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126 A < j � A N 42 �Rd+�, ~mx�
C^��1,S�T{X. x [11] x�
�!j�C1
S1S{ozY*��E04Z�Txs, q�~5h�*�~/�YS~�^�, Je�)�
C^�
S*F�Tw&. x [12]m�D�x{$��"Y*�~/-9,RAV;9L
4^f�*~�sÆ~-
S{$��"�Txs, ��;�xs�
04Z1, |j�x*iPÆ�*�)~�SKHF	�TL�, x [13] xh�((H>,S��~/{$��"', wCD�9�xsSj�x*iKHF	�TL�. R�?�`2�h!`��E'`8;��, �sha�!`i'`S'!��~/?�.Gf04Z�Txs
3,S1�, Æx�E�
{$�'!Y*:

Yi,t = m(Xi,t) +Ri,t, (1.1)s� Yi,t ∈ R, Xi,t = (Xi,t(1), · · · , Xi,t(d)) ∈ R
d, m(·) 2sÆS 9+�, Ri,t 2LI�*, L5 E(Ri,t) = 0, Var(Ri,t) = σ2, i ∈ Λn = {1, · · · ,n1} × · · · × {1, · · · ,nN},

t ∈ Tn = {1, · · · , nN+1}, n = (n1, · · · ,nN+1), n
∗ = n1 × · · · × nN+1. �?x�h'!���TS5,1�2x^_ Ri,t o
C~�~-
RPS,	mx7j?�?k�, .;��*���D�^_~�S~-, ��S;�"�;/N;<;. XA, N{$�'!Y*S�*��L5
C~�', 5IL�g1�Gr,S�Txse�4^�~-. ^y04ZxssZ^P{$�'!Y*, �Æx'I9;R
�~: (1) m04Z�Txsf!P{$�'!Y* (1.1) -, qla'GPzi1/
�1. ,I�Yg/)0w&
/, 04Z{$��TSj�x*iKHF	�TxsL�. �h, x�*�4mZ�%h1S{
S~�', 04Z�TiGf7�o5S�!j�-�Tw&�*r�, M04Z�Txs�&Æ_f�!j�-; x�*��DnS~�EExV.ZS~-',04ZxsS�T�G
(
f.^S�!j�-�T; (2) Y*�^�)X��, a'�EV�1/�O1, Æx�E{$Y*|^��*�D α C1�O; (3) xr�S\g
RP�T7SHGÆ1�, o79bTfgV�,IO�. ÆxN
^� Ri,t �f'`/!`2>ozS, �2^�x�_!`Z i0, {Ri0,t, t ∈ Tn} 2>ozS, x�_'`Z

t0, {Ri,t0 , i ∈ Λn} 2>ozS.Æxw��
: Yov�;�*~�PÆS�!KHF	�T��*~�sÆS{$��T. Y�v2�T7S,I1�. YEv2Yg/)0. Y�v2,I�W. YDvhÆx~/
IS4w.
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2 ���=qft�b7�o5�!j�-�Txs (f [14]), � x 2 Xi,t =kSZ, K�<�
7�o5M%+�:

1

n∗hd1

∑

i∈Λn

∑

t∈Tn

(Yi,t − Pp(β,Xi,t − x))2K((Xi,t − x)/h1), (2.1)s� K(·) o d q-+�, ^_ h1 2 d q0�7S�aJ$, Pp(β,Xi,t − x) 2 Xi,t − xS p uj�-, β o���7, -+�S:��`M!I, mJ$S:�mx7TS�v{�. ��* Ri,t �D Gauss ~�, } (2.1) -a'��o℄�F	M%+�; ��*�S
C~�^��31, ��T7Sj�w&Æ�
�a1�, M2r~�PÆ
S�T7mA, �x�*
/��T7�r
�1. K�< (2.1) -R7�o5�!j�-�T7o β̃(x).

2.1 0I`�EROzCpN&�drx�*SRd+� f PÆS~%
,bx [15–16]�Æ,m (2.1)-�S (Yi,t−Pp(β,Xi,t−

x))2 Z?o log f(Yi,t − Pp(β,Xi,t − x)) R�{F	�T7, B β o7_x, s�YL
~7Vo β0 = m(x). b Cramér-Rao �U-�R, �!F	�T7��!7�o5
�WSx*�y; a', o��
aGSn*, XA�!F	�T7
��S MSE. ��*� Ri,t �D
S~�, }��S7�o5iKHF	�T7�o~n�T7,|7�o5�!j�-�T2KHF	�TSU=~%.o9�{F	+�, Y^x [17–18] S+6, L5 d∑
i=1

αi = ℓ \gS d ql6 α =

(α1, · · · , αd) 
 Nℓ = Cℓ+d−1ℓ! 
, m� Nℓ 
 d ql6O�� ℓ 7 α S2\8loL;, a'^ φ−1
ℓ :o�V, Riml6LL℄�, 0� φ1(2) = {(0, 1), (1, 0)}, φ1(d) =

{(0, 0, · · · , 1), · · · , (1, 0, · · · , 0)}. L�mA, �T7 m(x) N

/�G-, XATK β �6#^^KKs, �3
 Newton-Raphson ^K. ^� β̃ o:�, }L Newton-Raphson�T7o βNR(x),

βNR(x) = β̃(x) + In∗(β̃(x); f)−1Sn∗(β̃(x); f), (2.2)

Sn∗(β̃(x); f) 2 9R~+�, s�
Sn∗(β; f) = − 1

n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

) f ′(Yi,t − Pp(β,Xi,t − x))

f(Yi,t − Pp(β,Xi,t − x))
X̃i,t, (2.3)

In∗(β; f) =
1

n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

)[ f ′(Yi,t − Pp(β,Xi,t − x))

f(Yi,t − Pp(β,Xi,t − x))

]2
X̃i,tX̃

T
i,t. (2.4)
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X̃i,t = [XT

i,t,0(x), · · · ,XT
i,t,p(x)]

T, Xi,t,ℓ(x)(0 6 ℓ 6 p) 2 Nℓ q�7, |�7SY r 
lI
[Xi,t,ℓ]r = (Xi,t − x)φℓ(r), φℓ(r) 2℄�~7�/Uf ℓ SY r 
l6S�V.℄ 2.1 Newton-Raphson ^K, In∗(β; f) �Z�)
 [f ′(Yi,t−Pp(β,Xi,t−x))

f(Yi,t−Pp(β,Xi,t−x))

]2

− f ′′(Yi,t−Pp(β,Xi,t−x))
f(Yi,t−Pp(β,Xi,t−x)) ,|P�
CyTL�2GfR
�
mX: (1)&�Æ� In∗(β̃(x); f)2 Iβ(x) = fX(x)I(f) SL
�1�T, fX(x) 221Rd+�, I(f) 2�f�*Rd+�S}�n&�7; (2) |P.fSh1~�, �>��
S~��t ~��Cauchy ~�US ∫
R
f ′′(z)dz = 0; (3) b,I/Ygw&q�, �
CyTL��&�,.x:� β̃ �_
, ^K� Newton-Raphson �T7 βNR :4o�. 	m, b�D~��Æ, L-GÆ7S&j~H, �*}�f�D t ~���
S~�, x^K(7�, hf�*rHSGÆZ, s f(ε) �t�f 0, O�^K~s:4. �h, �)��*~�SRd+�_.2sÆS, Tu-�!F	�T2��e)�S.

2.2 0I`�,RO℄E"drx�v-, Æxmf!x [12] {�S04Z{$��T7, Rx� f sÆS
X. h�*SRd+�~/�T��{$�-Rd�T�RP f̂ . aGX,^K(7�eEx f̂(ε)t�f 0 SGÆZR�f^Kw&~s:4,��Ex [8, 19] S+�℄vD�, .^S℄vxs2x In∗(β̃(x); f)�Sn∗ (β̃(x); f) �℄�℄v+�. ÆxY^x [20] �S 9℄v+�, Gn∗(x) S�Y--�
:

Gn∗(x) =





0, x < c0n
∗−ε,

exp{(2c0n∗−ε − x)−1}
exp{(2c0n∗−ε − x)−1}+ exp{(x− c0n∗−ε)−1} , c0n

∗−ε 6 x 6 2c0n
∗−ε,

1, x > 2c0n
∗−ε,s� c0 > 0, ε > 0 o℄v$� (L��r�), ��W+� Gn∗(x) x R � p C39�m.XA, x�*~�sÆ
, '!Y*S{$��TKs�
.SDB �_ x, K�< (2.1) -, ~/�!j�-�T, RP$��7 β SL
: �1�T7 β̃ = β̃h1 . hO
S i ∈ Λn, t ∈ Tn, TK&* R̃i,t = Yi,t − m̃(Xi,t).SXB ^-Rd�TxsTK�* Ri,t S�GRd+� f̃(z), �TKsO� f̃ ′(z).

f̃(z) = f̃n∗,h0(z) =
1

n∗h0

∑

i∈Λn

∑

t∈Tn

K
(R̃i,t − z

h0

)
,

f̃ ′(z) = f̃ ′
n∗,h0

(z) = − 1

n∗h20

∑

i∈Λn

∑

t∈Tn

K ′
(R̃i,t − z

h0

)
.



2 r j6	 K<5 <|� T�( �+��t��("[,T15[|%A�U 129S�B m�*Rd+� f̃ PsO� f̃ ′ K�R~+�i&�Æ�, 

S̃n∗(β; f̃) = − 1

n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

) f̃ ′(Yi,t − Pp(β,Xi,t − x))

f̃(Yi,t − Pp(β,Xi,t − x))

·Gn∗(f̃(Yi,t − Pp(β,Xi,t − x)))X̃i,t,

Ĩn∗hd(β; f̃ ) =
1

n∗

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

)[ f̃ ′(Yi,t − Pp(β,Xi,t − x))

f̃(Yi,t − Pp(β,Xi,t − x))

]2

·Gn∗(f̃(Yi,t − Pp(β,Xi,t − x)))X̃i,tX̃
T
i,t.TKL Newton-Raphson �T7,

β̂(x) = β̃(x) + Ĩ−1
n∗ (β̃(x); f̃ )S̃n∗(β̃(x); f̃ ). (2.5)S%B u�Y 1  , ��:4.xDR:,�T� β̃(x) SYL iTK Sn∗(β; f̃ ), In∗(β; f̃ ) SY� �, O#^S2jl-+� K(·); mx�*&��TSYo �, -+�:�oLl-+� K(·), |

K = K × · · · ×K. J$ h0, h, h1 S�Y:|xsmxYg!~�;.)X���*�}�f{
S~�, !�/
S~��*rp, x��~%
�!F	�T7�7�o5�T7
��Sx*, OR��
�1. �*~�sÆS{$��T7 β̂ /�*~�PÆ
S�T7 β �
i�LGSn*. �h, ��T7x�ax*S\g
>��04Z1,XAHGÆ
S04Z�TGP9/�!F	�T�aS MSE.x)XSY*{X�, m�*Rd+�8osÆS2�0	SL�>,x-.

3 ���X^�hf�_' t0, {(Xi,t0 , Yi,t0)}, i ∈ Λn} L5�
C1\g: ExL+�
ϕ1(u) ց 0, N u→ ∞, ϕ1(0) = 1, �|N E,E′ ⊂ Λn ', 


α(β(E), β(E′)) = sup{P(AB)− P(A)P(B)|A ∈ β(E),B ∈ β(E′)}

6 ψ1(Card(E),Card(E′))ϕ1(d(E,E
′)), (3.1)s� β(E) �/b {Ri,t′}i∈E ,"S Borel σ-k, Card(E) �/O1 E �lIS
�,

d(E,E′) o Euclid �+, ψ1 : N2 → R
+ oLh1{d
+�.*FX, |P^�h
L�_v� i0, {(Xi,t0 , Yi,t0)}, t ∈ Tn} L5�
C1\g: Ex+� ϕ2(u) ց 0, N t→ ∞, ϕ2(0) = 1, �|N G,G′ ⊂ Tn ', 


α(β(G), β(G′)) = sup{P(AB)− P(A)P(B)|A ∈ β(G),B ∈ β(G′)}

6 ψ2(Card(G),Card(G′))ϕ2(d(G
′,G′)), (3.2)



130 A < j � A N 42 �s� β(G) �/b {Ri0,t}t∈G ,"S Borel σ-k, ψ2 : N2 → R
+ oLh1{d+�.
TS^�hffO�T7Sj�1�2�IS, D�xw, c �/.�, ��!I,x�a/��e�LG.v� (A1) LIk {Xi,t} 2>ozS. hf Λn ×Tn ��aSZ (i, t) / (j, τ ), �7

Xi,t / Xj,τ 
21�GRd+�V f(i,t)(j,τ). V fX o Xi,t S�o�GRd+�, x x0Z>
39SLuO�| fX(x0) > 0. fX(x) S k uO+� (DkfX)(x) 
y|x R
d �L�39, QEx c <∞, +R |(DkfX)(x1)− (DkfX)(x2)| 6 c ‖ x1 −x2 ‖, |k| = p+ 1, s� k = (k1, · · · ,kd)

T, |k| = k1 + · · ·+ kd.

(A2) (Dkm)(x) 
y|x R
d �39, QEx c <∞, +R

|(Dkm)(x1)− (Dkm)(x2)| 6 c ‖ x1 − x2 ‖, |k| = p+ 1.

(A3) hf�_v� i0, {Ri0,t, t ∈ Tn} 2>oz(7, hf�_'`Z t0, {Ri,t0 , i ∈

Λn} 2>oz(7. f Vo Ri,t S�GRd+�, �f 0 h1, L5 ER4
i,t < ∞, f ′′(z) 2

Lipschitz 39, QEx c <∞, +R
T z, z′ ∈ R, 
 |f ′′(z)− f ′′(z′)| < c|z − z′|.

(A4) K(·) 2h1S�GRd+�, L5 ∫
R
K

′2(u)du < ∞,
∫
R
u2K(u)du < ∞. Æx#^5J- K(x) = K(x1)× · · · ×K(xd), L5

∫

Rd

uφj(k)K(u)du <∞,

∫

Rd

uφj(k)K2(u)du <∞, j = 1, · · · , p, k = 1, · · · , 2(p+ 1).

(A5) E[(log f(Ri,t))
′2] <∞, E[|(log f(Ri,t))

′′|] <∞, E[|(log f(Ri,t))
′′′|] <∞.

(A6) n∗ → ∞ ', h0, h, h1 → 0, L5 n∗h40 → ∞, n∗h2d → ∞, n∗hd1 → ∞, h/h1 → 0,

(n∗hd)
1
2h20 → 0.

(A7) B cn = (n∗h0)
1

4N , tn = (n∗h0)
1
4 , 


tn
∑

‖i‖>cn

iN−1ϕ1(‖i‖) <∞, cNn
∑

|t|>tn

ϕ2(|t|) <∞.

(A8) ∀(i, t), (j, τ ) ∈ Λn ×Tn,

|Cov(Ri,tI(|Ri,t| 6 γn), Rj,τ I(|Rj,τ | 6 γn))|

6 |Cov(Ri,tI(|Ri,t| 6 γn), Rj,tI(|Rj,t| 6 γn))|.℄ 3.1 (A1) /x [21] � (A1)�x [12] *F. (A3) /x [21] �S (A4)�x [12] �S
(A1) *F. (A2), (A4), (A5) ~�/x [12] �S (A5), (A3), (A2) *F, s� (A4) ��f-+�S^�h
O2
��`S-+�E�
S~�-+�`2L5S. (A7), (A8) /



2 r j6	 K<5 <|� T�( �+��t��("[,T15[|%A�U 131x [21] �S (A7), (A8) *F. (A6) /x [21] �S (A6) *F, ��,I7_J$S�s,

(A6) 2L5S, s��� h1 = h · logn∗, h0 = hd · logn∗, } h0, h, h1 `��L5.x� P `�/�GTU
,
D−→ �/O~�:4. 
T�;'Iw&, �WmxY�v�;.B H = diag{H0, H1, · · · , Hp} 2 N0 +N1 + · · · +Np qhq�, s� Hℓ 2 Nℓ qhq�, hq��Y r 
lIo hφℓ(r). B

U =




U0,0 U0,1 · · · U0,p

U1,0 U1,1 · · · U1,p

...
...

...

Up,0 Up,1 · · · Up,p



, Σ =




Σ0,0 Σ0,1 · · · Σ0,p

Σ1,0 Σ1,1 · · · Σ1,p

...
...

...

Σp,0 Σp,1 · · · Σp,p



,s� Ui,j ,Σi,j `2Ni×Nj qÆ�,QPSY l/,Y k;lI~�o µφi (l)+φj(k), νφi(l)+φj(k),

µi =

∫

Rd

uiK(u)du, νi =

∫

Rd

uiK2(u)du.U� 3.1 ^� (A1)–(A8) 31, 

√
n∗hd{H [β̂(x)− β(x)] − ah

p+1
U−1Um(p+1)(x)} D−→ N(0, I−1

β (x)U−1ΣU−1),s�
a =

∫
R

f ′2(z)
f(z) dz −

∫
R
f ′′(z)dz

∫
R

f ′2(z)
f(z) dz

, U = (U0,p+1, · · · , Up,p+1)
T.���YS, 


√
n∗hd{[m̂(x)−m(x)]− ahp+1[U−1Um(p+1)(x)]0} D−→ N(0, I−1

β (x)[U−1ΣU−1]0,0),s� [·]0 �/�7SYL
lI, [·]0,0 �/Æ�SYL/, YL;lI.℄ 3.2 7�o5Sx*o σ2f−1
X (x)[U−1ΣU−1]0,0, b C-R �U-, 
 σ2 > I−1(f),OR7�o5Sx*�H. |P.fSh1~�, �>��
S~��t ~��Cauchy ~�US ∫

R
f ′′(z)dz = 0, } a = 1. A'/Gf7�o5S�!j�-xs�r, n*LG

(fY, 5.3). TK9{h1S�x~�, N0bd > 4 ', aGRP ∫
R
f ′′(z)dz = 0. $�o λ S��~� ∫

R
f ′′(z)dz = λ2 > 0, m ∫

R

f ′2(z)
f(z) dz = λ2, A'n*o 0, �7�o5Sn*�, |PSxs�
�. � ∫

R
f ′′(z)dz = λ2 < 0, }|PSxsn*H, x*�, �x�*R�Y{X�Y~�.
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4 ��k��
4.1 "T
ÆÆvm_(D

�GÆSQU�JYg, &�/'!Y*��*~�sÆ
{$��T�&. o
Lwf, B d = 1, N = 2, ��E�
6
Y*:Y* 1: Yi,j,t = x3 +Ri,j,t;Y* 2: Yi,j,t = 2 sin(2πXi,j,t) +Ri,j,t,s� i = 1, · · · , n1, j = 1, · · · , n2, t = 1, · · · , n3, Xi,j,t 2��o 0 Souoz
C(7. |P#^pxs (f [22]) ,"'!(7 Xi,j,t,

Xi,j,t =
( 2

M

) 1
2

M∑

k=1

cos(w(1, k) ∗ i+ w(2, k) ∗ j + q(k) ∗ t+ r(k)),s� w(i, k), i = 1, 2, q(k), k = 1, · · · ,M b1a~�,&0�,
S~�,|b1f r(k), k =

1, · · · ,M , m r(k), k = 1, · · · ,M b1a~�, &0 [−π, π] �S�t~�. N n→ ∞, Xi,j,t:4f
C�.(7 (f [23]). |P'I�ER
��~-SLI�*~�:�> 1 Ri,j,t ∼ t(4);�> 2 Ri,j,t ∼ 0.4N(−0.6, 0.42) + 0.6N(1.2, 1);�> 3 Ri,j,t ∼ 0.9N(0, 1) + 0.1N(0, 102).~- 1 20bdo 4 S t ~�; ~- 2 2enSC1
C(7; ~- 3 2)
uVZS�*
S~�, s� 10% S���8ouVZ.#O$Æ, J$S:�h{$��T
KHS\�. ^y!w^f:�J$Sxs
6�, ~�2H\�,}xsip)D� (CV) s. Æx#^p)D�s:�7_J$ h,�YX, h = argminCV, s�
CV =

n1∑

i=1

n2∑

j=1

n3∑

t=1

[m(Xi,j,t)−m 6=(i,j,t)(h)]
2.hf�*~�S��~-, B M = 1000, c0 = 1

20 , ε = 0.01, !�Yg 100 C, GÆ7~�o 8× 8× 8, 10× 10× 10, 15× 15× 15. :� 1 q-+� K(·) o Gauss -, Q
K(u) =

1
√
2π exp

(
− u2

2

) .bfExt�f 0 SR~+�~℄ f(z), Y�KHF	�T^K(7;��:4,�xYguK�℄�℄v+� Gn∗(x).e 1 2GÆ7o 10× 10× 10S�u�!j�-�Ti{$�04Z�TSw&. D�a�*~�Sg1e����X�;, {$�04Zxsg1�&_f�u�!j�-, |x�yZ>��R�o
(.
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0.0 0.2 0.4 0.6 0.8 1.0

−
2

−
1

0
1

2

x
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x) 1 a�)Ka4)b?+�? 1 4R m(x) = x3, m(x) = 2 sin(2πx) : Ri,j,t ∼

t(4), Y�)KY4)b?+�? 2 4R m(x) = x3, m(x) = 2 sin(2πx) : Ri,j,t ∼

0.4N(−0.6, 0.42)+0.6N(1.2, 1), J�)KJ4)b?+�? 3 4R m(x) = x3, m(x) =

2 sin(2πx) : Ri,j,t ∼ 0.9N(0, 1) + 0.1N(0, 102). n��7+O��7, ��T7��x`9YK{DW8�\Z�m�7, o�A7�_H$_!I\Z�m�7o9~L �r�T�&, Æx#^�x�* (MSE)i���� (R2) &47Æ�T7S�G, s~�_U�
:

MSE =
1

n∗

n1∑

i=1

n2∑

j=1

n3∑

t=1

[m(Xi,j,t)− m̂(Xi,j,t)]
2, R2 = 1−

n1∑
i=1

n2∑
j=1

n3∑
t=1

[m(Xi,j,t)− m̂(Xi,j,t)]
2

n1∑
i=1

n2∑
j=1

n3∑
t=1

[m(Xi,j,t)−m]2
,s� m 2 {m(Xi,j,t), i = 1, · · · , n1, j = 1, · · · , n2, t = 1, · · · , n3} S��. b CV xsRPS h J�2	Y�h7_, XAx�<�r�T�&', a'TKH\�,}7_J$

h′, x h i h′ 63S�`dU`�X� 8 
J$�, R~�~/g1, RP�aJ$�
S MSE i R2, w~/�axs�T�&S�r. e 2 2GÆ7o 10× 10× 10 x�aJ$�
!�Yg 100 CSo�g1�G�re. De����X�P, {$�04Z�Tr�!j�-mA, �8~X/^9GÆS&�, |g1��t��)�. hf�aSY*, O/^GÆ&�7dJ�a,x�*�D t(4) ~�S x3 Y*�, 6��Txs�G�*~R, Mx�h6��*~�S x3 Y*�, {$�04Zxs�TS MSE W
Wf�!j�-�Txs. �LxT, bf'!���uVZSEx, {$�04Z�Txsx6'S�1g1
(_f?bxs. hf�q+�Y*, 6��TxshGÆ&�S/^7d`rW. �h, |Pq��!j�-�TS MSE �hJ$
RroV	, bfm�S
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h) 2 a�)Ka4)b?+�? 1 4R m(x) = x3, m(x) = 2 sin(2πx), Y�)KY4)b?+�? 2 4R m(x) = x3, m(x) = 2 sin(2πx), J�)KJ4)b?+�? 3 4R
m(x) = x3, m(x) = 2 sin(2πx). ��MT�7+�x{DW8�guR R2, ��MTA7+_H$_!IguR R2, o�;i�7+�x{DW8�guR MSE, o�;iA7+_H$_!IguR MSE��,A>|P};;7_J$
�aGÆ7�u�!j�-�T (Lpe)i{$�04Z�T (Adaptive) S�Y R2, MSE �, �� 1 /� 2 O/, 
��hU`�J$
Sg1w&	)�, �L'2�:�D�. 3���;, {$�04Z�Th�*~�sÆS'!��g1�&W
_f^y.^S7�o5�!j�-xs.> 1 100 M
� MSE R|U

8× 8× 8 10× 10× 10 15× 15× 15

Lpe Adaptive Lpe Adaptive Lpe AdaptiveZ+ 1+ �. 1 0.1269 0.0935 0.0782 0.0306 0.0271 0.0265Z+ 1+ �. 2 0.2313 0.2171 0.3810 0.2409 0.2253 0.2181Z+ 1+ �. 3 0.0813 0.0342 0.1103 0.0333 0.0492 0.0281Z+ 2+ �. 1 1.8269 0.1285 1.9351 0.0740 1.8464 0.0682Z+ 2+ �. 2 1.9130 0.3193 1.8186 0.3011 1.9185 0.2990Z+ 2+ �. 3 1.2052 0.1152 1.1427 0.0586 1.1682 0.0480
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� R
2 R|U

8× 8× 8 10× 10× 10 15× 15× 15

Lpe Adaptive Lpe Adaptive Lpe AdaptiveZ+ 1+ �. 1 0.6887 0.6918 0.7821 0.7917 0.7566 0.7580Z+ 1+ �. 2 0.9252 0.9260 0.9432 0.9585 0.9554 0.9560Z+ 1+ �. 3 0.6977 0.7104 0.8054 0.8186 0.8386 0.8395Z+ 2+ �. 1 0.0096 0.3920 0.0074 0.4585 0.0263 0.5244Z+ 2+ �. 2 0.1493 0.8261 0.1638 0.8164 0.1342 0.8347Z+ 2+ �. 3 0.1995 0.4773 0.2383 0.4990 0.2295 0.5365

4.2 �P`2Æv�Ea�7!x}���, ���&nf�$x���k/a�=�_(�%,��	)9a�7 2018i 9r 19�� 2019i 10r 20�S!x�7�� (AQI)�PM2.5kd (µg/m3)�CO kd (mg/m3)�SO2 kd (µg/m3)�NO2 kd (µg/m3)�9F 8 �'
O3 8h(µg/m3)�wd (◦C)�Hx�h&d (%)��J (m/s) � 9 
�7, s� AQI o�Z�7 (Y ), sh�7�B8Vo"�7 X1, X2, · · · , X8. �Y�EÆ}��i=�XIh!x�7S\���.L-"�7q�S~℄, {$��T
d=J~℄, ooWq�J&S��, h"�7�,<7~/'3~~�, �)Jx*��GGP 88.75% SyE
'3~, ~��/o:

Z1 = 0.479X∗
1 + 0.468X∗

2 + 0.338X∗
3 + 0.483X∗

4 − 0.148X∗
5 − 0.297X∗

6 − 0.297X∗
8 ,

Z2 = −0.43X∗
3 − 0.603X∗

5 − 0.399X∗
6 + 0.519X∗

7 ,

Z3 = 0.292X∗
2 − 0.191X∗

3 + 0.221X∗
5 + 0.49X∗

6 + 0.567X∗
7 − 0.514X∗

8 ,

Z4 = 0.411X∗
1 + 0.373X∗

2 + 0.187X∗
5 + 0.227X∗

6 + 0.186X∗
7 + 0.751X∗

8 ,s� X∗ o�,<Sx6�7. /^ Z1, Z2, Z3, Z4 E
'3~~/~�, bfq�i
Taylor ��S�v1, �!j�-�Ti{$�04Z�T`m����Lu. -+�iJ$S:�xsiYg!~�a, |�T�GS47Æ#^ MSEi R2,w&�� 3O/.bÆ0�Æ, h27}���, 04Z{$��T�&_f.^S�!j�-�Txs.> 3 �[\ZR MSE l R2 RU

MSE R2�!j�-xs 207.2645 0.826004Zxs 194.9940 0.8363
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5 V�QQ	x�!~, |Pm�;_,S�W, �WO(fL!GÆSwI, Y, 5.1 /Y, 5.2*Fx [24–25] SwI, Y, 5.3 *Ffx [3, 21] SwI, |P
�w�;�W.F� 5.1 (a) ^_ (3.1) -31, B Lr(F ) oO
L5\g ‖X‖r = (E|X |r) 1

r < ∞S F - �(LI�7 X 63SO1. B X ∈ Lr(B(E)), Y ∈ Ls(B(E′)), }h
TL5
r−1
1 + r−1

2 + r−1
3 = 1 S 1 6 r1, r2, r3 <∞, 


|EXY − EXEY | 6 C‖X‖r1‖Y ‖r2{ψ1(CardE,CardE
′)ϕ1(d(E,E

′))}
1
r3 . (5.1)

(b) ~L , � |X | / |Y | R8>>
y, } (5.1) Se��Rb Cψ1(CardE,CardE
′)

·ϕ1(d(E,E
′)) KZ.F� 5.2 (a) ^_ (3.2) -31, B Lr(F ) oO
L5\g ‖X‖r = (E|X |r) 1

r < ∞S F - �(LI�7 X 63SO1. B X ∈ Lr(B(G)), Y ∈ Ls(B(G′)), }h
TL5
r−1
1 + r−1

2 + r−1
3 = 1 S 1 6 r1, r2, r3 <∞, 


|EXY − EXEY | 6 C‖X‖r1‖Y ‖r2{ψ2(CardG,CardG
′)ϕ2(d(G,G

′))}
1
r3 . (5.2)

(b) ~L , �& |X | / |Y | R8>>
y, `M (5.2) -Se��Rb Cψ2(CardG,

CardG′)ϕ2(d(G,G
′)) KZ.F� 5.3 ^� (A1)–(A8) 31, ~L ℄�\g: Ex
	�8; q = o(n∗hd1)

1
9d →

∞, +R n∗
∞∑
i=1

idϕ1(iq) <∞, n∗
∞∑
i=1

ϕ2(iq) <∞, 

(n∗hd1)

1
2

[(
m̃(x)

h1m̃
′(x)

)
−
(

m(x)

h1m
′(x)

)
− hp+1Ψ−1

(
a0(x)

a1(x)

)]
L−→ N (0, σ2Ψ−1Γ(Ψ−1)T),s�

a0(x) =
1

2

d∑

i=1

d∑

j=1

mij(x)

∫

Rd

uiujK(u)du,

a1(x) =
1

2

d∑

i=1

d∑

j=1

mij(x)

∫

Rd

uiujuK(u)du,

mij(x) =
∂2m(x)

∂xi∂xj
, i, j = 1, · · · , d, u = (u1, · · · ,ud)

T.

Ψ =




fX(x)

∫

Rd

K(u)du fX(x)

∫

Rd

uTK(u)du

fX(x)

∫

Rd

uK(u)du fX(x)

∫

Rd

uuTK(u)du


 ,

Γ =




fX(x)

∫

Rd

K2(u)du fX(x)

∫

Rd

uTK2(u)du

fX(x)

∫

Rd

uK2(u)du fX(x)

∫

Rd

uuTK2(u)du


 .F� 5.4 ^� (A1)–(A8) 31, 
h
T z ∈ R,

f̃(z)− f(z) = OP((n∗hd1)
− 1

2 + h20).
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f̃(z)− f(z) =

1

n∗h0

∑

i∈Λn

∑

t∈Tn

K
(R̃i,t − z

h0

)
− 1

n∗h0

∑

i∈Λn

∑

t∈Tn

K
(Ri,t − z

h0

)

+
1

n∗h0

∑

i∈Λn

∑

t∈Tn

K
(Ri,t − z

h0

)
− f(z) = A1 +A2. (5.3)

A1 =
1

n∗h0

∑

i∈Λn

∑

t∈Tn

K
(R̃i,t − z

h0

)
− 1

n∗h0

∑

i∈Λn

∑

t∈Tn

K
(Ri,t − z

h0

)

=
1

n∗h20

∑

i∈Λn

∑

t∈Tn

K ′
(Ri,t − z

h0

)
[m(Xi,t)− m̃(Xi,t) + oP((n∗hd1)

− 1
2 )]

= OP((n∗hd1)
− 1

2 ) · 1

n∗h20

∑

i∈Λn

∑

t∈Tn

K ′
(Ri,t − z

h0

)
. (5.4)b^�\g (A4), (A6) / (A7), 


E
[ 1

n∗h0

∑

i∈Λn

∑

t∈Tn

K ′
(Ri,t − z

h0

)]
= f ′(z)

∫

R

uK ′(u)du.B cn = (n∗h0)
1

4N , tn = (n∗h0)
1
4 , Sn = {(i, t) 6= (j, τ) : ‖i − j‖ 6 cn, |t − τ | 6 tn}, }

Card(Sn) 6 2N+1n∗cNn tn, *FX,

Var
[ 1

n∗h20

∑

i∈Λn

∑

t∈Tn

K ′
(Ri,t − z

h0

)]

=
1

(n∗h0)2

∑

i∈Λn

∑

t∈Tn

E
[
K ′
(Ri,t − z

h0

)]2
+

1

(n∗h20)
2

∑

((i,t)(j,τ))∈Sn

EK ′
(Ri,t − z

h0

)
K ′
(Rj,τ − z

h0

)

+
1

(n∗h20)
2

∑

((i,t)(j,τ))/∈Sn

EK ′
(Ri,t − z

h0

)
K ′
(Rj,τ − z

h0

)

= O
[ 1

n∗h30
f(z)

∫

R

K ′2(u)du+
2N+1cNn tn
n∗h0

+
2NcNn
n∗h40

∑

|t|>tn

ϕ2(|t|) +
Ctn
n∗h40

∑

‖i‖>cn

ϕ1(‖i‖)
]

= O
( 1

(n∗h0)
1
2

+
1

n∗h40

)
→ 0.�

1

n∗h20

∑

i∈Λn

∑

t∈Tn

K ′
(Ri,t − z

h0

)
P−→ f ′(z)

∫

R

uK ′(u)du. (5.5)b (5.4) -/ (5.5) -, 

A1 = OP((n∗hd1)

− 1
2 ). (5.6)*FX, �R

E
[ 1

n∗h0

∑

i∈Λn

∑

t∈Tn

K
(Ri,t − z

h0

)]

= f(z) +
1

2
h20f

′′(z)

∫

R

u2K(u)du+ o(h20),
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Var
[ 1

n∗h0

∑

i∈Λn

∑

t∈Tn

K
(Ri,t − z

h0

)]

= O
[ 1

n∗h0
f(z)

∫

R

K2(u)du +
2N+1cNn tn

n∗
+

2NcNn
n∗h20

∑

|t|>tn

ϕ2(|t|) +
tn
n∗h20

∑

‖i‖>cn

ϕ1(‖i‖)
]

= O(n∗− 1
2h

1
2
0 + n∗−1h−2

0 ) → 0.

A2 = OP(h20). (5.7)b (5.3) -, (5.6) -/ (5.7) -, 

f̃(z)− f(z) = OP((n∗hd1)

− 1
2 + h20).ox�wf,B δi,t = m(Xi,t)−Pp(β,Xi,t−x), ζi,t = Pp(β̃,Xi,t−x)−Pp(β,Xi,t−x),

Ri,t = Yi,t − Pp(β,Xi,t − x) = Ri,t + δi,t, Ři,t = Yi,t − Pp(β̃,Xi,t − x) = Ri,t − ζi,t =

Ri,t + δi,t − ζi,t.F� 5.5 ^� (A1)–(A8) 31, 

H−1Ĩn∗(β̃, f̃)H−1 P−→ Iβ(x)U.P X

[f̃ ′(Ři,t)]
2 = [f ′(Ri,t)]

2 + [f̃ ′(Ři,t)− f ′(Ri,t)]
2 + 2f ′(Ri,t)[f̃

′(Ři,t)− f ′(Ri,t)],

1

f̃2(Ři,t)
=

1

f2(Ri,t)
− [f̃(Ři,t)− f(Ri,t)][f̃(Ři,t) + f(Ri,t)]

f̃2(Ri,t)f̃2(Ři,t)
,�

H−1Ĩn∗(β̃, f̃)H−1

=
1

n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

)[f ′(Ri,t)

f(Ri,t)

]2
H−1X̃i,tX̃

T
i,tH

−1

− 1

n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

)[f ′(Ri,t)

f(Ri,t)

]2
[1−Gn∗(f̃(Ři,t))]H

−1X̃i,tX̃
T
i,tH

−1

+
1

n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

)[ f̃(Ři,t)− f(Ri,t)

f(Ri,t)

]2
Gn∗(f̃(Ři,t))H

−1X̃i,tX̃
T
i,tH

−1

+
2

n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

)f ′(Ri,t)[f̃(Ři,t)− f(Ri,t)]

f2(Ri,t)
Gn∗(f̃(Ři,t))H

−1X̃i,tX̃
T
i,tH

−1

− 1

n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

) [f ′(Ri,t)]
2[f̃(Ři,t) + f(Ri,t)][f̃(Ři,t)− f(Ri,t)]

f2(Ri,t)f̃2(Ři,t)

·Gn∗(f̃(Ři,t))H
−1X̃i,tX̃

T
i,tH

−1

− 1

n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

) [f̃ ′(Ři,t)− f ′(Ri,t)]
2[f̃(Ři,t) + f(Ri,t)][f̃(Ři,t)− f(Ri,t)]

f2(Ri,t)f̃2(Ři,t)

·Gn∗(f̃(Ři,t))H
−1X̃i,tX̃

T
i,tH

−1
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− 2

n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

) [f̃ ′(Ři,t)− f ′(Ri,t)][f̃(Ři,t) + f(Ri,t)][f̃(Ři,t)− f(Ri,t)]

f2(Ri,t)f̃2(Ři,t)

·Gn∗(f̃(Ři,t))H
−1X̃i,tX̃

T
i,tH

−1

= B1 + B2 + B3 + B4 − B5 − B6 − B7. (5.8)
� B1
P−→ Iβ(x)U, Bi

P−→ 0, i = 2, · · · , 7, }Y,R�. B1 − B7 `)

K
(Xi,t − x

h

)
H−1X̃i,tX̃

T
i,tH

−1 =




M0,0 M0,1 · · · M0,p

M1,0 M1,1 · · · M1,p

...
...

...

Mp,0 Mp,1 · · · Mp,p



,s� Mkl 2 Nk ×Nl qÆ�, QS r / γ ;lIo K

(Xi,t−x

h

)
1
hk (Xi,t − x)φk(r) · 1

hl (Xi,t −
x)φl(γ).

B1 =
1

n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

)[f ′(Ri,t)

f(Ri,t)

]2
H−1X̃i,tX̃

T
i,tH

−1

+
1

n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

){[f ′(Ri,t + δi,t)

f(Ri,t + δi,t)

]2
−
[f ′(Ri,t)

f(Ri,t)

]2}
H−1X̃i,tX̃

T
i,tH

−1

= B11 + B12. (5.9)o9
Lwf, B ξi,t = K
(Xi,t−x

h

)[ f ′(Ri,t)
f(Ri,t)

]2 1
hk (Xi,t − x)φk(r) · 1

hl (Xi,t − x)φl(γ), *FfY, 5.4, 

E
{ 1

n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

)[f ′(Ri,t)

f(Ri,t)

]2(Xi,t − x

hk

)φk(r)

·
(Xi,t − x

hl

)φl(γ)}

= Iβ(x)µφk(r)+φl(γ),

Var
[ 1

n∗hd

∑

i∈Λn

∑

t∈Tn

ξi,t

]

=
1

(n∗hd)2

∑

i∈Λn

∑

t∈Tn

E(ξi,t − Eξi,t)
2 +

1

(n∗hd)2

∑

(i,t) 6=(j,τ)

E(ξi,t − Eξi,t)(ξj,τ − Eξj,τ )

= O
[ 1

n∗hd
+

(n∗h0)
1
2

n∗
+

1

n∗h2d

]
→ 0.�


B11
P−→ E(B11) = Iβ(x)U. (5.10)b Taylor �-, 


B12 =
2

n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

){f(Ri,t)f
′(Ri,t)f

′′(Ri,t)− [f ′(Ri,t)]
3

f3(Ri,t)
δi,t +OP(hp+2)

}

·H−1X̃i,tX̃
T
i,tH

−1.
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E
{ 2

n∗hd

∑

i∈Λn

∑

t∈Tn

f(Ri,t)f
′(Ri,t)f

′′(Ri,t)− [f ′(Ri,t)]
3

f3(Ri,t)
δi,tK

(Xi,t − x

h

) 1

hk
(Xi,t − x)φk(r)

· 1

hl
(Xi,t − x)φl(γ)

}

= OP(hp+1) → 0,

Var
{ 2

n∗hd

∑

i∈Λn

∑

t∈Tn

f(Ri,t)f
′(Ri,t)f

′′(Ri,t)− [f ′(Ri,t)]
3

f3(Ri,t)
δi,tK

(Xi,t − x

h

)

· 1

hk
(Xi,t − x)φk(r)

1

hl
(Xi,t − x)φl(γ)

}

= O
(h2(p+1)

n∗hd
+
h2(p+1)(n∗h0)

1
2

n∗
+
h2(p+1)

n∗h2d

)
→ 0.�


B12
P−→ E(B12) = 0. (5.11)b (5.9) -/ (5.11) -Æ,

B1
P−→ Iβ(x)U. (5.12)

B3−B7 �IM)
 f̃(Ři,t)− f(Ri,t), IM)
 f̃ ′(Ři,t)− f ′(Ri,t). SR ζi,t = OP(hp+1 +

n∗− 1
2 h

−d
2

1 ), bY, 5.4 Æ,

f̃(Ři,t)− f(Ri,t) = f̃(Ři,t)− f̃(Ri,t) + f̃(Ri,t)− f(Ri,t)

=
1

n∗h20

∑

j∈Λn

∑

τ∈Tn

ζi,tK
′
(R̃j,τ −Ri,t

h0

)
+OP(n∗− 1

2 h
−d

2
1 + h20)

= OP(hp+1 + n∗− 1
2 h

−d
2

1 + h20). (5.13)h
T z ∈ R, 

f̃ ′(z)− f ′(z) = − 1

n∗h20

∑

i∈Λn

∑

t∈Tn

K ′
( R̃i,t − z

h0

)
− f ′(z).b~!J~s/ Taylor �-, 


E
[
− 1

n∗h20

∑

i∈Λn

∑

t∈Tn

K ′
(R̃i,t − z

h0

)]

= − 1

h20

∫

R

K ′
( y
h0

)
f(y)dy

=
1

h0

∫

R

K
( y
h0

)
f ′(y + z)dy = f ′(z) + f ′′′(z)h20

∫

R

u2K(u)du+ o(h20),

Var
[
− 1

n∗h20

∑

i∈Λn

∑

t∈Tn

K ′
(R̃i,t − z

h0

)]
= O

( 1

n∗h30
+

(n∗h0)
1
2

n∗2h40
+

1

n∗h40

)
→ 0.�*F�R

f̃ ′(z)− f ′(z) = OP(h20), (5.14)
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f̃ ′(Ři,t)− f ′(Ri,t) = f̃ ′(Ři,t)− f̃ ′(Ri,t) + f̃ ′(Ri,t)− f ′(Ri,t)

=
1

n∗h30

∑

j∈Λn

∑

τ∈Tn

ζi,tK
′′
( R̃j,τ −Ri,t

h0

)
+OP(h20)

= OP(hp+1 + n∗− 1
2h

− d
2

1 + h20). (5.15)b (5.13) -/ (5.15) -, *F� B1
P−→ Iβ(x)U, |P�R� B3,B4,B5,B6,B7 `R�G:4f 0. bY, 5.3 /Y, 5.4, 


Gn∗(f̃(Ři,t)) = Gn∗(f(Ri,t)) + oP(1).m�� Gn∗(·) S�G-, 

E[1−Gn∗(f(Ri,t))] < P(f(Ri,t) < 2c0n

−ε) =

∫

f(z)<2c0n−ε

f(z)dz = o(1),

Var[1−Gn∗(f(Ri,t))] < P(f(Ri,t) < 2c0n
−ε) =

∫

f(z)<2c0n−ε

f(z)dz = o(1).�
1−Gn∗(f̃(Ři,t)) = oP(1). (5.16)*F�� B2

P−→ 0. b (5.8) -, Y, 5.5 R�.F� 5.6 ^� (A1)–(A8) 31, 

H−1[Ĩn∗(β̃, f̃)− Ĩn∗(β, f̃)]H−1 P−→ 0.P x�wf, B ψ(z) =

[ f̃ ′(z)

f̃(z)

]2
, }b Taylor �-, 


H−1[Ĩn∗(β̃, f̃)− Ĩn∗(β, f̃)]H−1

=
1

n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

){[ f̃ ′(Ři,t)

f̃(Ři,t)

]2
−
[ f̃ ′(Ri,t)

f̃(Ri,t)

]2}
Gn∗(f̃(Ři,t))H

−1X̃i,tX̃
T
i,tH

−1

=
−2

n∗hd

∑

i∈Λn

∑

t∈Tn

ζi,tK
(Xi,t − x

h

)
ψ′(Ri,t)Gn∗(f̃(Ři,t))H

−1X̃i,tX̃
T
i,tH

−1

+ oP

(
hp+1 +

1

(n∗hd1)
1
2

)
.*FfY, 5.5, S�

E
[ 1

n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

)
ψ′(Ri,t)Gn∗(f̃(Ři,t))

1

hk
(Xi,t − x)φk(r) · 1

hl
(Xi,t − x)φl(γ)

]

= µφk(r)+φl(γ)

∫

R

f ′(z)f ′′(z)f ′′′(z)− [f ′(z)]3

f2(z)
dz = OP(1),

Var
[ 1

n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

)
ψ′(Ri,t)Gn∗(f̃(Ři,t))

(Xi,t − x

hk

)φk(r)

·
(Xi,t − x

hl

)φl(γ)]

= O
( 1

n∗hd
+

(n∗h0)
1
2

n∗
+

1

n∗h2d

)
→ 0.X ζi,t = OP

(
hp+1 + 1

(n∗hd
1)

1
2

)
, � H−1[Ĩn∗(β̃, f̃)− Ĩn∗(β, f̃ )]H−1 P−→ 0, R�.
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Q(β, f̃) =

1

n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

) f̃ ′′(Ri,t)

f̃(Ri,t)
Gn∗(f̃(Ri,t))X̃i,tX̃

T
i,t

+
1

n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

) f̃ ′
2
(Ri,t)

f̃(Ri,t)
G′

n∗(f̃(Ri,t))X̃i,tX̃
T
i,t.F� 5.7 ^� (A1)–(A8) 31, 


√
n∗hd[H−1Ĩn∗(β̃, f̃ )H−1]−1H−1Q(β, f̃)(β̃ − β)

P−→ 0.P b^�\g (A1) / (A4), *FY, 5.4 Æ
E
[ 1

n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

) f̃ ′′(Ri,t)

f̃(Ri,t)
Gn∗(f̃(Ři,t))

1

hk
(Xi,t − x)φk(r) · 1

hl
(Xi,t − x)φl(γ)

+
1

n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

) f̃ ′2(Ri,t)

f̃(Ri,t)
G′

n∗(f̃(Ři,t))
1

hk
(Xi,t − x)φk(r) · 1

hl
(Xi,t − x)φl(γ)

]

= µφk(r)+φl(γ).

∫

R

f ′′(z)dz,|
Var
[ 1

n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

) f̃ ′′(Ri,t)

f̃(Ri,t)
Gn∗(f̃(Ři,t))

1

hk
(Xi,t − x)φk(r) · 1

hl
(Xi,t − x)φl(γ)

+
1

n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

) f̃ ′
2
(Ri,t)

f̃(Ri,t)
G′

n∗(f̃(Ři,t))
1

hk
(Xi,t − x)φk(r) · 1

hl
(Xi,t − x)φl(γ)

]

= O
( 1

n∗hd
+

(n∗h0)
1
2

n∗
+

1

n∗h2d

)
→ 0.�


H−1Q(β, f̃)H−1 P−→ OP(1), (5.17)s� 1�/ N0 + · · ·+Np q�7, ~7�2 1. bY, 5.3Æ, (n∗hd1)
1
2H(β̃−β) = OP(1),b^�\g, 
 (n∗hd)

1
2H(β̃ − β)

P−→ 0. wbY, 5.5 / (5.17) -, Y, 5.7 R�.F� 5.8 ^�31, 

√
n∗hd[H−1S̃n∗(β, f̃)− ahp+1U−1Um(p+1)(x)t} D−→ N(0, I−1

β (x)U−1ΣU−1]

D−→ N(0, Iβ(x)Σ).P b S̃n∗(β, f̃ ) S_U, m f̃ ′(Ri,t),
1

f̃(Ri,t)
~x�
:

f̃ ′(Ri,t) = f ′(Ri,t) + f̃ ′(Ri,t)− f ′(Ri,t),

1

f̃(Ri,t)
=

[f̃(Ri,t)− f(Ri,t)]
2

f̃(Ri,t)f2(Ri,t)
+

1

f(Ri,t)
− f̃(Ri,t)− f(Ri,t)

f2(Ri,t)
,

√
n∗hdH−1S̃n∗(β, f̃) = − 1√

n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

) f ′(Ri,t)

f(Ri,t)
H−1X̃i,t
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+
1√
n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

)f ′(Ri,t)

f(Ri,t)
[1−Gn∗(f̃(Ri,t))]H

−1X̃i,t

− 1√
n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

) f̃ ′(Ri,t)− f ′(Ri,t)

f(Ri,t)

·Gn∗(f̃(Ri,t))H
−1X̃i,t

+
1√
n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

) f̃ ′(Ri,t)[f̃(Ri,t)− f(Ri,t)]

f2(Ri,t)

·Gn∗(f̃(Ri,t))H
−1X̃i,t

− 1√
n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

) f̃ ′(Ri,t)[f̃(Ri,t)− f(Ri,t)]
2

f̃(Ri,t)f2(Ri,t)

·Gn∗(f̃(Ri,t))H
−1X̃i,t

= D1 +D2 + D3 +D4 +D5. (5.18)*FfY, 5.4 S�W, b (5.16) -, |PSR D2
P−→ 0, b (5.14) -/^�\g (A6),
 D3

P−→ 0. bY, 5.4 /^�\g (A6), 
 D4
P−→ 0, D5

P−→ 0. OR
T�5I
D1 −

√
n∗hdhp+1ς(x)

D−→ N(0, Iβ(x)Σ), }Y, 5.8 31. *F~x f ′(Ri,t),
1

f(Ri,t)
o

f ′(Ri,t) = [f ′(Ri,t)− f ′(Ri,t)] + f ′(Ri,t), − 1

f(Ri,t)
=
f(Ri,t)− f(Ri,t)

f(Ri,t)f(Ri,t)
− 1

f(Ri,t)
,}

D1 = − 1√
n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

)f ′(Ri,t)

f(Ri,t)
H−1X̃i,t

− 1√
n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

)f ′(Ri,t + δi,t)− f ′(Ri,t)

f(Ri,t)
H−1X̃i,t

+
1√
n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

)f ′(Ri,t)[f(Ri,t + δi,t)− f(Ri,t)]

f(Ri,t)f(Ri,t)
H−1X̃i,t

+
1√
n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

) [f ′(Ri,t + δi,t)− f ′(Ri,t)][f(Ri,t + δi,t)− f(Ri,t)]

f(Ri,t)f(Ri,t)

·H−1X̃i,t

= D11 +D12 +D13 +D14. (5.19)*FfY, 5.4, |P�R�W D14 = oP(
√
n∗hdhp+1),

D12 ≃ −
√
n∗hdhp+1fX(x)

∫

R

f ′′(z)dzUm(p+1)(x),

D13 ≃
√
n∗hdhp+1fX(x)

∫

R

f ′2(z)

f(z)
dzUm(p+1)(x).
T�5� D11

L−→ N(0, Iβ(x)Σ), b^�\g, 

ED11 = −

√
n∗hdfX(x)

∫

R

f ′(z)dz(U0,0, · · · ,Up,0)
T = 0,
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Var(D11) = Iβ(x)Σ./^ Cramér-Wold ��, �5�h
T C ∈ R

N0+···+Np(C 6= 0), 

CTD11

L−→ N(0, Iβ(x)CTΣC).o9
Lwf, V
CTD11 = − 1√

n∗hd

∑

i∈Λn

∑

t∈Tn

K
(Xi,t − x

h

)f ′(Ri,t)

f(Ri,t)
CTH−1X̃i,t =

∑

i∈Λn

∑

t∈Tn

∆i,t./^'!~#D� ($fx [4]), H#�O
S�Uf pk, k = 1, · · · , N + 1, m�#���
L�Uf q. �%L�1, ^�Ex
	� l1, · · · , lN+1, +R nk = lk(pk + q) |L5
lim
n→∞

pk

q = ∞, k = 1, · · · , N + 1.V
U(1,n, j) =

jk(pk+q)+pk∑

ik = jk(pk + q) + 1

k = 1, · · · , N

jN+1(pN+1+q)+pN+1∑

t=jN+1(pN+1+q)+1

△i,t,

U(2,n, j) =

jk(pk+q)+pk∑

ik = jk(pk + q) + 1

k = 1, · · · , N

(jN+1+1)(pN+1+q)∑

t=jN+1(pN+1+q)+pN+1+1

△i,t,

U(3,n, j) =

jk(pk+q)+pk∑

ik = jk(pk + q) + 1

k = 1, · · · , N − 1

(jN+1)(pN+q)∑

iN=jN (pN+q)+pN+1

jN+1(pN+1+q)+pN+1∑

t=jN+1(pN+1+q)+1

△i,t,

U(4,n, j) =

jk(pk+q)+pk∑

ik = jk(pk + q) + 1

k = 1, · · · , N − 1

(jN+1)(pN+q)∑

iN=jN (pN+q)+pN+1

(jN+1+1)(pN+1+q)∑

t=jN+1(pN+1+q)+pN+1+1

△i,t,UU. m
U(2N ,n, j) =

(jk+1)(pk+q)∑

ik = jk(pk + q) + pk + 1

k = 1, · · · , N

∑

t=jN+1(pN+1+q)+1
jN+1(pN+1+q)+pN+1

△i,t.7�
U(2N+1,n, j) =

(jk+1)(pk+q)∑

ik = jk(pk + q) + pk + 1

k = 1, · · · , N

(jN+1+1)(pN+1+q)∑

t=jN+1(pN+1+q)+pN+1+1

△i,t.B R = {0, · · · , l1} × · · · × {0, · · · , lN+1}, hO

	� i = 1, · · · , 2N+1, _U
T (n, i) =

∑

j∈R

U(i,n, j),}

CTD11 =

2N+1∑

i=1

T (n, i).
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 T (n, i), 2 6 i 6 2N+1 2�#LI�7 △i,t S/. �h
	� l1, · · · , lN+1 �2
, nk = lk(pk + q), k = 1, · · · , N +1, `M��[℄L� T (n, 2d+1 + 1). x�L��, 	)O
SW�xH#�J�x�#�SLI�7 △i,t. [℄�L�7, �W~59RHS��. *Ffx [4] �S�W, N n → +∞', 

Q1 =

∣∣∣Eexp[iuT (n,1)]−
lk−1∏

jk = 0

k = 1, · · · , N + 1

Eexp[iuU(1,n, j)]
∣∣∣→ 0,

Q2 =
( 2N+1∑

i=2

T (n,1)
)2

→ 0,

Q3 =

lk−1∑

jk = 0

k = 1, · · · , N + 1

E[U(1,n, j)]2 → Iβ(x)CTΣC,

Q4 =

lk−1∑

jk = 0

k = 1, · · · , N + 1

E[(U(1,n, j))2I{|U(1,n, j)| > εIβ(x)CTΣC}] → 0.�Y, 5.8 R�.U� 3.1 OP� o
Lwf, B
s̃i,t(β̃) =

f̃ ′(Yi,t − Pp(β̃,Xi,t − x))

f̃(Yi,t − Pp(β̃,Xi,t − x))
Gn∗(f̃(Yi,t − Pp(β̃,Xi,t − x))).

s̃i,t(β̃) x β > Taylor ��o
s̃i,t(β̃) = s̃i,t(β) +

1

2
(β̃ − β)T

[∂2s̃i,t(β∗)

∂β∂βT

]
(β̃ − β)

− f̃ ′′(Yi,t − Pp(β,Xi,t − x))

f̃(Yi,t − Pp(β,Xi,t − x))
Gn∗(f̃(Yi,t − Pp(β,Xi,t − x)))X̃i,t(β̃ − β)

+
f̃

′2(Yi,t − Pp(β,Xi,t − x))

f̃2(Yi,t − Pp(β,Xi,t − x))
Gn∗(f̃(Yi,t − Pp(β,Xi,t − x)))X̃i,t(β̃ − β)

− f̃ ′(Yi,t − Pp(β,Xi,t − x))

f̃(Yi,t − Pp(β,Xi,t − x))
G′

n∗(f̃(Yi,t − Pp(β,Xi,t − x)))

· f̃ ′(Yi,t − Pp(β,Xi,t − x))X̃i,t(β̃ − β).b (2.5) -/�-, |P

√
n∗hd{H [β̂(x)− β(x)]}

=
√
n∗hdH Ĩ−1

n∗ (β̃, f̃)S̃n∗(β̃, f̃) +
√
n∗hdH [β̃(x) − β(x)]

=
√
n∗hd[H−1Ĩn∗(β̃; f̃)H−1]−1H−1S̃n∗(β, f̃ ) +

√
n∗hd[H−1Ĩn∗(β̃; f̃)H−1]−1

·H−1Q(β, f̃)(β̃ − β) +
√
n∗hd[H−1Ĩn∗(β̃; f̃)H−1]−1H−1[Ĩn∗(β̃; f̃)− Ĩn∗(β; f̃ )](β̃ − β).bY, 5.5– Y, 5.8, _, 3.1 R�.
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Abstract Maximum likelihood is an effective method for parameter estimation, but it can’t

work with unknown error distribution. On the other hand, when the data contain outliers or

come from population with heavy-tailed distributions, which appear very often in spatiotem-

poral data, the estimation methods based on least-squares method will not perform well.

Considering the spatio-temporal heterogeneity and correlation, in this paper, the authors

propose an adaptive nonparametric estimator for spatio-temporal model with unknown error

distributions based on kernel density estimation. Asymptotic theory properties show that

the proposed estimator is as asymptotically efficient as local maximum likelihood estimator

with known error distributions, and more efficient than local polynomial estimator based on

least-square method under some mild conditions. Simulation and case study are conducted

to investigate the finite-sample performance of our procedure, especially for the existence of

singularities, for boundary points, the performance of our procedure is significantly better

than the method based on least squares.

Keywords Spatio-temporal model, Kernel density estimation, Local polyno-

mial method, Local maximum likelihood method
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