 η 6= 0.* W
 η = 0, OCT75[Zq k, �)�} dkC[d]v i3XXh9�W
 η 6= 0, O'K m ∈ Z \ {0} h x ∈ g̃mδ, d4 η(x) = 1, =1CzBF"f

f(d) =
k∑

i=1

aid
i(ak 6= 0, k > 0), ?B

x · (f(d)v)− f(d)v = [x, f(d)]v

=

k∑

i=1

ai[x, d
i]v

= −mkakd
k−1v + g(d)v 6= 0,I
 −mkak 6= 0J g(d)i%q#D k−15F"f�C k a>��6�1" v oD f(d)v_�5h9�AD Cη[d] = U(t⊕ Cd)v, :$ Cη[d] i��H5�CzB λ ∈ h∗, =9 h K Cη[d] Z5q?�

h · f(d)v = λ(h)f(d)v, ∀h ∈ h.$a C[d]v �
3X h̃⊕ n0- 9�y
 Cη,λ[d]. ~�:�? Cη,λ �gh�} Cv.- p = (h̃⊕ n0)⊕ n+, O p i g̃ 53XD�h+qJ n+ i p 53X !�CT75
w ∈ Cη,λ[d], =9 n+w = 0, OK Cη,λ[d] Z=9'3X U(p)- 9�℄�y

Vη,λ = U(g̃)⊗U(p) Cη,λ[d ].=9 U(g̃) K Vη,λ Z5q?
KR&:h U(g̃) Zo ��3� Vη,λ i g̃ 53XtE*5 (η, λ)- '5 imaginary Whittaker 9��� 3.2 (i) q
 U(n−)- 9�
Vη,λ

∼= U(n−)⊗C C[d]v.
G� Vη,λ i3XiA U(n−)- 9�
(ii) q
 h- 9�BN�}M�

Vη,λ =
⊕

µ∈Q̇+

V λ−µ
η,λ ,I


V λ−µ
η,λ

∼= U(n−)−µ ⊗C C[d],

U(n−)−µ = {u ∈ U(n−) | [h, u] = −µu, ∀h ∈ h}.~�:� V λ
η,λ

∼= Cη,λ[d].* \6d!hÆ [7] 
8� 43.(i), (iii) K� v�}	 3.1 - η ∈ (n0)
∗, λ ∈ h. W
 η /lW��~ (C−), O Vη,λ i3X��H5

g̃- 9�
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(C−) CzB[Zq K, 'K[Zq M ∈ rZ, d4 η(hi(−M)) > 0 JCT75 1 6

i 6 n h −K −M 6 m 6 K −M B η(g̃mδ) = 0.� 3.1 W
- η ∈ (n0)
∗ �J

η(hi(m)) =

∞∑

k=1

δ
−m,

k(k+1)
2

,O η /lZp�~ (C−). h
Z�K (n0)
∗ 
'K�MFFx/l�~ (C−).

4 ~ 
 3.1 | + �CT75 1 6 j 6 R h k, l ∈ Z, X βj + kδ,−βj + lδ ∈ ∆, �3? hj,k,l �g!�g
[eβj+kδ, e−βj+lδ].%	 4.1 {℄ η ∈ (n0)

∗ /l�~ (C−) �J {m1, · · · ,mk} ⊂ Z iB�u�W
CT75 1 6 i 6 k B −βj +miδ ∈ ∆, O'K[Zq M ∈ rZ, d4
η([eβj−(M+m1)δ, e−βj+miδ]) 6= 0,0J	0 i = 1, I
 1 6 j 6 R.* AD−βj+m1δ ∈ ∆JM ∈ rZ,O βj−(M+m1)δ ∈ ∆h [eβj−(M+m1)δ, e−βj+miδ] 6=

0�$�C2X α ∈ ∆̇+,'KK* n-Fm (b1, · · · , bn) ∈ (Z>0)
n, d4!�g [eα−Mδ, e−α]8D n∑

i=1

bihi(−M), O
η([eβj−(M+m1)δ, e−βj+miδ]) = c0

n∑

i=1

biη(hi(−M)) 6= 0,I
 c0 i3XK*�q�:
 η /l�~ (C−), - K = 2max{|m1|, · · · , |mk|} + 1, O
−K −M < −(M +m1) +mi < K −M , �a −(M +m1) +mi = −M 0J	0 m1 = mi,A η 5)b�42 η([eβj−(M+m1)δ, e−βj+miδ]) = 0 CzB i 6= 1 �$�=9Pg κ = (κ1, · · · , κR), I
CzB 1 6 r 6 R, κr �g3X& Z 2 Z>0 5fq�- I izB/l�p�~5 κ = (κ1, · · · , κR) ℄�5uj�

(c1) CzB r, κr : Z → Z>0 BB�^u�
(c2) CzB βr + kδ 6∈ ∆, 1 6 r 6 R, B κr(k) = 0.C2X κ ∈ I, =9

Fκr
r = · · · e

κr(k−1)
−βr+(k−1)δe

κr(k)
−βr+kδe

κr(k+1)
−βr+(k+1)δ · · · ,

Fκ = Fκ1
1 Fκ2

2 · · ·FκR

R ,O U(n−) B3mp {Fκ | κ ∈ I}.? (Fκ)[r,k] �g� Fκ 
5 e−βr+kδ %q& κr(k) T� κr(k)− 1 425Fx�%	 4.2 ℄ κ ∈ I. W
 r in#5d4 κj(k) = 0 CzB j < r h k ∈ Z ?�$5`��OCzB m ∈ Z, 'K;X u ∈ U(n−), d4
[eβr+mδ, F

κ] = u+
∑

κr(k)>0

κr(k)(F
κ)[r,k]hr,m,k.
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[eβr+mδ, F

κj

j ] ∈ U(n−)CzB j > r �$��J
[hr,m,k, F

κ] ∈ U(n−)CzB κ ∈ I �$�A r 5=9� κr(k)(F
κ)[r,k] ∈ U(n−), O

[eβr+mδ, F
κ]

= Fκr
r

[
eβr+mδ,

R∏

j=r+1

F
κj

j

]
+ [eβr+mδ, F

κr
r ]

R∏

j=r+1

F
κj

j

= Fκr
r

[
eβr+mδ,

R∏

j=r+1

F
κj

j

]
+
∑

s>1

(
· · · e−βr+ks−1δ[eβr+mδ, e−βr+ksδ]e−βr+ks+1δ · · ·

R∏

j=r+1

F
κj

j

)

= Fκr
r

[
eβr+mδ,

R∏

j=r+1

F
κj

j

]
+
∑

s>1

(
· · · e−βr+ks−1δ

[
hr,m,ks

, e−βr+ks+1δ · · ·

R∏

j=r+1

F
κj

j

])

+
∑

κr(k)>0

κr(k)(F
κ)[r,k]hr,m,k,I
 F βr

r = e−βr+k1δe−βr+k2δ · · · iB� r�:$�642
Fκr
r

[
eβr+mδ,

R∏

j=r+1

F
κj

j

]
+
∑

s>1

(
· · · e−βr+ks−1δ

[
hr,m,ks

, e−βr+ks+1δ · · ·
R∏

j=r+1

F
κj

j

])
∈ U(n−).; �$�%	 4.3 ℄ I1 i I 53XK�B�hu�O {Fκ | κ ∈ I1} i�)�_5�W
CzB κ ∈ I1 ?�$ κr(k) > 0, O {(Fκ)[r,k] | κ ∈ I1} 2i�)�_5�* :
 {Fκ | κ ∈ I} i U(n−) 53mp�z6uj {Fκ | κ ∈ I1} i�)�_5�W
 κr(k) > 0 CzB κ ∈ I1 �$�O {(Fκ)[r,k] | κ ∈ I1} 2i {Fκ | κ ∈ I} 53XK�hu�:G|i�)�_5�CzB κ ∈ I =9 S(κ) = {k ∈ Z | 'K j, d4κj(k) > 0}. CzB x =

∑
aκ,sF

κ ⊗

dsv ∈ Vη,λ, =9
S(x) =

⋃

aκ,s 6=0

S(κ),

B(x) = max{|k| | k ∈ S(x)},

T (x) = max
{ R∑

j=1

∑

k∈Z

κj(k)
∣∣∣aκ,s 6= 0

}
.�K�e\6= 3.1.℄ J i Vη,λ 53XK* U(g̃)- h9�a+\6 J ∩ Cλ,η[d] 6= {0}.A8� 3.2, 'K µ ∈ Q̇+, d4 J ∩ V λ−µ

η,λ 6= {0}. {℄ 0 6= x ∈ J ∩ V λ−µ
η,λ , O|BW�
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x =

q∑

s=1

∑

κ

aκ,sF
κ ⊗ dsv.�3�6{℄ S(x) ���OO x ∈ Cλ,η[d]. \6���- K = B(x)(T (x) + 2), r id4 κj(k) = 0, ∀k ∈ Z, j < r J aκ,s 6= 0 5n#5�:
 x 6∈ Cλ,η[d], �3�6B= 1 6 r 6 R. AD η /l�~ (C−), �6S2[Zq M ∈ rZd4 M > K, /lCzB 1 6 i 6 n h −K − M 6 m 6 K − M , d4 η(hi(−M)) > 0h η(g̃mδ) = 0. A; 4.1, W
 −K − M < i + j < K − M , O η(hr,i,j) 6= 0 0J	0

i+ j = −M .C2Xd4 aκ,s 6= 0 h κr(k0) > 0 5Y=5 k0, A; 4.2,

eβr−(M+k0)δ · x =

q∑

s=1

∑

κ

aκ,s[eβr−(M+k0)δ, F
κ]⊗ dsv

=

q∑

s=1

us ⊗ dsv +

q1∑

s=1

∑

κr(k)>0

aκκr(k)(F
κ)[r,k]hr,−M−k0,k ⊗ dsv

=

q∑

s=1

us ⊗ dsv +

q1∑

s=1

∑

κr(k)>0

aκ,sκr(k)(F
κ)[r,k] ⊗ hr,−M−k0,kd

sv

=

q∑

s=1

us ⊗ dsv +

q2∑

s=1

∑

κr(k0)>0

aκ,sκr(k0)(F
κ)[r,k0] ⊗ hr,−M−k0,k0d

sv,I
 q1, q2 ∈ Z>0 /l q2 6 q1 6 q. ℄
us =

∑
aκ′,sF

κ′

⊗ dsv,OCT7 1 6 s 6 q, oT us = 0, oTCT75 aκ′,s 6= 0, uj
S(Fκ′

) ∩
{
−M + j1 + · · ·+ jp | 1 6 p 6 T (x), ji ∈ S(x), ∀1 6 i 6 p}a
e3XFx�,��

| −M + j1 + · · ·+ jp| > M − |j1| − · · · − |jp|

> K − pB(x) > 2B(x) > B(x),:$ −M + j1 + · · · + jp 6∈ S(x). QG� S((Fκ)[r,k0]) ⊆ S(x) CzB aκ,s 6= 0, κr(k0) > 0h 1 6 s 6 q2 �$�O eβr−(M+k0)δ · x = 0 7
f
q2∑

s=1

∑

κr(k0)>0

aκ,sκr(k0)(F
κ)[r,k0] ⊗ hr,−M−k0,k0d

sv = 0.W
 eβr−(M+k0)δ · x = 0, �64"
0 =

q2∑

s=1

∑

κr(k0)>0

aκ,sκr(k0)(F
κ)[r,k0] ⊗ hr,−M−k0,k0d

sv

= η(hr,−M−k0,k0)
∑

κr(k0)>0

aκ,q2κr(k0)(F
κ)[r,k0] ⊗ dq2v + d 5%q s < q2,



4 G ^�� �#4 J\",r7uF+7 Whittaker : 471h ( ∑

κr(k0)>0

aκ,q2κr(k0)(F
κ)[r,k0]

)
⊗ dq2v = 0,
3�4" ∑

κr(k0)>0

aκ,q2κr(k0)(F
κ)[r,k0] = 0. A; 4.3, aκ,q2 = 0 CzB κr(k0) > 0, Vh r 5s#)0E�Di eβr−(M+k0)δ · x 6= 0.�Q� eβr−(M+k0)δ · x ∈ V λ−µ+βr

η,λ . CNpa>��6S2B�FX wj = Eβrj
−Mjδ,d4 · · ·wj · · ·w2w1x ∈ V λ

η,λ = Cη,λ[d]. \6���
5 � $ w | � Æ}	 5.1 - η ∈ (n0)

∗, λ ∈ h. W
 η /lW��~ (C+), O Vη,λ i3X��H5
g̃- 9�

(C+)CzB[Zq K,'K[ZqM ∈ rZ,d4 η(hi(M)) > 0JCT75 1 6 i 6 nh −K +M 6 m 6 K +M , B η(g̃mδ) = 0.* !+q g̃ 'K>[ d 7→ −d, δ 7→ −δ, c 7→ −c O=5i�℄�KSi�℄���~ (C+) 8|D�~ (C−).- ĝ = n− ⊕ (h⊕ n0)⊕ n+, O Vη,λ i3X ĝ- 9�CT75 j ∈ Z>0, =9
V s
η,λ =

s∑

j=0

U(n−)⊗ djv.}	 5.2 ℄ η ∈ (n0)
∗, λ ∈ h, O V s

η,λ i Vη,λ 53X ĝ- h9�Jq
 ĝ- 9B
V s+1
η,λ /V s

η,λ
∼= V 0

η,λ.W
 η /l�~ (C−) oT (C+), O V 0
η,λ = U(n−)⊗ v i3X��H ĝ- 9�* = 5;3�M�d�55xy42�CzB5 x ∈ n± h s ∈ Z>0,

x · (dsv) = η(x)dsv + g(d)v 6= 0,I
 g(d) i3X5�D s 5F"fJ g(d) 5%q#D s.

V 0
η,λ 5��H)5\6h= 3.1 6v= 5.1 �v�x � � � � �  
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The Imaginary Whittaker Modules of Level Zero for

Affine Lie Algebras

SHEN Caixia1 XIA Limeng2

1Faculty of Science, Jiangsu University, Zhenjiang 212013, Jiangsu, China.

E-mail: shencaixia@ujs.edu.cn
2Institute of Applied System Analysis, Jiangsu University, Zhenjiang 212013,

Jiangsu, China. E-mail: xialimeng@ujs.edu.cn

Abstract In this paper, for an arbitrary affine Lie algebra g̃, the authors construct a class

of imaginary Whittaker modules of zero-level for g̃. It is also proved that such modules are

irreducible under some given condition.
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